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2 M. A. LATIF

1. INTRODUCTION

A norm inequality for n vectors in a normed linear space obtained by Pêcarić and Rajić in
[11] is given by

max
k∈{1,2,...,n}

{
1

‖xk‖

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

|‖xj‖ − ‖xk‖|

]}

≤

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥ ≤ min
k∈{1,2,...,n}

{
1

‖xk‖

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

|‖xj‖ − ‖xk‖|

]}
(1.1)

provided xj are nonzero vectors in a normed linear space (X, ‖.‖) over the filed K (K = C or
R) and j ∈ {1, 2, ..., n}. In order to provide generalization to the above inequality S.S Dragomir
[4] gave the following inequality for n vectors

max
k∈{1,2,...,n}

{
|αk|

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

|αj − αk| ‖xj‖

}

≤

∥∥∥∥∥
n∑
j=1

αjxj

∥∥∥∥∥ ≤ min
k∈{1,2,...,n}

{
|αk|

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

|αj − αk| ‖xj‖

}
(1.2)

where xj are vectors in a normed linear space (X, ‖.‖) over the filed K (K = C or R) and
αj ∈ K, j ∈ {1, 2, ..., n}. Readers can easily verify that the choice of αk = 1

‖xk‖
, ‖xk‖ 6= 0,

k ∈ {1, 2, ..., n}, in (1.2) gives the Pêcarić and Rajić inequality given above by (1.1). Pêcarić
and Rajić inequality also gives the following refinement and reverse established by M. Kato et
al. in [8]

min
k∈{1,2,...,n}

{‖xk‖}

[
n−

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥
]

≤
n∑
j=1

‖xj‖ −

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥ ≤ max
k∈{1,2,...,n}

{‖xk‖}

[
n−

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥
]

(1.3)

The other choice of the αk = ‖xk‖, k ∈ {1, 2, ..., n}, in (1.2) gives the following result

max
k∈{1,2,...,n}

{
‖xk‖

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

|‖xj‖ − ‖xk‖| ‖xj‖

}

≤

∥∥∥∥∥
n∑
j=1

‖xj‖xj

∥∥∥∥∥ ≤ min
k∈{1,2,...,n}

{
‖xk‖

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

|‖xj‖ − ‖xk‖| ‖xj‖

}
(1.4)
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GENERALIZED TRIANGLE INEQUALITY 3

which in turn implies another refinement and reverse of the generalized triangle inequality given
below

(0 ≤)

n∑
j=1

‖xj‖2 −

∥∥∥∥∥ n∑
j=1

xj ‖xj‖

∥∥∥∥∥
max

k∈{1,2,...,n}
{‖xk‖}

≤
n∑
j=1

‖xj‖ −

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥ ≤
n∑
j=1

‖xj‖2 −

∥∥∥∥∥ n∑
j=1

xj ‖xj‖

∥∥∥∥∥
min

k∈{1,2,...,n}
{‖xk‖}

(1.5)

Motivated by the above results (1.1)-(1.5), the main purpose of the present paper is to establish
all these results in a p-Fréchet space, where 0 < p < 1.

2. PRELIMINARIES

It is well known that an F -space (X, +, ., ‖.‖) is a linear space (over the field K = R or
K = C) such that ‖x + y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ X , ‖x‖ = 0 if and only if x = 0,
‖λx‖ ≤ |λ|‖x‖, for all scalars λ with |λ| ≤ 1, x ∈ X , and with respect to the metric D(x, y) =
‖x − y‖, X is a complete metric space (see e.g. [3, p. 52] or [7]). Obviously D is invariant
under translations. In addition, if there exists 0 < p < 1 with ‖λx‖ = |λ|p‖x‖, for all λ ∈ K
and x ∈ X , then ‖.‖ will be called a p-norm and X will be called p-Fréchet space. (This is only
a slight abuse of terminology. Note that in e.g. [2] these spaces are called p-Banach spaces). In
this case, it is immediate that D(λx, λy) = |λ|pD(x, y), for all x, y ∈ X , λ ∈ K. It is known
that F -spaces are not necessarily locally convex spaces. Three classical examples of p-Fréchet
spaces, non-locally convex, are the Hardy space Hp with 0 < p < 1 that consists in the class of
all analytic functions f : D −→ C, D ={z ∈ C; |z| ≤ 1} with the property

