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2 A. NAJATI AND F. MORADLOU

1. INTRODUCTION

In 1940, S. M. Ulam([18] gave a talk before the Mathematics Club of the University of Wis-
consin in which he discussed a number of unsolved problems. Among these was the following
guestion concerning the stability of homomorphisms.

Let (G4, *) be a group and letG,, ¢, d) be a metric group with the metrié(-, ). Given
e > 0, does there exist &(¢) > 0 such that if a functiorh : G; — G satisfies the inequality

d(h(x xy), h(z) o hy)) <6
forall =,y € Gy, then there is a homomorphishh : G; — G5 with
d(h(z),H(x)) <€

forall z € G;7
In 1941, D. H. Hyerd[B] considered the case of approximately additive functiords — £,
whereFE andE’ are Banach spaces aficatisfiesHyers inequality

[f(x+y) = flz) = fly)ll <e
forall x,y € E. It was shown that the limit

L(z) = lim ACED)

n—o00 on

exists for allx € F and thatl. : F — E’ is the unique additive function satisfying

[f(z) = L(z)| < e

In 1978, Th. M. Rassias [15] provided a generalization of Hyers’ Theorem which allows the
Cauchy difference to be unbounded.

Quadratic functional equation was used to characterize inner product §pade¢s [1, 2, 9]. Several
other functional equations were also to characterize inner product spaces. A square norm on an
inner product space satisfies the important parallelogram equality

lz+yl1* + Nl — yl* = 2(ll=* + [ly*).

The functional equation

(1.1) flx+y) + flz—y) =2f(x) +2f(y)

is related to a symmetric bi-additive functign [1,]12]. It is natural that the equptign 1.1 is
called a quadratic functional equation. In particular, every solution of the quadratic equation
(1.1)) is said to be a quadratic function. It is well known that a functfobpetween real vector
spaces is quadratic if and only if there exists a unique symmetric biadditive fungtsurch

that f(x) = B(x, z) for all z (see[[1[ 1R]). The biadditive functiaB is given by

(12) Blr.y) = 1 (e +y) ~ S~ ).

A Hyers—Ulam stability problem for the quadratic functional equatfon)) was proved by
Skof for functionsf : F; — E,, whereE is a normed space aridh a Banach space (see [17]).
Cholewa [[4] noticed that the theorem of Skof is still true if the relevant domairs replaced
by an Abelian group. In the paper [5], Czerwik proved the Hyers—Ulam—Rassias stability of
the quadratic functional equatidfi.1]). Grabiec [7] has generalized these results mentioned
above. Jun and Lee [10] proved the Hyers—Ulam—Rassias stability of the pexiderized quadratic

equation(L.1]).
Jun and Kim[[11] introduced the following cubic functional equation
(1.3) fRr+y)+ fQRx—y) =2f(x+y) +2f(z —y) + 12f(z)
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and they established the general solution and the generalized Hyers—Ulam—Rassias stability
problem for the functional equatiafi.3). They proved that a functiof : E; — E, satisfies

the functional equatioffL.3) if and only if there exists a functio® : E; x Ey x E; — E,

such thatf(z) = B(z, x :v) for all z € E;, andB is symmetric for each fixed one variable and
additive for each fixed two variables. The functiBris given by

B(z,y,2) =

forall z,y,z € Ej.

It is easy to see that the functigifz) = cz® is a solution of the functional equatidi.3).
Thus, itis natural thafl.3)) is called acubic functional equatioand every solution of the cubic
functional equatiorf1.3)) is said to be @ubic function

In this paper, we deal with the following functional equation deriving from cubic, quadratic
and additive functions:

(1.4) f(sz)#— Z flx; + ) Zf(xi)—i- Z flx; + x5 + ).

1<i<j<4 i=1 1<i<j<k<4

214[f(x+y+z)+f(x— —z)=fl@t+y—2) - f(z —y+2)

Itis easy to see that the functigitz) = ax®+bx*+cx is a solution of the functional equation
. For some results concerning the functional equa (1.4), we refer the readelr to [13].
The main purpose of this paper is to establish the general solution dfEjjand investigate
the Hyers—Ulam—Rassias stability for Ef.4).
We recall some basic facts concerning quasi-Banach spaces and some preliminary results.

Definition 1.1. [3]| 16] Let X be a real linear space. duasi-normis a real-valued function on
X satisfying the following:

(1) ||z|| = 0forallz € X and||z|| = 0 if and only if z = 0.
(i) | Az]| = |A[||z|| forall » € R and allz € X.
(43i) There is a constamt’ > 1 such that|z + y|| < K(|[z[| + [ly||) forall z,y € X.

It follows from condition(zii) that

2n 2n 2n+1
DIE ESD DI A DIEE
=1 =1 i=1

2n+1

< K™Yl
i=1

for all integersn > 1 and allxy, s, ..., 22,11 € X.
The pair(X, ||.||) is called aquasi-normed spacé ||.|| is a quasi-norm on X. The smallest
possibleK is called themodulus of concavityf |.||. A quasi-Banach spacis a complete

guasi-normed space.
A quasi-norm||.|| is called ap-norm (0 < p < 1) if

[+ ylI” < [l + [ly[/”

forall x,y € X. In this case, a quasi-Banach space is callgeBanach space.

By the Aoki—Rolewicz theorem [16] (see also [3]), each quasi-norm is equivalent to some
p-norm. Since it is much easier to work withnorms than quasi-norms, henceforth we restrict
our attention mainly t@-norms.

2. SOLUTIONS OF EQ. (1.4)

Throughout this sectionY andY” will be real vector spaces. Before proceeding the proof of
Theorenj 2.4 which is the main result in this section, we shall need the following lemmas.

