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2 D. J. DNES

1. INTRODUCTION

Forp > 1, the infinite expression

(1.2) ola)™ =ay+ R

CL1+ D

is a continued reciprocath power, a name modelled on the Germerniproke Kettenpotenzen
coined by Laugwitz[[11]. Using left-aligned exponent notati¢n) = «Y, this can be written

(12) Zolai) ™ = a0+ (ar + Plaz +7(...)))
which in turn is a special case of the general continued power
(1.3) Zola:)” = lim ao + "y + "az + (... +7(ai)))) .

where we take to be a real number. (An historical aspect[of[1.3)for p < 1 is discussed
in Note[8.2 below.) We call expressidn ([L.3) a continued supraunitary power aviken

The earliest known appearance pf {1.1) is in an 1832 paper by Doppler [3]. Apart from
passing mentions in 1837 [13] and 1878 [2], to the best of our knowledge it is not seriously
treated again until 1990, when Laugwitz considered continued operations, expressions of the
form

(1.4) flag+ flar + flas +...))),

and usedf(xz) = 2P and f(z) = z~? as principal examples. In carrying Laugwitz’s work
forward, Schonefuss [18] gave a sufficient convergence conditiorj far (1.1), stated below in
§2.4.

This paper presents conditions sufficient for dneergenceof continued reciprocal powers of
positive terms. After reviewing and extending convergence results for continued supraunitary
pth powers, we show how the convergence of a pair of continued supraupttgwers is
sufficient to cause divergence of a continued reciprpttapower. We then develop bounded-
ness conditions on the termg which are sufficient for divergence. These conditions involve
real-valued zeroes of certain trinomial equations; series expansions for these zeroes are given
in Note[8.1.

2. PRELIMINARIES

We takeN to be the nonnegative integers. For- 1 andn € N, thenth approximant of the
continued reciprocaith power [(1.2) is

tola) P =ao+ Plar + Plaa +P(... 4+ (an)))) -
Form € N and0 < m < n, the(m, n)th tail (or simply a finite talil) is

K, (@)™ =am —|—’p(am+1 —|—’p(am+2 —i—’p( . —|—’p(an)))) )

Whenp and theq; are understood, we abbreviate these gsafd K , respectively. We restrict
our attention to terms,, € (0, co).

An nth approximant is merely &), n)th tail. The following result from[[6] shows that the
behaviour of an approximant is directly dependent on its tails.
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Proposition 2.1. For anyp # 0, a continuedhth power converges (resp. diverges) if, and only
if, one of its tails converges (resp. diverges).

2.1. The sequence of tails of continued reciprocal powersLike continued fraction conver-
gents, the even approximantg'kof a continued reciprocal power form an increasing sequence
bounded above by any odd approximat®, and the odd approximants form a decreasing se-
guence bounded below by any even approximant. The following applies to continued reciprocal
roots, continued fractions, and continued reciprocal powers.

Proposition 2.2 ([9], Proposition 3) Givenp > 0 andm,n € Nwith0 < m < n, the finite
tails of the continued-pth power with terms; > 0, i € N, satisfy

0 < K™ < KM <l < K2 < K < KIE < < KIS < K
for m = n (mod 2), and

0 < K™ < KM <ol <« K< K < K2 < < KPS < K
for m # n (mod 2).

Thus, whenn = 0, the even and odd approximants comprise distinct, convergent sequences;
a continued reciprocal power converges if the two limits are identical. But it is often easier to
prove that the even and odd approximants converge to different limits. The following is adapted
from Definition 1 in [9].

Definition 2.1 (divergence) For p > 1, a continued reciprocaith power of positive terms
diverges if there exist real numbetgandd; such that
lim K2* = dy, lim K2+ = d;, and d; — dy > 0.

k—oo

The closed intervaldy, d;] is the continued reciprocal power’s divergence interval.

2.2. The sequence of tails for continued supraunitary powersWhenp > 0, the sequence
of (m, n)th tails is nondecreasing asincreases without bound (cf./[6, Section 4]).

