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1. INTRODUCTION

This paper is concerned with second order impulsive functional differential equations with
infinite delay of the form

(1.1) 2'(t) = f(t,xy), aet e J t#t,k=1,...,m,

(1.2) Ax(ty) = I(z(ty)), k=1,...,m,

(1.3) A (ty) = Ji(z(ty)), k=1,...,m,

(1.4) ro=¢e€B, 2'(0)=n.

In problem [T.2){(1.8)/ : J x B — R™ is an appropriate function; = [0, 1], B is an abstract
phase space to be specified in the seguel, R”, the impulsive moments, . . ., t,, are such

that0 = tg <t; < -+ <ty <tmy1 = 1,and, fork = 1,....,m, Az(t;) = z(t]) — z(t;),
Az'(ty) = 2/(t)) — 2'(¢; ) and the impulse functions,, J, : R™ — R" are continuous. For
everyt € J, the history function; € B is defined byz,(0) = x(t + 6) for 6 < 0.

The theory of impulsive differential equations has become an important area of investigation
in recent years. Relative to this theory, we only refer the interested reader/to [17] and the
monographs |1, 15, 19].

In the literature, many existence results for impulsive differential equations are proved under
restrictive conditions on the impulse functions. For instance,linl[2, 3, 4], in addition to conti-
nuity, boundedness condition is required, which is not fulfilled in some important cases such as
for linear impulses; in[[[7,]9, 11], the existence of solutions involves lipschitz condition on the
impulses; in[[7| 8, 13, 20], sublinear growth is imposed and lin[5, 6, 16, 24] other conditions
are assumed, just to name a few.

The aim in this paper is to give some existence results of solutions for the initial value problem
(1.7)-(1.4) using Schaefer's and Sadovskii's fixed point theorems. In our main results, only the
continuity of the impulse functions,, J, K =1, ..., m, is required.

2. PRELIMINARIES

In this section, we introduce notations, definitions and results which are used throughout this
paper.

Let L'(J) be the Banach space of measurable functions/ — R™ which are Lebesgue
integrable, normed by

1
||| :/ lz(t)|dt, =€ L'(J).
0

By PC(J) we denote the Banach space of functians.J — R™ which are continuous at
t # tx, left continuous at = ¢;, and such that the right limit(¢;") exists,k = 1,...,m,
equipped with the norm

||| = sup{|z(t)| : t € J}, =€ PC(J).

Let R = (—o0,0] andR, = [0,00). We assume that the phase sp#&ces an abstract
linear space of functions mappif®y_ into R", endowed with a (semi)norrh- ||z and satis-
fying the following fundamental axioms introduced at first by Hale and Kato inh [10] (see also
[12,(14)22]):

(Al) There exist functiong(, M : R, — R, with K continuous and// locally bounded,
such thatforany € Randa > 0, if z : (—o0,0+4a] — R", z, € Bandz is continuous
everywhere ono, o + a] except for a finite number of points (< t;<- - -<t;<o + a)
at whichz has a discontinuity of the first type and is left continuatigs(continuous at
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t # ty, and left continuous at= ¢;, and the right limitz(¢;") exists fork = 1,.. ., s),
then for everyt in [0, o + a| the following conditions hold:
(i) z: € B,
(i) [lzells < K(t — o) sup{|z(s)| : 0 <5 <1} + M(t = 0)|[z5]|5-
(A2) For a functionz satisfying (A1), theB3-valued functiort — z; is continuous offo, o +
a) \ {t1,...,ts}.
(A3) There exists a positive constafitsuch that¢(0)| < H||¢|| for all ¢ € B.
(A4) The spaces is complete.

Example 2.1. Fix a constanty and consider the spadg, of functionsp : R_ — R™ such that
¢ is continuous everywhere except for a finite number of points at which it has a discontinuity of
the first type and is left continuous, agﬂdm e?$(0) exists inR™. Using the approach of12],

with obvious modifications one can show tBatwith the norm||¢|| 5, = sup{e®’|4(6)| : 0 < 0},
¢ € B,, satisfies the axioms (A1)-(A4) with = 1, K(t) = max{l,e "} and M (t) = e™*
forallt € R,.

