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ABSTRACT. In this paper, we derive and analyse a nhew method to compute the first few dom-
inant eigenvalues of real positive definite matrices. It involves a variant of the power method,
shifted inverse iteration and the innerproduct functional. Our method is shown to reconstruct the
minimal polynomial of the matrix.
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1. INTRODUCTION

In almost all spheres of engineering and science, knowledge of eigenvalues and eigenvectors
are crucial. However, the eigenvalug®f an x n matrix A are difficult to evaluate, as the
solution of then,,, degree characteristic equatidat(A\I — A) = 0 is challenging, especially
for large values of.. Sometimes fairly accurate bounds for these eigenvalues will suffice. As
symmetric positive definite matrices have real eigenvalues, their location is somewhat easier
than the general case. In some cases only the extremal eigenvalues are required. Of particular
importance are the condition number and spectral ragdiAdg. Some crude methods of locating
the spectrum are based on Gerschgorin disks and the ovals of Cassini [2]. Brauer bounds [1],
using the interlacing property for Hermitian matrices and Rayleigh’s quolient [7] give better re-
sults. For positive definite Toeplitz matrices Demblo [3] provided useful bounds for the extremal
eigenvalues. Furthermore bounds based on traces ([11],[9],[10]) are some tools that are inex-
pensive, yet effective. The power method and its variants, is the classic tool to determine the
extremal eigenvalues. The PageRa&R(A ) is calculated using the power method to determine
the principal eigenvector of the Google matfix [6]. The power iteration is still used as in more
efficient techniques like Krylov methods and the QR method. Deflation is typically used with
the power method to obtain the less dominant eigenvalues. Methods by Lanczos, Arnoldi and
Leverrier, amongst others, have been studied extensively to provide accurate resu(t& for
[4]. Here we shall discuss a simple yet effective technique, partly based on the power method,
to easily obtain the first few dominant eigenvalues. We also show that the method resembles the
construction of the minimal polynomial of the matrix.

2. THEORY

Let A € R™" be a positive definite symmetric matrix, with < n distinct eigenvalues.
Further assume that the eigenvall{ieg»fi1 satisfy the descending arrangement

(21) AL > A > A3 > Ao > A
Remark 2.1. The corresponding orthonormal eigenbasi\ak given by

We shall refer to\; asdominant to \;, whenever\; > \;. Let f(z) be a positive increas-
ing function defined on the spectrus{A), such thatf(A) is symmetric. Thusf(\;+1) >
f(\i),i=1,2,--- N — 1. Letx, € R" be randomly chosen so thgk||» = 1, then by the
spectral theorem for diagonalizable matrices [8] we have that

N
(2.3) xo =Y Gjxq,
j=1

whereG; is the projector onto the null spadé(A — \;I). Recall thatG;G; = 0;;G;, where
d;; denotes the Kronecker delta symbol. We have also that

f(A) = Zf(mcri

N
(2.4) =[G
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where we have introduced the notatin= f(\;) for brevity. Thus

N

(2.5) f(A)xo = Z JiGixo
1;1

(2.6) FA)Yxo =Y fFGix.
i=1

Letd, = (f(A)¥xq,xo), then

<i o)

1Gixoll3/F

Mz

@
Il
.

@
Il
-

Il
sﬁw

p
2.7) = Z SR Z G
=1 i=p+1
wherec; = £||G;x¢|2. From [2.7) we may write
(28) korj ZCkaJr] + Z 2fk+]
i=p+1

j=0,1,...,2p— 1.
For suitable: large enough i (2]8), we may ignore the second expressidn,| as 1, f[’f >>
f§+1, and the contribution due to the latter is negligible in finite digit arithmetic. We thus write

p

(2.9) devj = GffY, j=0,1,-+ ,2p—1.
=1
The latter represents a systen2pfnon-linear equations izp unknowns;, \;, i = 1,2,--- , p.
Forp = 1in (2.9) we have
(2.10) dy, = ciff
(2.12) dps1 = AT
so that
d
(2.12) f = L
dy,

Thus forp = 1 we get [2.1IR) which is equivalent to the power method. ger 2 in (2.9) we
get

(2.13) d, =G ff + A f5

(2.14) Ay = G+ ST
(2.15) A2 = lek+2 + c2f2k+2
(2.16) dt3 = C1fk+3 +¢5 §+3-
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Equation [(2.1B) is multiplied by; and [2.14) is subtracted frorn (2]13). A similar process is
applied to the remaining equations to yield

(2.17) fidi, — der = S5 (fL = fo)
(2.18) fidiyr — diso = S (1 = fo)
(2.19) frdirz = diis = S5 (fL = fo).

