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ABSTRACT. Values of\ are determined for which there exist positive solutions of the system
of three-point boundary value problemsg/(t) + Xa(t) f(v(t)) = 0, v"(t) + Ab(t)g(u(t)) = 0,

for 0 < ¢ < 1, and satisfyingu(0) = 0,u(1) = au(n),v(0) = 0,v(1) = av(n). A Guo-
Krasnosel'skii fixed point theorem is applied.
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2 J. HENDERSON ANDS. K. NTOUYAS

1. INTRODUCTION

We are concerned with determining values\afeigenvalues) for which there exist positive
solutions for the system of three-point boundary value problems,

u'(t) + Aa(t)f(v(t) =0, 0<t<1,

(1.1) V() + Ab(t)g(u(t)) =0, 0<t<1,

u(0) =0, u(l) = au(n),
v(0) =0, w(1) = av(n),
where0 <n < 1,0 < a < 1/n,and

(A) f,g9 € C([0,00),[0,00)),

(B) a,b € C([0,1],[0,00)), and each does not vanish identically on any subinterval,
(C) All of

(1.2)

fo:= lim _f(x)’ go := lim _g(x))
r—0t+t X z—0t X
foo := lim _f(x) and g, := lim _g(x)
r—oo I r—o00 I

exist as positive real numbers.

For several years now, there has been a great deal of activity in studying positive solutions of
boundary value problems for ordinary differential equations. Interest in such solutions is high
from both a theoretical sense [4/ 7] 10} 21] and as applications for which only positive solutions
are meaningful [2,/5, 14, 15]. These considerations are caste primarily for scalar problems, but
good attention has been given to boundary value problems for systems of differential equations
[11,[12,[13/ 17| 20, 23]. Of equal interest has been the intersection of questions involving
positive solutions and nonlocal boundary value problems; see, for examplé [1, 6} (16,/18, 19, 21,
22,23].

Recently Benchohrat al. [3] and Henderson and Ntouyas [9] studied the existence of pos-
itive solutions of systems of nonlinear eigenvalue problems. Here we extend these results to
eigenvalue problems for systems of three-point boundary value problems.

The main tool in this paper is an application of the Guo-Krasnosel'skii fixed point theorem
for operators leaving an annular-like region in a Banach space cone invariant [7]. A Green’s
function plays a fundamental role in defining an appropriate operator on a suitable cone.

2. SOME PRELIMINARIES

In this section, we state some preliminary lemmas and the well-known Guo-Krasnosel'skKii
fixed point theorem.

Lemma 2.1.[8] Let0 < n < 1,0 < a < 1/n; then, for anyy € C[0, 1], the boundary value
problem

(2.1) u'(t) +y(t) =0, 0<t<l,

(2.2) u(0) =0, u(l) = au(n),

has a unique solution

AJMAA Vol. 5, No. 1, Art. 11, pp. 1-9, 2008 AJMAA


http://ajmaa.org

POSITIVE SOLUTIONS FORSYSTEMS OF THREE-POINT NONLINEAR BVP 3

wherek(t, s) : [0,1] x [0,1] — R* is defined by

t(1—s)  at(n—s) (t—s), 0<s<t<lands<mn,

tl(l_ﬂ _ @’ 0<t<s<n,
(2.3) k(t,s) = ti(l__st)7 e if(;g;g;;]landszn,
M (), n<s<t<l
Notice that
" 1 at n ¢
@4 )= /0 (1= s)yls)ds = 7 /0 (= s)y(s)ds — /0 (t = s)y(s)ds.

From (2.4) obviously we have (see [16]) that

t 1
(25) ) < = [ 1= shtepis
and

77 1
(2.6) ) = / (1= s)y(s)ds.

Lemma 2.2. [16] Let0 < o < 1/n and assume (A) and (B) hold. Then, the unique solution of
(1.1)- (1.2) satisfies

inf w(t) >
téﬁi,u“( ) > lull,

wherey = min {om, O‘S;Z) , 77} :

We note that a paifu(t), v(t)) is a solution of eigenvalue problein (IL.1), (1.2) if, and only if,

u(t) = /\/0 k(t,s)a(s)f ()\/0 k:(s,r)b(r)g(u(r))dr) ds, 0<t<1,
where
v(t) = )\/O k(t,s)b(s)g(u(s))ds, 0<t<1.

Values of\ for which there are positive solutions (positive with respect to a cong) df (1.1),
(1.2) will be determined via applications of the following fixed point theorem.

