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ABSTRACT. We present a comprehensive numerical study of direct simulation for second order
hyperbolic equations with highly oscillatory coefficients. The focus is on regimes where classical
homogenization either breaks down or provides unreliable approximations for practical compu-
tations. A robust finite volume spatial discretization combined with a fourth order Runge—Kutta
time integration method is used to construct a systematic numerical atlas over a wide range of
scale separation parameters.

The study compares the behavior of direct numerical simulation and homogenized models in
regimes where the microscopic scale is well separated from the macroscopic one, in intermediate
regimes where this separation deteriorates, and in situations where fine scale features remain
physically relevant. Particular attention is paid to the occurrence of numerical locking in finite
volume schemes when critical relations between mesh size and microscopic scale are met.

The results provide practical guidelines for mesh design, identification of reliable parameter
ranges for homogenized models, and detection of numerical artefacts. The work highlights the
complementarity, rather than the competition, between asymptotic homogenization and direct
numerical simulation for multiscale modeling of hyperbolic problems.
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1. INTRODUCTION

Numerical modeling of wave propagation and transport phenomena in heterogeneous media
often leads to hyperbolic PDEs with oscillatory coefficients. Classical homogenization provides
powerful asymptotic descriptions when the oscillation scale ¢ is vanishingly small, but real-
world applications frequently violate this assumption. In many scenarios, ¢ is only moderately
small, non-periodic, or the solution’s fine structure is physically relevant. In such cases, direct
numerical simulation (DNS) using sufficient mesh refinement is indispensable.

It is crucial for practitioners to understand not only the respective strengths of homogeniza-
tion and DNS, but also the transition between their domains of validity. Although FV and FE
schemes are well-studied, systematic quantitative analyses of their performance across the full
spectrum of ¢, including regions of numerical locking and breakdown of scale separation, are
rare. This work aims to fill this gap by:

e Providing a detailed numerical atlas that identifies parameter regimes where homoge-
nization fails and DNS remains accurate.

e Demonstrating with transparent error analysis when and why the FV-RK scheme out-
performs asymptotic models in capturing multiscale features.

e Delivering practical recommendations to circumvent numerical artifacts, particularly
mesh-induced locking.

2. MODEL PROBLEM

In this study, we consider the following model problem:
O0yut — V- (KeVus) = s(z,t) in Q x (0,7
2.1 u® =0 onT x (0,7
u(x,0) = f(x), Ow(z,0)=g(x) in
where €2, a bounded polygonal convex domain in R", with a smooth boundary I, T" > 0 is the

final time, ®° represents the porosity of the medium, KA* is the absolute permeability tensor and
u® denotes the solute concentration. We will make the following assumptions:

(

K¢(z):= K (%), K is a second order and symetric
matrix with K;; € L>(Y) 1 <14,j <2,
VEER a P << K(2)§,6>< B|{|* aex €,

(2.2) 0<a<f<+oo,
O (z) =P (f) , ® is a bounded positive, Y-periodic
function with
0< P <P(y) <Pt < +oo,and s € L*(Q) x (0,7)
| f,9 € L*(Q),

where < .,. > denotes the standard inner product on R" (1 <n < 2),Y =0, 1].

2.1. Justification of assumptions. The uniform ellipticity condition

(a|é]? < (K&, &) < B|€]?) guarantees well-posedness of the problem, while the periodicity
of K and @ is essential for homogenization theory. The bounds on ® ensure non-degenerate
porosity, and the L?-regularity of source/initial data is minimal for energy estimates. These
conditions collectively enable both the existence of a unique solution [17, Thm. 2.1] and the
derivation of effective homogenized equations.
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The existence and uniqueness of «° in[2.T|follow directly from assumptions[2.2] as established
in classical theory [3,[17]. Using homogenization tools [3} 12,16, [17], the original problem can
be replaced by an effective homogenized problem:

(ID %—le(K*( )Vu) = s(z,t)in 2 x (0,7)
u=0onT x (0,7
u(z,0) = f(z)in Q

ou .
\ E(x, 0) = g(z)in Q.

where &* = fY y)dy and K* is computed via cell problems [17]].

(2.3)

3. APPROXIMATION OF 1D PROBLEM
Throughout this part we assume that the domain €2 is the interval (0, 1).

3.1. Finite Volume (FV) semi-discretization. By semi-discretization we mean discretization
only in space, not in time. We discretize (0, 1) into N equal size grid cells of size h = 1/N,
and define z; = h/2+ih,i =0, ..., N — 1. So that x; is the center of the cell V; = [l’i_l »Tig 1 1],
and h =, 1 —x;_1 withow_1 = 0,2,_1 = 1. Let us denote:
2 2 2 2

Pus . o
ot T or
One integrates the first equation of problem (2.1)) in space over V; (see, e.g. [15] )

