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2 R. NEGREA

1. INTRODUCTION

The integro-differential stochastic equations by Volterra type occur in various domains as
such of theory of automatic system, theory of turbulent fluid flows, in problems of biological
sciences, in physics or engineering.

We deal with the study of stochastic integro-differential equations of the following type

t

(1.1) Y (b w) = hit, 2(t,w)) + //i(t,s,w)f(s,a:(s,w))ds, £> 0.
0
where:

) we Q,Q being the support set of probability fiel@, I, P) and we agree to explicitly
write the dependency an of stochastic processes;
ii) x(t,-) is an unknown stochastic process; R ;
i) h(t,z)andf(t,z) are scalar functions ane R, andz € R;
iv) k(t,s,-) is the stochastic kernel defined fioands satisfyingd < s <t < co.

Moreover, we will suppose that for eaglandt, (¢, s, -) it is essential bounded, i.e(t, s, -) €
Lo (2, K, P) and norm ofk(t, s, -) TN Lo (€2, K, P) will be denoted by

||I€<t787 ')”Loo = P — esssup |’%(t7 S,W)| :
we

Also, the map
(t,s) — k(t,s,-) : A={(t,s), 0<s<t<oo} — Lo(QK,P)

is continuous and foy — s’ and we have thatx(u, s, ) — k(u, s, -)||z.. — 0 uniform inu for
0<u<t<oo,teR, and for each fixed pairandr we have that

16(s, 7, )| 1.. < My, uniformforr < s <t,

wherel, . > 0 is a constant dependent only bandr, 0 < 7 <t < oo.

We call the random solution for the equatipn {1.1), the proe¢ss) (notation forz(t,w))
which satisfies? — a.s. this equation and is a second order procesRon

It is known that the theory of the existence of solutions for the deterministic case of integral
eqguations is based on contraction-type arguments, or on Schauder-type compactness arguments.
For stochastic integral equations, results of the Arzela-Ascoli type are not convenient, so in this
case the technique of contractions with the preponderance remains.

Our approach allows an extension of these methods. There are several classes of functions
that are used to relax Lipschitz-type conditions ([2,13,/4,18, 9]) or new types of contractions.
Among them we mention the claggl ([2,/3,/4,/11] 12]) for which we impose new conditions
for the convergence of the sequence of successive approximations. Thus, we identify a subclass
N C M with the help of which we obtain simplifications of the demonstration regarding the
convergence to the solutions of the equations of the type mentioned above.

2. PRELIMINARY

We will introduce a class\ of functions which will prove to be very useful in the investi-
gation of the existence and uniqueness of solution for the stochastic integral equations and to
assure the convergence of the successive approximations to solutions.

Certain functions from the clas$t are very important in the extending the theory and the
applications of stochastic differential equations. In this paper they are used to ensure the almost
sure convergence and the mean square convergence of the sequence of successive approxima-
tions.
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Definition 2.1. Let M be the class of all continuous nondecreasing functipns|0, co) —
[0,00) such thatr — x — ¢(x) is nonnegative and strictly increasing fnoo) and satisfies

S *™(z) < oo for somez, > 0, wherep™” is then'” iterate ofy (see[8/11]).

Note thatp(0) = 0if ¢ € M while0 < p(z) < coforallz > 0. Moreover,) | ¢*"(x) < oo

n=1
for all z € [0,z0]. The condition) ¢**(z) < oo for somez, > 0 is not implied by other
n=1

properties defining the classt, as one from example @f(x) =

v for x > 0, in which
s

case formulg*"(x) = | f , forn > 1 andxz > 0, easily checked by induction, ensures that
nx

Z ©*"(xg) = oo forall zy > 0. Indeed, given, > 0, if the integerNV > 1 is such thatr, > %
then

o0

[e%¢] o B [e%¢] 1 B
;w ($0)_;1+nx0 Z%_

n=N

: 1
As examples of the functions € M are:p(z) = ax,x > 0, a € (0,1); n(z) = s for

x>0, A > 1,7n(0) = 0 and for the divergence cadér) = L 2>0,0>0.
T

Further on, we identify a subclagé of the class of functiond1, A’ ¢ M, generated by aid
of a set of positive strictly decreasing sequenges,,~; with the certain properties|[8].