‖f‖ =
1

2π
sup{

2π∫
0

|f(reit)|pdt, r ∈ [0, 1)} < +∞

the sequences space lp

lp = {x = (xn)n; ‖x‖ =
∞∑
n=1

|xn| <∞}

for 0 < p < 1, and the Lp[0, 1], 0 < p < 1, given by

Lp[0, 1] = {f : [0, 1] −→ R; ‖f‖ =

1∫
0

|f(t)|pdt <∞}

More generally, we may consider Lp(Ω,Σ, µ), 0 < p < 1, based on a general measure space
(Ω,Σ, µ), with the p-norm given by ‖f‖ =

∫
Ω
|f |pdµ. Some important characteristics of the

F -spaces are given by the following remark.

Remark 2.1. Three fundamental results in Functional Analysis hold for F -spaces too : the
Principle of Uniform Boundedness (see e.g. [3, p. 52]), the Open Mapping Theorem and
the Closed Graph Theorem (see e.g. [7, p. 9-10]). But on the other hand, the Hahn-Banach
Theorem fails in non-locally convex F -spaces. More exactly, if in an F -space the Hahn-Banach
theorem holds, then that space is necessarily locally convex space (see e.g. [7, Chapter 4]).
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4 M. A. LATIF

3. MAIN RESULTS

Everywhere in this section, (X, +, ., ‖.‖) is a p-Fréchet space over the field K = R or C),
0 < p < 1 unless otherwise specified. We use the same technique as in [4] to establish our
results. Following theorem gives another form of (1.2) in a p-Fréchet space X .

Theorem 3.1. If xj ∈ X , αj ∈ K, j ∈ {1, 2, ..., n} and 0 < p < 1, then

max
k∈{1,2,...,n}

{
|αk|p

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

|αj − αk|p ‖xj‖

}

≤

∥∥∥∥∥
n∑
j=1

αjxj

∥∥∥∥∥ ≤ min
k∈{1,2,...,n}

{
|αk|p

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

|αj − αk|p ‖xj‖

}

Proof. For any k ∈ {1, 2, ..., n} we observe that

n∑
j=1

αjxj = αk

(
n∑
j=1

xj

)
+

n∑
j=1

(αj − αk)xj

Taking the p-norm on both sides, we have∥∥∥∥∥
n∑
j=1

αjxj

∥∥∥∥∥ =

∥∥∥∥∥αk
(

n∑
j=1

xj

)
+

n∑
j=1

(αj − αk)xj

∥∥∥∥∥
By using the triangle inequality and properties of p-norm, we get∥∥∥∥∥

n∑
j=1

αjxj

∥∥∥∥∥ ≤
∥∥∥∥∥αk

(
n∑
j=1

xj

)∥∥∥∥∥+

∥∥∥∥∥
n∑
j=1

(αj − αk)xj

∥∥∥∥∥
≤

∥∥∥∥∥αk
(

n∑
j=1

xj

)∥∥∥∥∥+
n∑
j=1

‖(αj − αk)xj‖

= |αk|p
∥∥∥∥∥

n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

|αj − αk|p ‖xj‖

≤ max
j∈{1,2,..,n}

{
|αk|p

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

|αj − αk|p ‖xj‖

}
(3.1)

Also we observe that

n∑
j=1

αjxj = αk

(
n∑
j=1

xj

)
−

n∑
j=1

(αk − αj)xj

Taking p-norm on both sides∥∥∥∥∥
n∑
j=1

αjxj

∥∥∥∥∥ =

∥∥∥∥∥αk
(

n∑
j=1

xj

)
−

n∑
j=1

(αk − αj)xj

∥∥∥∥∥
AJMAA, Vol. 9, No. 1, Art. 21, pp. 1-12, 2012 AJMAA

http://ajmaa.org


GENERALIZED TRIANGLE INEQUALITY 5

By utilizing continuity and properties of p-norm, we obtain∥∥∥∥∥
n∑
j=1

αjxj

∥∥∥∥∥ ≥
∥∥∥∥∥αk

(
n∑
j=1

xj

)∥∥∥∥∥−
∥∥∥∥∥

n∑
j=1

(αj − αk)xj

∥∥∥∥∥
≥

∥∥∥∥∥αk
(

n∑
j=1

xj

)∥∥∥∥∥−
n∑
j=1

‖(αj − αk)xj‖

= |αk|p
∥∥∥∥∥

n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

|αj − αk|p ‖xj‖

≥ min
j∈{1,2,..,n}

{
|αk|p

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

|αj − αk|p ‖xj‖

}
(3.2)

(3.1) and (3.2) together complete the proof of the Theorem.