Equation|[(Z.1B) is divided by equatidn (2.17) and equafion [2.19) is dividgd by (2.18) to yield

fy = Jidg1 — dyio
Jidy — dyqa
fldk+2 - dk+3
2.20 ==
(2.20) Jidg1 — dyy2
From {2.20) we deduce thdit satisfies the quadratic equation
(2.21) aff +bfi+c=0,

wherea = d7 ,; — dydgo,
b= dkdk+3 — dk+1dk+2, andc = di—&-Q — dk+1dk+3.

Theorem 2.1. The quadratic equatio@.23)has two positive roots.

Proof:
From equationd (2.13)-(2.]L5) we have that

2
a=diyy — dipdyio

4 p2k+2 42k2 klk:l
2%k+2 2k+2 2 2 ¢k k:+2
_le —CCJ1 )2

k42
_0102 1 f2

02 1f2(2f1f2 f12_f22)

(2.22) Cl 2 1f2 (fi = f2)2

Similarly we may show that

(2.23) b= Cfcgflkff(fl — f2)*(fr + f2)
(2.24) c= —01 2 fﬂfkﬂ(fl - f2)2-
Thus the discriminant can be shown to be

(2.25) b —dac = ciey fRE R (fL — f2)8 > 0

Thus complex roots are excluded. Singes one root and the sum of the roots:ai%: fi+ fa

it follows that f; is the smaller root that also satisfiés (2.21). fet 3 in (2.9) we get a non-
linear system of six unknowns in six equations. It is however challenging and not necessary to
solve this system. Having obtaingdand f,, we solve just the first four equations namely:

(2.26) dy = GfE+ S f5 + A fy

(2.27) dppr = AT+ ST+ AT
(2.28) dyr = G fFT2 + S fAT2 4+ At
(2.29) dis = AfIT+ G+ G,
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for f3. Notice that
dev2 — (f1 + f2)dpr1 + f1fody,

(2.30) :C§f§<f3—f1)(f3—f2)
drys — (f1 + fo)dryo + fifodri
(2.31) = (s — f)(fs— f)

Thus f5 is obtained from the ratio

divs — (fi + fo)drro + fifodk
2.32 —
( ) f2 dito — (f1 + fo)diyr + fufody

Having foundfi, f2, fs, -, f,—1, @ similar procedure of deriving; is applied to derive the
following expression forf,, namely

_ S0 (—1)7 S g

(2.33) f z : > 3.
b I (—1)iS kg

Here

(2.34) S; = S fu fy

1< << <q—1
is the symmetric sum of;, f,--- f,—1, thatis the sum of the product of glltaken; at a time.

Theorem 2.2. The process advocated by equat{@r32)is unstable unlesg, and f, are fairly
accurate.

Proof:
Let¢; ande, be perturbations of; and f, respectively and writg; = f; +¢; andf, = f5 + €9,
then from [2.3R) we obtain

(2.35) f = dpy3 — (JE1A+ f2A)dk+2 + f1fzfik+1
di2 — (f1 + f2)diyr + fifady
(dk+3 —(i+fote+ Ez)dk+2)
+(f1 +e1)(f2 + €2)dria

(dk+2 —(fit fote+ 52)dk+1)
+(f1 +e1)(fo + €2)dy
N — (61 + €2)dpy2 + (frea + faer)dps
D — (61 + 62)dk+1 + (f1€2 + f2€1)dk ’
where we have retained first order perturbations &nek di.3 — (f1 + fo)dri2 + f1fodks1,
D =dyyo — (fi + f2)dks1 + f1f2di are the numerator and denonimator{of (2.32) respectively.
Thus

(2.36) =

f _N 1— (€1 + €2)diy2 + (frea + f2€1)dk+1>
37 N
(1 (et e)di + (fie + f251)dk)_1
D
=f(1- (51 + GQ)dk+2 + (f1€2 + f2€1)dk+1)
= f3 ~
(237) (1 4 (61 + €2>dkz+1 +D(f1€2 + f2€1)dk 1 ) .
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Therefore to first order perturbations

€3 =fs— f3
(2.38) = fy ((61 + €2)dj11 +D(f1€2 + faer)di
(€1 + €2)dpio + (frea + fo€r)driq
(2.39) - >

We thus see that depends on the productsf,e; and f5 foer. If f1 or fy are not fairly accurate,
namelye; ande, are not very small, then the two products can be significant depending on how
large f5 f1 and f5 f> are. This will result in an inaccurate calculated value fior

Lemma 2.3. The solution of the difference equation frfgh33)is intimately related to the
minimal polynomial off (A).