Lemma 2.1. If an even functiorf : X — Y satisfies[(1}4), thef is quadratic.
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Proof. Note that, in view of the evenness ffwe havef(—z) = f(z) for all z € X. Putting
T, =T9 = a3 =24 = 01inN ), we get thayf(0) = 0. Lettingz; = 2o = x andzs = x4 = y
in (1.4), we get

fQx+2y) +4f(x +y) + f(22) + (2y)

2.1

@0 —2f(20 4 y) + 2f(z + 2y) + 2/(x) + 2/(9)

forall z,y € X. Lettingy = —z in (2.1) and using the evennessjofwe get that
(2.2) f(2z) = 4f ()

for all x € X. Therefore it follows from[(2]1) andl (3.2) that

(2.3) fRz+y)+ f(z+2y) =4f(z+y)+ f(z) + fy)

forall x,y € X. Replacingy by y — x in and using the evenness fifwe get
(2.4) flea=2y)=fla—y)— fla+y) + f(z) +4f(y)

for all z,y € X. Replacingy by —y in (2.4) and using the evenness fifwe get
(2.5) fle+2y) = flz+y) — fle—y)+ fz) +4f(y)

for all z,y € X. Replacingr andy by y andz in (2.5), respectively, and using the evenness of
f, we get

(2.6) fRrx+y)=flz+y) — fle—y)+ fly) +4f(x)
forall z,y € X. Adding (2.5) to[(2.5) and using (2.3), we get that
fle+y)+ [z —y)=2f(z) +2f(y)
forall x,y € X. Therefore the functiorf : X — Y is quadratica
Lemma 2.2. If an odd functionf : X — Y satisfies[(1}4), then the functign X — Y defined
by g(z) = f(2x) — 8f(x) is additive.
Proof. Note that, in view of the oddness ¢f we havef(—z) = —f(z) for all z € X. So
f(0) = 0. Replacingy by y — z in ({2.1)) and using the oddness ¢f we get
[y —22) + f(22) + f(2y) + 4/ (y)
=2f2y—z)+2f(x+y) —2f(z—y) +2f(x)
forall x,y € X. Replacingr by —x in (2.7) and using the oddness ¢fwe get
[z +2y) — f(22) + f(2y) + 4/ (y)
=2f(z+2y) +2f(x +y) —2f(z —y) — 2f(x)

for all z,y € X. Replacingr andy by y andz in (2.8), respectively, and using the oddness of
f, we get

2.7)

(2.8)

f2x +2y) — f(2y) + f(22) +4f(2)
=2f(2z +y) +2f(z+y)+2f(z —y) — 2f(y)
for all z,y € X. Adding (2.8) to[(2.9) and using the oddnessfofve get
(2.10) 2f2r+y)+2f(x+2y) =2f(2x 4+ 2y) —4f(x+y) +6f(x) +6f(y)
forall z,y € X. It follows from (2.1) and[(2.1)0) that
fQx+2y) = 8f(x+y) = f(2x) + f(2y) — 8f(x) — 8f(y)

forall x,y € X. So by the definition of;, we have
9(x +y) = g(z) + 9(y)

(2.9)
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for all z,y € X. Therefore the functiog : X — Y is additive.
|

Lemma 2.3. If an odd functionf : X — Y satisfies[(1}4), then the functian X — Y defined
by h(x) = f(2x) — 2f(x) is cubic.

Proof. Itis clear thatf(0) = 0. Letg : X — Y be a function defined by(x) = f(2z) — 8f(z)
forall z € X. By Lemmd 2.2, the functiop, is additive. Itis clear that

(2.11) hz) = g(x) +6f(z), [f(22)=g(z)+8f(x)
for all z € X. Therefore the functional equatidn (R.9) means
gz +y)+8f(z+y)+g(x) +12f(z) — f(2y)
=2f(2z+y) +2f(z+y)+2f(z —y) —2f(y)
forall z,y € X. Replacingy by —y in (2.12) and using the oddness fofwe get
g(x —y) +8f(x —y) + g(z) + 12f(x) + f(2y)
=2f(2z —y)+2f(z —y) +2f(x +y) +2f(y)
for all z,y € X. Adding (2.12) to[(2.13) and using the additivity @afwe get
(2.14) fRr+y)+ f(2x —y) =2f(z +y) +2f(x —y) + 12f(z) + 2g(2)
forall z,y € X. So it follows from [2.11) and (2.14) that
h(2z +y) + h(2z —y) — [9(22 + y) + (22 — y)]
=2[h(z +y) + h(z —y)] + 12h(z) — 2[g(z + y) + g(z — y)]

forall z,y € X. Sinceg is additive, then[(2.15) implies that

h(2z +y) + h(2z — y) = 2[h(z +y) + h(z — y)] + 12h(x)
for all z,y € X. Therefore the function is cubic. g

Theorem 2.4. A functionf : X — Y satisfies the functional equatidn (L.4) if and only if there
existfunctiong” : X x X x X - Y, B: X x X - Y andA : X — Y such that

f(z) =C(z,x,2) + B(z,x) + A(x)

for all z € X, where the functior is symmetric for each fixed one variable and additive for
fixed two variables, the functioB is symmetric bi-additive and the functichis additive.