Now we give a Lemma which will be helpful in the sequel.

Lemma 3.2. Let 0 < p ≤ 1 and a = (a1, a2, ..., an), b = (b1, b2, ..., bn) ∈ Rn, aj ≥ 0, bj ≥ 0.
Then

n∑
j=1

(aj + bj)
p ≤

n∑
j=1

apj +
n∑
j=1

bpj

Proof. Here we can prove that the inequality holds for only one j. That is

(3.3) (aj + bj)
p ≤ apj + bpj

whenever 0 < p ≤ 1 and aj ≥ 0, bj ≥ 0, and then get the result by taking the finite sum over
all j = 1, 2, ..., n. When p = i, then the result is obviously true. So assume that 0 < p < 1.
Consider the function

f(t) = 1 + tp − (1 + t)p, t ≥ 0

Then
f

′
(t) = ptp−1 − p(1 + t)p−1, t ≥ 0

Since p− 1 < 0, hence f ′
(t) ≥ 0, t ≥ 0. Thus

f(t) ≥ 0, t ≥ 0

That is
(1 + t)p−1 ≤ tp−1, t ≥ 0

If bj = 0 then (aj + bj)
p ≤ apj + bpj is true with equality sign, so let bj > 0 and take t =

aj
bj

in
(3.3), we have (

1 +
aj
bj

)p−1

≤
(
aj
bj

)p−1

,bj > 0

so that
(aj + bj)

p ≤ apj + bpj
Summing over j = 1, 2, ..., n, we obtain

n∑
j=1

(aj + bj)
p ≤

n∑
j=1

apj +
n∑
j=1

bpj

AJMAA, Vol. 9, No. 1, Art. 21, pp. 1-12, 2012 AJMAA

http://ajmaa.org


6 M. A. LATIF

The following corollary gives another form of generalized triangle inequality (1.1) and its
reverse, developed by Pêcarić and Rajić, in a p-Fréchet space X .

Corollary 3.3. If xk ∈ X , ‖xk‖ 6= 0, k ∈ {1, 2, ..., n} and 0 < p < 1, then

max
k∈{1,2,...,n}

{
1

‖xk‖p

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

|‖xj‖ − ‖xk‖|p ‖xj‖1−p

]}

≤

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥ ≤ min
k∈{1,2,...,n}

{
1

‖xk‖p

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

|‖xj‖ − ‖xk‖|p ‖xj‖1−p

]}

Proof. If we replace αk by 1
‖xk‖

, ‖xk‖ 6= 0, k ∈ {1, 2, ..., n} in the first inequality of Theorem
3.1 we get

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥ ≥
∣∣∣∣ 1

‖xk‖

∣∣∣∣p
∥∥∥∥∥

n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

∣∣∣∣ 1

‖xj‖
− 1

‖xk‖

∣∣∣∣p ‖xj‖
=

1

‖xk‖p

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

1

‖xk‖p
|‖xj‖ − ‖xk‖|p ‖xj‖1−p

≥ max
k∈{1,2,...,n}

{
1

‖xk‖p

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

|‖xj‖ − ‖xk‖|p ‖xj‖1−p

]}
(3.4)

Similarly if we replace αk by 1
‖xk‖

, ‖xk‖ 6= 0, k ∈ {1, 2, ..., n} in the second inequality of
Theorem 3.1 we get

(3.5)

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥ ≤ min
k∈{1,2,...,n}

{
1

‖xk‖p

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

|‖xj‖ − ‖xk‖|p ‖xj‖1−p

]}

Combining (3.4) and (3.5) complete the proof of the corollary.

