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1. INTRODUCTION

A function f is said to be completely monotonic on an inter¥alf f has derivatives of all
orders on/ and satisfies

(1.1) (~D)"f™(z)>0 (xr€l;n=0,1,2,...).

If the inequality (I.1) is strict, therf is said to be strictly completely monotonic én Com-
pletely monotonic functions have remarkable applications in different branches. For instance,
they play a role in potential theory|[3], probability theory[[5, 9} 15], physics [8], numerical and
asymptotic analysis [11, 21], and combinatorics [2]. A detailed collection of the most impor-
tant properties of completely monotonic functions can be found in [20, Chapter IV], and in an
abstract in[[4].

A positive functionf is said to be logarithmically completely monotonic on an inteifvil
its logarithmin f satisfies

(1.2) (—1)"[In f(z)]™ >0

forz € Tandn € N := {1,2,...}. If inequality (1.2) is strict, therf is said to be strictly
logarithmically completely monotonic. The terminology “(strictly) logarithmically completely
monotonic function" was introduced in [18]. It was also shown in this paper that a (strictly)
logarithmically completely monotonic function is also (strictly) completely monotonic.

The classical gamma function

I'(z) = /000 t"le7tdt (z>0)

is one of the most important functions in analysis and its applications. The history and the
development of this function are described in detail in [7]. The psi or digamma function, the
logarithmic derivative of the gamma function, and the polygamma functions can be expressed

[16, p. 16] as
CIM(x) et — gt
Y(r) = == +/0 et dt,

n n > tn —T
¢( )(:1:):(—1) +1/0 1_—6_156 t ¢

for z > 0 andn € N, wherey = 0.57721566490153286 . . . is the Euler-Mascheroni constant.

When studying a problem on upper bound for permanent®) df)—matrices, in 1964 H.
Minc and L. Sathre[[17] discovered several noteworthy inequalities involiihg/™. One of
them is the following: Ifn is a positive integer, then

n

n n!
< <1
n+1  "{/(n+1)!
In 1985, D. Kershaw and A. Laforgia [14] showed that the functiof(1 + 1)}* is strictly

increasing on(0, co), which is equivalent to the functioﬁ(x%”l/z being strictly decreasing
on (0, c0), and then, the left-hand inequality ¢f (L.3) can be obtained as a consequence. Our
Theorenj 1.]1 extends the result given by Kershaw and Laforgia as follows

(1.3)

Theorem 1.1.The functionl —Inz + 2 InI'(z + 1) is strictly completely monotonic a, co).
Moreover, the functiof =" s strictly logarithmically completely monotonic ¢, o).

Motivated by the right-hand inequality df (1.3), we prove the following
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[[(z4s+1)]H/ (@ts) .

Theorem 1.2. Lets > 0 be a real number, then the functigi(z) = T 1S strictly

logarithmically completely monotonic dfl, o).
In 1971, J. D. Kéki¢ and P. M. Vadi [13] proved that
bbil a—b F(b) bb*l/Z a—b

aa—le I'(a) < aa—1/26

The inequality[(1.4) can also be foundlin [1]. Itis easy to see that, in order to prove the inequality
(1.4), it suffices to show that the functions

(1.4) for b>a>1.

fl(x):(;r/z; and fo(z) = 2V/2(e/2)"T(2)

are both strictly decreasing di, co). Our Theorenj 1]3 establish a more general result; we
prove that the functiong; and f, are both strictly logarithmically completely monotonic on
(0, 00).

Theorem 1.3. The functions

fl(x)—fr/(iz: and  fo(x) = 2/%(e /) T ()

are both strictly logarithmically completely monotonic @ oo).

Theorem 1.4. The function

1 /e)Te—1/(122)

f() _ (z/e)
VrT(z)

is strictly logarithmically completely monotonic 06, co).

2. LEMMA

If " > 0forall z, ¢(0) = 0, andy/x is interpreted ag’(0) for z = 0, theny/x increases
for all z [12, p. 99].
We extend this result as follows

Lemma 2.1. Let the functionp has derivatives of all orders aft-oo, o0) andy(0) = 0. Define
the functionf by

@7 x # 0;
fa)=4 *
¢'(0), ==0,
then
In—lﬂ Y reo (Z)(—l)kk!x”_kgo("_k)(x), x # 0;
(2.1) f(@) =
—ret(0), =0
Moreover,
d < /n _ _
(2.2) o Z (k:) (—D)FElz"* =R (1) = 2m™ D (1),
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Remark2.2 Write (2.1) forz # 0 as
(n) n
n+1 (,D(ZE) — n _1\kgp.1.n—k (n—Fk)
x (—) kgo (k‘)( 1)¥kla" " p (x).

X

Differentiation and application (2.2) yields
(n) (n+1)
(2.3) (n+1) (@) +x (M) = oM (g).

T

Clearly, [2.3) is also valid for = 0.

Proof. Using Leibniz’ rule

we have forr # 0,

By direct computation, we have

% 3 (Z) (—1)F Rl k) ()

k=0

_ ; (Z) (—1)FkN(n — k)" ol R) (2)

.4 Fa (0 + 3 (1) (1) bR

_ : [(Z) (n—k)— (k Z 1) (k + 1)] (—1)kklanh=1 MR (1)

+ xngp(n+1) ($)
= 2" ()

since the term in square brackets is equal to 0.
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Using L' Hospital rule and (2]4),

n

f(”)(()) = lim ! Z <Z> (—1)kk!x”’kg0(”’k)(x)

x—0 pn+l

(n+1)
() L )
= = a1 O

The proof of is completeg

3. PROOFS OF THEOREMS

Proof of Theorerm 1]1lt has been shown in [14] that the functiw is strictly decreas-
ing on(0,00), thenf(z) =1 —Inz + < InI'(z + 1) is also strictly decreasing d, co). From
the asymptotic expansion [11]
1 1
InT(z) = <x — 5) Inz —z+1Inv2r+ oz O(z™®) asz — oo,
x
we conclude thalim, .., f(z) = 0. This impliesf(z) > 0 for z > 0.
Define the functiorp by
px)=z—zlhr+Inl(x+1),x#0,
©(0) = lim ¢(x) = 0.

