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ABSTRACT. We provide a new theory of expected utility with subjective events modeled by

a lattice of projections. This approach allows us to capture the notion of a “small world” as

a context dependent or local state space embedded into a subjective set of events, the “grand
world”. For each situation the decision makers’ subjective “small world” reflects the events
perceived to be relevant for the act under consideration. The subjective set of events need not
be representable by a classical state space. Maintaining preference axioms similar in spirit to
the classical axioms, we obtain an expected utility representation which is consistent across
local state spaces and separates subjective probability and utility. An added benefit is that this
alternative expected utility representation allows for an intuitive distinction between risk and
uncertainty.
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1. INTRODUCTION

The notion of contextuality in human cognition is a very appealing idea that most people will
accept as a guiding principle when it comes to modeling decision making or other cognitive
processes. It is therefore surprising that the analytical apparatus commonly used overwhelm-
ingly is tuned to an artificial situation, where human subjects are assumed the ability to accu-
rately perform global analysis before arriving at a conclusion. This is most notably the case
when human behavior is modeled using the classical concepts of a state space and a probability
distribution.

In [10] the second author explored the use of a lattice of projections to model events and the
use of “density matrices” to generate probabilities. It turns out that these techniques allow for a
natural way of representing contextuality, and in the present paper, which is based on the earlier
papersl[8] and [9], we use these ideas to develop a new axiomatic theory of subjective expected
utility. A decision maker is only able to make informed decisions based on classical notions of a
state space and a probability distribution in a given context. The preferences over acts defined in
different contexts are only loosely knit together by few and natural conditions. Nevertheless, the
surprising mathematical tool contained in Gleason’s theorem allows for a common description
in term of a single density matrix generating each probability distribution in every given context.

We assume, similar to Savage, that the decision maker facing the “grand world”, for each
group of related decisions, creates a “small world” or local state space of only those events
which are considered relevant in the given context. This may be interpreted as a cognitive
process, where, before a decision is taken, it is grouped together with other decisions in a small
and more manageable world. Events belonging to a local state space are in our model only
risky, while Knightian uncertainty is related to the comparison of events across different local
state spaces. In each local state space we rely on the axioms in [4] together with an additional
axiom which lead to a Savage-type expected utility description. The application of Fishburn’s
axioms is not crucial to the theory, but Fishburn’s generalization of the Savage theory ensures
that the decision maker is able to make decisions by taking into account objective probabilities
in the same way as suggested in/[28] for game theory and only assign subjective probabilities to
the (local) states on which the acts are defined. In order to lift the local resolutions of utility and
probability to the grand world and there obtain a description in term of a single density matrix,
we introduce two additional axioms which put relatively mild restrictions on preferences across
local state spaces.

An important innovation is that we allow the decision maker to create and use a subjective set
of events that do not (necessarily) have counterparts in the physical world. The underlying idea
is that the decision maker creates local state spaces from a (global) set of subjective events which
may be unaccessible to direct measurements, seelalso [17]. The proposition that a decision
maker creates small worlds from the set of all possible events was already discussed in [23].
Savage however only considered “small worlds” created by the partitioning of a state space,
and this way of integrating the local worlds into the grand world tacitly put assumptions on the
decision maker’s preferences that essentially lead to a description not different from what is
obtained by using a single state space with a probability distribution.

Both the classical state space formalism and our theory based on a subjective lattice of events
lead to expected subjective utility theories with separation between subjective probability and
utility. But it is important to realize that the separation only applies to models satisfying the
full set of specified axioms. In contrast, if one considers an experiment with only a limited
number of acts to consider, then both frameworks allow non-equivalent models consistent with
the preferences revealed in the coarse experiment. An implication of this observation is that
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additional questions put to the decision maker in a coarse experiment may be answered in non-
unique ways without compromising consistency. Additional questions may therefore lead to
non-isomorphic models with different resolutions of subjective probability and utility that still
are consistent with the preferences revealed in the initial (coarse) experiment.

One can view our theory as a way to capture Savage’s notion of a small world in a way flexible
enough to allow for the introduction of a notion of uncertainty aversion. One may alternatively
view our paper as a generalization of existing models of state-dependent utilities where, as is
pointed out in[[24], local or small world acts can be ranked in a consistent manner in the grand
world by multiplication by suitable constants.

This phenomenon may be even more pronounced in our model as demonstrated in Example
6.1 where the two-color Ellsberg experiment is studied. In this example we present different
assignments of projections to events all leading to an accurate representation of the observed
preferences, but with different subjective probabilities and different levels of uncertainty aver-
sion. This finding may be attributed to the lack of information provided by a coarse experiment
that does not reveal all aspects of the decision makers preferences.

The standard expected utility model is presented in seflion 2, and the notion of an event
space is introduced in sectiph 3. The preference relations in the “grand world” are discussed in
subsectiop 3]2. In sectiph 4 the main representation result is proved and a measure of uncertainty
aversion is introduced. We reconsider the Ellsberg paradox, in our framework, in ggction 5.
Finally, we compare the approach taken in this paper with the literature in sgftion 6.

2. THE STANDARD EXPECTED UTILITY MODEL

The standard subjective expected utility model is well-known to most readers, but since the
underlying assumptions come in slightly different versions we shall take the effort to specify
the axioms underpinning our use of the model. Here we rely on Fishburn’s rendition of the
Luce-Krantz axioms for two reasons. First, we make sure that a decision maker uses the utility
function provided by the subjective expected utility theorem to evaluate also objective lotteries
not associated with acts. This is nicely provided for in Fishburn’s setup and is used in our
analysis across local state spaces. Secondly, Fishburn’s setup elucidates the non-uniqueness of
the standard model in fairly general situations.