3.1) /”2 2(K5(x)u§)wdx+/ "2 s(x,t)dx

1 1 1
=5 =% =7

£ .__
Uy =

1

mi+% (3 3 _ (3 3 (3 3
62 [ R @) e = Kb ) — Ko

(3.3) K (w)u (g 1) ~ K7 [um(t)h— us (t)}
(34) Ks(xlfé)uz( l+1,t) K¢ ) {uzs(t) _huf—l(t):|
Using (3.4),(3-3) and (3.2), (3.1I) becomes :
3. 5)
17 Tith
/ %S (2, t)dr & ML (i () —ui (1) — K (ui(t) — uf_l(t))] +/ s(x, t)dz,

which can also be written as:

d?u (t 1 si(t
W [Ke yui (0) — (K + K2 ) i)+ K2y, ()] + 20

G0 2t h2;

where

1 xi 1 1 l‘i 1
si(t) = —/ = s(z, t)dr, Pui(t) = —/ = O°us(x, t)dx
hJa, hJa,
= i-5
To complete the scheme (3.6), we need update formula also for the boundary points i = 0 and

1 = N — 1 by introduce the ghost cells V_; and Vv wich located just outside the domain. Since
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the center of cellsV, and Vjy_; are not on the boundary, we take the average of two cells to
approximate the value in between:

(3.7 uZy(t) = —ug(t); uiy(t) = —ujy_1(t).

For i = 0, (3.6) becomes by using (3.7):

d?ug(t) L]
d?t h2®g

For i = N — 1, (3.6) becomes by using (3.7):

Puy () 1 sn-1(t)

d?t h2®5, P54
From (3.6)),(3.8) and (3.9) using (3.7), one gets for 1 <i < N — 1, the folowing ODE:
ufth(x“ t) = lfh ah(xw t) + Sah(xm t),
s Al o=
(

7;,0) =

so(t)

(3.8) o2

= (K5 42K, ) i) + K5 us(t)] +

(3.9) K5 sun(t) = (265, + Ky ) us (0] +

u
ush
3.2. Runge-Kutta discretization . We recast the second-order system (3.10) as a first-order
problem to facilitate time integration via a fourth-order Runge-Kutta scheme, leveraging its
stability for stiff ODEs [24].

v (g, 1) = ust (4, 1),

U§h<ﬂ7i,t) KEhUEh(‘ri?t) +86h($’i7t)7
(3.11) u™(0,t) = v (1,t) = 0,

u(x;,0) = F,

U€h<$i,0) =dG.

Let be At = L (M > 0), the time step and ¢, = nAt. We denote u" as the fourth-order
Runge-Kutta approximation of u*"(x;, t,,) and v*"(x;, t,,) as the approximation of v="(z;, t).

3.3. Numerical simulations . In this section, we present numerical results obtained using the
adaptive Runge—Kutta scheme implemented in Scilab. These simulations compare the exact so-
lution with the numerical approximations obtained by solving both the original problem, Prob-
lem (2.1I), and its homogenized counterpart, Problem (2.3)), using the MOL-FV-RK method
described previously. In the figures presented below, EXACT refers to the analytical solution
(uf), DNS denotes the direct numerical solution of the original problem (u"), and HOMOG
designates the solution of the homogenized problem (u).

It is standard in the numerical homogenization literature to allow the source term or the initial
condition to depend on ¢ for the construction of explicit analytical benchmarks (see, e.g., [26]
and [27]). Therefore, the simulations were performed using the function g in Problem (2.1)
dependent on .

(3.12)  Ke(x) = ! s ¥(2) = 21405 {sin (2”?:”) + cos (27%:5)} ,
a + bsin (—)

3

1
O<b<a, =21, K*=—, s(z,t)=1t, f(x)=

a
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The exact solution u,. () of the elliptic problem

(3.13) V- (K°Vu) =1

is given by [22]:

ar?

be x
— €L Qﬂ_)
5 +[a01+2 cos( 511’

- 5—2 [C’f Ccos <27r§> (27??)] +C5

where the constants C} and C5 are determined by:

us(z) =

—i—gs'n
— 81
2

o 3k foos () — sin (2)]
1 a+ 55 [1 = cos ()]
be
C5 = 5-C.
a €
S (@0 = g: = u.(w)

Therefore, The exact solution of the hyperbolic problem (2.1) is constructed as:

ut(z,t) =t - u(x).

All numerical tests were performed with the parameters a = 1 and b = 0.5.

For the homogenized Problem (2.3), the initial condition on the first time derivative g is given
by
1 ) . .

g(x) =u"(x) = 595(1 — x), where u” is the homogenized solution of Problem (3.13)).
3.3.1. First test series: pre-homogenization regime (h < ). In this first test series, we inves-
tigate the pre-homogenization regime corresponding to h < e, where the computational grid
is fine enough to resolve the oscillatory pattern of the coefficient K(x). This configuration
allows us to assess the accuracy of the direct numerical simulation (DNS) and to quantify the
discrepancy between the exact and homogenized solutions when microscale effects are explic-
itly captured. The following tables and figures summarize the evolution of the L> and L? errors
with respect to h.