Theorem 2.3.Let B be a Banach space, and IBtC B be a cone in3. Assume?; and(), are
open subsets @ with 0 € ; C € C €),, and let

TPH(QQ\Ql)—)P

be a completely continuous operator such that, either

() [|Tu]| < ||ull, u € PN OQ, and|[Tul| > ||ul|, u € P N Oy, o
(i) [|7ul] > |[ul],u € P o9, and||Tu|] < ||ul],u € P N OQs.

ThenT has a fixed point irP N (Qy \ Q).
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3. POSITIVE SOLUTIONS IN A CONE

In this section, we apply Theorgm P.3 to obtain solutions in a cone (that is, positive solutions)
of (1.1), (1.2). For our construction, I& = C[0, 1] with supremum norm| - ||, and define a
coneP C Bhy

P = {x € B|z(t) >00n]0,1], and n[linl}x(t) > 7||x\|} :
teln,

For our first result, define positive numbérsand L, by
-1

L= max{ L jnom /;(1 — r)a(r)foodr} : :1 jnom /nl(l — r)a(r)goodr] _1} ,

-1

Ly := min{ L _1an /01(1 . r)a(r)fodr} , :1 _10”7 /01(1 - r)b(r)godr} 1} .

Theorem 3.1. Assume condition@), (B) and (C) are satisfied. Then, for eachsatisfying

(3.2) Ly <\ < Lo,

there exists a paifu, v) satisfying(1.1), (1.2)such that(z) > 0 anduv(z) > 0 on (0, 1).
Proof. Let A be as in[(3.]l) and > 0 be chosen such that

and

-1

max{[ il /nl(l—r)a(r)(foo—e)dr] |

1—oan

and

Define an integral operatdr : P — B by

(32)  Tu(t) =\ /0 'kt s)a(s) (A /0 1 k(s,r)b(r)g(u(r))dr) ds, ue?P.

We seek suitable fixed points @fin the conep.

By Lemmdg 2.27P C P. In addition, standard arguments show tiids completely contin-
uous.

Now, from the definitions off, andgy, there exists a/; > 0 such that

f(x) < (fo+e)xandg(z) < (go+e€)z, 0<xz< H.
Letu € P with ||u| = H;. We first have from[(2]5) and choice af

/\/0 k(s,r)b(r)g(u(r))dr < l—tom/o (1 —=7r)b(r)g(u(r))dr
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< A [ A=)+ utrn
< A [ = pledrtan+ )l
<l
= Hl.

As a consequence, we next have frgm](2.5), and choieg of

Tu(t) = )\/Olk:(t, s)a(s)f ()\/Olk(s,r)b(r)g(u(r))dr) ds

< Al_tan/o (1— s)a(s)f (/\/O k(s,r)b(r)g(u(r))dr) ds
< Al_t@”?/o (1—5)@(3)(f0+e))\/0 k(s,m)b(r)g(u(r))drds
§ A1_1()[”/0 (1 — s)a(s)(fo + €) Hyds

< H

= [ull

So,||Tu|| < ||u||. If we set
Ql = {ZL’ - B| ||I|| < Hl},
then
(3.3) | Tu|| < |Ju||, foru e PN o.
Next, from the definitions of., andg.., there existdd, > 0 such that
f(x) > (foo — €)z andg(z) > (9o — €)x, > Ho.
Let .
H,

H; = max {2H1, —} .
v

Letu € P and||u|| = Hs. Then,

min u(t) > v||ul| > Ho.
ten,1]

Consequently, fronj (2/6) and choiceepf
)\/0 k(s P g(u(r))dr > A—" /(1—r)b(r)g(u(r))dr

> A /Xl—mmmmmmwr

[V
I
:\
>
—
—_
|
<
S—
>
—~
=
S—
—
Na}
3
|
(@)}
SN—
I~
—~
=
SN—
A
3

1—an
n 1
> i [ 00 = il
> Jul
= H,.
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And so, we have fronj (2.6) and choiceef

Tu(m) > A /n (1= S)als)f (/\ /n lk(s,r)b(r)g(u(r))dr) ds

1—an
77 1 1
> 1_ané(vwmwxm—axﬂk@mwmmwmmmS
?7 1
> )\1 o /n (1 —s)a(s)(foo — €)Hads
wm o[
> A p” /n (1 —s)a(s)(foo — €)Hads
> Hy
= |[lu

Hence,||Tu|| > ||ul|. So, if we set

Oy ={zx € B ||z|]| < Ha},
then
(3.4) | Tu|| > ||u||, foru € P N oQs.

