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ABSTRACT. In this paper, we obtain an integral inequality which extends Shum’s and Imoru’s
generalization of Hardy’s Inequality. Our main tool is Imoru’s adaptation of Jensen’s Inequality
for convex functions.
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1. INTRODUCTION

In [2], Shum obtained the inequalities

(1.1) /0 o P(apdr + Ly < (T L 1>p /0 (@) Pde (- > 1)

and

(1.2) /:Ox_TF(m)pdx + %al—rF(a)p < < b >p/:ox_T[xf(x) Pdz, (r < 1),

- 1=

wherep > 1 and

[Zf@dt, (r < 1)
(1.3) F(z) =
Jy f@dt, (r > 1)

as a generalization of Hardy’s inequality. In [1], Imoru obtained the following generalization of
Shum’s inequalities:

b
(1.4) | sty P + a0 P
< [rfl] | st 9t @) Pagta) > 1)
and
(15) | s P + g

< |12 | [ttt i) <)

with both inequalities reversedif< p < 1.
In this paper, we obtain an extension of these inequalities. The result is established mainly by
using the Jensen’s inequality for convex functions.

2. THE MAIN RESuULT

The main result of this paper is the following.

Theorem 2.1. Let g be continuous and nondecreasingfand], 0 < a < b < oo, with g(z) >
0, z > 0. Letp > 1, r # 1 and f(z) be nonnegative and Lebesgues-Stieltjes integrable with
respect togy(x) on [a, b]. Suppose

(2.1) Fo(x) = [ f(t)dg(?),
b

(2.2) Fy(z) = [ f(t)dg(t),

and

(2.3) s 1Tt
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Then
(2.4) / bg(l,>6—1 [9(x)™ = g(a)™ ] Fu(w)"dg(x)
+——90) [9®) — g(a)” ] EL(0)
<[] [ st s, o>

and
(2.5) /abg(éﬂ)‘s‘1 [9()™ = g(®)~" ] Fy(x)"dg(x)
——g(a)’ [g(0)”" ~ g(0)~"]"" Fi(a)’
<|:%] (@)™ gla) (@) Pig(a). (r < 1)

The inequalities are reversed(f< p < 1.

Equality holds in either of the two inequalities when either= 1 or f = 0. The con-
stant| -2 ]” or [ {&. ]”is the best possible when the Ieft&de!(z /4) énd (2.5) are unchanged.
Note that the left sides of (2.4) ar[d (R.5) exist if the right sid
The following results are needed for the proof of the Theorem.

Lemma 2.2. Let

(2.6) 0u(x) = / (1) P (1) dg()

@) ) = [ o 90 o).

Then ’

(28) 9@ 0.(5) > (—0) g’ [9(@) — gla) P, (r> 1)
and

(29) @) 0x) > (—0 ) Pg@) L g) " — g@) PR ), (r < 1).

Proof. Our main tool is the Jensen’s Inequality for convex functions. deé continuous and
nondecreasing ofu, b] where0 < a < b < oo. Let h(z,t) be nonnegativer > 0, ¢t >
0 and\ be nondecreasing. Thenyf> 1

(2.10) / h(z, t)dA(t) > :/;d)\(t)]lp {/:h(x,t);d)\(t)r

and

(2.11) /b h(z, t)d A(t) > /b d \(t) } ' {/b h(z,t)» dA(t)]p.
So letting i o i

(2.12) h(x,t) = g(x)’g(t)"I 0 f ()P

and

(2.13) dA(t) = g(t)"+dg(t)
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we obtain

(2.14) o) 0, (x) = / " bz, Har)
and

(2.15) o(2)00,(x) = / ’ B, A

wheneverr > 1 andr < 1 respectively. Hence from (2.110), for> 1 we have

(2.16) / h(z, t)dA(t) > {/azd)\(t)}lp [/jh(x,t)i d/\(t)]p
[ oo aw] [ [ ot s

= (=67 g(2) [9(x)™° — g(a)"’]" " Fu(2)

Hence, by the definition dof,(z), the above inequality is inequality (2.8). A similar argument
yields inequality[(2.9). If we replaceby b in (2.8) andx by a in (2.9) we obtain respectively

(2.17) 9(5)°04(b) > (=07 Pg(b) [9(0) " — g(a)] " F(0)", (r>1)
and
(2.18) g(@)°fu(a) > (=67 Pg(a)’ [9(b)° — g(a)°] " Fyla)’, (r<1).

Multiplying both sides of inequality (2]8) and inequalify (2.9) d) 'dg(z), we obtain

(2.19) 2 ()"0, (x) dg(x)
> (=P [T o) [g(x) 0 — g(a)) " Fu(x)rdg(z) , (r>1)
and
(2.20) 2 g(x)5 04 (x) dg(x)
> (=07 [T () [g(b)70 = g(a) ) T Fy(x)r, (r<1).
|

We shall now give the proof of Theorgm P.1.

Proof. From the definitions o, (x) and#,(z), we have

(2.21) lim g(x)°0a(z) = 0
and
(2.22) lim 9(x)°0y(z) = 0.

Thus, integrating the left side df (2]19) and the left sidg of (2.20), by parts we obtain
b
(223) [ 9 0u0) dgo) = 571 9(6)°0,0

5 / 9(2)" ! [g(2) F@)P dg(z) , (r>1)
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and
(2.24) 2 g(2)° 10y (x) dg(x)
= —67"9(a)0s(a) + 071 [ g(w) " [gx) f ()P dg(z) , (r<1).

In the case when > 1, multiply the inequality[(2.1]7) through by and use this in (2.23) to
obtain

b
(2.25) / 9210, (x) dg(a) < —(~671)>Pg ()’

% [g(b)~7 — g(a) )" " Fu (b5~ / 9" [gla) f ()P do(a).

Now combine|(2.25) with (2.19) to yield the assertlwz .4) of the theorem.
Whenr < 1, multiply inequality {2.18) through by-6~T and use the result if (2.24) to obtain

(2.26) / 9(2)10y(2)dg(x) < (=612 Pg(a)lg(b)~* — gla) ] P Fo(a)
b
5 / 9(2)? Vg(2) f ()P dg x).

Now combine|(2.26) with (2.20) to yield the assertipn|(2.5) of the theoem.
Remark 2.1. If

(2.27) (llli% g(a) =0

and

(2.28) blggo g(b) = oo,

then [2.4) and (2]5) reduce {o (]L.4) ahd [1.5) respectively.
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