Table 3.1: Comparison between u® vs uh e=171x107L At=0.1,T=1

h 1/32 [ 1/128 | 1/512 | 171024 | 1/2048 | 1/4096 | 1/8192
l|lus — uahHOO 9.05e-04 | 6.04e-05 | 3.79e-06 | 9.51e-07 | 2.38e-07 | 5.95e-08 | 1.50e-08
||us — uEhHLz 3.97e-04 | 2.44e-05 | 1.52e-06 | 3.81e-07 | 9.52e-08 | 2.38e-08 | 5.95e-09

Table 3.2: Comparison between u® vs uwh,e=171x10", At =0.1,T =1

h 1/32 | 1/128 | 1/512 | 171024 | 1/2048 | 1/4096 | 1/8192
[uf — uP[ | 1.10e-02 | 1.12e-02 | 1.12e-02 | 1.12¢-02 | 1.12e-02 | 1.12e-02 | 1.12e-02
||us — uh|| 2 | 4.42e-03 | 4.44e-03 | 4.44e-03 | 4.44e-03 | 4.44e-03 | 4.44e-03 | 4.44e-03
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Figure 1: Error curves for the case h < €. Left: L°°-norm errors between the exact solution u®, the direct
numerical solution u*" (DNS), and the homogenized solution u (HOMOG). Right: corresponding L*-norm errors
for the same comparisons. The plots illustrate the convergence of the MOL-FV-RK scheme and the accuracy
limits of the homogenized model in the pre-homogenization regime.
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Figure 2: Comparison of spatial profiles between the numerical and homogenized solutions for the case h < e.
Left: comparison between the exact solution u® and the direct numerical solution u*® (DNS). Right: comparison
between the exact solution u® and the homogenized solution u. For this pre-homogenization regime, the DNS
captures the oscillatory pattern of the exact solution, while the homogenized model smooths out these fine-scale
variations.

3.3.2. Second test series: post-homogenization regime (h > ¢). The second test series focuses
on the post-homogenization regime, where h > e. In this case, the mesh size exceeds the
characteristic oscillation scale, and the fine variations of K°(x) are no longer resolved at the
discrete level. This regime is used to verify that the homogenized model provides an accurate
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macroscopic approximation and that the DNS solution converges toward the same effective
behavior. The subsequent tables and plots present the corresponding L> and L? error trends as
functions of h.

Although the DNS error is not strictly monotone with respect to A it remains small and ex-
hibits an overall decreasing trend toward the homogenized limit. This non-monotonic behavior
can be attributed to residual numerical resonance effects when the discretization size h becomes

commensurable with the microscopic scale €.

Table 3.3: Comparison between uf vs u®", ¢ = 1.71 x 1074, At =0.1, T =1
h 1/32 1/128 1/256 1/512 1/1024 1/2048 1/4096

¢ —uM| | 7.42e-03 | 1.77e-03 | 1.86e-03 | 3.06e-04 | 2.55¢-04 | 4.56e-03 | 3.83e-05

[ u —
[ uf — w2 | 3.35¢-03 | 6.31e-04 | 7.25e-04 | 1.12e-04 | 9.15¢-05 | 1.01e-04 | 1.56e-05

Table 3.4: Comparison between u® vs uh,e=171x1074 At =0.1,T=1
h 1/32 | 1/128 | 1/256 | 1/512 | 1/1024 | 1/2048 | 174096

[F — " | 1.32¢-04 | 1.97¢-05 | 1.50-05 | 1.31e-05 | 1.30e-05 | 1.33¢-05 | 1.32¢-05
[uf — w2 | 8.62-05 | 7.06e-06 | 4.91e-06 | 4.74e-06 | 4.74e-06 | 4.75e-06 | 4.74e-06

Convergence behavior for h > £ Convergence behavior for h > £

I /
—— /

— o -dp
/

Error
T
\

| ——= -

o = <

Figure 3: Error curves for the case h > €. Left: L°-norm errors between the exact solution uf, the direct
numerical solution u™ (DNS), and the homogenized solution u. (Homog). Right: corresponding L?-norm errors for
the same comparisons. Although local oscillations appear in the DNS error the overall trend confirms convergence
of both the DNS and the homogenized solutions toward the same asymptotic limit in this post-homogenization

regime.
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Figure 4: Comparison of spatial profiles between the direct numerical solution (us", DNS) and the homogenized
solution (u, Homog) at final time T' = 1 for the case h > <. The left plot shows the comparison between the exact
solution u® and the DNS solution, while the right plot compares u® with the homogenized model u. Both DNS and
homogenized solutions provide an excellent approximation of the exact solution, confirming the accuracy of the
numerical approach and the validity of the homogenized model in the post-homogenization regime.

3.3.3. Numerical Locking Phenomenon. A third test series is devoted to the investigation of a
numerical locking effect that may occur when the mesh size h and the microscale parameter €
are commensurable, that is, when their ratio satisfies 7/¢ = n with n an integer. In such cases,
the periodic structure of the coefficients K° and ®° is sampled at precisely the same relative
positions in each cell, which can lead to pathological numerical behavior.

Specifically, when h/e = n, the discrete numerical operator in the direct simulation (DNS)
effectively replaces the oscillatory coefficients K°(x) and ®°(x) by constants obtained by freez-
ing their values at /e = n. If this particular value does not correspond to the correct macro-
scopic average, the resulting numerical solution may become completely unrelated to both the
exact microscopic solution and the homogenized one. This phenomenon may thus be seen as
a form of numerical resonance or locking induced by the artificial periodic synchronization
between grid points and the microstructure. This observation can be rigorously stated in the
following proposition, which formalizes the effect of the commensurability condition h/c = n
on the discrete problem.