Definition 2.1. An act (basic act) is a measurable map() — C defined on a state spate
equipped with ar-algebraf, whereC' is the set of consequences. The elementsane called
events, and the set of non-empty events is denotefl by

The set of consequences is equipped with an affine structure and is convex.

Definition 2.2. We consider for any consequence= C' and any event the constant act
defined by setting(A) = ¢ for every eventA.

Some authors see it as a problem if there are too many constant acts. The reason is that some
conseqguences may be so dire, that it is inconceivable that they may be chosen regardless of the
obtaining events. These kind of considerations will be ignored and may at most limit the usage
of the theory.

Definition 2.3. A convex combination of (basic) acis, . . ., z,, given by

x(s) = Z tizi(s),

wheret; > 0 andt; +- - -+t,, = 1, is called anixed act.The factorg; are sometimes interpreted
as probabilities.
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Convex combinations of mixed acts are again naturally interpreted as mixed acts. The set of
mixed acts is a mixture set in the sense of [11]. A basiccany be thought of as a mixed act
that assigns probability 1 to.

Definition 2.4. A mixed conditional act| 4 is the restriction:: A — C of a mixed act: to an
eventd € &'

Let X denote a non-empty convex set of mixed acts (here we simplify Fishburns’s model
slightly). The primary datum in Fishburn’s version of the standard model is a binary preference
relation- overL = {z|4 | z € X, A € &'} that satisfies the following axioms:

(i) Totality: For allz| 4 andy|s we have either|4 = y|p Or y|p = z|a.

(i) Transitivity : If z|4 = y|p andy|p = z|g thenz|4 = z|¢.

A total and transitive order relation is also called/@ak ordering

(iif) Archimedean continuity: The sets

{tel0 ]+ -ty)lazzpr and {te0,1 ]2l = (tr+ (1 - t)y)|a}

are closed for arbitrary, y, 2 € X andA, B € £'.
(iv) Mixture indifference: If x|4 ~ z|p andy|4 ~ w|p then
1 1 1 1
51}‘,4 + 53/’14 ~ §Z|B + 511)‘3
for arbitraryz, y, z,w € X andA, B € £'.
(v) Averaging condition: If AN B = () andz|4 = z|p then

xla = x|aus = x|B

forxr € X andA, B € &',
(vi) Non-degeneracy There existr, y € X such thatr > .
(vii) Weak actrichness If AN B = () then

xla >zl and ylg > yla

for some acts andy in X.

(viii) Strong act richness If A, B andC' are mutually disjoint, and if there is an acte X
such thate| 4 ~ | then there is an agt € X such that exactly two of the aci$,, v
andy|c are equivalent.

It is a main feature of the model that the decision maker only need to have preferences over

a restricted seX of mixed acts and their restrictions to the non-empty events. The state space

may be finite, and the set of eveidtsnay be a “smallo-algebra on the state space.

B

Theorem 2.1 (Fishburn 1973) Assume that the axioms (i) through (viii) are satisfied. Then
there existsamap: L x £ — R and for eachd € &£’ a finitely additive probability measure
Pyson{AN B | B € &} such that
() z|a = y|lp ifandonlyif wu(z|a) > u(y|p)
for all actsz|, andy|p in L x &'
(i) © — u(z|a) is alinear function onX for eachA € &£'.
(iii) Pc(A) = Po(B)Pp(A),
whenevelA C BC CforAe £andB,C € &'.
(V) w(z|aup) = Paus(A)u(z]a) + Pavs(B)u(z|p)
wheneverr € X, A, B c & ,andAN B = 0.
The mapu is uniquely defined up to an increasing affine transformation, and the probability
measured’, are uniquely defined for each € £'.
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The statement iiv) is extended by induction to

n

ulz) = ulzlo) =Y ulw]a,) P(A;)
j=1
for a (mixed) actr and a finite partition4, ..., A, of Q with eachA; € £'. If in addition
r =" A\z; we obtain from(i¢) the formula

(2.1) u (Z Aﬂ/”i) = Z/\izu(ﬂfi|Aj)P(Aj)-

This is more flexible than in Savage’s theory. If for example X is the constant act with
consequence € C then

(2.2) u(c) =Y ulcla,)P(4).

j=1
We can therefore model that the constant act of getting an umbrella is more utile when it is
raining than otherwise. But we retain the attractive property, to be used later, that the utility of an
unconditional constant act is the subjectively weighted average of utilities of the corresponding
conditional constant acts. We will eventually add two more axioms to Fishburn’s list. The first
is straightforward although controversial in some settings.

(iX) Richness of constant actsThe set of acts{ contains the constant actassociated with
each consequenees C.

Fishburn’s model allows different acts to be subjectively indistinguishable to the decision
maker. Consider an (unconditional) actwith finite many consequences,...,c, and set
A, ={seQ|xz(s) =¢}forj=1,...,n The corresponding constant acts (also denoted by
c,. .., C,) are inX by axiom (ix), hence the mixed act

7j=1

is also inX, sinceX is a convex set. The two actsandz are subjectively indistinguishable to
the decision maker. Indeed,is an objective lottery between the consequenges ., ¢, with

probabilitiesP(A,), ..., P(A,), and this is exactly how is perceived by the decision maker
who subjectively assigns the same probabilitiesd, ), ..., P(A,) to the eventsd,,... A,
with outcomes, . . ., c,.

It seems natural to assume that the decision maker is indifferent between two acts which are
subjectively indistinguishable.