Proposition 2.3. Givenp > 1 and termsz; > 0, ¢ € N, a continued supraunitaryth power’s
finite tails form a nondecreasing sequence. That is, forrang € N,

K%§K$+1§K%+2§-'~§K7mn+k.

2.3. Iterated functions and fixed points. Let f map(0, oo) to itself. Forn a positive integer,
thenth iterate off is
fi(@)=fofo--of(x),
—_—
n terms
andf°(z) = z. Any zy € (0, 00) satisfyingf(zo) = x¢ is a fixed point off. For our purposes,
ZTo is
(i) strongly attractingf f’(x¢) < 1,
(i) left-attractingif f'(z¢) = 1, f"(xz) — zo for z € (0,z0], and f*(x) - z, for x €
(w()a OO),
(iii) right-attractingif f'(z¢) = 1, f"(z) — xo for z € [x¢,00), and f"(z) - z, for x €
(O, %0),
(iv) weakly attractingf f'(x¢) = 1 and f™(z) — x, for x € (0, 00), Or
(v) repellingif f'(zq) > 1.
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2.4. Previous work by Laugwitz and Schonefuss.We will use the following two results from
[11] and [18]. The first was originally stated for a monotonically decreasing, differentiable
function whose derivative tends icasz — oc.

Proposition 2.4 (Laugwitz 1990, Corollary 1)For p > 1, if a, — oo asn — oo, then
K, (a;)~P converges.

Proposition 2.5(Schénefuss 1992, Corollary 2.4)he continued reciprocaith power of con-
stant terms: > 0 converges if, and only if,

-1
a>Q,= b — .
pr+l
Laugwitz and Schonefuss both wrote admiringly of a famous theorem from the 1840s (cf.
[14, 811]) connecting continued fraction convergence to infinite series divergence, and lamented
that an analogous result for continugiti powers seemed elusive.

Theorem (Seidel-Stern) Given termsz,, > 0, the continued fractio:°,(a;) ™ converges if,
and only if, the serie§ .~ a; diverges.

Perhaps influenced by Seidel-Stern, Schonefuss stated his main convergence theorem in
terms of an infinite series.
Theorem (Schonefuss 1992, Theorem 2.®)the seriesy .~ a;a?, ; diverges such that
n -1
lim p"* [H(aiafﬂ +1)| =0,
=0

thenK:2, (a;)~? converges.

However, continued fraction convergence can also be linked to series divergence via the
terms’ alternating subsequences, a relationship which we will see is more germane to the present
case.

3. CONTINUED SUPRAUNITARY POWERS

Continued supraunitapth powers will be employed irf 4 anf]85; here we review and extend
some of their known convergence criteria, and derive new ones. The constants
—1 1
Rp - pT and Lp - 1
pp—l ppfl
appear frequently; they originate in the following composite of [6, Theorem 1]land [18, Corol-
lary 1.3].

Proposition 3.1. The continued supraunitapth power with constant terms, = a converges
if, and only if,a € [0, R,]. Furthermore,

iso(a)’ < Ly,
with equality if, and only ifg = R,,.

It has been remarked (e.glL ] [5]) that a continued first power is merely the infinite series
Y ooai. Forp > 1, however, the terms of a continued supraunitary power may increase,
and boundedness tests apply.
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Proposition 3.2([6], Theorem 3) Givenp > 1 and termsu,, > 0, if
(3.1) limsupa, < R, ,

thenK:°(a;)? converges to a limit not exceedig. Forp > 1, K2 (a;)? diverges ifim inf,, ., a,, >
R,.

Proof. Most of this result is proved iri_[6]; what remains to be shown is th&t, t;)? does
not exceed.,, when [3.1) holds. ltimsup,_,. a, = M < R,, then for eackk > 0 there is
an N € N such thate,, < M + e for alln > N. Specifically, choose = ¢, > 0 such that
a, <M + ¢y < R,. Setu = M + ¢, and use,, < u for n > N to construct

ien (@)’ = an +p(CLN+1 +p(CLN+2 +p( e +p(an))))
(3.2) <u+P(u+P(u+?(...+7(u)))) = Kiy(w) .
By Propositio 3.]L, the right-hand side pf(3.2) converges if, and onlydf,[0, R,|, whereby
lim Ky (a)? <L, . 1