(2.12)

(2.13)

(2.15)

Proof. We first assume that is a solution of the functional equatidf.4). We decompos¢
into the even part and the odd part by putting
f(x) = f(=2)

ey = TOEIED ang gy = L0

forall z € X. Itis clear thatf(z) = f.(z) + fo(z) forall z € X. Itis easy to show that each
of the functionsf, and f, satisfieg[L.4). Hence by Lemmds 2.[L, 2.2 and]2.3 we achieve that the
functionsh, f.,g : X — Y are cubic, quadratic and additive, respectively, where

h(ZL') = fo(Qx) - 2fo(x)7 g(l’) = fo(2x> - 8f0<5(3)
for all z € X. Therefore by Theorenj [11, Theorem 2.1] there exists a funafion X x
X x X — Y such thath(z) = 6C(z,z,z) for all z € X, andC' is symmetric for each fixed
one variable and is additive for fixed two variables. Also there exists a symmetric bi-additive
functionB : X x X — Y such thatf.(z) = B(x,x) forall z € X (seel[1/12]). So

f(z) =C(x,x,x) + B(z,x) + A(x)
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forall z € X, whereA(z) = —¢g(z) forall z € X.
Conversely, let

f(z) =C(z,z,2) + B(z,z) + A(z)
for all z € X, where the functior” is symmetric for each fixed one variable and additive for

fixed two variables, the functioB® is symmetric bi-additive and the functiohis additive. By
a simple computation one can show that the funcfi@atisfies the equatioh (1.4.

3. HYERS—ULAM —RASSIAS STABILITY OF EQ. (1.4)

Throughout this paper, assume thatis a quasi-normed space with quasi-noftiixy and
thatY” is ap-Banach space with-norm||.||y. Let K" be the modulus of concavity ¢f||y .

In this section we have four parts. In each part, using an ideaaefu®a [6] we prove the
stability of Eq. in the spirit of Hyers, Ulam and Rassias. For convenience, we use the
following abbreviation for a given functiofi: X x X x X x X — Y :

4

Df(xl,xQ,xg,m)::f(in)%— Z f(xi—i-xj)—if(xi)

=1 1<i<j<4
— Z f(l"l + Zl?j + 1’k)
1<i<j<k<4

forall z{, xo, 23,24 € X.
We will use the following lemma in this section.

Lemma 3.1. [14] Let0 < p < 1 and letzq, x4, . . ., z,, be non-negative real numbers. Then

n

(3.1) (le)p < ixf

=1

3.1. Partl. Inthis part, we find some conditions that there exists a true quadratic function near
an approximately quadratic function.
Theorem 3.2.Lety : X* — [0, 00) be a function such that

. T1 Ty T3 T4
3.2 1 4N<_3_3_,_>:
(3.2 A\ g g o) =0
and

> ; r T T T
33 ©. = 4’LP p(_»p_-7__-7__.)
( ) 906('%) 2 : SO 2@ 21 21 21 <

1=

forall z, zq, zq, 23, x4 € X. Suppose that an even functign X — Y satisfies the inequality

(3.4) | D f(x1, w2, 25, 24) |y < p(21, 2, T3, T4)
forall xq, xs, 23,24 € X. Then the limit
(T
@5 Qo) = Jim 44 ()
exists for allr € X and@ : X — Y is a unique quadratic function satisfying
1 __ 1
(3.6) If(2) = Q@)lly < glwe()l?
forall z € X.
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Proof. It follows from (3.2) thaty(0,0,0,0) = 0. So by lettingz; = z, = 23 = 24 = 0in
(3.4), we get thaf(0) = 0. Lettingz; = 25 = z andxs = x4 = —x in (3.4), we get

1
(3.7) 1£(22) = 4f(2)]ly < 5o(z, 2, ~2, ~2)
forall 2 € X. If we replacer in (3.7) by 55 and multiply both sides of3.7)) to 4", then we

have
" TN (T 4" x r x
A f<2”+1> A f<2"> Hy = 2 (’0<2n+1’ 2ntl’ gntl? 2”“)

(3.8) ‘

for all z € X and all non-negative integers SinceY is ap-Banach space, we have
41 () = ()

(3.9) = Z | 7 () 47 (5) i

p ip A _ xXr _ xr
< 2- 24 (21—1—1’ 2z+1’ 2z'+1’ 2i+1

for aII x € X and all non-negatlve integens andn with n > m. Therefore we conclude from
3) and (3.9) that the sequencgd” f(57)} is a Cauchy sequence ki for all z € X. Since
Y Is complete, the sequenga” f ()} converges in for all z € X. So one can define the
function@ : X — Y by (3.5) for aII x € X. Lettingm = 0 and passing the limit — oo in

B:9). we get

Y

[e.9]

_ ; r T T
1f(z) = Q)| <2 pZ4p¢p<2i+1’ 2i+1’_2i+1’_2i+1>
(3.10) =

Y I -y
8 = 217217 207
for all z € X. Therefore we obtair§3.6). Now, we show that) is quadratic. It follows from

(3-2), (3.4) and(3.5),
Df(xl 272 1133 .’E4>H

|DQ (1, k2, 23, 24)||y = hm 4"
. Ty Ty T3 T4
< 1 4TL <_7_7_7_>:
S A g g gean) =0
for all z1, zo, x5, 24 € X. Therefore the functiod) : X — Y satisfies(1.4)). Sincef is even,
then(@ is even. So by Lemnja 4.1 we get that the functipn X — Y is quadratic.

To prove the uniqueness 6f, let T : X — Y be another quadratic function satisfyif#0]).
Since

x X X x
np; > _ np ip _ —
1}1_{20 4 Pe (2n> - 7}1_{20 4 Z 4 Spp <2n+z on+i’  9nt+i’  Onti )

X X
D S oA
nzf;oi§ T

for all z € X, then it follows from({3.6)) that
_ v — tim 4| e (ZY Z (2N
|Q@) — @) = tim 4% () =7(5;)|

1
< — lim 4”pg06<2x> =0

&P n—oo
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forallz € X.SoQ =T. 1
Theorem 3.3.Let® : X* — [0, 00) be a function such that

1
(3.11) nlLHSO 4—n<I>(2”x1, 2"y, 2" wg, 2" xy) =0
and
—~ =1 o , .
(3.12) O () = Z 4Tp<bp(21x, 2"z, —2'x, —2'x) < 0
i=0

forall z, zq, 9, 23, 24 € X. Suppose that an even functign X — Y satisfies the inequality

(3.13) |Df(x1, w2, T3, 24a) ||y < P21, 22, 23, T4)
for all xq, x9, 23,24 € X. Then the limit

1
(3.14) Q(z) ;== lim 4—nf(2"x)

exists for allr € X and@ : X — Y is a unique quadratic function satisfying

(3.15) [#@) - @) + 270, < s>
forall x € X.

