The Australian Journal of Mathematical
Analysis and Applications

http://ajmaa.org

Volume 3, Issue 1, Article 14, pp. 1-11, 2006

OSCILLATIONS OF FIRST ORDER LINEAR DELAY DIFFERENCE EQUATIONS
G. E. CHATZARAKIS AND I. P. STAVROULAKIS

Received 26 August, 2005; accepted 29 December, 2005; published 19 May, 2006.

DEPARTMENT OFMATHEMATICS, UNIVERSITY OF |OANNINA, 451 10, REECE
Ipstav@cc.uol.gr

ABSTRACT. Consider the first order linear delay difference equation of the form
Az, +PnTn—r =0, n=0,1,2,..,

where{p, } is a sequence of nonnegative real numbkis,a positive integer and denotes the
forward difference operatahz,, = z,+1 — z,. New oscillation criteria are established when
the well-known oscillation conditions

n n—1 k k+1
lim sup Z pi >1 and liminf Z pi > (k—&-l)

n—oo . .
i=n—k i=n—k

are not satisfied. The results obtained essentially improve known results in the literature.
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2 G. E. CHATZARAKIS AND |. P. STAVROULAKIS

1. INTRODUCTION

In the last few decades the oscillation theory of delay differential equations has been exten-
sively developed. The oscillation theory of discrete analogues of delay differential equations has
also attracted growing attention in the recent few years. The reader is referréd(tol[1]-[11],[14]-
[18], [20]-[35] and the references cited therein. In particular, the problem of establishing suffi-
cient conditions for the oscillation of all solutions of the delay difference equation

(1.2) Az, +ppnr =0, n=0,1,2 ..,

where{p, } is a sequence of nonnegative real numhers a positive integer, and denotes the
forward difference operatakz, = z,.1 — z,, has been the subject of many recent investiga-
tions. See, for example,![2]4[9], [14]-[18], [20]-[30], [32]-[35] and the references cited therein.
Strong interest in Eq[ (1].1) is motivated by the fact that it represents a discrete analogue of the
delay differential equation (see [12],]19] and the references cited therein)

(1.2) () +pt)x(t—7)=0, p(t)>0, 7>0.

By a solution of Eq.[(1]1) we mean a sequeficg} which is defined for. > —k and which
satisfies Eq.[(1]1) fon > 0. A solution{z,} of Eq.(1.1) is said to bescillatoryif the terms
x,, of the solution are not eventually positive or eventually negative. Otherwise the solution is
callednonoscillatory

For convenience, we will assume that inequalities about values of sequences are satisfied
eventually for all largen.

In this paper, our main purpose is to improve the upper bound of theiaﬁdor possible
nonoscillatory solution$z,, } of Eq. (1.1) and derive new oscillation condltlons for all solutions
to Eq. [1.1), when the known oscillation conditions (see below)

Lk
lim sup Z p; > 1 and hmlnf Z pi > —k+1

n—oo . n—00
i=n—k

are not satisfied. In particular our results essentlally improve earlier results due to Domshlak
[6], Cheng and Zhang [2] and Stavroulakis|[23].
2. OSCILLATION CRITERIAFOREQ . (1.7)

In 1981, Domshlak [3] was the first who studied this problem in the case viheré. Then,
in 1989 Erbe and Zhan@l[9] established the following oscillation criteria for[Eq. (1.1).

Theorem 2.1. ([9]) Assume that
(2.1) 8= hmmfpn >0 and limsupp, > 1— (.

n—oo

Then all solutions of Eq(L.1) oscillate.
Theorem 2.2. ([9]) Assume that

. K

Then all solutions of Eq(l.1]) oscillate.
Theorem 2.3.([9]) Assume that

(2.3) A = limsup Z pi > 1.

n—oo .
i=n—k
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Then all solutions of Eq(l.1)) oscillate.
In the same year 1989 Ladas, Philos and Sficas [15] proved the following theorem.

Theorem 2.4. ([15]) Assume that

k:

(2.4) lim mf Z p; > Gt 1) TR

n—oo
i=n—k

Then all solutions of Eq(l.1)) oscillate.