(x) Equivalence Subijectively indistinguishable acts are equivalent.

It is worthwhile to discuss whether such a condition is behavioral or functional. We would
argue that it is behavioral since the decision maker knows by his own perceptions whether two
given acts are indistinguishable. Itis only an outside observer that need to calculate probabilities
before it can be established analytically whether two acts are subjectively indistinguishable to
the decision maker.

The equivalence axiom (x) states that the two acésdz considered above are equivalent.

The utility of x is given by

ula) = > ulala)) P(4)
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according to[(2]1), and the utility af is given by

ife) = > (@) P(4))

=1
where we first used the linearityi) and then[(2]2). The equivalence axiom thus leads to the
formula

(2.3) u(x) = 3 ulei) P(A).

But this is exactly Savage’s expected utility function where the (state independent) utility of
consequences are weighted with the subjective probabilities of the events leading to the con-
sequences. Fishburhl [4] shows that the subjective probabilities are not necessarily uniquely
determined if the strong act richness axiomi:) is dropped from the list. We finally introduce

the following axiom that only serves to facilitate subsequent proofs.

(xi) Certainty equivalent: To each act inX there is an equivalent constant act.

3. SUBJECTIVE EVENTS AS A LATTICE OF PROJECTIONS

We are now ready to introduce the subjective set of events which we model as a lattice of
projections. We demonstrate that a lattice of projections satisfies the same logical rules one
naturally associates with the hierarchy of events.

3.1. The subjective event space.

Definition 3.1 (Subjective event spaceln event space is a paiF, H) of a (separable) Hilbert
spaceH and a familyF of projections onH satisfying:

(1) The zero projection ori{ (denoted 0) and the identity projection éh (denoted 1) are
both in F.
(1) 1 — P € F for arbitraryP € F.
(737) The minorant projectio® A @ € F for arbitrary P, () € F.
(iv) > e B € F for any family (F;);c; of mutually orthogonal projections ifi.

e The family F inherits the natural (partial) order relatidgh < () for projections on a
Hilbert space. Notice th&t < P < 1 for arbitrary events® € F.

¢ We define a bijective mapping — P~ of F onto itself by setting?* = 1 — P. The
eventP+ is called the event complementaryfo

e The minorant projectio® A @ is the projection on the intersection of the range$’of
and@. It has the property thak < P A @ for any eventk € F such that bothk < P
andR < Q.

The majorant projectiorP Vv @ is the projection on the closure of the sum of the

ranges ofP and Q. It has the property thaP v ) < R for any eventkR € F with
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P < Rand@ < R. Since
PvQ=1-(1-P)AN(1-Q)

it follows thatF is closed also under majorant formation.

e Condition(iv) in the definition is a technical requirement which ensuresihiatclosed
under arbitrary formation of minorants or majorants. The condition corresponds to the
requirement that a-algebra is complete. Thus to any family,);c; of events inF
there is a minorant event;c; P, and a majorant evemt;c; P; both contained irf.

A subjective event space possesses a number of properties that are natural even crucial in any
representation of events.

e An event space contains the projectiorend1 corresponding respectively to the vacu-
ous (empty) event and the universal (sure) event.

e There is a partial order relation defined inF such that any even? € F is placed
between the vacuous and the universal events, tliatisP < 1. More generally, for
two eventsP and( in F we consider) to be a larger, more comprehensive event than
P if P < Q. This corresponds to the statemehtC B for measurable subsetsand
B of a state space. The interpretation is that we know for sure that the @veeturs
(obtains) if P occurs.

e The joining of two event®’ andQ in F is represented by the projectidhA ¢ and the
union is represented by the projectiéhv (), and these are both included in the event
spaceF. We express this by saying thatis a lattice. It follows from (iv) thatF is even
closed under the joining or union of arbitrary families of events.

The bijective mapping® — P+ = 1 — P of F which associates an event with its comple-
mentary event has the following natural properties:
e P<Q = Q+-<P- forallPQeF.
(more comprehensive events have smaller complementary events)
e PAPt=0 foralPecF.
(the joining between an event and its complementary event is the empty event)
e PvPt=1 forallPckF.
(the union between an event and its complementary event is the sure event)
o Pt =P forallPcF.
(the event complementary to the complementary event to an event is the event itself)

Suppose that the complementary event to a given eyeistmore comprehensive than an-
other eventP, meaning that ifP obtains then so does the complementXalf the events are
represented by projections (here also denoted laynd()) on a Hilbert spacéi, then the con-
dition is equivalent to the requiremeRt< 1 — Q = Q-+ which means that the ranges®fand
@ are orthogonal subspaceséf For this reason it becomes natural to say that such events are
orthogonal.

Definition 3.2. We say that eventB, () € F are mutually exclusive if the minoraftA Q) = 0,
and we say thaP and( are orthogonal if° < Q.

Note that the definition is symmetric if andQ, that isP < Q* ifand only if Q < P*.

It readily follows that orthogonal events are mutually exclusive. However, it may happen
that mutually exclusive events are not orthogonal. It is exactly because of this possibility, that
a subjective event space generally differs from a state space. It is demonstrated in [10] that
every state space withsaalgebra is (under very mild conditions) isomorphic to an event space.
Furthermore, an event space is isomorphic to a state space wvidiigbra (satisfying the same
mild conditions as in the first result), if and only if mutually exclusive events are orthogonal.
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Note that the multiplicative structure plays no direct role in the theory,) ci. [10, Theorem 4.3].
Therefore, if an event space only contains commuting projections then it is isomorphic to a state
space with ar-algebra. On the other hand, if an event space contains non-commuting projec-
tions then it cannot be associated with a state space. In the remainder of the paper we assume,
to avoid unnecessary technical difficulties, that the Hilbert sgaézof finite dimension. This
corresponds to assuming a finite state space in the standard model.