This classN of functions allows to investigate new classes of stochastic integral equations
with the important properties regarding different types of convergence of the sequences of suc-
cessive approximations to solutions. In particular, a relaxation of the classical Lipschitz condi-
tions on their coefficients is given by allowing a suitably controlled growth in the time variable.
The classV can also be used to study the concept of stability of random solution of certain
class of stochastic integral equations [9, 12].

Let S be the set of strictly decreasing positive sequefeg$,.>, with the following proper-
ties:

. . An+1
Ap — Qpi1 > Qpy1 — Apeo foralln >1, lim a, =0, lim =1,

n—oo n—oo an

. Qp4+1 — Op42
hm——l and Ean<oo
n—oo A, —
n n+1 n>1

Let us consider the sequences

Ay =

Y

An4+1 — Ap42 and 671 _ ApQp42 — (an+1)2 n Z 1 .
Ap — Qp+1 Ap — Ap+1
We define the functiop : [0, 00) — [0, 00) by ¢(0) = 0 and

@(x) — a2, Ay S €T
an®+ 0, ani1 <z <a, n>1

Also, we denote b){go{a } the functiony defined by means the sequereg },>1. At

n}nzl
the same time we observe that the%gat{an}n>1 . forall {a,}n>1 € S} e N M.

The piecewise linear functiopis continuous and nondecreasing[0ro), satisfiesp(a,,) =
an+1 foralln > 1andz € [a,41,a,) €nsuresp(x) € [an12, ani1]. Since the sequende,, },>1
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is nonnegative, strictly decreasing and converging to zero, this implies thatp(x) for all
x> 0.
On the other handir% [z — p(z)] = 0 sincep(x) < ap4q foralln > 1 and lim a,; = 0,

while lim [z — p(z)] = oo sincep(x) = ay for all z > a;.
Furthermore, since by constructigi{a,,) = a,; for all n > 1, for the iterate function
©*"(x) we obtain that

Z(p*n(al) = ng(an) = Zan_H < 0.

n=1

o0 [ee)
Moreover, forz > a;, we have thap*(z) = a, 1, n > 1,and > ™ (z) = > apy1 < 0.
n=1 n=1

Also, for the iterate functiop* and allz € (a,1,a,| we have that

(p(:C) = 90*1(37> € (an+27an+1]u 90*1(95) < Qnt1, 90*2(1.) € (an+37an+2]v
0 2(x) < apia, ... @) € (agnt1, a2n], ©*(2) < agy.

Hence, for eaclr € (0, a,] there exists ak > 1 such thatr € (a1, ax] with p(z) €
(apro, apy1], andp*™*(z) € (agpi1, as).

Then we have form > k

©*"™(z) < as,, and Z " (x) < Z asm < 0o, forall x € (0,a4]

m>k m>k

andz ©*"(z) < oo, forall z € (0, a4].

On the other hand, it is easily to deduce that the functior) is derivable on the complement
of the countable subsét,, },,~; of [0,00) andy'(z) = «,, > 00N (a,41,a,), n > 1, hencepis
an increasing function and therefgse= A/ C M. Note that there does not exisE (0, 1) such
thaty(x) < vz, forallz > 0, sincep(a,) = a,1 < vay, foralln > 1, and solim = =1
is impossible. e

The fact that the sequen¢e,, } .~ is strictly increasing implies that'(x) is a nonincreasing
function and thaty(x) is concave function (segl[6]).

To see this more clearly, one can have a look on Figure 1, which compares the function
with the identity map forr € [aq, as + 0.2], Supplementary, the graph ¢f(z) in given in
Figure 2.

As an example for a sequence with the above properties, we choose the following particular

sequence
1
{a”}nzl N {2n2 + 1 }n>1

for which we have that,, — a1 > a,11 — an12, Which is ensured by

12 (2n% +4n + 1) -0
(2n2+1)(2n2+4n+3)(2n>2+8n+9) —

and lim a,, =0, hmaz—“—l Zan<oo

n—oo n

From the calculus we deduce that

o (2n+3) (2n® +1) o (2n 4 5) (2n® + 4n + 3)
" Cn+1)2n2+8n+9) "N (2n+3) (202 + 120 + 19)
dn(n + 2
B, = ( )

(2n+ 1) (2n? + 4n + 3) (2n% 4+ 8n +9)
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Figure 1: The graphs of(z) (thick line) and the identity map(x) = « (dotted line), with some points,,, ¥ (a.))
located (dots)

we see thatlim «,, = 1, with lim 3, = 0. Note that

n—oo n—oo

12 (4n* + 24n® + 44n? + 24n — 3)
Qp — Opy1 = — -

(2n+1)(2n+3) (2n%2 +8n +9) (2n? + 12n + 19)

- 12(4n(n+1)(n+2)(n+3) — 3) <0
 2n+ )2 +3)2nn+4) +9)(2n(n+6)+19)

ie.a, < a,.forn>1.