Therefore they improved the conditigp.2) by replacing thep,, of (2.2) by the arithmetic
mean of the termg,,_y, ..., p,—1 in (2.4)).
' Conperning the consta@% in 1) and it should be empasized that, as itis shown
in [9], if

k,k

(k + 1)k+1
then Eq. [(1.]1) has a nonoscillatory solution.

In 1990, Ladas [14] conjectured that EQ. (1.1) has a nonoscillatory solution if

k:

Z pi < k+1

holds eventually. However this conjecture is not true and a counterexample was given in 1994
by Yu, Zhang and Wang [33].

It is interesting to establish sufficient conditions for the oscillation of all solutions of Eq. (1.1)
when (2.3) and (2.4)) are not satisfied. (For Eq[ (1.2), this question has been investigated by
many authors, see, for example,[[12],][19] and the references cited therein).

In 1993, Yu, Zhang and Qian [B2] and Lalli and Zhahgl[16], trying to impr{8)), estab-
lished the following (false) sufficient oscillation conditions for Eq.[1.1)

(2.5) sup p, <

n—1 k k+1 a2
(2.6) 0<a: —hgrig)lf kaz_ (k——|—1> andA>1—Z
and
- d* d? d3
2.7 ; > d > 0forl dA>1—-——|[1—-— 1——
(2.7) izn;kp > d > 0 for largen and A > 3 ( 1 + 2)

respectively.

Unfortunately, the above conditiorjs (R.6) ahd(2.7) are not correct. This is due to the fact that
they are based on the following (false) discrete version of Koplatadze-Chanturija Lémma [13].
(Seel[6] and[2]).

Lemma A (False) Assume thafz,,} is an eventually positive solution of E. (1.1) and that

(2.8) > pi=M=>0 for large n.

i=n—k

Then

2
Ty > Txn_k for large n.
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As one can see, the erroneous proof of Lemma A is based on the following (false) statement.
(Seel6] and[2]).

Statement A (False) If (2.8) holds, then for any large N, there exists a positive integsuch

thatn — &k < N <nand
al M & M
i;kpzz 5 ;szz >
It is obvious that all the oscillation results which have made use of the above Lemma A or
Statement A are not correct. For details on this problem see the paper by Cheng and Zhang [2].
Here it should be pointed out that the following statement (see [15], [22]) is correct and it
should not be confused with the Statement A.

Statement 1. ([15],[22]) If

n—1
(2.9) Z p; > M >0 for large n,
i=n—=k

then for any largen, there exists a positive integet withn — k < n* < n such that

w M < M
ZpiZT’ ZZ%;Z?-

i=n—k i=n*
In 1995, Stavroulakis [22], based on this correct Stateirient 1, proved the following theorem.
Theorem 2.5. ([22]) Assume that

l{? k+1
Oca< |t
a‘(k+1)

2
(2.10) limsupp, > 1 — >,

n—oo 4

Then all solutions of Eq(l.1)) oscillate.

In 1998, Domshlak [5], studied the oscillation of all solutions and the existence of nonoscil-
latory solution of Eq. [(1]1) with -periodic positive coefficient$p,,}, p,r = p.. Itis very
important that in the following cases whefe= k}, {r = k+ 1}, {r = 2},{k =1, = 3} and
{k = 1,r = 4} the results obtained are stated in terms of necessary and sufficient conditions
and it is very easy to check them.

Following this historical (and chronological) review we also mention that in the case where

and

n—1 k;k ne1l kk
T E i > d lim — =
k i=n—kp = (k + 1)k+1 an nLIEO & i:;kp (k: n 1)k+1

the oscillation of Eq([L.1]) has been studied in 1994 by Domshlak [4] and in 1998 by Tang [24]
(see also Tang and Yu [26]). In a case whens asymptotically close to one of the periodic
critical states, unimprovable results about oscillation preperties of the equation

Tp+1 — Tn + PnTpn—1 = 0

were obtained by Domshlak in 1999 [7] and in 2000 [8].
In 1999, Domshlak [6] and in 2000, Cheng and Zhang [2], established the following lemmas,
respectively, which may be looked upon as discrete versions of Koplatadze-Chanturija Lemma.
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Lemma 2.6. ([6]) Assume thafz, } is an eventually positive solution of E§. (1.1) and that

n—1
(2.11) Z pi > M >0 for large n.
i=n—=k
Then
2
(2.12) Ty > 4 Tn—k for large n.
Lemma 2.7. ([2]) Assume thafz, } is an eventually positive solution of E§. (1.1) and that
n—1
Z p; > M >0 for large n.
i=n—k
Then
(2.13) Ty > M*x,_) for large n.