In the rest of this papefs and M are the constants defined by = sup{K(¢) : t € J} and
M =sup{M(t):t € J}.
A functionz € BN PC(J) is said to be a solution of (1.1)-(1.4)dfsatisfies the differential
equation[(1ll) a.e. o \ {t,..., t,} and the conditions (1.2)-(1.4).
To establish our main theorems, we need the basic assumptions for the initial value problem
C.D-T.9.
(H1) The functionf : J x B — R™ is Carathéodory, that is,
(i) for everyx € B, the functionf(-,z) : J — R" is measurable,
(i) for almost everyt € J, the functionf(¢,-) : B — R™ is continuous.
(H2) There exist a functiog € L'(J,R,) and a continuous nondecreasing function
R, — R, such that

|f(t, )| < q(t)y(]|z]|g) fora.e.t € Jandall xz € B.

(H3) Fork =1,...,m, the impulse functiong,, J, : R* — R" are continuous.

Note that the hypotheses (H1) and (H2) are not new, they have been used extensively in the
literature on differential equations.
The proofs of our main existence results rely on the following theorems.

Theorem 2.1(Schaefer Fixed Point Theorem [21, 23et £ be a normed space and IEt:

E — E be a completely continuous map, that is, it is a continuous mapping which is compact
on each bounded subset Bf If the set€ = {z € F : Az = 'z for some\ > 1} is bounded,
thenI" has a fixed point.

Theorem 2.2 (Sadovskii Fixed Point Theorem [18]).et £ be a Banach space and I&t :
E — E be a completely continuous map. If(B) C B for a nonempty closed, convex and
bounded seB of E, thenI" has a fixed point irB.

3. EXISTENCE RESULTS

In this section we state and prove our existence results for proplem[(1.11)-(1.4).

Theorem 3.1. Assume that (H1), (H2) and (H3) hold. Further if
> ds
G4 ey
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wherec = (KH + M)
(—o0, 1].

Proof. Let PCy(J) = {z € PC(J) : z(0) = ¢(0)}. We define the operatdt : PC,(J) —
(T'z)(t) = ¢(0) + nt + /tos f(u, @, )duds
+ ) In(@(te) + (= te) Je(x(te)], 2 € PCy(J), t € J,

0<trp<t

(3.2)

wherez : (—o0, 1] — R" is such thatty = ¢ andz = z on J.

Clearly, I' is well defined and fixed points df are solutions to the initial value problem
(1.1)-(Z.4). We will show thal satisfies all the conditions of Theor¢m|2.1. We divide the proof
into several steps.

Step 1.T" is continuous.
Let {z, } be a sequence such that — x in PCy(.J). Then, fort € J,

|(Ta,,) (¢
/ |f Uy Tpy) — f (U, Ty ) |duds + Z | Ie (20 (tr)) — Tp(x(tr))]
+ Z t— )| Jr(zn(te)) — Jr(x(te))]
(3_3) . 0<tp<t .
< /0 f (5, 20s) = f(s,20)lds + Y [ I(@n(ti)) = Li(a(te)]

k::l

On one hand, for a.es € J, by (H1)(ii) we havef(s,Z,s) — f(s,Ts) Sincez,s — T, as
n — oo. On the other hand, leB = {u € PCy(J) : ||lu|| < r} for somer > 0 such that
|z, ||z|| < 7, foralln € N. Fora.es € J, by (A1)(ii) we have

[2nslls < K sup{|aa(u)] : w € [0, s]} + M|[Znolls < K1 + M||¢]|5
and
[zslls < K sup{[z(u)] : u € [0,s]} + M||Tolls < Kr + Ml|¢]|5
which imply, by (H2),
(5, Tns) = f(5,T) | < q($)[W([1Tnsl8) + 0 (I[Ts]l8)] < 2q(s)0 (K7 + M| ¢]|5)-

Then by the continuity of, andJ;, £ = 1,...,m, and the dominated convergence theorem,
from (3.3) we deduce thaitz,, — I'z asn — oo; which completes the proof th&tis continuous
on PCy(J).

Now, we will prove thatl" takes bounded sets into relatively compact set8dr,(.J). From
the Ascoli-Arzela theorem, it is sufficient to prove that for each bounded sbeetPC,(.J),
the setl’ B is bounded and is equicontinuous.

