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1. INTRODUCTION

Various problems arising in heat conduction [5], [6], [8], chemical engineeling [7], thermo-
elasticity [14], and plasma physics [12] can be reduced to the non-local problems with integral
boundary conditions. This type of boundary value problems has been investigdted lin [1], [3],
[5], [6], [[7], [B], [L4], [16] for parabolic equations and in[2], [11], [15] for hyperbolic equations.
Boundary value problems with integral conditions constitute a very interesting and important
class of problems. For comments on their importance, we refer the reader to the above papers.
This paper is a continuation of the mentioned papers, our goal is to prove the existence and
uniqueness of weak solutions for one-dimensional wave equations with a non-local boundary
condition.

Consider the equation

0*’U 9*U OoU oU
(1.1) 8t2 W—FE—F%-FU F(t .I)

in the rectangular domaia = (0,7") x (0,1).
To equation[(1]1) we attach the initial conditions

(1.2) U(0,z) = ®(x),
(13) Ui(0,2) = W(x),

Dirichlet boundary condition

(1.4) U(t,1) — U(t,0) =0,

and the non-local boundary condition

(1.5) /01 U(t,x)dx = 0.

We assume thab(z), U(x) € Ly(0,1) are known functions and satisfy the compatibility con-
ditions

O(1) — (0) = 0, T(1) — T(0) =0 and/l O(x)dr = /1 U(z)dz = 0.

Such equations become more complicated when studied with a non-local boundary condition.
For that, we reduc¢ (7.1))-(1.5) to an equivalent problem.

Lemma 1.1. Problem [1.1){(15) is equivalent to the following problem
o*U 90U oU oU

52 e tarta TV = Flka)
U0,2) = @),
(PR) ) U(0.2) = ).
Ut,1)—-U(t,0) = 0,
\ Un(t 1) — Un(£,0) = —/0 F(t,2)dz.

Proof. Let U(t, z) be a solution of[(1]1)}-(1]5). Integrating (IL.1) with respect:tover (0, 1),
and taking in accounf (1.5)-(1.5), we obtain

(1.6) Ut 1) — U, (£,0) = — /l F(t, 2)dx.
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Let nowU (¢, z) be a solution of PR), we are required to show that
1
/ U(t,x)de =0,Vt € (0,T).
0

For this end we integrate agajn ([L.1) with respect emd obtain
d2 1
a2

by virtue of the compatibility conditions

1 1
U(t,z)dx + %/ U(t,z)dx +/ U(t,z)dx = 0,Vt € (0,7T),
0 0

1 1
/ U(0,z)dz =0 and / U (0, x)dx = 0,
0 0

we get

1
/ U(t,x)dz = 0.
0
1

Introduce now the new unknown functiaiit, ) = U(t, x) — w(t, z), where
1— 1
w(t,x) = %/ F(t,z)dz.
0

Then(PR) is transformed into

Pu  0*u  Ou  Ou .
o7 o2 ot Tan U )
u(0,z) = p(z),

u (0, 7) = (),

u(t,1) —u(t,0) = 0,

{ uz(t, 1) — u,(t,0) =0,

fu

Eou
€1u

and

2. ABSTRACT FORMULATION OF THE BOUNDARY PROBLEM
We consider the probleriPr) as a solution of the operational equation
Lu=F,

whereL = (¢, /o, ¢;) with domain of definitionD(L) consisting of functions: belonging to
the Sobolev spac&?(2) and satisfying the boundary conditions (&fr). The operatod. is
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considered fromE to W, where E is the Banach space consisting of functians L,(£2)
having the finite norm

1
|ul|Z = sup [/ (u® + u? +U§)(T,x)d:c} + / ul(t,r) dtdr < oo
0 Q

0<r<T
and satisfying the boundary conditions(®fr) andV is the Hilbert space obtained by comple-
tion of L,(Q) x H'(0,1) x Ly(0, 1) with respect to the norm

1 1
Al =/f2(t,x)dtdw+/ [¢*(z) + ¢*(2)] dﬂf+/ V* (w)da.
Q 0 0
The inner product iV is defined by:

(F, Z)yw = (f, w)o,Q + (¢, w0)1,(0,1) + (¥, wl)o’(o,l) )

wherefF = (f, ¢, %), Z = (w,wy,w;) belongs tol and (-, ~)O,Q , (o ~)07(071) and(',o)L(O,l)
denote the inner product iby(€2) , L, (0,1) and H'(0, 1) respectively.

3. A PRIORI ESTIMATES

Here we establish an energy inequality which ensures the uniqueness of the weak solution.
Theorem 3.1. For the problem(Pr), we have
(3.1) lulls < collLullw, Yu € D(L),
wherec, > 0 is independent on.

Proof. Define the operator
Mu = 2uy,

and consider the scalar produ¢t:, Mu), ., where0 < 7 < T, andQ” = (0,7) x (0,1).
Employing integration by parts, we obtain

1
2 (tu,ur)g o = / [u® +uf +ul) (7, 2)dx + 2/ ul(t, z) dtde
0

T

+2/T [z (t, ) X uy(t, x)] dtde — /01 u?(0, 7)dx

_/o uf(O,x)dx—/o u?(0, z)dx
—2/7 (£, 1) % wg(t, 1) — (£, 0) x wg(t, 0)] dt.