Proposition 3.1 (Numerical Locking by Commensurability). Let the oscillatory coefficients be
K®(z) = K(z/¢) and ®*(z) = ®(z/c) with K and ® being Y -periodic. If the mesh satisfies
h/e = n € N, the numerical scheme samples K and ® at identical phase positions in every
cell, so that the discrete problem is equivalent to one with constant coefficients

K = K(n), P = d(n).

Unless (f(, i)) = (K., ®.), the resulting discrete (DNS) solution differs completely from both
the exact oscillatory and the homogenized solution. Conversely, if the coefficients satisfy K(n) =
K, and ®(n) = ., then the DNS solution coincides with the homogenized and the exact solu-
tions.
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Remark 3.1. The proof of this proposition follows directly from the periodic sampling mech-
anism of the coefficients. When h/e = n, each grid point coincides with an identical phase of
the periodic functions, so that the discrete operator acts effectively with constant coefficients.
As the argument is straightforward, it is omitted here. However, the numerical experiments
presented below clearly confirm the two contrasting cases highlighted in the proposition.

Two representative numerical examples are given to illustrate these effects:

e Example 1: The coefficients defined by (3.12) yield the situation where the commen-

surability condition h /e = n does not disturb the numerical behavior. In this configura-
tion, the discrete sampling of K ¢(x) and ®°(z) exactly matches the homogenized coeffi-
cients (K, ®,). Consequently, the direct numerical solution (DNS) coincides perfectly
with both the exact oscillatory and homogenized solutions. This behavior is clearly
visible in Figure[S| where both plots show an overlap of the three curves.
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0.1 4

0.09

0.08

0.07

0.06
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0.03

0.02

0.01
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0.09

0.08

o—o—e EXACT
DNS 007

o—e— EXACT
HOMOG

0.06

0.05

0.04

0.03

0.02

0.01

Figure 5: Illustration of the non-locking case under the commensurability condition h/e = n. Left: comparison
between the exact solution u®, the direct numerical solution (us", DNS), and the homogenized solution v — all
three curves coincide. Right: zoomed-in view confirming the perfect overlap, showing that the discrete sampling
effectively reproduces the homogenized coefficients (K, D).

e Example 2: When the coefficients are given by

1
1+ 0.5[sin(27z/e) + cos(2mz/e)]’

K*(x) o (z) as in (3.12),

the mesh—microstructure synchronization h/e = n leads to a complete numerical lock-
ing. In this case, the coefficients sampled by the discrete operator do not correspond
to the homogenized pair (K., ®.), which causes the DNS solution to deviate strongly
from both the exact and homogenized profiles. Figure [6] highlights this inconsistency
through visibly distinct curves.
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Figure 6: Illustration of the locking case under the commensurability condition h/e = n. Left: comparison of
the exact solution u® and the direct numerical solution u" (DNS) showing clear divergence due to sampling at
non-representative coefficient values. Right: comparison of u® with the homogenized solution u, revealing that
the two reference solutions remain consistent while the DNS solution exhibits an erroneous numerical resonance
pattern.

4. APPROXIMATION OF 2D PROBLEM

Because simplification reasons we limit the study to the case of a diagonal K matrix, and
Q=1(0,1) x (0,1).

4.1. FV semi-discrezation . We introduce the grid for the cell-centered finite volume scheme
for which we partition 2 in the = and y directions as:

O:x% <Tp <ry <rp <<yt <xi<xN+%:1,

Ozy% <y <yYs <y2 <. <y <yi<yN+%:1.

We then define the cells (finite volumes) to be the square:

Vij= (mi_%,xiJr%) X (yj_%,yj%) .1 <i,j < N — 1, with the center (z;, y;) and nodes of
half indices. Let

@.1) {h=$i+1—xi=yj+1—yj,1s¢,j§N—1,

h:.ﬁlfi_,’_%—l'i_% :yH_% _yi_%a 1 Sla] SN

The grid steps in the x and y directions are given by (@.1).

We next discretize the problem (2.1)) by the cell-centered finite volumes scheme, only in
space, not in time. The unknowns approximate the average of the solution over a grid cell.
More precisely, we let be u;(t) the approximation given by

1
4.2) ug;(t) = 73 /V” u(z,y, t)dxdy.
To enforce the boundary conditions across the outher boundaries, we define the fictitious
bounday cells where the ghost values (see, e.g. [14] ):

{uaj(t), ufv+17j(t), j=1, ...,N}, and {ufvo(t), us v (1), i =1, ...,N} are defined.

AJMAA, Vol. 23 (2026), No. 1, Art. 10, 21 pp. AJMAA
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We set:

%,j = <$_%,I%) (y] 7yj+ ) ) vN—i—l,j = (xN—&—%?xN-i-%) X (yj—%ayjq-%)a

where 1 < 1,5 < Nand

Ty T TNk T 2T ON-L Uy S YR e = 27 U
Let
1> 15 1 g, €
4.3) @l]ulj(t) = F/ O ut(x,y, t)dxdy,
where
(4.4) @5, := ®° (w4,y;), and uj; is given by (4.2).