Let B be a bounded set iRC,(J). Then there exists a real number 0 such that|z|| < r,
forall x € B.
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Step 2.The sefl’B is bounded.
Letx € B andt € J. We will show that there exists a positive constanivhich does not
depend orx andt, such that(I'z)(¢)| < 6. After some standard calculations we get

1,1
(T2)(8)] < Hé]ls + ] + / / (a8 duds

+Z (e (2 ()| + (1 = i) [ Ju(z(te))]) -

< HHqﬁHB + \77! gl (K7 + Ml|ol|s)

+Zsup{|fk )+ (L=t T [u] < 7} = 6.

Step 3.The sefl'B is equicontinuous od.
Initially, we assume thatandh # 0 are such that, t +h € J\{t1,...,t,}. Itis not difficult
to get
[(T)(t + ) — (Tz)(t)]
< hln| + hllg|| 1y (K7 + M||¢]5)
+ Z (e (z(te)) + (1 — t) Ji(z(tr))| + Z h|J(z(tx))
t<t<t+h 0<tp<t+h

As h — 0 the right-hand side of the above inequality converges to zero. This proves the
equicontinuity onJ\{ty, ..., tmn}.

Now, we assume that = ¢; for some index; € {1,...,m}. Leth # 0 be such that
{t - k #1i} N[t — |h], t; + |h]] = 0. Then we have

(Cz)(ti + h) — (Tz) ()]
< hln| + hllall i (Kp+ Mglls) + Y hlJ(x(t))

0<tp<t;+h

which implies that the left-hand side of the above inequality tends towards zére-a8.

Finally, it remains to prove what follows:

Step 4.The set€ = {z € PCy(J) : Az = I'z for some\ > 1} is bounded.
Letz € £ and letA > 1 be such thahz = I'z. Thenx|y,, satisfies, for eache [0, 4],

z(t) =1 (gb(()) +tn + /tos f(u,fu)duds) .

It is straightforward to verify that

()] < Hl|olls + Inl + / J ([Tl duds

< H|[¢ll5 + n] +/0 q(s) (K sup{|z(u)|  w € [0, 5]} + M|[¢]|5)ds

Introduce the function, (t) = K sup{|z(s)| : s € [0,t]} + M| |z, t € [0,¢1], in (3.4) to
obtain

(3.4)

2()] < H|é]s + o] + / a(s)(vn (s))ds.
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We have also

t
[z(s)| < H||plls + |n] +/ q(u)y(vi(u))du, Vs € [0,1]
0
from which we deduce that
t
0(t) < (KH 4+ MD)0la + Kl + K [ a(o)(wi(9)ds
0
Set ,
wilt) = (KH + M0l + Kl + K [ a(o)(w(o)ds, fort e 0.1,
0
Then we have, (t) < w,(t) forall t € [0, t,]. Asv is nondecreasing, a direct differentiation of
w; Yields
{ 1(t) < Kq(t)y(wi(t)), a.e.te|0,t]

wi(0) = (KH + M)|[¢l[s + K|n| := c.
By integration, this gives

Cwl(s) :
(35) / s < K / a(s)ds < K, t€ [0,

By a change of variables, inequalify (B.5) implies
wil®) s
< K 1 t 0,t1].
| i < Kl el

By (3.1), there is a constant/; > 0 such that, for alt € [0,¢], w;(t) < M; and therefore
v1(t) < M;. We choosél/; large enough such that'||¢||s < M, to get

sup{lar(f)] : £ € 0,1} < (M~ M) =

Now, considerr| ). It satisfies, for eache [0, Z,],

o) =3 (0000 4+ [ flamuds + 1al0) + ¢ - 000 e(00)).
Therefore,
g O S HIOs i+ | ([ atwnwuls)iuds + T,
< Hlolla I+ T+ [ a6)o supdloto)] € (0,51 + Mol

wherel J, = sup{|I;(u)| + (1 — t1)|Ji(w)| : |u| < p,}.
Denotevy(t) = K sup{|z(s)| : s € [0,¢]} + M||}| 5, for t € [0,t,]. From [3.6) we obtain

(b)) < Hlg|ls + [n] + T, + / o) (va(5))ds.