Proof. Lettingz; = x5 = x andxzs = x4 = —z in (3.4]), we get
5) 1
(3.16) Hf(Qx) —4f(z) + Qf(O)Hy < 50,2, —,~)
forall x € X. If we replacer in (3.16) by 2"z and divide both side of3.16)) by 4! then we
have

1 1 5)
- 2n+1 — —f(om — f(0 H
S W@(in', 2”.’17, —2nl’, —Q"x)

for all z € X and all non-negative integens SinceY is ap-Banach space,

n

1 1 1 )
e f@E) = 2+ 53 2 f0)

p

4m 2 =~ Y
(3.18) < zn: ‘ .Lf(zi“:c) — l,f(zix) + ———F(0) '
' — = lla 40 2 x 4i+1 Y
<1n L pr(oig, 9, —2iz, —9
Sl (2'x,2'x, —2'x, —2'x)

o 1

for all z € X and all non-negative integers andn with n > m. Since} _° - converges,

then it follows from ((3.1R) and3.18) that the sequence; f(2"x) } is a Cauchy sequence in
Y forall 2 € X. SinceY is complete, the sequenée f(2"x) } converges it for all z € X.

So one can define the functioh: X — Y by (3.14)).
The rest of the proof is similar to the proof of Theorem & 2.
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Corollary 3.4. Letf be a non-negative real number. Suppose that an even funttion — Y
satisfies the inequality

(3.19) |Df(z1, 29,23, 24)||y <0
for all zq, z9, x3, 24 € X. Then there exists a unique quadratic funct@n X — Y satisfies
K6 1 5
1f(z) = Q)lly < | ——=+3

2 L — 1)% 3
forall z € X.
Proof. It follows from (3.19) that| f(0)||y < 6. Hence the result follows by Theor¢m B#iB.

Corollary 3.5. Let#, {r; },c, be non-negative real numbers such that- 2 (0 < r; < 2) for all
i € J,whereJ is a non-empty subset ¢f, 2, 3,4}. Suppose that an even functigh X — Y
satisfies the inequality

(3.20) 1D f (1,22, 23, 2)|ly <0 %
ieJ

forall 1, 9, x3, x4 € X. Then there exists a unique quadratic functi@n X — Y satisfies

9 1 pri %
1) = Q@)lly < 5 > gl }

forall » € X.
Proof. It follows from (3.20) thatf(0) = 0. Hence the result follows by Theorerns|3.2 and
B.3.u

Corollary 3.6. Letd, {r;};c; be non-negative real numbers such that >, r; € (0,2) U
(2,+00), whereJ is a non-empty subset §f, 2, 3,4}. Suppose that an even functign X —
Y satisfies the inequality

(3.21) IDf (@1, 22, w5, xa)|ly < O] Nl
ieJ
forall 1, x40, 23, x4 € X. Then there exists a unique quadratic functi@n X — Y satisfies
0
1f(z) = Q@)lly £ ————|zllX
2|22 — 4|
forall x € X.

Proof. The result follows by Theorenis 3.2 and|3s3.

3.2. Partll. Inthis part, we find some conditions that there exists a true additive function near
an approximately additive function.

Theorem 3.7.Lety : X* — [0, 00) be a function such that

. T1 To T3 T4
3.22 lim 2" (—,—,—,—) _
(3-22) a2 G g g gn) =Y
and
= r T x Yy
2 2P p<_" Ty o —>
(3 3) Z SO 21 2z 21 2@ <00
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forall x,z1, 29, 23,24 € X andy = +z. Suppose that an odd functigh: X — Y satisfies
the inequality [(3.14) for allcy, 2, 73,24 € X. Letg : X — Y be a function defined hy(z) =
f(2z) — 8f(x) for all z € X. Then the limit

- on (T
(3.24) Ax) == nh—>nolo2 g<2n>
exists for allr € X and A : X — Y is a unique additive function satisfying
K __ 1
(3.25) 17(22) — 8f(z) — A@)lly = 5 [#a(2)]?
for all z € X, where
ip T .CL" r X pop r T X _2
(3.26) 22 { ( 97 2%>+4“’ (2z 21 2 2)}
Proof. Lettingz; = 25 = 23 = x4 = x in (3.4), we get
(3.27) 1f(42) — 4f(3z) + 6f(2x) —4f(0)lly <ol 2,2, )

forall x € X. Puttingz; = 29 = 23 = 2 andxy, = —x in (3.4)) and using the oddness ¢fwe
have

(3.28) 1f(Bz) = 4f(2x) +5f(2)lly < o(z, 2,2, —x)
forall = € X. It follows form (3.27)) and(3.28) that

(3.29) | f(42) — 10£(22) + 16£(2)ly < Kipy (@)
forall x € X, where

(3.30) ¢1(7) = p(z, 2, 2,7) + dp(z, 7, 7, —).