Given a subjective event space, a local state space or context is a subdivision of the sure event
into the risky events which are pertinent for a particular set of acts. As such it fits neatly into
Savage’s concept of “neglecting some distinctions between states”.

Definition 3.3. A local state space is a set of projectidnig, ..., P,} in F which satistfy the
conditionP; +- - -+ P, = 1, wherel denotes the identity projection representing the sure event.
The projections in a local state space are thus orthogonal. The set of local state spaces (or small
worlds) is denoted by’ (H ).

The events (projections) given by a local state space as specified above are mutually exclusive
and their majorant event is the sure event. Therefore exactly one of these events obtains. The
events specified in a local state space thus serve as local states and the obtaining event is the
“true state of nature”. In this wak?( H) becomes a collection of state spaces, each describing a
certain part of the subjective event spage H).

3.2. Preferences with a subjective event spacd.et C' be a common set of consequences.
We consider, for each local state space P(H), a setL,, of (local) acts defined imv with
consequences ifi. The set of (global) acts is then defined by setting

L= Ly,
(H)

acP

and the “grand world” preferences are specified by a weak order relatidn dhe totality
and transitivity conditions earlier considered only in Fishburn’s model (and in any other model
based on a state space formalism) are thus extended to the evenLspace

(A) Totality: For any pair of actg«, f) and (3, g) in L we have eithefo, f) = (5,g) or

(8,9) = (a, f).
(B) Transitivity : If (o, f) = (8,¢9) and(S3, g) = (v, h) for acts inL, then(«, f) = (v, h).

Every act inL is local in the sense that it belongs to a specific local state space but the
preference relation- is given overL. We indicate that a constant act corresponding to a con-
sequence € C'is defined relative to a local state spacec P(H) by writing («, ¢). Notice
that one may consider an objective lottery with consequeneescy, . . ., ¢,) and probabilities
p=(p1,-..,p,) @s amixed act iv and denote it by, (¢, p)).

We assume that the restriction of to each set of (local) acts, satisfies the axioms (i)
through (xi). Notice that the totality and transitivity axioms (i) and (ii) are already satisfied
by restricting the conditions (A) and (B) to a set of local acts. Since every act is equivalent
to a constant act by the certainty equivalent axiom (xi) and constant acts are totally ordered
we realize that the totality axiom (A) is redundant in this situation. We choose to maintain the
axiom for clarity and as a preparation for future developments where the certainty equivalent
axiom may be relaxed.

We introduce two new axioms for the preferences in the “grand world”.

(xii) Indifference: Let (a, (¢,p)) and(«, (d, q)) be lotteries between constant acts in a local
state space € P(H). Then

(o, (e,p)) = (. (d,q)) = (B,(c,p)) = (6,(d, q))
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for any other local state spacec P(H).

The axiom states that the ordering of lotteries of constant acts does not depend on the local
state space in which they are considered. It may be interpreted as the requirement that an
objective lottery should be equally attractive, independent of the context in which it is available.

(xiii) Separation Leta, 3 € P(H) be “small worlds” with a common everit € o N 3. There

exist equivalent action&y, f) and(/3, g) in L and non-equivalent consequenees € C
such that

f(P)~g(P)~a and f(Q)~g(R)~b.
for every@ € o\{P} andR € 5\{P}.

In the axiom the common evert functions as a local state in bothand3. The equivalent
actions(c, f) and (3, g) may be interpreted as two bets, one in each of the two local states
spaces, on the local stafe If P obtains then both bets have outcomes equivalent to conse-
quenceu. If P does not obtain then both bets have outcomes equivalent to conseguence

4, EXPECTED UTILITY

Before we state and prove the main result, we proceed by demonstrating that the introduced
axioms give rise to a common utility function across all local state spaces. We also demonstrate
that the decision maker assigns subjective probability in a consistent way across different state
spaces.

4.1. Common utility. We first note that for each local state space P(H), the preference
relation onL induces a preference relatién, on C' by setting

c=qd if (a,¢) = (a,d)

for consequencesandd in C. The indifference axiom entails that all of the order relatiens
induced onC' in this way are equivalent. We may therefore suppress the subscript and
just write
c=d if (a,c) = (8,d)

for consequencesandd in C, and small worldsy, 5 € P(H).

Since axiomgi) through(zi) are assumed there exist, for each “small wordd® P(H), a
subjective probability measurg, and a (local) utility function.,, such that the preferences in
L, are represented by the (local) subjective expected utility function

(4.1) Uala, f) = ZEa(H)ua(f(R-)),

cf. equation[(2.8).

Lemma 4.1. There exists a common utility functiean: C — R, unigue up to an increasing
affine transformation, such that

c>d ifandonlyif wu(c) > u(d)

for consequences d € C. For eacha € P(H) the local utility functionu,, is an increasing
affine transformation of the common utility function

Proof. Consider act$a, f), («, g) € L, for a small worlda = (P, ..., BP,). Since the subjec-
tive expected utility is given by

Ualat, f) = Z Eo(Pua(f(P)),
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we may also considér, («, f) as the expected utility of a lottery between constant acts

(O'/vf<P1))v"'7(a7f(Pn))

with probabilities(E,(P,), ..., E,(P,)). Since such a lottery is equally attractive in any other
context we derive that

Ul f) = Ualag) itandonlyif >~ Eu(PJualf(F) = D EalP)us(g(P)

for any others € P(H). This means that the function

Ve f) = D Ba(PJus(f(P))

also represents the orderingliy. Accordingly,u is an increasing affine transformation«f
and we may replaces with u, without changing the ordering ihg. 1

4.2. Subjective probabilities. It is essential for the theory that a decision maker assigns sub-
jective probability to an event independent of the local state space in which it is considered.