Equations (4.3]) and (4.4) define the discrete coefficients and unknowns.

Using the divergence theorem to integrate the first equation of (2.1 over V;;, divising by h?
and using (4.3) we get:

. 0%us,(1) 1 [Y%+% Yitd E
o3 82]t - ﬁ/y i K11<xi+%7y>u;(xi+%ayat>d _ﬁ/y : Kfl(xi—%ay)ux(xiféayat)dy

J*% j*%

1 :L‘i 1 1 wi+%
+ﬁ K§2(Z‘ yj—‘r ) (SL’ y]+17t)dx hg/ K§2(x7yj—%)u;<x7yj—%at)dm

T, 1 1
=g -3

4.5) / / s(z,y,t)dxdy

Equation (4.5)) is the starting point for the finite Volume discretization. The last term of the right
hand side can be approximated by s; ;(t) = s (x;,y;,t) .

We’re only going to approximate the first integral on the right hand side in (4.5) , the others
terms can be treated in the same way.

(4.6)
Yird E Yish u (g1, y,t) — ut (24,9, 1)

/ i Kll(xi+%>y)ux(xi+%ay7t)dy ~ / ’ K11($i+%7y) ( * h dy
Yo} Yi_4

~ Klal(:pi%,yj) (u5,,; —u; ;) , oninterior cells (2 <i,j < N —1).

Note that we have made two approximations at this step. Firstly, a piecewise constant approx-
imation to the y—dependence of K§,(z,y). Along each volume boundary we have replaced
K5 (x, +§,y) by the midpoint (in y) value Kf,(z,, 1, y;). Secondly, we have made a linear
approximation to the x—dependence of u°. By similar reasoning, we get, on interior cells:

Vi1

4.7) / ’ Kﬁ(%—%, y)u;($i—%7yat>dy ~ Ki(%—%, Y;) (Ufg - uf—l,j) )
Yi}

(4.8) / K5 (x, yj+%)u2(x, yj+é,t)dx ~ K5 (x4, yj+%) (uiﬂl — ufj)
xi_%
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T, 1
4.9) / S Koy (2, y; 1 )ug (2, t)de 2 Koy (2, y; 1) (uf; — ufy).-

i—

Nl

The approximations (#.6)—(@.9) are used to discretize the flux integrals.
Using (4.5)-(.9), we obtain the semi-discrete scheme:

2us, (1) Kf(z1,y;) K§y (7, _1,9;)
(4.10) Gl Bl ¥) e ey S B ) e
dt @f‘] h2 7 5J (2¥) @fy h2 2,] K3 sJ

K;Q(L',yﬁ%) (ug o ) B K262(1;i7 yj—%) ( e Wt ) Sij(t)
P2 ,+1 1,3 P2 1,] Pe.
ij i ij
After grouping simular terms in (.10) we get, on interior cells (2 <i,j < N —1):

d*u;(t)  Kh(rioi,y) | Koy (wi,y;_1)

1,7—1

. K5y (i, yj—i—%) K1€1($z‘+%7 Y5)

3 3

@ ;;h? e Wui’jfl WUWH W“iﬂ,j
@iy iy ) TR y) Ky ) T EREY)  si()
. OE )2 i\ o
ij 5

Equation (4.11) is the final form of the semi-discrete finite volume scheme.
To enforce the boundary conditions, a standard approach is to make use of ghost cells with
ghost values defined by

I3 _ I3 I3 _ € € _ € € _ I3 - .
(4.12) Up; = —Upj Wio = U1y Untr; = —Unj UyNg1r = —Ui N 1<i,j5 <N.

After completing the scheme (.11]) by updating formula for the boundary cells by using
(@.12) as in [5] 8]], one gets an ODE of the form (3.10) which we write as:

uip'(t) = K="u(t) + s°(¢),
uh =0 on I'NQy,

u(0) = F,

us"(0) = G.

(4.13)

where K¢" is a square matrix of order N2. The resolution of system (4.13|) is done by the
Runge-Kutta method as for system (3.11).

4.2. Numerical simulations. The simulations were carried out with following data:

€ — 1 ¢ — 1
K3 (z,y) = R (277%)’ K5y (x,y) = ¢+ dsin (27r§)
1
O (z,y) = [1 + %sin(27rx)} [1 + %sin(%y)] '

We define the exact solution as the sum of 1D solutions:

v*(z,y) = uj(x) * u3(y)
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where u!(z) and u?(y) are the 1D solutions of:
d . dui .
(K5 =1 )

d (., dug\
~ (K22(y)d_y>_l in (0,1)

with homogeneous Dirichlet boundary conditions. Therefore v* = 0 on I' = 02 where 2 =
(0,1) x (0,1).
We define u(z,y,t) = tv°(z, y), the exact solution of Problem (2.1)). Therefore

ou’
s(z,y,t) = s (2, y, )t [ui(2) +u3(y)], u(z,y,0)=0, g(% y,0) = v*(z,y).