Now we give a slight different but almost the similar refinement and reverse of generalized
triangle inequality and its reverse obtained by M. Kato et al in a p-Fréchet space X .

Corollary 3.4. If xk ∈ X , ‖xk‖ 6= 0, k ∈ {1, 2, ..., n} and 0 < p < 1, then

min
k∈{1,2,...,n}

{‖xk‖p}

[
−

n∑
j=1

‖xj‖1−p −

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥
]

≤
n∑
j=1

‖xj‖ −

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥ ≤ max
k∈{1,2,...,n}

{‖xk‖p}

[
n∑
j=1

‖xj‖1−p −

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥
]

+ 2
n∑
j=1

‖xj‖
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Proof. From the second inequality of Corollary 3.3 we have∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥ ≤ 1

‖xk‖p

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

|‖xj‖ − ‖xk‖|p ‖xj‖1−p

]

≤ 1

‖xk‖p

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

(‖xj‖p + ‖xk‖p) ‖xj‖1−p

]
by Lemma 3.2

=
1

‖xk‖p

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

(
‖xj‖+ ‖xk‖p ‖xj‖1−p)]

=
1

‖xk‖p

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

‖xj‖+ ‖xk‖p
n∑
j=1

‖xj‖1−p

]

=
1

‖xk‖p

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
1

‖xk‖p
n∑
j=1

‖xj‖+
n∑
j=1

‖xj‖1−p

and hence

(3.6)
n∑
j=1

‖xj‖ −

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥ ≤ max
k∈{1,2,...,n}

{‖xk‖p}

[
n∑
j=1

‖xj‖1−p −

∥∥∥∥∥
n∑
j−1

xj
‖xj‖

∥∥∥∥∥
]

+ 2
n∑
j=1

‖xj‖

From the first part of Corollary 3.3 we get∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥ ≥ 1

‖xk‖p

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

|‖xj‖ − ‖xk‖|p ‖xj‖1−p

]

≥ 1

‖xk‖p

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

(‖xj‖p + ‖xk‖p) ‖xj‖1−p

]
by Lemma 3.2

=
1

‖xk‖p

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

(
‖xj‖+ ‖xk‖p ‖xj‖1−p)]

=
1

‖xk‖p

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

‖xj‖ − ‖xk‖p
n∑
j=1

‖xj‖1−p

]

=
1

‖xk‖p

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥− 1

‖xk‖p
n∑
j=1

‖xj‖ −
n∑
j=1

‖xj‖1−p

and therefore we get

(3.7)
n∑
j=1

‖xj‖ −

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥ ≥ min
k∈{1,2,...,n}

{‖xk‖p}

[
−

n∑
j=1

‖xj‖1−p −

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥
]

If we combine (3.6) and (3.7) then proof of the corollary is complete.

Another refinement and reverse of generalized triangle inequality in a p-Fréchet space X is
given in the following corollary
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Corollary 3.5. If xk ∈ X , ‖xk‖ 6= 0, k ∈ {1, 2, ..., n} and 0 < p < 1, then

−
n∑
j=1

‖xj‖p+1 −

∥∥∥∥∥ n∑
j=1

‖xj‖xj

∥∥∥∥∥
max

k∈{1,2,...,n}
{‖xk‖p}

≤
n∑
j=1

‖xj‖ −

∥∥∥∥∥
n∑
j=1

‖xj‖

∥∥∥∥∥ ≤
n∑
j=1

‖xj‖p+1 −

∥∥∥∥∥ n∑
j=1

‖xj‖xj

∥∥∥∥∥
min

k∈{1,2,...,n}
{‖xk‖p}

+ 2
n∑
j=1

‖xj‖

Proof. If we replace αk by ‖xk‖, ‖xk‖ 6= 0, k ∈ {1, 2, ..., n} in the first inequality of Theorem
3.1 we get∥∥∥∥∥