Lemma 4.2. If two “small worlds” «, 3 € P(H) share a common eve®® € « N [ then
necessarilye, (P) = Es(P), whereE,, and Ej; are the subjective probability measures, derived
from the decision maker’s preferences, in each of the two local state spaces.

Proof. Consider two state spacesg € P(H) with acommon evenP € aN 5. We may write
the state spaces on the form

a={P,Q,...,Q,} and S={P Ry,...,R.}.

By the separation axiom there exist equivalent actieng’) and(, ¢) in L and non-equivalent
consequences b € C such that

f(P)~g(P)~a and [f(Q:)~g(R;)~Db

fori =1,...nandj = 1,...,m. The certainty equivalent axiolfxi) ensures the existence of
constant actsx, ¢) and(3, d) such that

u(e) =Uala,c) = Uala, f)

n

= Ea(PYu(f(P)) + 3_ BalQ0)u(F(Q0)
= Ea(P)u(a) + (1 — Eo(P))u(b)
and similarly
u(d) = Us(B,d) = Us(B,9) = Es(P)u(a) + (1 — Ez(P))u(b).

Since the constant acte, ¢) and (3, d) are equivalent by the (global) transitivity axiom (B),
we conclude that(c) = u(d). We have thus writtem(c) as two convex combinations ofa)
andu(b). Sinceu(a) # u(b) we conclude thakl,(P) = Es(P). 1
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4.3. Main theorem. Lemmg 4.2 ensures that we can unambiguously define a function
E:F—]0,1]
by settingF/(P) = E,(P) for any local state space € P(H) containingP. This function has
the property that
EP)+---+EP,) =1
for any sequencé’, ..., P, of projections inF with sumP; + --- + P, = 1. A function
with this property is called a frame function, and such functions were intensitively studied by a

number of authors [18) 7, 26,121]. The following remarkable result was conjectured by Mackey
and proved by Gleason.

Gleasons’ theorem.Let F be the event space of projections on a (real or complex) separable
Hilbert spaceH of dimension greater than or equal to three, andiet 7 — [0, 1] be a frame
function. Then there exists a uniquely defined positive semi-definite trace class opeoator

H with unit trace such that

F(P)=Tr(hP)
forany P € F.

Note that a frame function automatically is continuous by Gleason’s theorem.
We are now ready to state and prove the main result.

Theorem 4.3.Let (F, H) be the event space consisting of all projections on a (real or complex)
Hilbert space of finite dimension greater than or equal to three(ldbe a common set of
consequences, and Iétbe a set of actions. The primitive datum of the utility theory is a weak
ordering = over the setl satisfying the local axiom@) through(xi) in each local state space
together with the global axion(gii) and(xiii) . Then there exists a map C' — R, unique up

to an increasing affine transformation, and a positive semi-definite opehator H with unit
trace such that

(a, f) = (B,9) ifandonlyif U, f) > U(f,9)

for arbitrary acts («, f) and (3, g) in L, where the expected utility functidh is defined by
setting

U, f) = ZTr(hR)U(f(H))

for any act(«, f) € L wherea = {P;,..., P,}.
Proof. We first notice that the (local) subjective expected utility functiof in(4.1) may be written

Ua(aa f) = ZEa(Pz)ua(f<Pz)>
= E(P)u(f(P)

- ZTr(hB)U(f(B))

= Ule, f),

where we first used Lemnfjia 4.2, the common utility function derived in Lemna 4.1, Gleason’s
Theorem and the definition &f(«, f) as given in the theorem.
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The acts«, f) and(3, g) in L are by the certainty equivalent axiom (xi) equivalent to con-
stant act§«, ¢) and(, d) respectively, therefore we obtain

Ula, f) = Ula,¢) =u(e) and U(B,g) = U(B,d) = u(d).
Suppose first thai, f) > (5, g). Since
(,¢) = (a, f) = (B,9) = (B,d),
we obtain by the global transitivity axiom (B) that, ¢) > (3, d) and thus
Ula, f) = u(c) > u(d) = U(B, 9)-
If on the other hand/(«, f) > U((, g) then
(o, f) = (a,¢) = (6,d) ~ (B, 9),

and thus(«a, f) = (8, g). If they were equivalent we could dedueé:) = u(d), hence neces-
sarily (o, f) > (8, g) and the statement followa.

Note that the statement in the main result entails that the indifference axiom for preferences
across local state spaces is satisfied. The implication is that this axiom must be satisfied in any
expected utility formulation of the given form.

4.4. Measuring uncertainty aversion. In this subsection we introduce a numerical measure
of uncertainty aversion. With this purpose in mind, consider two evErasd() in an event
space(F, H) and a decision maker with preferences as given in Theprem 4.3. If the number

v(P,Q) = E(PVQ)—(E(P)+ EQ))

is positive, this is interpreted as a reflection of the decision maker’s uncertainty aversion. We
may think of an experiment in which a ball is drawn from an urn with an unknown distribution
of red and black balls. The evert represents the drawing of a red ball while the event
represents the drawing of a black ball. The union (majorant) of the two efentg is the sure
event SOE' (P V Q) = 1. The decision maker may assign so low probabilities to the individual
events that their sum is less than the probability of the union, and hereby exhibit uncertainty
aversion.

