The Australian Journal of Mathematical
Analysis and Applications

http://ajmaa.org

Volume 8, Issue 1, Article 12, pp. 1-3, 2011

ON THE INEQUALITY WITH POWER-EXPONENTIAL FUNCTION
SEIICHI MANYAMA

Received 2 June, 2010; accepted 30 September, 2010; published 28 November, 2011.

GRADUATE SCHOOL OF SCIENCE, OSAKA UNIVERSITY, JAPAN
manchanr4@gmail.com

. . . a'.. b
ABSTRACT. In this paper, we prove the inequality a® < b® for 0 < a < b. Other related
conjectures are also presented.
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2 SEIICHI MANYAMA

1. INTRODUCTION

In the article [1], the following problem was submitted.
Is the inequality

52° 23°
2" > 3%
true or false?
We generalize this problem.

Definition 1.1. Let a,b (¢ < b) be positive real numbers. Define the sequences {a,}5° ,,
{b,}52, in the following way,

a; =a, by =b and an+1:ab", b1 =0" n=1,2....

We consider the problem of comparisons between a,, and b,,.

2. RESULTS AND PROOFS
Theorem 2.1. If1 < a, then

boe  bom_1  bom
2.1 oo 2mel om0,

Q2m A2m—1 A2m+1

Proof. The proof is by induction. First, we show that the inequality (2.1)) is true for m = 1, that

is, we prove that
b b b

2.2) 2cd 3

a9 ay as

The left side of the inequality (2.2) is equivalent to f(a;) > f(b1), where

1
flz) = xn_ail for x> 1.

From f'(z) < 0, it follows that f(x) is strictly decreasing, and hence f(a;) > f(b1).
Now we prove the right side of the inequality (2.2)).

Case 1 > Z—z The right side of the inequality il is equivalent to
(2.3) (by —1)Inay < (ay —1)Inb;.
From by — 1 < ay — 1, we have the inequality (2.3).

Case 1l < Z—z The right side of the inequality lb is equivalent to

(24) bgalg(ag) < agblg<b2),
where 1
g(x) = iff for x> 1.

From ¢'(z) > 0, it follows that g(z) is strictly increasing, and hence g(as) < g(by). Since
Z—"; < %, the inequality holds.

Assuming the inequality is true for m = k, we show that the inequality is also true
for m = k + 1, that is, we prove that

(2.5) bok+2 < bok i1 _ bokt3

A2k+2 A2k+1 QA2k+3 '
The left side of (2.5)) is equivalent to

b
(2.6) bor(agk — agk—1)f (ang) > agk(bag — bok—1)f ( 2k+1> -

A2k bak
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Since f(z) is strictly decreasing and 2t < 221 ¢ <M> > f (b%—“> From 1’2’“ < b

asg agk+1”’ asg bag ask—1’
we have

bor(aok — agr—1) > ag(bar — bar—1).
Thus (2.6) holds.
We prove the right side of (2.5)).

Case 22" > bz’““ . The right side of || 1s equivalent to

2k T Q2K+
2.7 ok (bogr2 — bog) In aogy1 < bog(agkt2 — agk) Inbojyq.
: b
Since 2k > %2642 (e have
agj A2k 42

ok (bakt2 — bag) < bog(aoksa — asg).

From 1 < % < %ﬁ, we have In agy 1 < Inbggyq1. Thus lj holds.

Case ZQT’Z < Zzl’z—ﬁ The right side of the inequality 1D is equivalent to

a b
(2.8) bok+2(@2k1 — A2k-1)9g ( 2k+2) < azkt2(bok+1 — bag—1)g ( 2k+2) _
2k bos

Since g(x) is strictly increasing and b2—’“ < D G2k o g(bi’z“) From 2:=1 < 22k51 anq

az2k+2 a2k a2k —1 a2k+1

Zi}i—iz ZEZH we have bgk+2(a2k+1 — A9k — 1) < a2k+2(b2k+1 — bgk 1) Thus the 1nequa11ty
holds. 1

Proposition 2.2. Ifa < 1, then a,, < b,.

Proof. Caseb > 1.a, <1<b,.

Caseb=1.a, <1=0b,.

Case b < 1. We can show this by induction. g
Corollary 2.3. If n is an odd number, then a,, < b,.
Proof. Case a < 1. From Proposition[2.2] it is obvious.

. b [

Case 1 < a. Using Theorem 1< ﬁ < ﬁ ]

Corollary 2.4. If n is an even number and a < 1, then a,, < b,,.

Proof. Case a < 1. From Proposition [2.2] it is obvious. §

3. CONJECTURES

Conjecture 3.1. If n is an even number and 1 < a, there is only one real €, ,, such that b ;
a+ €qpn < Ay =,

< <

om+2 < bamo = agm < bop,.

aomi1 Ina Qom—1 Ina
If Conjecture IS true, €21 > €4.2m+2. S0 there exists av = lim,, o0 €4,2m-
Conjecture 3.2. If 1 < a, then lim,,_, €4.2m = 0.
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