Proposition 3.3. Givenp > 1 and termsz,, > 0, if there exists an\/ > 0 and anN € N such
that

an \p"
3.3 =) <M
(33) (5)" <
forall n > N, thenK:° \ (a;)? converges, and
(3.4) *x (@)? < LyMP™

Proof. Condition [3.B) is proved i [7] (and see al$o [8]). To prave](3.4)set R, rewrite
B-3) asa,, < bM'/P", and build approximants from right to left as follows:

P(an) < P(O)MY?
=y +P(an) < DMV P (b MY
=M (b))
K2y = ang +P(an 1 +(an)) < OMYP"™ 4 MYP" 7 (b4 7 (b))
= MY b+ P (b4 7(0))
By induction on the indey, we have in general
Kr ()P < MY K™ (b)P.

=n=j i=n—j

n—1

n—1

SettingV = n — 7, and replacing with R, produces
(@) < MY K (R,
and by Proposition 3] 1, asgrows without bound,
> vla)? <MV L

As with infinite series, there is a ratio test of consecutive terms for continued supraunitary
powers. The following is extended froml [6, Theorem 5].

Proposition 3.4. For p > 1 and termsu,, > 0, if there exists anV € N such that

p _ 1\p—1
Ant1 < (Rp)p—l _ (p i)
an p

9
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forall n > N, thenK:° \ (a;)? converges, and its limit is bounded above by
(3.5) ay - —— .
p—1
Although the bound (3]5) is not stated in [6, Theorem 5], the proof there includes it.
To close this section, we address a case (not covered by Propgsiiion 3.2) in which the terms
approachR, from above. This requires a lemma, which fore (0,1) is sketched in[[17,
Appendix 1], proved in[11, Theorem 1], and is implicit in [7, Example 2].

Lemma 3.5. Givenp > 1 and a constant > 0,

(T p—lL and K2, (R VPV — . [,
=0\ cijpt | T b i=0 L€ )—C' p -

cl/p
Proof sketch.We claim that
(3.6) L, =K%, (Rp)p =c-KZ, (%)p = 1 : ?io(RpCl/pi)p )

cH/P c
from which the lemma follows. The first equality in (B.6) is from Proposifion 3.1. The second
arises from
Ly = K (B,)" = (B +"(By + (B + (... + (1)) |
where there are + 1 terms on the right. Distributing the denominator to the right produces
Ly=c- (Ryc ' +P(Ryc /P + p(RpC*l/p2 HP( (R )))))

Likewise, the third equality follows by distributing the numerator to the right.

Proposition 3.6. Givenp > 1 and f, : N — R, let
1
(3.7) a, = R, + —— .
8 fo(n)

If there exists anV € N such thatf,(n) > p" for all n > N, thenK:°(a;)? converges.

Proof. We compare[(3]7)'s,, with b, = R,c/?" from Lemmd 3.5, and show that the constant
c can be chosen so thaf¥(a;)? < K2, (b;)F. Introducing the quantityl,,, we have
1

R
— 14+ P )< 1p"
an, Rp( + fp(n)) < Ryc b,

Ay = <1+ B, >p"<
U R O

1 if 3.V, such thatf,(n) > p™ forn > Ny ,
lim A, = < /% if 3N, such thatf,(n) = p" forn > N, ,
00 if 3 N5 such thatf,(n) < p™ forn > Nj .

In the limit,

Note thate'/®» > e > 1, becausel/R, > 1. Consequentlyd, < e'/% if there exists
N = max(Ny, N») such thatf,(n) > p" forn > N. When

c> et/ Fr ,

we havea, < b,, and thus R(a;)? < K2, (b;)P; that is, K2,(a;)? is increasing, bounded
above, and therefore convergent.
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4. SPINES

A theorem of Scott and Wall [19] demonstrates the roles of the alternating subsequences of
terms in a convergent continued fraction.

Theorem (Scott and Wall 1947)Let{a, } be a sequence of complex numbers. A necessary con-
dition for the continued fractiof:°, (a;)~! to converge is that one of the following statements
holds.