Letnow P, ..., P, be events irfF with no further assumptions and consider the number

v(Py,...,P,)=FEPV---VP,)— iE(Pi).
=1
This number is obviously less or equal to one and it may be negative. But if the events are part
of a local state space, thét vV ---v P, = P, +---+ P, and thus/(Py, ..., P,) = 0.
Definition 4.1. The number
v=sup{v(P,...,P) | P,...,.P,e F,n=1,2 ...}
is defined as the decision maker’s uncertainty aversion.

Note that the decision maker’s uncertainty aversiagatisfies) < v < 1. It is determined
as the largest possible difference between the weight attached to the union and the sum of the
weights of the individual events. Note that by focusing on the “worst possible” situation the
introduced measure of uncertainty aversion is linked to that of [25].
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Proposition 4.4. Suppose thaf is the event space of all projections on a Hilbert spdte
and leth be the positive semi-definite operator (matrix) @rwith unit trace such thakl( P) =
Tr(hP) for any event? € F. Then

V= 1 —)\rnln'd.llllj—[7

wheredim H is the finite dimension of the Hilbert spageand A\ i, is the minimal eigenvalue
of the operatorh.

Proof. Consider the expressian P, ..., P,) for eventsPy, ..., P,. Since E' is additive we

may without loss of generality assume the majorant evgnt --- vV P, = 1 and that all the
constituent projections are one-dimensional. We may then discard events until all remaining
events are needed to maintain the sure event as majorant. In this sitwatieim H and the
remaining events are necessarily projections on a set of basis vect@rsTine supremum is

then obtained by choosing a sequence of basd$ wiith each basis vector converging to an
eigenvector for the minimal eigenvalue/of g

If the decision maker’s uncertainty aversien= 0, then the proposition entails thatis the
identity operator orf{ (the identity matrix) divided bylim H, hence
dim R(P)
E(P)= ——+ P
(P) dim H €7
whereR(P) denotes the range @t. An uncertainty neutraly = 0) decision maker is thus as-
signing likelihood to an event solely according to the dimension of the representing projection.

5. THE ELLSBERG PARADOX

Below we model Ellsberg’s experiment using our framework. We consider two versions, a
two-color variation taken from [19] as well as the original three-color thought experiment in
[2]. This variation was mentioned already in [15].

5.1. Two-color variation. There are two urns, denoted uriand urn2. Each urn contains 100

balls that are either white or black. Uidncontains 49 white balls and 51 black balls while

Urn 2 contains an unspecified assortment of white and black balls. A ball has been picked
randomly from each urn; we call them théball and the2-ball, respectively. The colors of the
chosen balls have not been disclosed. Now we consider two consecutive choice situations or
experiments in which the decision maker must choose eithertadl or the2-ball. After both
choices have been made, the color will be disclosed. In the first choice situation, a prize is won
if the chosen ball is black. In the second choice situation, the same prize is won if the ball is
white.

With this information, most people will chose theball in the first experiment where the
objective probability of winning i$.51. There is no information available concerning the pro-
portion of balls in urn 2, hence there is objectively complete symmetry between the two colors,
white and black. One might therefore expect that most people would choo8ébtikin the
second experiment since the likelihood that the 1-ball is white is less than half. However, it
turns out that this does not happen overwhelmingly in actual experiments. The decision maker
understands that by choosing thdall, he only has a 49 percent chance of winning. But this
chance is “safe” and well understood. The uncertainties incurred are much less clear if the
2-ball is chosen.

The combined likelihood of the two possible outcomes of drawing a ball from urn 2 is con-
sidered to be less than one although the two outcomes are mutually exclusive.
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We may model this behavior by assigning the event ‘thmll is black” to the projectior
and the event “thé-ball is white” to the projectiol — P, where

100
P=10 0 0
000
The two events are thus understood to be complementary. The matrices
a 0 a'?(1—a)'/?
Q. = 0 0 0
a'?(1 —a)'? 0 l—a
b 0 bY/2(1—b)1/2
Qy = 0 1 0

b'2(1—b)Y2 0 1—b

are projections fof < a,b < 1. We assign the2-ball is black” event ta?), and the 2-ball
is white” event toQ), for somea, b with 0 < a,b < 1 anda # b. With these assignments the
joined event is vacuous, and the union event is the sure event.

Note that(), and@); are mutually exclusive but not complementary events. In addition, none
of the four projections introduced above are related by inclusion. We are therefore not forcing
the decision maker to assume that the result of one experiment determines the outcome of the
other.

Since the pay-offs are equal in the two experiments the subjective utility is proportional to
the subjective likelihood of the outcomes in both experiments.

As already discussed, the likelihodd(X) is calculated byFE(X) = Tr (hX), whereh
is determined by the decision makers preferences. We use in the example the positive semi-
definite unit trace matrix defined by

049 0 —-0.2
h = 0 025 0
-0.2 0 0.26

We haveE(P) = 0.49 andE(1 — P) = 0.51 as anticipated. In addition, we calculate
E(Q,) =0.26+0.23a — 0.4a*2(1 — a)/2,
E(Q,) = 0.51+ 0.23b — 0.4b1/2(1 — b)V/2.
If we choose) < a < 1/2 < b < 1, then by an elementary calculation we obtain
E|P] > E|Q,] and E[1— P]> E[Q,).