We have also

2 (s)| < Hl|élls + Inl + TT1 + / 4w (vs(w))du, Vs € [0,1

from which we get

va(t) < (KH + M)||9lls + Kln| + KTJ, + K/O q(s)y(va(s))ds == wy(t).
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The functiomus is such that

{ 5(t) < Kq(t)(ws(t)), ae.t € [0, 1]
ws(0) = (KH + M)||¢lls + K|n| + KT.J1.

By integration, this yields
_wh(s) /
s< K s)ds < K 1, te|0,t
/ ¢(w2(8 = § lallzr, [0, 2]

which implies

w2(t) (g
Ry SKHQHL17 te [Oatﬂ
/wQ(O) Y(s)

Again, by [3.1), there exists a constant > 0 such that, for alk € [0, ], ws(t) < M, and
thenvy(t) < M,. Finally, if we selectV, such thatV ||¢||z < M, we get

1
sup{|z(t)] : ¢ € [0, 2]} < = (M2 — M||]5) :=
Continue this process fat| ), . .., z|;, we obtain that there exists a constant 0 such
that
]l < p.
This finish to show that the sétis bounded inPCy(J).

As a result the conclusion of Theor¢m]2.1 holds and consequently the initial value problem
(1.1)-(1.4) has a solution on (—oo, 1]. This completes the prooi

With additional restrictive conditions on the impulse functions, condifiorj (3.1) in assumption
(H2) in Theoreny 3]1 can be weakened to obtain the following result.
Theorem 3.2. Assume that (H1) and (H2) hold. Additionally we assume that:

(H3) The impulse functions,, J, : R* — R", k = 1,...,m, are continuous. Furthermore
there exist constants,, by, ¢, d,, € R, with

m

D lae+ (1= ti)er] < 1,

k=1
such that I;.(z)| < ag|x| + b, and|Ji(x)| < ¢|z| + di, for all z € R™.
Then the initial value problem (1.1)-(1.4) has a solution(emx, 1], provided that

* ds
KC qlir < —
= J 50
where
m —1
(3.7) = ( Z ap + (1 =t Ck})
k=1
and

c=KC <HH¢HB +lnl+ > bk + (1 m)dd) + M||9|[5.

k=1

AJMAA Vol. 9, No. 1, Art. 17, pp. 1-11, 2012 AJMAA


http://ajmaa.org

8 MUSTAPHA LAKRIB, ABDERRAHMANE OUMANSOUR AND KARIM YADI

Proof. Consider the operatdt : PCy(J) — PC,(J) defined in the proof of Theorem 3.1 by

relation [3.2). As the proof thdt is completely continuous follows the same lines as in the

proof that the operatdr in the proof of Theorerh 31 possesses the same property, it is omitted.

It only remains to show that the s€t= {z € PCy(.J) : Az = Iz for some\ > 1} is bounded.
Letz € £ and let\ > 1 be such thahz = I'z. Lett € J. After some calculations we get

() =X T
< Hlls + In] + / 4(5)(|[Zal5)ds

0

+ Y o+ A=tz + Y e+ (1 — ti)d]

0<trp<t 0<trp<t
m

(3.8) < H||¢lls + [nl + Y bk + (1 — tx)di]

k=1

+/0 q(s)V (K sup{|z(u)| : u € [0, s]} + M||¢||5)ds

+ (Z[ak +(1-— tk)ck}) sup{|z(s)| : s € [0,t]}.

k=1
In the right-hand side of (3.8), we introduce the functiomlefined, fort € J, by v(t) =
K sup{|z(s)| : s € [0,t]} + M||¢| 5. We obtain

()] < Hglls + [l + Y b + (1 — ti)dy]

m

+/0 q(s)Y(v(s))ds + (Z[ak +(1- tk)ck]> sup{|z(s)| : s € [0,¢]}.