Other examples of sequences with similarly properties with the seqengg., are:b, =

1 1 1 1
Z —, = —,dy = —————, e, = —=,n > 1and others.
k>n+1k‘ n n?—n+1 ny/n

3. MAIN RESULT

In this section, we present a theorem regarding almost sure convergence and mean square
convergence of the successive approximations sequence to the random solution of the equation
(L.7). We will use the renormalization of spaCéR ., L,(€2, K, P)), as the stochastic counter-
part of Bielecki approach to deterministic differential equations (see the discussionslin [1, 5]).

We recall two Banach spaces of continuous functions used below.

Definition 3.1. We define the spad&@R ., L, (€2, K, P)) of all continuous functions defined on
R, valued inLy(£2, IC, P) with uniform topology on each intervé), a], a > 0, i.e. z,,(t,-) —
x(t,-) InC if and only if

lim [z, (t,-) = 2(t, )|, = 0

n—oo

uniform on each intervdD, a|, a > 0 ([4,[12,[15]/16]).
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Figure 2: The graphs of’(x) (thin line) with some point&a,,, o, )) located (dots)

Definition 3.2. We will denoted byC, (R, L»(2, K, P)) the Banach space of all continuous

functions fromR . to Ly(2, K, P)) with property that there exists a constavit > 0 and a
continuous and positive functign: R, — (0, co) such that

1/2
(Bt 1} = { [ nteopar} < gt e v
Q
The norm of the Banach spa€g(R. , L,(2, K, P)) is

mmmfgﬁﬁﬁm%

g(t)
Now, integrating the equatiop (1.1) frodrto ¢ we obtain the equation
t

(3.1) x(t,) = xo() + /h(s,x(s, ))ds + /K(t, s, ) f(s,x(s,+))ds

0
where
t

K(t,s,-):/fi(u,s,-)du, 0<s<t< .

In [14] , Theorem 3.1, we proved that the equatipn](1.1) has an unique solution and it is

obtained with helpful of successive approximation sequence which converge in norm of the
space’, (R, Ly(w, K, P)).

Now, we will investigate almost sure convergence of the sequence
t

(3.2) zp4a(t,-) = (0, -)+/h(s,xn(s, -))ds+/ K(t,s, ) f(s,zn(s,-))ds, 0 <s<t<oo,

0
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wherexz(-) = x(0,-) si K(t,s) = | w(u, s, )du, 0 < s <u <t < oo.

W

Theorem 3.1. We consider the stochastic integro-differential equair]) which fulfills the
following conditions:
i) the functionf : R, x R — R is continuous andf(¢,-) € C(R,, L(Q2, K, P)) and
g : Ry — (0,00) is continuous and positive function and for which are satisfy the
following conditions

) - 1t < e (50 )  te R my e,

whereg is by the type
(3.3) g(t) = exp |2Meh ] 1 e Ry
v € N, 8 > 0and there exists a constanf;, > 0 such that

1 (8 0)l[L, < Mig(t), t € Ry ;

i) there exists a constant/s > 0 si 3 > 0 such that for the continuous and bounded
functionh : Ry x R — R sih(t,-) € C(Ry, L2(Q2,C, P)) we have that

h(t,2) = h(t,y)| < Mag(t)e™ - ¢ ('gg—(;;') teR,

and there existd/; > 0 such that
1At )|z, < Mag(t)e ™™, t € Ry ;
iii)
t
/ﬂK@@,MhﬂmgM@5ﬁteR%0§s§t<a%Ah>O;
0

iv)
:C(O> ) = xU() € L2(97K>P) .
Then, for eacht € R,
xn(tv ) o5 f(t7 )

wherez(t, -) is the unique bounded solution of the equat@d)onR, .

Proof : First of all, we specify that the existence and uniqueness of the solation <
C(Ry, Ly(92,C, P)) for the equation[(3]1) is proved in Theorem 3.1 from! [14], with the same
conditioni) — iv) from above. Moreover, the solution is stable with respect to small perturba-
tions of the stochastic initial date(-).