The “1-ball is white” is thus preferred to the*ball is white” and the f-ball is black” is pre-

ferred to the 2-ball is black” events as in the experiment. This phenomenon is not possible with
a state space description. Different choices of the parameter valesh (corresponding to
different assignments of events to projections) lead in general to non-isomorphic models. This
is most easily realized by calculating the uncertainty avergiaasociated with drawing a ball

from urn 2 which is given by

v = max{0, E(Q. V Qy) — E(Q.) — E(Qy)}.

A small calculation shows that for 0 < a < 1/2 < b < 1 may take any value in the
interval [0, ¢o] where approximately,, = 0.430705. The maximum value: is obtained in
approximatelya = 0.250764 andb = 1/2 with the corresponding subjective probabilities
E(Q,) = 0.144295 and E(Q,) = 0.425.
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It demonstrates that decision makers with different subjective probabilities and different de-
grees of uncertainty aversion may well make identical choices in the two-color experiment that
cannot possibly reveal all aspects of the decision makers behaviour.

5.2. Three-color variation. A decision maker is presented with an urn containing 90 balls. He
is told that 30 of the balls are red and the remaining 60 balls are either black or yellow, but he is
given no information about the distribution of the black and yellow balls. The decision maker
is first asked to state his preferences between three bets, each on the exact color of a single
drawn ball. We may consider the bet on the “red ball” as an act where the local state space only
contains the pertinent events “red ball” and “not red ball”.

The prize is 1 if one wins the bet and 0 otherwise. To simplify further the utility function is
chosen as the identity such that the expected utility of a bet on the “red ball” becomes

E(R)-1+ E(1—R)-0=E(R)

which is simply the expected likelihoall( R) of the associated eveit The same approach is
taken to the five other bets.

The decision maker is asked to state his preferences between three bets in which he is given
a choice between two colors of a single drawn ball. All six bets pay out the same amounts,
conditional on the outcome of the draw. In the first choice situation the decision maker is found
to prefer a bet on a “red ball” to a bet on a “black ball” and is indifferent between a bet on a
“black ball” and a bet on a “yellow ball”, that is

(5.1) BetR) > Bet(B) ~ Bet(Y).

In the second choice situation the decision maker is found to prefer a bet on a “black or yellow
ball” to a bet on either a “red or yellow ball” or a bet on a “black or red ball”, and is indifferent
between these two last bets, that is

(5.2) BetBVvY) > BetRVY) ~ Bet(BV R).

These preferences display uncertainty aversion in the sense that uncertain events or bets are
seen as less attractive.

To model these preferences, we choose an event space with three projéctiBrend Y
(corresponding to balls of color read, black or yellow respectively) and a likelihood fungtion
such that

E(R)> E(B)=E() and E(BVY)> E(RVY)=E(BVR).

As the decision maker has exact information about the fraction of the red balls, he considers a
bet on the red ball to be a simple lottery described by a probability distribution given the weight
1/3 to the event “the ball is red” and the weight 2/3 to the event “the ball is not red”, and this
last event is recognized to be the same event as “the ball is either black or yellow”. This may
be modeled by letting the event “red ball” be represented by the projektand the event “the
ball is not red” or “black or yellow ball” be represented by the projection R.

As in the two-color variation, the decision maker is, in the absence of further information, not
able to subdivide the “black or yellow ball” event into two single-color events with a probability
distribution; they belong to different contexts. We capture this by assigning non-orthogonal
projectionsB andY” to the two events. See Appendix A for a set of projections which may be
used. Note that the three single color events have minorant 0, that is

RAB=0, BAY =0, RAY =0,

and the majorant ever®? VY = 1 — R. The three two-colorevent8 VY, RV BandR VY
are thus endogenously given by the lattice operations once the one-color RyéhédY” are
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specified. In the appendix we chodssuch that

E(BVY) =
In this way we obtain the relations
E(R)>E(B)=FE(Y) and E(BVY)>ERVY)=E(BVR),

and they accurately reflect the preferences in Ellsberg’s paradox.

6. CONCLUDING REMARKS

The Elisberg paradox has inspired a substantial literature in axiomatic models of decision
making. This literature contains alternative suggestions as to how one can model the appropriate
subjective conditions that characterize self-contained local state spaces such that the decision
maker’s preferences over acts, restricted to any one domain, exhibit probabilistic sophistication.
Focus has been on modeling decision making under uncertainty, while at the same time allowing
for a clear distinction between risk and uncertainty in the spirit_of [16]. See [14] and more
recently [31] for comprehensive surveys of this literature. Early contributions include [3] and
[22]. In general, this literature has weakened the Savage/Anscombe-Aumann axioms. Some
authors have chosen to abandon the Savage axioms - in the case of [27] the notion of totality of
preferences - to construct more flexible expected utility models.

6.1. State space models with non-additive probabilitiesOur paper is obviously related to

the influential contribution of [25] which models uncertainty and uncertainty aversion in a state
space formalism by assuming that decision makers assign non-additive probabilities to some
events as a reflection of uncertainty aversion. By imposing slightly weaker versions of the
Anscombe-Aumann axioms on preferences, it is possible to capture preferences towards un-
certainty and risk aversion in an expected utility formulation. Clearly, this work demonstrates
that it is possible to formulate expected utility theories which capture a notion of uncertainty-
aversion while still relying on the use of a state space. Several researchers have applied this
type of framework to analyze economic situations. $See [20] for a survey of this literature.