4.3. Two—dimensional numerical simulations. In this section, we investigate the performance
of the MOL-FV-RK scheme for the two—dimensional version of Problem [2.1] using the man-
ufactured solution and data defined above. The oscillatory reference solution «* is available in
closed form, while the homogenized problem is solved numerically, so that all comparisons in-
volving the homogenized model are carried out between the analytical oscillatory solution and
the numerical approximation u" of the homogenized Problem

The spatial discretization is performed on a uniform Cartesian grid of the unit square 2 =
(0,1)x(0,1) with N x N control volumes, and time integration uses the same explicit fourth—order
Runge—Kutta method as in the one—dimensional tests. For each configuration, the mesh size is
h = 1/N and the oscillation parameter ¢ is kept fixed unless stated otherwise. We denote by u5
the DNS solution of the original oscillatory problem, and u° the exact oscillatory solution. The
errors are measured in the discrete L>°— and L?-norms at the final time T = 1.

4.3.1. Pre—homogenization regime in 2D: h < c. We first consider a pre—homogenization con-
figuration where the mesh is fine enough to resolve the microscopic oscillations of the coef-
ficients. In this regime, the DNS solution uj is expected to approximate accurately the exact
oscillatory solution °, whereas the homogenized model, even when solved numerically, cannot
reproduce the fine—scale oscillations and should therefore exhibit a larger discrepancy with u°.

To illustrate this regime, we fix ¢ = 1.5 x 107! and use a family of meshes with N €
{16, 32,64,128,192}, corresponding to i € {6.25x1072,3.125x1072,1.5625x 1072, 7.8125 %
1073, 5.2083 x 10_3}; in all these cases one has i < e. The resulting errors for the DNS solution
of the original problem and for the numerical solution of the homogenized problem are reported
in Table

Table 4.1: 2D pre—homogenization regime (¢ = 1.5x1071): errors between the DNS solution us" of the oscillatory
problem and the exact oscillatory solution u®, and between the DNS solution u" of the homogenized problem and
u®, at final time T’ = 1.

N h lu — wllpee Jlu —wlre Jlu® — wflre Ju" — e
16 625x1072 1.01x107% 421x10°" 898 x10% 4.98 x 1073
32 3125 x1072  1.20x107%  3.44x107* 9.01 x 107* 4.99 x 1073
64 1.5625 x 1072 121 x107% 3.37x107% 9.02x107% 4.99 x 1073
128 7.8125 x 1072 1.23x 107% 3.36 x 107*  9.02 x 10=* 5.00 x 1073
192 5.2083 x 1072 1.24 x 107%  3.36 x 107*  9.02 x 10~* 5.00 x 1073

The DNS error with respect to the exact oscillatory solution remains of order 1073 in L> and
about 4 x 10~* in L?, and is essentially independent of the mesh size in this range, confirming
that the FV—RK discretization has reached a regime where the temporal and spatial errors are
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well controlled for 4 < e. The numerical homogenized solution 1" is noticeably less accurate

with respect to uf, with L>—errors around 9 x 1072 and L*—errors around 5 x 1073 that are also
nearly mesh—independent; this reflects the intrinsic modeling error of homogenization when the
microscopic oscillations are still resolved by the mesh and thus physically visible in the DNS
solution.

To visualize these effects, we display in Figures EI‘E' the 2D profiles of u*", u® and u" and
their cross—sections for a representative pre-homogenization configuration, e.g. N = 64, ¢ =
1.5 x 10~. The DNS solution reproduces the oscillatory pattern of the exact solution, while the
homogenized solution remains smooth and misses the fine—scale variations.

DNS Solution Exact Oscillatory Solution

Figure 7: Two—dimensional DNS solution uah(ﬂc, y,T) (left) and exact oscillatory solution u¢(x,y,T) (right) in
the pre—homogenization regime withe = 1.5 x 107! and h < e.

Numerical Homogenized Solution

Figure 8: Two—dimensional numerical homogenized solution u"(x,y,T) in the pre—homogenization regime with
e=15x10"Yandh < e.
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Figure 9: Cross—sections of the 2D solutions in the pre—homogenization regime ¢ = 1.5 x 107, h < ¢. Left: cut
at y = 0.5, comparison between u*" and u®. Right: cut at x = 0.5 for the same three solutions.
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Figure 10: Cross—sections of the 2D solutions in the pre—homogenization regime ¢ = 1.5 x 1071, h < ¢. Left: cut
at y = 0.5, comparison between u" and u®. Right: cut at x = 0.5 for the same three solutions.

4.3.2. Post-homogenization regime in 2D: h > . We now turn to the post-homogenization
regime, where the mesh size is much larger than the microscopic period. In this case the os-
cillations of the coefficients are not resolved by the grid, and both the DNS for the oscillatory
problem and the numerical homogenized solution are expected to approximate the same macro-
scopic limit.

To construct such a regime, we fix ¢ = V2 x 107° ~ 1.4142 x 10~° and use again N €
{16,32, 64,128,192}, so that b > ¢ in all tests. Tablereports the errors between u;, and u°,
and between ug and u°, for these configurations.