k=1
We have also, for al# € [0, ],

j2(s)] < Hl|@lls + Inl + > _[br + (1 — ti)ds]

k=1

+/0 q(u)(v(u))du + (Z[ak +(1- tkz)%]) sup{|z(u)| - u € [0,¢]}

k=1
which implies

sup{|z(s)| : s € [0,t]} i
<C <H||¢|\B Hlnl > [ok+ (1= t)di] +/0 Q(S)¢(U(S))d8>

k=1

whereC'is as in[(3.7). From (3]9) we deduce that

> [bk+(1—tk)dk]+/o Q(S)¢(v(8))d8)+ M|[¢]]5-

O<tp<t

(3.9)

u(t) < KC <H||¢||zs + [nl +

Denote byw(t) the right-hand side of the above inequality. It follows thdt,) < w(t) for all
teJand

w'(t) < KCq(t)yh(w(t), aete
w(0) = KC (H||¢I|B +lnl+> bk + (1 - tlc)dk]) + M||¢[l5 = c.

k=1
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This yields

boaw'(s) t
/o Bluw(s) =R / q(s)ds < KCllll, te€J]

which implies

/ ¢ < KC|gll, te

From (3.]) it follows that there exists a constant 0 such thatw(t) < p and therw(t) < p,
forall t € J. Finally, if we choose such thatV/||¢||s < p, we get

1
lzll < 5= (p = Ml|4]5)

which finish to show that the sétis bounded inPCy(.J). Now, from Theorer 2|1 we infer the
existence of a solution for the initial value problgm {1[T){(1.4). The proof is complete.

If condition (3.1) in Theorem 3|1 is replaced by conditipn (8.10) below, we obtain a new
existence result. This result is not a consequence of Thgorém 3.1.

Theorem 3.3. Under conditions (H1), (H2) and (H3), the initial value problgm {1[1){1.4) has
a solution on(—oo, 1], provided that

Klqllo: lim ing 27
(3.10) T I Lt <
e CAGIE N EITELs
r—-+4o00 T
k=1

Proof. We claim that there exists > 0 such thaf(B,.) C B, where the operatdr is defined
by ) andB, is the closed ball irPC(.J) with center0 and radius-. If this property is false,
then for each- > 0 there existz” € B, andt” € J such that(I'z")(¢")| > r. From this it
follows that

r < [(Ta") (")

‘(b +trn+// f(u,2m,)duds

+ > [Te(a(t) + (¢ — t) Ju(a (t)]

< H|\lls + n| + / / (7 1s)duds
+Z [ e (2" ()] + (1 — te) | I (2" (t1))])

< H|[¢lls + Inl + llallor (K7 + M| ¢]|5)

+ZSHP{|Ik )+ (= te)[Je(w)] - Jul <7}
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Hence, we obtain

e(r)

1 < Kl|ql| limjnf

sup{[Zx(u)| + (1 — o) [Je(w)] - [u] <7}

r—-400 T

which contradictdg (3.70).

Letr > 0 be such thal’ : B, — B,. Arguing as in the proof of Theorem 3.1 we can
prove thafl’ is completely continuous, and from Theorgm 2.2 we conclude that the initial value
problem [(1.1){(1.4) has a solutianon (—oo, 1]. The proof is finisheds

From the proof of Theorein 3.3, we immediately obtain the following corollaries.

Corollary 3.4. Assume that (H1) and (H2) hold. In addition, assume that the following condi-
tion is satisfied.

(H3) The impulse functiong,, J, : R* — R", k = 1,...,m, are continuous and there exist
constantsuy, by, cx, di, € Ry such that| [, (x)| < ag|x| + b and | Ji(x)| < cglx| + dy,

forall x € R™.
Then the initial value problen (1.1)-(1.4) has a solution(emx, 1], provided that
. "
K{lg pr lim inf @ + ) lak + (1= t)e] < 1.

k=1
Corollary 3.5. Assume that (H1) and (H2) and the following condition hold.

(H3") The impulse functiong,, J, : R* — R", k = 1,...,m, are continuous and there exist
constantsay, by, cx, dr, € Ry, ag, 5, € [0,1) such that|l;(z)| < ag|z|** + b, and
| T ()| < cxl|z|% + dy, for all z € R™.

Then the initial value problem (1.1)-(1.4) has a solution(emx, 1], provided that
v(r)

K||g|lp2 liminf 27 < 1.
r—-400 T
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