Proof:
Rewrite equatior (2.33) as

qg—1 q—1
(2.40) fq Z<_1)j8jdkz+q—j—1 = Z(—l)ijqu—j q=3.
§=0 J=0

Letd, = \" in (2.40) and simplify to get

q—1 q—1
(2.42) fo ) (FISXT = (15T g >3,
j=0 j=0
and hence
q—1
(2.42) A=f)) (=Dig;n7 1 =o.

J

Il
o

The left hand side of equatiop (2]42) is equivalent to the {ifstear factors of the minimal
polynomial of f(A), namely.

(2.43) A =)A= fg1) - (A= fo).

The following algorithm is advocated to calculate the first gayi = 1,2, 3, 4.
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Algorithm 1

choosex, € R" randomly ||x||s = 1,
and an appropriate toleraneg
for £ = 1 to K (some max number of iterations)

Xp = Axp_y

X
Xp = T (a)

%2
storex;,
err = ||x; — xx_1]|2
if err < ey;k = ky;break; end if
Xk—1 = Xk

end for statement

setk = ki, dp = (Xg,Xo);

di+1 = (AXp, Xo); di2 = ( A(AX,), X0) (D)
solve the quadrati¢ (2.21) fof; and f,

use the shifted inverse power method @n< f1I) (c)
with two iterations to obtairf; accurately
repeat step (c) fof,

repeat step (b) witk replaced byL’“—;J

to calculate up tal;. 3

Use(2.32)to evaluate f3

repeat step (c) fofs

repeat step (b) withk replaced byL%J

to calculate up ta@l;, 4

use(2.33)to evaluate f,
repeat step (c) fof;

It is necessary to scale the iterates in step (a) to prevent numerical overflow. Scaling does not
affect our derivation off;. Step (c) is necessary to accurately deternfineefore proceeding

to the calculation off;;; as shown in Theorem 1. In addition it also yields the corresponding
eigenvector. In all our examples we uge:) = = for convenience. It is possible to uger) =

2% especially when the separationfand ), is very small, to avoid using a large value for
(which corresponds to more iterations).

Example 2.1. Consider the matrif5]

5 7 6 5
7 10 8 7
6 8 10 9
5 7 9 10
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with distinct eigenvalues. Let(A) denote the calculated spectrum according to our algo-
rithm. Both the exact and approximate spectrums are displayed in[talile 2.1 accurate to sixteen
significant digits.

Table 2.1: Spectrum: example 1

a(A) 7(A)
0.01015004839789208  0.01015004839789159
0.84310714985503320  0.84310714985503290
3.85805745594494900  3.85805745594495080
30.28868534580212000 30.28868534580212600

Here the errors ar@®(10~1%).

Example 2.2. Consider the matrif5]

— = = 00
= = 00
= 00 — W~
QO = = =

with o(A) = {1,7,7,17}. Our algorithm is able to produegA) = {1,7, 17}, consistent
with our theory that cannot detect repeated eigenvalues.

Example 2.3. Consider the tridiagonal matrif5],

2 2 1 0 07
1

W —= OO

S = DN W
_—N W N =

0
0
1 Y
2
2

S OO N

3
2
0
0 0 i

where the eigenvalues are givenky= 4 cos(Z)(cos(Z) — 1)+ 1, i =1,2,...,6

Table 2.2: Spectrum:example 3

7(A) 5(A)
0.06099892465243698 0.06099892465243717
0.30797852836990410 0.30797852836990390
0.64310413210779050 0.64310413210779040
2.08814600002041750  2.08814600002041930
5.04891733952230750 5.04891733952230500
7.85085507532714300 7.85085507532714400

Here we had to use 4 shifted inverse iterations to acquire the first two entries ifi table 2.2 to
O(1071).
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3. CONCLUSION

We have derived and presented a new innovative algorithm to calculate the eigenvalues of
symmetric positive definite matrices. We note that it is a useful procedure to calculate the first
few dominant eigenvalues. This is attributed to the extra number of shifted inverse iterations
required for proceeding further. In addition our method does not require deflation, though it
does provide the corresponding eigenvectors (due to shifted inverse itertion).
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