It follows from and the definition of,

(3.31) lg(22) — 29( My < Ko, (z)

forall x € X. If we replacer in (3.31)) by

and multiply both sides of3.31)) to 2", we get

2+1

7 o(gim) =295, < K2 ()

for all z € X and all non-negative integens SinceY is ap-Banach space,
X T p “ ; xT . €T p

2o (gm) = 2"0(5) |, < 2 [20(5%) - 29(3F)
g 2n+1 g om v = ; g 22+1 g e v

< K'Y 2 (o)

for all x € X and all non-negative integers andn with n > m. Since0 < p < 1, then by
Lemmd 3.1, we get

(3.32)

(3.33)

(3.34) A(z) < ¢(x,2,7,2) + #P(z, 7,2, ~x)

for all x € X. Therefore it follows from(3.22)), (3.23]) and(3.34)) that
G ip, D 2 : n ﬁ —

(3.35) ;2 901<2¢> < 00, 7}13)102 4,01<2n> 0

for all z € X. Therefore we conclude fron3.33|) and(3.35) that the sequenc"g(5%)} is a
Cauchy sequence ivi for all z € X. SinceY is complete, the sequenge”g ()} converges
inY for all z € X. So one can define the functioh: X — Y by (3.24]) for all z € X. Letting
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m = 0 and passing the limit — oo in (3.33), and using[(3.34), we gdt (3]25). Now, we show
that A is additive. It follow from(3.24)), (3.32)) and(j3.35) that

|A(2r) — 2A(2)]| = lim

n € n+1 x
0 (|2 g(zn—l) -2 g(?ﬂ)”
Yy (5m) ~2'9(5) |
I\ gn1 on

< K lim 2"4p1< )

n—oo

=2 lim

n—oo

for all z € X. Therefore
(3.36) A(2z) = 2A(x)
for all z € X. On the other hand it follows frorB.4), (3.22)) and (3.24)),

Doy 20y

. L2 T3 Lo X3 T4
= Jm 2y [Pr (g 5 e )—8 C A ED]
nl_)r{.lo { f gn—1’ 9n—1’ 9n—-1’ 9n-1 f on 2n 2 on %

< K lim QH{HDf< To X3 )H —|—8HDf< Ty T3 IL‘4>H }

|DA(x1, 22, x5, 24) ||y = lim 2"

N0 In—17 9n—1’ gn— 1’2n1 2 on
. n Ty T2 €3 Xy L1 T2 T3 T4
< K lim 2o (Gt g o o) + 395 3 2n>} =0
for all x1, zo, 23, 24 € X. Therefore the functioml : X — Y satlsfle. ). Sincef is an odd
function, theng is odd. So(3.24) implies that the functiom : X — Y is odd. Therefore by
Lemma 2.2, the functiom — A(2x) — 8A(x) is additive. So(3.36) implies that the function
A X — Y is additive.
To prove the uniqueness df, let T : X — Y be another additive function satisfyir(.25)).

Since

. - ° v of T T x Y

i=1

T T oroy
1 2 ( _> _
nzazi; Sk
forallz € X andy € {z, —z}, then
(3.37) lim 2"pg0a(2x ) =0

n—oo

forall z € X. It follows from (3.24)), (3.25) and({3.37) that
— P — im 27|[o( 1) — (i
|A@) =T} = lim 27 |g(-) = 7(5;)

<[2<— lim 2”pg0a<x> =0

n— oo omn

p

Y

forallz € X.S0A=T. 1
Theorem 3.8.Let® : X* — [0, 00) be a function such that

1
(3.38) lim —@(2”:61,2”1:2,2 x3,2" 354) =0
and
> 1 o
=~ Hr (ot i i i
(3.39) E_O zipq) <2 x,2'r,2'x,2 y> < 0
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forall x,z1, 29, 23,24 € X andy = +z. Suppose that an odd functigh: X — Y satisfies
the inequality [(3.1B3) for allzy, z9, 23,24 € X. Letg : X — Y be a function defined by
g(x) = f(2z) — 8f(x) for all x € X. Then the limit

1 n
(3.40) Ax) == nh_)n;O 2—9(2 z)
exists for all: € X andA : X — Y is a unique additive function satisfying
K —~ 1
(3.41) 1£(22) = 8f(z) = Al@)lly = - [Pa(2)]?
forall z € X, where

o

(3.42) ®,(z) ::Z L {cbp(zix,zix,zix,zix) +4p®p(2ix,2ix,2ix,—2ix)}

— 2%
Proof. Similar to the proof of Theorem 3.7, we infer that
for all x € X and all non-negative integers where
(3.44) Oy (x) = O(x,z,x,2) + 4P (2, x, z, —x).
By Lemm4 3.1, it follows from(3.38)) and (3.39) that
S 1 P (o 1 n —
(3.45) ZO S (27) <00, lim @y (2'7) =0

forall x € X. SinceY is ap-Banach space,

1 ™o 21 1 i
2m 2 Hp Z || 21—1—19 +1 - 59(2 CL’) H];’

- (8 5 e

1
H 2n+lg(2n+1 )

(3.46)

for all x € X and all non-negative integers andn with n > m. Therefore we conclude from
and(3.46) that the sequenclg. g(2"x)} is a Cauchy sequencenfor all z € X. Since
Y is complete, the sequenge: g(2"z)} converges irt’ for all z € X. So one can define the
function4 : X — Y by forallz € X.

The rest of the proof is similar to the proof of Theorem 8.7

Corollary 3.9. Let# be a non-negative real number. Suppose that an odd fun¢tioil — Y
satisfies the inequality (3.]19) for all;, xo, x3,24 € X. Then there exists a unique additive
functionA : X — Y satisfies

4+1>

1/ (22) = 8f(x) — Az )||Y_K6< :

forall z € X.
Proof. The result follows by Theorem 3.4.

Corollary 3.10. Let#, {r;},c; be non-negative real numbers such that> 1 (0 < r; < 1)
for all i € J, whereJ is a non-empty subset ¢fl, 2,3,4}. Suppose that an odd function
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[ X — Y satisfies the inequality (3.R0) for atl, z, x5, x4 € X. Then there exists a unique
additive functionA : X — Y satisfies

)= 7~ il < o £ e}

iceJ
forall z € X.

Proof. The result follows by Theorenis 3.7 gnd|3s8.