We define the operatdr : C(R,., Lo(2, IC, P)) — C(R4, Lo(2, KC, P)) by

T(@(t, ) = z0(") —|—/h(5,x(s, )ds + /K(t,s,~))f(5,x(s, Nds, 0< s <t< o0

and we denote byl = M; VvV My V M3V Mj.
We have that
[T (z(t,-) = T(y(t, )l
g(t)

1 t
= g(t)O/Hh(va(s?')) _h(say(87'))||L2ds+

AJMAA Vol. 23(2026), No. 1, Art. 14, 10 pp. AIMAA


https://ajmaa.org

8 R. NEGREA

. t
+@0/||K(t7 Sy M ow - 1f(s,2(s,)) — f(s,y(s,)||r,ds <

_,Mi/ﬂ@emmegu@o—yffmb>$+

>0 29(3

g(t)

s 6753 su ||I(S7) _y<57')||L2 s
g(6)e i (sup 10—l g

<
o\W ©

t t

(t, ) —y(t, e, \ 2M $e—Bo s (t,-) —y(t,)|lc, 2M o= s
<o (5 )mw!ﬁ(> b2 meﬁ<) !

If g is the function given by the relatiop (3.3), we have that

G4 17(a(t, ) = Tt ), < 228D 0t

sinceg’(t) = g(t) <2M1‘6T5’8t> = 2Mg(t)e~?* and

/d@ﬂszﬁﬂ—l<g@

andp(z) < x, Vo > 0.
We observe that for the choice gfs in the relatiorf (3]3) we obtain
—e Bt 2M

< 2e P

¢ —ps 1
2 <2¢(t) =2exp [ZMefO6 ’ ds} = 2exp [2]\/[

Then, fort € R, we obtain that

1/2
> {/ |2 (t, ) — Z(¢, -)QdP} < ;sup | (2, ')2;5)(@7 s o, 220 -

n=0 Q

< lwalt, ) — 2t e, 7
n=0

On the other hand, taking intoiaccount the relatjon|(3.4) and Theorem[3.11. ([14]), we obtain
that

[2n () = 2, )lle, = T (@na(t;-)) = T(@(E ) e, < %Hxn—l(t, ) =2t le,

wherez(t, -) is the unique solution of the equatign (3.1).
Repeating this procedure ly— 1 times we get

_ 1 _ 1
lza(t, -) = 2(t,lle, < 5o llo(t, ) = 2(2,)lle, < 579
whered > 0 is chosen such théjto(, ) — Z(t, )|, < d.
Thus, we deduce that

1/2
Z {/ lza(t, ) — Z(t, -)2dP} < 20eF <00,
n=0 | o
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Then, there exists aN, > 0 such that fom > N, we get

/yxn topap b <1

We thus obtain that

No o)
3 / et ) — 2t )PAP S+ S / zalt, ) — 2(t, )2dP b <
n=0 Q n=No+1 Q

<34 [loate) ot pap <206 < oo,

n=0 Q

because/r > z for z € (0,1).
Let now be a finite sequendd,, > 0, for n < N,, then we have that
1/2

/|xn t, )2 dP <M, <

(this choice being possible becausg, -), z,(t,-) € L2(£2, K, P) what it impliesx,(t,-) —
z(t,-) € Lay(QIC, P)).
From the above it follows that

> B [t )~ 0] = S B [laa(t) - ()] +

No
2M
+ Z [2n(t,) = 2(t, )] <Y M +25es < oo.
n=No+1 n=0

Because .

ZE [|l‘n<t7 ) - i‘<t7 )‘2] <00

n=0
results (from Loéve (7], pp.173) that

$n(t7 ) =2 ‘f(t7 )
i.e. the sequence of successive approximations converges almost sure to the unique solution
(which is ensured by the Theorem 3.1. froml/[14]).
From this it follows that the sequen{e,,(t, -) },.>0 converges in probability and in distribu-

tion for eacht € R..
On the other hand,

> E |zt — 2(t, )] <

results the convergence of the sequengg, -) to the solutionz(¢, -) in square mean(([4, 5] 9,
16]). o

Remark 3.1. The result from above The result above provides an improvement on a result
obtained by Tsokos[([15, 16]) which assumes that|| 2|, si|| f||z, tthey must be quite small,
which is not necessary here.

Also, are improved some results givenlin([2, 8, 4,[10, 13].
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