The primitive datum in Schmeidler’s theory consists of the space space, the acts, and the pref-
erences, and itis the modelers task to specify this datum in such a way that it adequately reflects
the problem at hand. In our theory projections are used to model events. They are taken from
an infinite source of projections in an event space, but only a few that adequately corresponds
to the problem at hand will be considered by the modeler. The acts and the preferences will
then by Gleason’s theorem, when applicable, provide a unique representation of the likelihood
function and define the measure of uncertainty aversion. The basic problem of choosing states
in a state space or choosing events (projections) in an event space are similar in nature. Our
approach does however have the advantage that it provides an intuitive representation of uncer-
tainty aversion. Secondly, it retains linearity of the grand likelihood functional - even across
local state spaces. Our framework also allows for easy generalizations of a given model by
adding additional local state spaces.

One may consider our model as a bundle of local state spaces loosely knit together by some
global requirements and consistency conditions. Then why do we need the formalism of pro-
jections and an event space? The practical reason is that our theory provides an easy way of
ensuring consistency across small worlds. Once a model is specified and preferences given by
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a utility function and a unit trace positive semi-definite matrix as provided for by Gleason’s
theorem, then we know for sure that the model is consistent.

Our paper is also related to [32] in which a state space model with non-linear capacities
relaxes conditions of richness of the state spacelin [5], or richness of the outcome space in
[29,[30]. It is argued that structural restrictions are not mere technical but add content of an
unknown nature to models that most naturally have a small finite number of states and outcomes.
In our framework the set of consequences is convex and therefore naturally rich. Thus, even
though the lattice of events may be small, the preferences must be extendable to the full lattice
of projections in order to accommodate Gleason’s theorem, which at present has only been
considered for the full lattice of projections. As such the method proposed in this paper is more
closely related to those suggested by Schmeidler and Gilboa than that of Wakker. We suspect,
however, that the different approaches are genuine alternatives. It seems unlikely that they are
isomorphic in any precise meaning of the word.

6.2. State-dependent utilities. One may interpret our paper as an attempt to generalize mod-
els of state-dependent utilities where, as is pointed out in [24], one can ensure that small world
acts are ranked in a consistent manner within the grand world by multiplying by suitable con-
stants. In this paper we propose a set of axioms which result in a grand likelihood functional
that provides probability distributions in every small world and simultaneously ensures that the
ranking of acts is consistent in the grand world.

A more recent paper [12] also discusses preferences that cannot be expressed by state-
independent utilities. The author motivates his approach by considering the example of a man
who would rather bet on his wife’s survival than on her death, even when the probabilities and
the pay-offs are the same in the two situations. Axioms are proposed that allow for a situation
dependent factoy that modifies the state independent utilities without compromising the elu-
cidation of subjective probabilities. The examplelinl[12] cannot be described as taking place
in a local state space in our model. One may, however, reconcile our approach with the one in
[12] by modeling the survival or death of the wife as events taking place in different contexts
rather than being complementary events. This would allow for a description, similar to our de-
scription of the two urn variation of Ellsberg’s paradox, where the total subjective probability
of either death or survival is less than one due to uncertainty aversion. Alternatively, one can try
to retain the flexibility in Fishburn’s model|[4] by restricting the application of the equivalence
axiom and hence the description [n (2.3) to acts where it is meaningful (or acceptable) to the
decision maker to separate the consequences from the events leading to the consequences. This
is accounted for in Fishburn’s setup where the utility of consequences may be conditioned on
an event. However in our setup this flexibility is offset by the equivalence axiom (x) to the ex-
tent that the decision maker is indifferent between acts with the same set of consequences and
associated probabilities. The benefit of axiom (x) is that it allows for a Savage expected utility
representatiorj (2.3) which only involves the utility of unconditioned consequences.

6.3. Models that do not rely on a state space:To our knowledge, there are only a few papers

that do not rely on the explicit presence of a state space. [See [6] for a model with subjec-
tive distributions that does not rely on a state space. The authors model preferences over acts
conditional on bets and assume the existence of an outcome-independent linear utility on bets.
Subjective probabilities on outcomes, consistent with expected value maximizing behavior, are
then derived. An axiomatic theory of decision making under uncertainty that dispenses with the
Savage state space is developed in [13]. A subjective expected utility theory, which does not
invoke the notion of states of the world to resolve uncertainty, is formulated. Importantly, this
approach does not rule out that decision makers may mentally construct a state space to help
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organize their thoughts - but it does not require that they do. Thus, the traditional approach may
also be embedded into this framework.

In [1] the authors assume a Savage state space, but provide a set of axioms which allow
for domains of events that arise endogenously according to the preferences of the decision
maker and the manner in which sources of uncertainty are treated. The authors show, given
weak assumptions, that preferences restricted to a domain exhibit probabilistic sophistication.
This allows for an endogenous formulation of a two-stage approach and a distinction between
risk and uncertainty in a setting with a Savage state space. However, as opposed to Savage’s
formulation, the approach taken is to model decisions as generally taking place at the local state
space level, hence leaving the question of consistent extension of decision making across state
spaces unanswered.

Finally, our approach has links to discussions of the foundation of quantum physics; in partic-
ular to quantum mechanical derivations of probability, cf.l [33, 34] for a discussion of possible
applications of decision theory in quantum mechanics.
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APPENDIX A. PROJECTIONS FOR MODEL OF ELLSBERG PARADOX

100 000
R =100 0 and 1-R =101 0},
0 00 0 01
0 00 0 0 0
B =(010 and Y =10 1/2 1/2],
000 0 1/2 1/2
1 00 1 0 0
RVvB =(0 1 0] and RVY =[0 1/2 1/2
000 0 1/2 1/2
1/3 0 0
h=| 0 1/6 -1/6
0 —1/6 1/2
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