n∑
j=1

‖xj‖xj

∥∥∥∥∥ ≥ ‖xk‖p
∥∥∥∥∥

n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

|‖xj‖ − ‖xk‖|p ‖xj‖

≥ ‖xk‖p
∥∥∥∥∥

n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

(‖xj‖p + ‖xk‖p) ‖xj‖ by Lemma 3.2

= ‖xk‖p
∥∥∥∥∥

n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

(
‖xj‖p+1 + ‖xk‖p ‖xj‖

)
= ‖xk‖p

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥−
n∑
j=1

‖xj‖p+1 − ‖xk‖p
n∑
j=1

‖xj‖

From the above inequality we obtain

(3.8)
n∑
j=1

‖xj‖ −

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥ ≥
−

n∑
j=1

‖xj‖p+1 −

∥∥∥∥∥ n∑
j=1

‖xj‖xj

∥∥∥∥∥
‖xk‖p

Now by taking the second inequality of Theorem 3.1 and replacing αk by ‖xk‖, ‖xk‖ 6= 0,
k ∈ {1, 2, ..., n}, we get∥∥∥∥∥

n∑
j=1

‖xj‖xj

∥∥∥∥∥ ≤ ‖xk‖p
∥∥∥∥∥

n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

|‖xj‖ − ‖xk‖|p ‖xj‖

≤ ‖xk‖p
∥∥∥∥∥

n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

(‖xj‖p + ‖xk‖p) ‖xj‖ by Lemma 3.2

= ‖xk‖p
∥∥∥∥∥

n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

(
‖xj‖p+1 + ‖xk‖p ‖xj‖

)
= ‖xk‖p

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+
n∑
j=1

‖xj‖p+1 + ‖xk‖p
n∑
j=1

‖xj‖
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Therefore we have

(3.9)
n∑
j=1

‖xj‖ −

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥ ≤
n∑
j=1

‖xj‖p+1 −

∥∥∥∥∥ n∑
j=1

‖xj‖xj

∥∥∥∥∥
‖xk‖p

+ 2
n∑
j=1

‖xj‖

If we combine (3.8) and (3.9) then proof of the corollary is complete.

Now if in the following corollary:

Corollary 3.6. [6, Corollary 4.4, p.30] Let λ1, λ2, ..., λn be positive numbers and x1, x2, ..., xn
be nonzero elements in a normed space X . Then

(3.10)∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
p

≤

[∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥+

(
n−

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥
)

min
1≤j≤n

‖xj‖

]p
≤

(
n∑
j=1

λj

)p−1 n∑
j=1

‖xj‖p

λp−1
j

if we take λ1 = λ2 = ... = λn = 1 the we have the following result:

(3.11)

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

≤ ns−1

(
n∑
j=1

‖xj‖s
)
, n ≥ 2, s ≥ 1

for all nonzero elements x1, x2, ..., xn ∈ X , where X is a normed space. By using the above
result now we give the more general form of the generalized triangle inequality

Theorem 3.7. If xk ∈ X , ‖xk‖ 6= 0, k ∈ {1, 2, ..., n}, n ≥ 2, s ≥ 1 and 0 < p < 1, then

min
k∈{1,2,...,n}

{‖xk‖ps}

[
−

n∑
j=1

‖xj‖s(1−p) − n1−s

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥
s]

+
[
(2n)1−s − 1

] ∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

(3.12)

≤
n∑
j=1

‖xj‖s −

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

≤ max
k∈{1,2,...,n}

{‖xk‖ps}

[
n∑
j=1

‖xj‖s(1−p) − (2n)1−s

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥
s]

+ 2
n∑
j=1

‖xj‖s

Proof. Since

n∑
j=1

xj
‖xj‖

=
1

‖xk‖

n∑
j=1

xj +
n∑
j=1

(
1

‖xj‖
− 1

‖xk‖

)
xj
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Therefore, by taking p-norm and using the properties of p-norm, we have

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥
s

=

∥∥∥∥∥ 1

‖xk‖

n∑
j=1

xj +
n∑
j=1

(
1

‖xj‖
− 1

‖xk‖

)
xj

∥∥∥∥∥
s

≤ 2s−1

[∥∥∥∥∥ 1

‖xk‖

n∑
j=1

xj

∥∥∥∥∥
s

+

∥∥∥∥∥
n∑
j=1

(
1

‖xj‖
− 1

‖xk‖

)
xj

∥∥∥∥∥
s]

By (3.11)

≤ 2s−1

[
1

‖xk‖ps

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

+ ns−1

n∑
j=1

∣∣∣∣ 1

‖xj‖
− 1

‖xk‖

∣∣∣∣ps ‖xj‖s
]