z—0

By Lemma, we obtain

n

10 = 3 () 1k ) 2 ate),

k=0
& () = 2" (z).
Using the representatioris [19, p. 153] (also see [10, p. 824])

(3.1) z/»(sc):%mx—/m(etl 1—%%) Tt (x> 0),
=

G2 e+ =v@)+o,

¢ mls)n B <n_11>! /ooo e N (2> 0,520 =1.2...),

we conclude that

w’(:c):w(xﬂ)_lnx:/om(l_ ! )eﬂdt

t et —1

o /1 1
(n+1) = (—1)" - n —xt
© (x) = (-1) /0 <t et—l)t e " dt.

If n is even, then we have far> 0,
() > 0= P (z) > 0= P(z) > D(0) =0 = f™(z) >0
— (=1)"f"(x) > 0.
If n is odd, then we have far > 0,
(1) <0 = ¥ (2) <0 = P(z) < P(0) =0 = f™(z) <0
— (=1)"f"(x) > 0.

and therefore
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Hence,
(=1 f"(z) >0
for all realz € (0, c0) and all integers: > 0.
Clearly, the functio [F(”;”l/z is strictly logarithmically completely monotonic dif, oo).
The proof is completeg

Remark3.1 Theorenj 1.]1 has been shownlin![18], we here provide another proof using Lemma
above.

Proof of Theorem I]2Clearly,

In f(x) = ID[F(Z:Z+ 1)] B ln[F(xx—i- 1)] 2 gt s) — (o)

By Lemma,

x%qu»=§:C§04fmw*mr@+¢wW“é¢ux

k=0
' (x) = 2"(InT(z + 1))+ = 2™ (2 4 1)
= (—1)"'z" /OOO 1_t—nete_(x+1)t dt.

If n is odd, then we have far > 0,

P (z) >0 = &(z) > D(0) =0 = ¢ (z) > 0= (—1)""¢(z) > 0.
If n is even, then we have far> 0,

() < 0= &(z) < $(0) =0 = ¢™(z) < 0 = (—=1)""g"(z) > 0.
Hence,
(3.4) (—=1)" g™ (z) > 0
for all realz € (0,00) and all integers: > 1. This implies thay?*) () increases strictly and
g®*=1(z) decreases strictly, and then

(1) (In f,(2))™ > 0

for all realz € (0, 00) and all integers. > 1. The proof is completey
Remark3.2 It was shown in[[6, p. 83] that lef and g be functions such thaf(g(x)) is
defined forz > 0. If f andg’ are completely monotonic, then— f(g(x)) is also completely

monotonic. From[(34) it follows that (z) = — 2L+ 4 2@t js completely monotonic on
(0, 00), this implies thatxp(—g(z)) = In is completely monotonic ofD), o).

1
[C(z+1)]1 /"
Proof of Theorerm 1]3Using the representatioris (8.1) ahd [3.3), we have

(1nf1(x))’:1nx—¢(x)—1:—/Ooo(1— ! )e‘xtdt

T t et —1

and therefore

(—1)"(In fy(z))™ = /OOO (1 _ 1 )tnlem dt >0

t et—1
for x > 0 andn € N.
Using (3.1) and[(3]3), we obtain

(In fo(x)) = % +(x) —lnx = — /000 S(t)e " dt,
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where

Defficientation yields

F(t)= 2= _ >0,
=g~ @r_cmE — g 7y 25 1 /(2n)!

therefore, the function is strictly increasing o0, o), and then
8(t) > 11_{%6@) =0.
Hence,
(1" @)™ = [ owre a0
forz > 0andn € N. g ’

Remark3.3. From the monotonicity of the functiong and f;, we conclude that

bb—l (b bb—1/2
1ea_b % < —1/26“_b for b>a>0,
a®~ a a*=

which extents the inequality (1.4) to all réat> a > 0.
If we denote by

(3.5)

1 /B 1/(b—a)
](a,b):—(—) , a>0,b>0,a+#b,

e \a?

the so-called identric mean, thep, (3.5) yields the following bounds fofithea)th power of
I(a,b):

1/2
(3.6) (g) % < I(a,b)"™" < 2% for b>a>0.
It was proved in[[1] that the inequality

are valid for all real numbers> a > lifandonlyifr < 1/2ands > ~ (y = 0.57721566490153286 . . .

is the Euler-Mascheroni constant).

Proof of Theorerh 1]4Using the representatiors (B.1) apnd[3.3), we have
1 1 o0
(In f3(z)) =Inw — P(z) — — — = —/ w(t)e ™ dt,
0

2x 1222
where
)= L1
PWE R T e T T
Defficientation yields
1 1 1

12 - (et/2 — e=1/2)2 2
Using power series expansion, we have

£2(et/2 _ o220 () — o 0.
(17 = e wit) 6 n@en-1)|@n-21

n=3
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Therefore, the functiow is strictly increasing ort0, co), and then
w(t) > P_r}réw(t) =0
and therefore
(-1 )™ = [ wlpe >0
forz > 0andn € N. g ’

Remark3.4. From the monotonicity of the functiofy , we conclude that
b\ b—a\ I'(b)

3.8 I(a,b)"* < | = - —= for b :

(3.8) (a,b)" " < (a) exp ( 12&6) I(a) or b>a>0

The upper in[(3]8) is an improvement over the uppef in| (3.6).
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