In 2004, Stavroulakis [23], based on the above two lemmas, established the following theo-
rem.

Theorem 2.8. ([23]) Assume that

k‘ k+1
0 < [ — .
Sas (k:+1)

Then either one of the conditions

n—1
(2.14) limsup »  p; > 1—a
n—oo i=n—=k
or
7’L—1 &2
2.15 li i>1— —
@19 P DA

implies that all solutions of Eq(|L.1]) oscillate.

Remark 2.1. From the above theorem it is now clear that

n—1 k k+1 n—1 042
0 < a := lim inf Z pi < (k‘—+1> and lim sup Z pi>1—z

i=n—k i=n—k

is the correct oscillation condition by which the (false) conditi@rs)) should be replaced.
In the following lemma we improve the conditions (2.12) gnd (R.13) to the condition
M2

22— M)

Then using this (improved) upper bound fet};—’“we derive the condition

(2.16) Ty > Tp_k for large n.

n—1 2

. Q@
lim sup Z pi>1—m,
"0 =k

which essentially improves the conditiofs14)) and([2.15)).
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Lemma 2.9. Assume thafz, } is an eventually positive solution of Ef..1)) and that

n—1
Z pi > M >0 forlarge n.
i=n—k
Then
M2
(2.17) Ty > mxn,k for large n.

Proof. Since{z, } is an eventually positive solution of E{L.1), then eventually
Amn = Tnt1 — Tn = —DPnTn-k <0,

and so{z, } is an eventually nonincreasing sequence of positive numbers. Forcalhsider

now the following two possible case@) p, > % , and (ii) p, < ¥.

In the case (i), from Eq(1.1)), it is clear that

M
(218) Ty = Tpyl + PnTn—k > Tp+1 T Txnfk-

Also, summing up Eq(l.1]) fromn — k ton — 1, and using the fact that the sequeresg }
is nonincreasing, we have

n—1 n—1 M
Tpk — Tp = Z Dili—f = ( Z pi) Tp_g—1 > 70%%

i=n—k i=n—k

or

M
(2.19) Ty > Tp + 7xn,k

Combining the inequalitie§2.18) and(2.19), we obtain

M M
Tp > Tpy1 + 7 Ty + ?xn—k

which implies that
M2
202 — M) "R
In the case (ii), there exisis’, n + 1 < n* < n + k, such that

n*—1

;pi <% and ;MZ%-

Ty >

Therefore
n—1 n*—1 nt—1 M M
i:nz*—kpi - i:nz*_kpi - ; piz M= 9 - 9

Now summing up Eq(1.1)) first fromn ton*, and then fromm* — k ton — 1, and using the
fact that the sequendg:,, } is nonincreasing, we have

n* n* M
Tn = Tpei1 = Y Dilli g > (Zm) Torok 2 T
i=n i=n
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or

M
(220) e 2 Lpn*41 + 71?71*_}9 s
and then

n—1 n—1 M
Twk = Tn= D PiTik 2 < > z> Toko1 2 Tk
i=n*—*k i=n*—k

or

M
(2.21) Tpr— = Ty + 71:71,]1‘C .

Combining the inequalitie2.20) and(2.21]), we obtain

2 ()
In2$n*+1+— Tp+ = Tp_k

2 2
that is,
M2
B
o )t
The proof is completeg
Theorem 2.10.Assume that
k k+1
O<a< | ——
“= (k n 1)
and
n—1 052
2.22 li > 1= — .
(2.22) im sup > pi> @ a)

i=n—k
Then all solutions of Eq(l.1)) oscillate.

Proof. Assume, for the sake of contadiction, tHat, } is an eventually positive solution of Eq.
(1.1). Then eventually

Axy, = Tpi1 — Ty = —Pplpp <0,
and so{x,} is an eventually nonincreasing sequence of positive numbers. Summing up Eq.
(1.3) fromn — kton — 1, we have

n—1
Tp — Tn—k + E Dili—k = Oa

i=n—=k

and, becausér,, } is eventually nonincreasing, it follows that for all sufficiently large

n—1
Tp — Tn—k + ( Z pz) Tn—k S 07

i=n—k

or

n—k

n—1
Toi ( > ot —1> <0.