Taking into account the initial and boundary conditiongef), we see that

1
(3.2) /0 [w? 4+l + ul](r,z)dr + 2 /T u (t, x) dtdr = 2 (Cu, ut)o,m

—Q/QT [uz(t, ) X ui(t, )] dtde

+AUA@M+/[w@HwWMdm
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We now apply thes-inequality2|ab| < ea® + §b2,e > 0 to the first and second terms on the
right-hand side of[(3]2) and employ Gronwall’s Lemma (see e.g. Lemma 3.4 [13]), we get the
inequality

T

1
(3.3) / (u? + u? +u?) (7, x)dx +/ ul(t, z) dtdr < ||| Lull3,
0

where

Ll = / F2(t, x)dbdz + / [P(@) + o(x)] de + / VP(z)d.

Now, as the right-hand side ¢f (3.3) is independent,atplacing the left-hand side by its upper
bound with respect te in the interval(0, 7"), we obtain the desired inequality. This completes
the proof.g

4, EXISTENCE AND UNIQUENESS

For existence of the weak solution fdprr), we shall prove that the rang®(L) is dense in
W', whereW' = E* x H='(0,1) x Ly(0,1), W c W and E* is the dual space of with
respect to the canonical bilinear form,v) ,u € E andv € E*, which is the extension by
continuity of the bilinear form{u, v), whereu € Ly(2) andv € E. First consider, € Dy(L)
whereDy(L) = {u € D(L) / byu = {;u = 0}, then(Pr) becomes

( *u  O*u  Ou Ou

ou = u(0,z) =0,
(Pr)o tiu = w(0,2) =0,
u(t,1) —u(t,0) =0,
L Uz (t, 1) — uy(t,0) = 0.

Our aim here is to prove existence of weak solutiondof,. The proof is based on an energy
inequality and the density of the range of the operators generated by the studied problem.
Analogous to the problertPr),, we consider its dual problem. We denote®yhe formal
dual of the operatof, which is defined with respect to the inner product in the spage))

using

4.1) (bu,v) = (u, 0*v) forallu,v € C3(Q),
where(+, -) stands for the inner product i, (2).

Let

o = gy OOz RO
. o = vldl,x) =0,
(Pr)g v = w(T,x) =0,
v(t,1) —v(t,0) =0,
L vz(t,1) —v,(¢,0) = 0.

The solution of(Pr), will be considered as a solution of the operational equation:
(4.2) lu=f, ue D((),
and the solution ofPr); as a solution of the operational equation:
(4.3) v =g, ve D).

To solve the equatiorj (4.2) for everly € E*, we establish the following existence and
uniqueness theorems of weak solutions for problér$, and(Pr .);.
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Theorem 4.1. For the problem(Pr),(resp.(Pr);) we have

(4.4) lulle < alllul|lgs,YVu € E
(4.5) vl|lg < |||, Vv € E.
where the constants > 0 andc¢; > 0 are independent on andv.

Proof. An application of [(3.]L) giveq (4l4) far € D(¢). Foru € E, we use the regularization
operators of Friedreichs][9], [10] to conclude that [4.4) holds tyue.

Theorem 4.2. For all functions f € E* (resp. g € E*) there exists one and only one weak
solution of the probleniPr), (resp.(Pr);).

Proof. We mention that from the inequality (4.4) follows immediately the uniqueness of the
solutions. It also ensures the closure of the rangé&sétof the operato¥.
An application of the Theorem 11.19 inl[4] with the inequalify (4.5) giR¢/) = E*. i

The second part of Theorerns §.1}4.2 can be proved in a similar way by using the operator
M*v = 2v,.

Now we need the following Lemma.

Lemma 4.3.If w € E and for allu € Dy(L), we have
(lu, w) g 5 = 0,
thenw = 0.

Proof. It sufficient to show thatR(¢) is dense inE*. The fact thatR(¢) = E*; results directly

from Theorel. It remains to prove that the inclusi®f?) C R(¢). Indeed, let{ £} ren be a
Cauchy sequence in the spagg which consists of elements of SRt/). Then it corresponds
to a sequencéuy ey C D(Y) such thatluy, = fi, k € N.

From the inequality{ (3]1), we conclude that the sequeng¢ is also a Cauchy sequence in
the spacd’ and converges to an elemenin £, we define the element

lu=f(f= 16151010 fr)-
This establishes the inclusioR(¢) C R(¢). n
To this end, we show that the following existence theorem:

Theorem 4.4. The rangeR(L) of the operatorL is dense iff}".

Proof. SincelVis a Hilbert space, the density 8 L) in 17'is equivalent to the orthogonality
of the vectorZ = (w, wy,w;) € W'to the setR(L), i.e. the equality
(4.6) (lu, w)E*,E + (¢, ’w0>1,(0,1) + (¢, wl)o,(o,l) =0,

implying thatZ = 0. In particular, put. € Do(L) in (4.6). Then(lu, w) . , = 0 and we con-
clude by Lemma 43 that = 0, so it follows from {4.6) thate, wo), 1) + (¥, 1) 1) = 0.
But since the range of the trace operattysnd/; are dense irff*(0,1) and L,(0, 1) respec-
tively, thusw, = w;, = 0. ConsequentlyZ = 0. HenceR(L) = W'. §
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