Corollary 3.11. Let#, {r;};c; be non-negative real numbers such that > ., r; € (0,1) U
(1,+00), whereJ is a non-empty subset ¢f, 2, 3,4}. Suppose that an odd functigh: X —

Y satisfies the inequality (3.R1) for alh, x5, 23, 24 € X. Then there exists a unique additive
functionA : X — Y satisfies

1

P +1 N\
1£(20) = 8(2) = A@)ly < K —550) "1l
forall z € X.

3.3. Part lll. In this part, we find some conditions that there exists a true cubic function near
an approximately cubic function.

Theorem 3.12.Lety : X* — [0, c0) be a function such that

" Ty T3 Tg\
.47 Jim 8" (0 3 30 30) =
and
(3.48) Zs%p(”” v 3) <

forall x,zq, x5, 23,24 € X andy = +x. Suppose that an odd functign: X — Y satisfies the
inequality

(3.49) |Df(x1, 22, 23, x4)|ly < (21,22, T3, 74)

for all 21, xq, 23,24 € X. Leth : X — Y be a function defined by(z) = f(2z) — 2f(z) for
all x € X. Then the limit

ang (T
(3.50) C(z) = 7111_{208 h<2n>
exists for allx € X andC : X — Y is a unique cubic function satisfying
K~ 1
(3.51) 1£(22) = 2f(2) = Cla)lly < S lde(2)]?

forall x € X, where

65 A=Y e{w(E i e s ree(t -2

=1

Proof. Similar to the proof of Theorem 3.7, we infer that

(3.53) [7(22) = 8h(z)|y < K¢y (x)
forall x € X, where
(3.54) V() = ¥(z, 2, 2,2) + 4p(z, 7, 2, —2).
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By Lemm4 3.1, it follows from(3.47)) and [3.48) that

(3.55) 28@@0@(%) <oo,  lim 8”1/11( ) —0

forall z € X. If we replacer in (3.53)) by ——

I and multiply both sides ¢(3.53) by 8", we get

8 (507) — 80 (52) |, < K8"01 (5m)

for all x € X and all non-negative integers SinceY is ap-Banach space,

) - E) < 3 () ()]

< K? Z 8Zp¢}p (21+1 >

i=m

(3.56) ‘

(3.57)

for aII x € X and all non-negative integers andn with n > m. Therefore we conclude from
55) and(3.57) that the sequencg™h(5;)} is a Cauchy sequence infor all = € X. Since
Y Is complete, the sequeng8™h ()} converges int” for all » € X. So one can define the
functionC : X — Y by (3.50) for allz € X. Lettingm = 0 and passing the limit — oo in
(3-57), we get[(3.5L). Now, we show thét is cubic. It follow from [3.50),(3.55) and (3.56)

that
() =37 (5 )|

$ (i) =3 ()]

<Kllm8¢1( >=O

n—oo

|C(2z) — 8C(x)|| = lim

n—oo

= 8 lim

n—oo

for all z € X. Therefore

(3.58) C(2z) = 8C(x)

for all x € X. On the other hand it follows fror{B.47)), (3.49) and(3.50)),

(g gz )
:JL%:OS"{HDf(Qn T 1)—2 1555l )

. T2 T3 Ty T2 T3 X4
<K lim 8" 07 (525 5ot o on) |, + 22 G 3 5 30)|
- nl_)r{.lo { f2n12n12n12n1 + 2n 27 9n %

. xy T2 T3 Ty T1 T2 T3 T4

<Kl TL{ ( 9 ) 3 > 2 <_7_7_7_>}:
- nl_)HOIOS ,l/} In—1’ 9n—1’ 9n—1" 9n—1 + w gn’ 9n’ 9n’ 9n 0

for all z1, z9, z3, 24 € X. Therefore the functiod' : X — Y satisfies(1.4). Sincef is an odd

function, then’ is odd. So(3.50) implies that the functio : X — Y is odd. Therefore by

Lemma[ 2.8, the function — C'(2z) — 2C(x) is cubic. So(3.58) implies that the function

C: X — Y iscubic.

|DC (21, 22, 73, 74)||y = hm 8"
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To prove the uniqueness 6f let T : X — Y be another cubic function satisfyir{g.51)).
Since

x T )
np D,/ P
Jim 5735 (31 g 30)

roroTy
i 3 0 (5554) -0
ngﬂloi; 4 1910 i
forall x € X andy € {z, —z}, then

(3.59) lim 8"%; ( ) =0

n—oo

for all z € X. It follows from (3.50)), (3.51]) and(3.59) that
X xz
h(z) ~T(5)

<£hm8”p1/)< ):O

8p n—oo

p

IC(2) = T(2)][y = lim 8"

Y

forallz € X. SoC =T. 1
Theorem 3.13.Let ¥ : X* — [0, 00) be a function such that

1
(3.60) nh_}rgo 8—n\11(2"x1, 2"y, 2" g, 2 xy) =0
and
=1 o
T POt i i i
(3.61) 208”’\1/ (2'x,2'x,2'z,2'y) < 00

forall x,x1,zo, 23, 24 € X andy = +x. Suppose that an odd functigh: X — Y satisfies the
inequality

(362) ‘|Df($lax27x37x4)HY S \Ij(mlax%x&xll)
for all 21,29, 23,24 € X. Leth : X — Y be a function defined by(z) = f(2z) — 2f(z) for
all z € X. Then the limit

(3.63) C(z) := lim S%h(Z"a:)

exists for allx € X andC : X — Y is a unique cubic function satisfying
K

(3.64) 1£(22) = 2f(2) = Cla)lly < L [Welx)]?
forall z € X, where
(3.65) (I/\;(x) = Z 8{1” {\pr(Qix, 2w, 2, 2'x) 4 4PWP (2w, 2, 2, —2%)}

i=0

Proof. Similar to the proof of Theorefm 312, we infer that

1 n n K n
(3.66) |sheta) - hem)| < rwnet)
for all x € X and all non-negative integerns where
(3.67) Uy(z) =V (r,z,x,z) +4V(x, 2, x, —1).
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By Lemm4 3.1, it follows from(3.60)) and 3.61) that