In this post-homogenization regime, the DNS error with respect to u° remains small and es-
sentially constant as N increases, with L>—errors of order 10~2 and L2—errors of order 10~
The numerical homogenized solution u" shows an error of order 8 x 1072 in L> and about
4.2 x 1073 in L?, again almost independent of N, which confirms that for ¢ < h the oscilla-
tory solution is very close to its homogenized limit and that the dominant error is of modeling
type rather than numerical. Both DNS and homogenized computations thus provide reliable
macroscopic approximations of the exact oscillatory solution in this regime.
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Table 4.2: 2D post-homogenization regime (¢ =
oscillatory problem and the exact oscillatory solution u®, and between the DNS solution u" of the homogenized
problem and u®, at final time T = 1.

B. ONDAMI

N h [ =~ v =l [u" = e~ [[u" — vl
16 6.25x1072 877x107% 334x10* 7.93x103 4.21 x1073
32 3125 x 1072 837x107* 222x107* 7.94x10~% 4.23x 1073
64 15625 x 1072 9.16 x 107* 240x 107* 7.95x10™% 4.23 x 1073
128 7.8125 x 1073 145 x107* 3.88x107° 7.95x107% 423 x 1073
192 52083 x 1073 156 x 107* 377 x107° 795x 103 423 x 1073

V2 x 1075): errors between the DNS solution ush of the

Figures [[THI2] display the corresponding 2D profiles and cross—sections for a representative
case,e.g. N =04, ¢ = V2 x 1072, One observes that the three curves almost superpose at the
macroscopic scale, with only minor discrepancies close to the boundaries, which corroborates
the small error levels in Table

Cross-section aty = 0.5 Cross—section at x = 0.5

AN
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/
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N
/

N

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 11: Two—dimensional DNS solution uEh(x7 y, T) (left) and exact oscillatory solution u® (x,y,T') (right) in
the post—homogenization regime with e = /2 x 107 and h > «.

4.3.3. Convergence as € — 0 for fixed mesh size. In many practical situations, the mesh size
h is constrained by computational resources, and it is therefore important to understand how
the DNS and homogenized solutions behave when the microscopic scale ¢ tends to zero while
the grid is kept fixed. To address this question, we perform a series of 2D tests with a fixed
resolution N = 64 (i.e. h = 1/64 ~ 1.5625 x 10~2) and a sequence of decreasing values of ¢
given by ¢ = /2 x 107%, with k € {1,2,5,8,10}.

Table 4.3| reports the corresponding errors between the DNS solution " and the exact oscil-
latory solution ¢, and between the numerical homogenized solution 1" and u¢, at the final time
T = 1. The data clearly show that the DNS error with respect to u° quickly reaches a plateau
as € decreases, while the discrepancy between «" and u converges to an almost constant value
once € < h.

These results indicate that, for a fixed mesh h, the DNS error with respect to u° does not
vanish as € — 0, but rather stabilizes at values of order 1072 in L and between 10~* and 1073
in L2.This is consistent with the fact that the micro—scale oscillations are not fully resolved
when ¢ < h. At the same time, the numerical homogenized solution u" rapidly approaches
a steady macroscopic limit, with errors around 8 x 1072 in L*> and 4.23 x 1072 in L? that
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Figure 12: Cross—sections of the 2D solutions in the post-homogenization regime ¢ = \/2 x 1075, h > ¢. Left:
cut at y = 0.5, comparison between u¢", u® and u". Right: cut at x = 0.5 for the same three solutions.

Table 4.3: 2D convergence test as € — 0 for fixed mesh size N = 64 (h = 1/64): errors between the DNS
solution us" of the oscillatory problem and the exact oscillatory solution u®, and between the DNS solution u" of
the homogenized problem and u®, at final time T' = 1.

£ o —wflpee [lu —wfflpe [u" — @l [lu* — w2
V2x 1071 1.11x 1073 325 x107* 8.05x 107° 4.32x 1073
V2x107% 916 x107*  240x 107* 7.95x 107% 4.23x 1073
V2x107% 3.83x107* 935x107° 7.95x107% 4.23x 1073
V2x10710 263 x107%  7.77x107°  7.95x 1073 4.23 x 1073

become essentially independent of € once ¢ is much smaller than A. This behaviour confirms, in
a fully discrete setting, the practical relevance of solving the homogenized problem numerically
when € < h, as the homogenized solution provides a robust and efficient approximation of the
oscillatory dynamics at the grid scale.

For illustration, one can plot the 2D profiles and cross—sections of uf", u¢ and u” for the
different values of € on the fixed grid N = 64. As ¢ decreases, the DNS solution becomes
visually indistinguishable from its own coarse—scale average, while the numerical homogenized
solution remains essentially unchanged, thus capturing the effective large—scale behaviour that
is actually visible on the mesh.

4.4. Discussion of numerical results. The collection of one— and two—dimensional experi-
ments provides a coherent picture of how direct numerical simulation and homogenized model-
ing complement each other for oscillatory hyperbolic problems. In all cases, the MOL-FV-RK
scheme yields stable and accurate approximations, both for the original microscopic problem
and for the homogenized one, which allows us to clearly separate discretization effects from
genuine modeling errors due to homogenization.