Now, using Lemma 2]9, for all sufficiently large we have

n—1 2
(6]
n— % —1 Soa
t k<lzp+2(2_a) )

which, in view of R.22), leads to a contradiction. The proof is complege.
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Remark 2.2. . Observe the following:

(i) Whena — 0, then it is clear that the condition8.14)), (2.15), and(2.22) reduce to

n—1

(2.23) A : =limsup Z pi > 1,
O i=n—k
which obviously implieg]2.3)).
(i) 1t always holds
Oé2 062
22—a) 4

sincea > 0 and therefore conditiof2.15) always implies[2.22).
(i) Whenk =1, 2,
(1/2
22— a)
(since, from the above mentioned conditions, it makes sense to investigate the case when

<aF,

a < (ﬁ)kﬂ) and therefore conditiof2.22)) implies (2.14)).
(iv) Whenk = 3,
2
a 5 . V2
_* i 1-V=
2(2_a>>a If 0<a< 5
while A
2
« 3 . V2 3
N F1-Y2ca<(2).
2<2_a><a i 5 <« (4)

Therefore in this case the conditiofs14) and(2.22) are independent.

(V) Whenk >4

062

2(2 — )
and therefore conditiof2.14)) implies (2.22).
(vi) Whenk > 10 condition may hold but conditior§2.3) may not hold.
(vii) Whenk is large themv — = and in this case both conditio and 1) imply
([2.22)). For illustrative purposes, we give the values of the lower boundiofunder
these conditions whel = 100 (a ~ 0.366) :

(2.14) : 0.999999
(2.15) : 0.966511
(2.22) : 0.959009

We see that our conditiof2.22) essentially improves the conditioffs 14)), (2.15) and also
23).

We illustrate by the following examples.

> oF,

Example 2.1. Consider the equation

Tpy1 — Tn + Ppn3=0, n=0,1,2,..,

where

1 L, 678  ,nm 01
n — TAo n+l = T —— S —, n=U,1,4,....
P2 =707 P20+17= 90T 70000 2

Herek = 3 and it is easy to see that

AIJMAA Vol. 3, No. 1, Art. 14, pp. 1-11, 2006 AIJMAA
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— 3 3\*
a=liminf Y pi= 5 < (Z) ~ 0.3164

i=n—3

and

6731
li i >1—a®=0.973.
i Z =10 " 10000 °
Thus, condition2.15)) is satlsfled and therefore all solutions oscillate. Observe, however, that
condition ([2.22)) is not satisfied.
If, on the other hand, in the above equation

8 8 744, nm
n — ) n+l — - 20,1,2,....
P = 700 P2nit = 05 T 1000 S 50 "

it is easy to see that

and

n—1
2 744 2
I Y= s -~ 0.9836.
P 20 P g0 1000 22— )

In this case conditior2.22)) is satisfied and therefore all solutions oscillate. Observe, however,
that
0.984 < 1 — a® ~ 0.9861.

and therefore conditiof2.15)) is not satisfied.
Example 2.2. Consider the equation
Tpil — Tn +PnTn_10=0, n=0,1,2,...,

where

35 35 N 613 0.1.2
n e — n it n = T~ —, n=U,1,2,....
Piin+1 Piin+10 1000 Piin+11 1000 1000

Herek = 10 and it is easy to see that

n—1 11
35 10
a = liminf E pi=——< (—) ~ 0.3504

100 11
i=n—10
and X
— 35 613 o2
Ii ;= —— —0963>1— —— ~0.9628.
i .:nzwp 100 ' 1000 22— a)

We see that conditiof®.22)) is satisfied and therefore all solutions oscillate. Observe, however,
that

0.963 < 1 — a'® ~ 0.9999
2

0.963 < 1 — O‘Z ~ 0.9693

and

963
— i = 20 0998 < 1.
ey inzmp 1000 1000
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Therefore none of the conditiof®.14), (2.17]) and (2.3)) is satisfied.
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