=1 1
3.68 — WP (27z) < lim —¥,(2"z) =0
369 ;8”’ ! oo i (@) =

forall z € X. SinceY is ap-Banach space,
1 1 P
n+1 M 1.
[ttt - o) <3

< <§>’9i;ﬂp<f |

=m

1 . D
H—l s 7
Qi+l h(2 g h(2 )HY

(3.69)

for all € X and all non-negative integers andn with n > m. Therefore we conclude from
and(3.69) that the sequencg-h(2"z)} is a Cauchy sequencelnfor all z € X. Since
Y is complete, the sequen¢e-h(2"z)} converges irt” for all z € X. So one can define the
functionC : X — Y by (3.63)) forall z € X.

The rest of the proof is similar to the proof of Theorem 32

Corollary 3.14. Let# be a non-negative real number. Suppose that an odd fun¢tio — Y
satisfies the inequality (3.]19) for all , x5, x5, x4 € X. Then there exists a unique cubic function
C : X — Y satisfies

4+1)

1f(22) = 2f () = C(z)lly < K@( :

forall v € X.
Proof. The result follows by Theorefn 318.

Corollary 3.15. Let 0, {r;};,c; be non-negative real numbers such that>- 3(0 < r; < 3)
for all i € J, whereJ is a non-empty subset 4fl, 2,3,4}. Suppose that an odd function
f: X — Y satisfies the inequality (3.R0) for atl, z, x5, x4 € X. Then there exists a unique
cubic functionC' : X — Y satisfies

17(20) = 21(0) = Clolly < K0{ 3 et}

forall z € X.
Proof. The result follows by Theorenis 3]12 gnd 3.§3.

Corollary 3.16. Letd, {r;};c; be non-negative real numbers such that >, r; € (0,3) U
(3, +00), whereJ is a non-empty subset ¢f,2, 3,4}. Suppose that an odd functigh: X —
Y satisfies the inequality (3.R1) for all;, z2, z3,24 € X. Then there exists a unique cubic

functionC : X — Y satisfies

w41\
17(20) =21 () = €@l < K0(igor) el

forall x € X.

AJMAA Vol. 5, No. 2, Art. 10, pp. 1-21, 2009 AJMAA


http://ajmaa.org

ON THE STABILITY OF A FUNCTIONAL EQUATION 17

3.4. PartIV. In this part, we give our main results. We find some conditions that there exist a
true cubic function, a true quadratic function, and a true additive function near an approximately
linear combination of cubic, quadratic and additive functions.

Theorem 3.17.Let® : X* — [0, 0o0) be a function such that
(3.70) lim 8”@(‘731 T2 L3 E) —0

Nn—00 2n 2n 2n

and

xr (L’ T Yy —Tr —X
3.71 8@@?( —) 00, 870 P( L — ) 00
( ) Z 21 21 < Z 21 21 21 21 <

for all z, 2,29, 23,24 € X andy = =+x. Suppose that a functiofi : X — Y satisfies the
inequality

(3.72) |Df(x1, 22, 3, 24) ||y < O(21, 22, T3, 24)

for all x1, x5, 23,24 € X. Then there exist a unique cubic functich: X — Y, a unique
guadratic function® : X — Y, and a unique additive functioA : X — Y such that

[f(z) = Clz) = Qx) — A(2)lly

(3.73) K2 ) ) )
< S { KHL@) + 4K M (@) +6[N ()]’ |
forall x € X, where
F(:El7x27x37x4) = @p(x17x27x37x4) +@p(—x1,—l’2,—x3,—x4)
iy r r Tr X r T T X
L = Slp{l—‘ Ty Ty oy 4r7 Ty Ty oy }
(IE) ; <22 AR 21) + (21 AR 21)
iy r r Tr X r T X X
M) = Y 2fr 4T -2}
(ZL’) Z <22 21 21 21) + (21 21 21 21)

=1
o)

N() = Y 4T, o -2 2

21 22 21’ 21)
i=1
forall x, xq, 29, 23,74 € X.

Proof. Let f. and f, be the even and the odd part fofrespectively. It follows from[(3.72) that

K

(3-74) ‘|Dfe($1,l’2,5133,$4)’|y < 5[@($1,$2,1’3,$4)+@(—$1>—$2>—$37—$4)}
K

(375) ||Df0(l'1, I, .[L'3,LU4)||Y < ? |:@($17ﬂ72, I3, ZE4) + 6(_x17 —T2, —T3, _x4)i|

forall x1, x5, x3, 24 € X. FOr convenience, let

K
A(wy, 9, 73, 4) = 5 [@(3717552,5?3,954) + O(—z1, —T2, —T3, —$4)}
for all z1, z9, x5, x4 € X. By Lemmd 3.1, it follows from[(3.70) and (3]71) that
T .%’2 T3 T4
3.76 lim 8"A —> -
(3.76) T 8"A(G 50 0 1) =0

and

3.77 E 8ZpAp(f,f,—.,f> < ) 4ZpAp<_'a_<a__<a__<> <
( ) — 27, 27, 21 21 S ; 21 22 21 21 o0
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for all z, zq, 29, x5, 24 € X andy = +xz. Therefore by Theorenis 3[2, B.7 dnd 3.12, there exist
a unique quadratic functiof : X — Y, a unique additive functior; : X — Y, and a unique
cubic functionC; : X — Y such that

Ai(z) = lim 2”g(£n), O(z) = lim 4”f< > Cy(z) = lim 8%(%)

n—00 2 n—00 N—00
378) I5.@) - Q@ly < 3R
(3.79) o) ~ M@y < Rl
(3.80) Ih) - Gy < SR

forall x € X, where

9(x) = fo(2x) = 8fo(z),  h(z) = [o(22) = 2f,(x),
(3.81) Az) = f:zmp(%, 22 —zﬁ —23)

o R = S (G ) (g gy )

=1

o) Mo = LG5 55 v so5)
It follows from (3.78), [(3.7P) and (3.80) that
1 1

|£@ - zCi@) - Q@) + zAu@)||

K ~, 1 ~ 1 NENL
< {6 @) + 4R R @) + KA |
for all z € X. Therefore we obtair| (3.73) by Lemrha 3.1 and lettifigr) = $C'(x) and
A(z) = =g A (z) forallz € X.