By (3.11)

= 2s−1

[
1

‖xk‖ps

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

+
ns−1

‖xk‖ps
n∑
j=1

|‖xj‖ − ‖xk‖|ps ‖xj‖s(1−p)
]

≤ 2s−1

[
1

‖xk‖ps

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

+
ns−1

‖xk‖ps
n∑
j=1

(‖xj‖ps + ‖xk‖ps) ‖xj‖s(1−p)
]

by Lemma 3.2

= 2s−1

[
1

‖xk‖ps

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

+
ns−1

‖xk‖ps
n∑
j=1

‖xj‖s + ns−1

n∑
j=1

‖xj‖s(1−p)
]

=
2s−1

‖xk‖ps

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

+
(2n)s−1

‖xk‖ps
n∑
j=1

‖xj‖s + (2n)s−1
n∑
j=1

‖xj‖s(1−p)

≤ (2n)s−1

‖xk‖ps

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

+
(2n)s−1

‖xk‖ps
n∑
j=1

‖xj‖s + (2n)s−1
n∑
j=1

‖xj‖s(1−p)

Therefore we have

(2n)1−s ‖xk‖ps
∥∥∥∥∥

n∑
j=1

xj
‖xj‖

∥∥∥∥∥
s

≤

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

+
n∑
j=1

‖xj‖s + ‖xk‖ps
n∑
j=1

‖xj‖s(1−p)

And from the above inequality we get

n∑
j=1

‖xj‖s −

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

≤ ‖xk‖ps
[

n∑
j=1

‖xj‖s(1−p) − (2n)1−s

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥
s]

+ 2
n∑
j=1

‖xj‖s

Which implies the second inequality in (3.12)
Also we observe that

n∑
j=1

xj
‖xj‖

=
1

‖xk‖

n∑
j=1

xj −
n∑
j=1

(
1

‖xk‖
− 1

‖xj‖

)
xj
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Taking p-norm and by using the continuity and properties of p-norm we have∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥
s

=

∥∥∥∥∥ 1

‖xk‖

n∑
j=1

xj −
n∑
j=1

(
1

‖xk‖
− 1

‖xj‖

)
xj

∥∥∥∥∥
s

≥ 21−s

∥∥∥∥∥ 1

‖xk‖

n∑
j=1

xj

∥∥∥∥∥
s

−

∥∥∥∥∥
n∑
j=1

(
1

‖xk‖
− 1

‖xj‖

)
xj

∥∥∥∥∥
s

By (3.11)

≥ 21−s

∥∥∥∥∥ 1

‖xk‖

n∑
j=1

xj

∥∥∥∥∥
s

− ns−1

n∑
j=1

∥∥∥∥( 1

‖xk‖
− 1

‖xj‖

)
xj

∥∥∥∥s By (3.11)

≥ 21−s

‖xk‖ps

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

− ns−1

n∑
j=1

∣∣∣∣ 1

‖xk‖
− 1

‖xj‖

∣∣∣∣ps ‖xj‖s
=

21−s

‖xk‖ps

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

− ns−1

‖xk‖ps
n∑
j=1

|‖xk‖ − ‖xj‖|ps ‖xj‖s(1−p)

≥ 21−s

‖xk‖ps

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

− ns−1

‖xk‖ps
n∑
j=1

(‖xk‖ps + ‖xj‖ps) ‖xj‖s(1−p) by Lemma 3.2

=
21−s

‖xk‖ps

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

− ns−1

n∑
j=1

‖xj‖s(1−p) −
ns−1

‖xk‖ps
n∑
j=1

‖xj‖s

From this inequality we obtain
n∑
j=1

‖xj‖s −

∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

≥ ‖xk‖ps
[
−

n∑
j=1

‖xj‖s(1−p) − n1−s

∥∥∥∥∥
n∑
j=1

xj
‖xj‖

∥∥∥∥∥
s]

+
[
(2n)1−s − 1

] ∥∥∥∥∥
n∑
j=1

xj

∥∥∥∥∥
s

Which implies the first inequality in( 3.12) This completes the proof of the theorem as well.
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