In the pre—homogenization regime, characterized by h < ¢, the numerical results show that
the DNS solution of the oscillatory problem closely follows the exact oscillatory solution, while
the numerical homogenized solution " exhibits a significantly larger discrepancy with u¢. This
behaviour is observed in both 1D and 2D, and it remains essentially independent of the mesh
size once h is sufficiently small, indicating that the dominant error is not of numerical origin
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but rather stems from the inability of the homogenized model to reproduce the fine—scale oscil-
lations that are still fully resolved on the computational grid. The 2D tests with ¢ = 1.5 x 107!
confirm that, in this regime, homogenization is not appropriate if one is interested in quantities
that are sensitive to the micro—structure, whereas DNS remains reliable at the price of a finer
mesh.

In the post-homogenization regime, where h > ¢ and the oscillations are under—resolved,
both the DNS solution of the oscillatory problem and the numerical homogenized solution ap-
proximate the same macroscopic limit. The error tables in 1D and 2D reveal that, for very
small €, the DNS errors are of order 10~ in L> (and between 10~* and 10~2 in L?), while
the homogenized solution differs from u° by at most a few 1072 in L> with L?—errors around
4 x 1073, and these values remain almost constant as the mesh is refined. This shows that the
homogenized model captures the effective dynamics and that further refinement mainly reduces
the discretization error of the FV-RK scheme. The 2D computations with ¢ = /2 x 107 il-
lustrate this clearly: the three solutions become visually almost indistinguishable on the plotted
cross—sections, and the measured errors stabilize across all values of N.

The additional convergence tests with fixed mesh size and decreasing ¢ provide further in-
sight into practical situations where the grid cannot be refined arbitrarily. For a fixed resolution
N = 64, the DNS error with respect to u° tends to a non—zero plateau as ¢ — 0, reflecting the
fact that the microscopic oscillations are largely filtered out by the coarse mesh and cannot be
directly resolved. At the same time, the numerical homogenized solution " rapidly converges
toward a stable macroscopic profile, and its error with respect to u° becomes essentially inde-
pendent of ¢ once the scale separation is sufficiently strong. These observations confirm the
classical homogenization picture in a fully discrete setting and show that, in practice, solving
the homogenized problem numerically is the most efficient way to approximate the oscillatory
dynamics when € < h.

Another important outcome of the numerical study is the clarification of numerical locking
mechanisms when the mesh size h and the microscopic period € are commensurable. The 1D
experiments demonstrate that, for certain ratios h /e, the discrete sampling can accidentally re-
produce the correct homogenized coefficients and lead to a DNS solution that coincides with
both the exact oscillatory and homogenized solutions, while for other ratios the same mecha-
nism produces completely incorrect results that are unrelated to either reference solution. This
sensitivity to commensurability underscores the need for careful mesh design in multiscale com-
putations: choosing & so that //¢ lies in a “resonant” set may induce spurious locking, whereas
avoiding such ratios leads to robust and predictable behaviour. Although the 2D tests consid-
ered here do not exhibit dramatic locking phenomena for the chosen coefficients, the underlying
mechanism remains the same and must be kept in mind in more complex configurations.

From a practical standpoint, the combined 1D and 2D results support a simple strategy for
multiscale hyperbolic problems with oscillatory coefficients. When ¢ is comparable to / or
larger, and when microscopic details matter, one should rely on direct finite—volume simulation
of the original problem, using sufficiently fine meshes and possibly adaptive refinement near
regions of interest. When ¢ is much smaller than the accessible mesh size, numerical homoge-
nization of the effective problem provides an accurate and computationally efficient alternative,
with errors that are dominated by the modeling approximation rather than by discretization.
The error atlas constructed in this work, together with the identification of locking regimes,
thus offers concrete guidelines on how to choose h relative to € and on when to prefer DNS or
homogenized simulations in real applications.
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5. CONCLUSION

This work has presented a systematic numerical comparison between direct finite—volume
simulation and homogenized modeling for second—order hyperbolic equations with rapidly
oscillating coefficients. Using a unified MOL-FV-RK framework in one and two space di-
mensions, and manufactured solutions allowing exact error measurements, several asymptotic
regimes and numerical pathologies have been quantified.

In the pre-homogenization regime, where the mesh size is smaller than the microscopic pe-

riod, the direct scheme accurately captures the oscillatory solution, while the homogenized
model exhibits a non—negligible bias due to the loss of fine—scale information.
In the post-homogenization regime, with ¢ < h, both DNS and homogenized solutions pro-
vide excellent approximations of the exact oscillatory solution, and their errors remain small
and nearly independent of the mesh size, both in 1D and 2D. The numerical experiments fur-
ther highlight the possibility of numerical locking when 7 and € are commensurable, and the
analysis clarifies how suitable choices of mesh size and coefficients can either avoid or deliber-
ately illustrate this phenomenon.

From an application standpoint, these results emphasize that homogenization and DNS should
be viewed as complementary rather than competing tools. Homogenized models are well suited
for strongly separated scales and macroscopic predictions, while DNS remains indispensable
whenever microscopic features are of physical relevance or when the scale separation is only
moderate. The finite volume methodology developed here, together with the error atlas across
(h,€), offers practical guidelines for the robust numerical simulation of multiscale hyperbolic
problems in heterogeneous media. Possible extensions include the treatment of non—diagonal
diffusion tensors, nonlinear source terms, and more complex boundary conditions, as well as the
design of adaptive strategies that automatically select between DNS and homogenized models
based on local scale indicators.
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