To prove the uniqueness 6f Q. A, let Cy, Qo, Ay : X — Y be another cubic, quadratic and
additive functions, respectively, satisfyilf§} 73). It follows from (3.71) that

(3.84)

lim 8”1”L(2 ) = lim 2"1”]\/[(2 ) = lim 4’”’]\/*(2 ) = lim 8 pN1(2 ) =0

n—oo n—oo n—oo n—oo

forall z € X, where

_ S pp(t L LT
:L‘) _;8 F(Qi’Qi’ i’ 2i)'
LetC'=C —Cyh, Q' =Q — Qy,andA’ = A — A,. Therefore we have
HU@%HN®+AMWYSKHN@—C@%%%M—M@M

(3.85) + /(&) = Colw) = Qol) = Ao(@)lly }
< %{K?[L(m)]é + AR M ()7 + 6N (2] |
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forall z € X. Hence

Tim 2°|[C"(52) + Q'(5) + A5 |, = 0
Tim 47|C"(5) + Q') + A5 |, =

forallx € X. SinceA’, " andC” are additive, quadratic and cubic functions, respectively, then
it follows from the last relations that’ = Q' = 0. Therefore it follows from[(3.85) that

K3 1 1
! < — 2 v »
IC @)y < Z5 {5KL@]> + 6N @) |
forall x € X. SinceC" is cubic, thenC’ = 0. This proves the uniqueness.afQ andC' g

Theorem 3.18.Let A : X* — [0, 00) be a function such that

1
lim 2—nA(2”351, 2" 1, 2" 15,2 2q) = 0
and

> 2ZpAp( x, 2w, 2 2’y) < 00, Z 2ZpAp ‘r, 2w, =2, —2'x ) < o0
for all z,z1, 20, 23,24 € X andy = +x. Suppose that a functiofi : X — Y satisfies the
inequality

||Df(x17$27$3ax4)||y S A($1,$2,$3,l’4)
for all x1, x5, 25,24 € X. Then there exist a unique cubic functich: X — Y, a unique
guadratic functionl) : X — Y, and a unique additive functioA : X — Y such that

[ 72) + 270) = Co) — Q) — A,

K2 9 1 2 1 1
< oo { L@ + 4K M @) + 6[N(@)] |
forall z € X, where
Y(x1, w2, 23, 74) = AP(x1,29, 33, 24) + AP(—21, =T, —T3, —74)
L -y ! (2, 2w, 2, 2 4PY (2'x, 20w, 2iw, —2°
(l') T z;@{ ( T, 4%,4T, ZE)-f— ( T, 42,41, — l’)}
M -y ! Y (2w, 2w, 2, 2 4PY (20w, 20w, 20w, —2°
(l’) T ZQTP{ ( T, 4%,4T, ZE)+ ( Lya Xy & Ty — ZE)}
=0
<1 S . .
N(z) := ET(TLQ%,—Q%,—Q%)
=0

forall z,zq, x9, 23,24 € X.

Proof. Similar to the proof of Theorerl.I7] the result follows from Theoreni&3] [3.§ and
BI3

Corollary 3.19. Letd be a non-negative real number. Suppose that a functionX — Y
satisfies the inequality (3.]L9) for all, x5, z3, 24 € X. Then there exist a unique cubic function
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C : X — Y and a unigue quadratic functio@ : X — Y and a unique additive function
A: X — Y satisfies

1f(z) = C(z) — Q(z) — Az)|ly
< ) e () () g
forall r € X.

Proof. It follows from (3.19) that| f(0)||y < 6. Hence the result follows by Theor¢m 3. 38.

Corollary 3.20. Letd, {r;};c, be non-negative real numbers such that- 3 (0 < r; < 1) for
all i € J, whereJ is a non-empty subset é1,2,3,4}. Suppose that a functiofi: X — Y
satisfies[(3.20) for alk;, x5, 25, 24 € X. Then there exist a unique cubic function: X — Y
and a unique quadratic functio : X — Y and a unique additive functiod : X — Y
satisfies

o)~ ) ~Qlo) = Al
4 1 ry | P 2 4 1 pri %
e [Z|2 i)’ +K[Z|2 *olall

pri P
5[ ]
1€

forall x € X.
Proof. It follows from (3.20) thatf(0) = 0. Hence the result follows by Theoreins 3.17 and
8.18.u

Corollary 3.21. Letf, {r;};c; be non-negative real numbers such that >, r; € (0,1) U
(3,4+00), whereJ is a non-empty subset é1,2,3,4}. Suppose that a functiofi: X — Y
satisfies the inequality (3.R1) for afl, 25, x5, x4 € X. Then there exist a unique cubic function
C : X — Y and a unigue quadratic functio@ : X — Y and a unique additive function
A X — Y satisfies

1f(z) = C(z) — Q(z) — A(2)|ly
< fiQQ{K2<|22(ipj—81p)’>p +K2(|22(ip—j‘21p)|>p +3<ﬁ)p}”x”;\(

forall v € X.
Proof. The result follows by Theorenis 3]17 gnd 3.48.
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