Applying Theorenf 23 td (3]3) and (3.4), we obtain thdtas a fixed point € PN (Q\ Q).
As such, and withy defined by

1
o) = A [ Kt s)g(u(s)ds,
0
the pair(u, v) is a desired solution of (1.1}, (1.2) for the givenThe proof is complete. [

Prior to our next result, we define positive numbggsand L, by

L3 := max { L jnom /771(1 — r)a(r)fodr] B , :1 jnom /nl(l — T)a(r)godr} 1} :

-1

Ly = mm{[l _10”7 /01<1 _r>a(r)foodr1 | :1 _1an /01(1 —r)b(r)goodr} _1}.

Theorem 3.2. Assume condition@®)—(C) are satisfied. Then, for eachsatisfying

(3.5) L3 <\ < Ly,

there exists a paifu, v) satisfying(1.1), (1.2)such that.(z) > 0 andwv(z) > 0 on (0, 1).
Proof. Let A be as in[(3.p). And let > 0 be chosen such that

-1

maX{ L jnom /nl(l —1)a(r)(fo — G)dr] ,

|27 éhfmwm%—mﬂl}gA

[1—an

and

and
—1

)\gmin{_ L /01(1—r)a(r)(foo+e)dr} |

|1 —an
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e [ =+ ] } .

Let T" be the cone preserving, completely continuous operator that was defirled|by (3.2).
From the definitions of, andg,, there existd?; > 0 such that

f(z) > (fo—e)xzandg(z) > (go —€)z, 0<az < Hy.

Also, from the definition ofy, it follows that ¢(0) = 0 and so there exists < Hs; < H; such
that o
Hj

s OSIESHg

Chooseu € P with ||u|| = Hs. Then
t

A /O k(s () g(u(r)dr < A /0 (1 = 1)b(r)g(u(r))dr

1—an
1 1

< A /0 (1= r)b(r)g(u(r))dr

- Tar fol(l — 7)b(r) Hsdr

- 1_10”7 fol(l —r)b(s)ds

< Hs

Then, by [2.5)
Tu(n) > )\1 —nan /77 (1 =s)a(s)f <)\1 _77007/77 (1-— r)b(r)g(u(r))dr) ds

> /\1 _n(;m /77 (1 —s)a(s)(fo— 6))\1 _77007 /77 (1 —7)b(r)g(u(r))drds
> o | st~ g [ b — s
> e | =)t = ol
> g2 [ = )~ ol
> full.

So,||Tu|| > ||u]|. If we put
Q3 ={z € B ||z|| < H3},
then
(3.6) | Tul|| > ||u||, foru € PN oQs.
Next, by definitions off., andg.., there existsd7; such that
f(@) < (foo + € andg(z) < (g + )z, o> H,.

Clearly, sincey., is assumed to be a positive real number, it follows thestunbounded ato,
and so, there existdl, > max{2Hs, H,} such thay(z) < g(H,), for0 < z < H,.
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Set
Fi(t) = sup f(s), g*(t) = sup g(s), for t>0.
0<s<t 0<s<t
Clearly f* anf g* are nodecreasing real valued function for which it holds
lim f (@) = foo, lim g'(x) = (oo
T—00 x T—00 X

Hence, there existd, such thatf*(x) < f*(Hy), g*(x) < ¢*(Hy) for0 < x < Hy.
Choosingu € P with ||u|| = Hy, we have

Tut) < A— /01(1—3)a(s)f(>\ L /01(1—r)b(r)g(u(r))dr)ds

1—an 1—an

< ot [a-saer (e [ a- et o

< e [ amsatr (v [ - nbo )

< Al_lom /01(1—3)a(s)f* (Al_lom /01(1—r)b(r)g*(H4)dr> ds

< Al_lom /01(1—3)a(s)f* (Al_lom /01(1—r)b(7*)(goo+e)H4dr> ds
< [ st

< ot [0 aleistre + O

< H,

I
=

and so||7u|| < ||u||. For this case, if we let

Q= {z € B]|||z| < Hs},
then
(3.7) | Tu|| < |Ju|l, for u € PN oy.

Application of part (i) of Theorer 2|3 yields a fixed poinbf 7' belonging toP N (2, \ 23),
which in turn yields a paifu, v) satisfying [(1.1),[(1.2) for the chosen value ofThe proof is
complete. O

REFERENCES

[1] R.P.AGARWAL, D. O'REGAN and S. STARK, General existence principles for nonlocal bound-
ary value problems witlp-Laplacian and their application&bstr. Appl. Anal. (2006), Art. ID
96826, 30 pp.

[2] R. P. AGARWAL, D. O'REGAN and P. J. Y. WON@ositive Solutions of Differential, Difference
and Integral EquationsKluwer, Dordrecht, 1999.

[3] M. BENCHOHRA, S. HAMANI, J. HENDERSON, S. K. NTOUYAS and A. OUAHA, Positive
solutions for systems of nonlinear eigenvalue problégisbal J. Math. Anal.1 (2007), pp. 19-28.

[4] L.H.ERBE and H. WANG, On the existence of positive solutions of ordinary differential equations,
Proc. Amer. Math. Soc120(1994), pp. 743-748.

AJMAA Vol. 5, No. 1, Art. 11, pp. 1-9, 2008 AJMAA


http://ajmaa.org

POSITIVE SOLUTIONS FORSYSTEMS OF THREE-POINT NONLINEAR BVP 9

[5] J. R. GRAEF and B. YANG, Boundary value problems for second order nonlinear ordinary differ-
ential equationsComm. Appl. Anal6 (2002), pp. 273-288.

[6] J. R. GRAEF and B. YANG, Positive solutions to a multi-point higher order boundary value prob-
lem,J. Math. Anal. Appl.316(2006), pp. 409-421.

[7] D. GUO and V. LAKSHMIKANTHAM, Nonlinear Problems in Abstract Conescademic Press,
Orlando, 1988.

[8] C. GUPTA, A sharper condition for the solvability of a three-point second order boundary value
problem,J. Math. Anal. Appl.205(1997), pp. 586-597.

[9] J. HENDERSON and S. K. NTOUYAS, Pasitive solutions for systems of nonlinear boundary value
problemsNonlinear Studiesin press.

[10] J. HENDERSON and H. WANG, Positive solutions for nonlinear eigenvalue probl&nhdath.
Anal. Appl, 208(1997), pp. 1051-1060.

[11] J. HENDERSON and H. WANG, Nonlinear eigenvalue problems for quasilinear systemmgut.
Math. Appl.,49(2005), pp. 1941-1949.

[12] J. HENDERSON and H. WANG, An eigenvalue problem for quasilinear systeowky Mountain.
J. Math.,37(2007), pp. 215-228.

[13] L. HU and L. L. WANG, Multiple positive solutions of boundary value problems for sys-
tems of nonlinear second order differential equatiods,Math. Anal. Appl. (2007), doi:
10.1016/jmaa.2006.11.031.

[14] G. INFANTE, Eigenvalues of some nonlocal boundary value problétnss. Edinburgh Math.
Soc. 46 (2003), pp. 75-86.

[15] G. INFANTE and J. R. L. WEBB, Loss of positivity in a nonlinear scalar heat equaion]in.
Differ. Equ. Appl, 13 (2006), pp. 249-261.

[16] R. MA, Positive solutions of a nonlinear three-point boundary value prodigdectron. J. Differ-
ential EquationsVol. 1999(1999), No. 34, pp. 1-8.

[17] R. MA, Multiple nonnegative solutions of second order systems of boundary value problems,
linear Anal, 42 (2000), pp. 1003-1010.

[18] S.K.NTOUYAS, Nonlocal initial and boundary value problems: a surk@yndbook of differential
equations: ordinary differential equationgol I, 461-557, Elsevier, Amsterdam, 2005.

[19] Y. RAFFOUL, Positive solutions of three-point nonlinear second order boundary value problems,
Electron. J. Qual. Theory Differ. Equ2002, No. 15, 11pp. (electronic).

[20] H. WANG, On the number of positive solutions of nonlinear systeindfath. Anal. Appl.281
(2003), pp. 287-306.

[21] J. R. L. WEBB, Positive solutions of some three point boundary value problems via fixed point
index theoryNonlin. Anal.,47 (2001), pp. 4319-4332.

[22] Z. WEI and C. PANG, The method of lower and upper solutions for fourth order singuawint
boundary value problemd, Math. Anal. Appl.322(2006), pp. 675-692.

[23] Y. ZHOU and Y. XU, Positive solutions of three-point boundary value problems for systems of
nonlinear second order ordinary differential equatiahdlath. Anal. Appl.320(2006), pp. 578—
590.

AJMAA Vol. 5, No. 1, Art. 11, pp. 1-9, 2008 AJMAA


http://ajmaa.org

	1. Introduction
	2. Some preliminaries
	3. Positive solutions in a cone
	References