(1) > lasi41| diverges.
(i) > lagip1(ag + as + - - - 4 ay;)?| diverges.
(III) hml_,oo |a2 +ag+ -+ a2i| = 0.

The alternating subsequences are similarly influential for continued recipitcpbwers;
but more structure is revealed when- 1. Instead of infinite series, two continued supraunitary
p? powers are required.

Definition 4.1 (Spines) Givenp # 0, k,m,n € N with £ < m, and termsu,, > 0, the (k, m)th
even spine is the continued supraunitafypower

S (az)? = ax +p2<a2k+2 + pg(a2k+4 +p2( e +p2(a2m))>) ;
while the(k, m)th odd spine is
S?;k(a2i+1)p2 = A2k+1 +p2(612k+3 +p2(662k+5 +p2( coet p2(a2m+1)))) .

Loosely speaking, spines are the remnants of a general contphhggbwer (and in this
paragraphp is any non-zero real number) whose alternating terms have vanished to zero. For
instance, whett = 0 (and ignoring the possibility of division bywhenp is negative), one can
write

Sio(az)”” = ao+ P(0+(az + (0 +7(... +*(azn)))))
(Slofaza)®) = 0+ #(ar +7(0 +“(as + /(0 + (.. +"(azm1)))))) -

While these formal expressions hold whethas positive or negative, we emphasise that, for
lp| > 1, spines are always continued supraunitatyowers. A key property of a continued
reciprocal power’s spines is

Lemma 4.1. Givenp > 1, k,m,n € N with k£ < m, and termsz,, > 0,
(@) < Sy(az)” and P(ST(aza)) < KI5 (a) P
Proof. To prove the first inequality, begin with

>"P(agy)
P(azm-1 + "(azm)) < "(azm)
aom—2 + Plagm-1 + Plagm)) < agm—2 + pQ(an)
o) P < S (an)?
Induction on the index¥ € N shows that

om < S

2m—2j m—j
and the substitutioh = m — j yields

22212]6(0“7;)17 < Sy (a)? .

aom—1+ P(azm)
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For the second inequality, begin with
p . -
(ST (@201 ) =77 (@2msr) < 2 +77 (azr1) = KIS ()7
2
Smmfl = A9pm—_1 +p (Smm) > A9m—1 T+ <K2m+1) = ngt%
P P m P m m
(Sir) < (Kant) < aams+ (K3 = K35
By induction ony,
7P<Smm—j> < ngtéj ;
and settingc = m — j we have
p . -
(4.1) (Stilazn)”) < KI5t (a) ™.

5. DIVERGENCE VIA SPINES

A continued reciprocal power’s spines can be used to create a divergence interval. The prin-
cipal result is a straightforward application of Lemimg 4.1.

Theorem 5.1. Givenp > 1 and termsu,, > 0, if there exists anV € N such that
(5.1) SZn(an)” < *P<S?2N(a2i+l)p2> ,
thenK: 2, (a;)~? diverges.
Proof. The given inequality and Lemn@.l imply
KZan(a)” < SExlaa)” < (Sxlan)”) < KZoy(a)

Settingdy = S° y(a2)”" andd; =7 (S y(asi1)"" ), the differencel; — dy > 0 comprises a
divergence interval for K, and therefore K diverges as welly

When does Theorein 5.1 apply? We present three cases, beginning with spines satisfying
Propositiorj 3.p.
Corollary 5.2. Givenp > 1 and termsz,, > 0, if

. p
(5.2) limsup a, < Ry = ————,
n—oo (p2)p2_1

thenK:2, (a;)~? diverges.

Proof. If limsup a, < Rz, then alsdimsup ay, < R, andlimsup agi1 < Ry2, k € N. By
Propositiory 3.2, there exig{,, N; € N such that

SEnp(a2)” and Sy (azis1)”
both converge. Se¥ = max{Ny, N, }; by Propositior 32,

2

2

1 - 2
Stvle” < o <1< 07 < (SEnlean )
p?)ri
By Theorem 5.1, the even and odd spines form a divergence interval, &g (k)" di-
verges.§

AJMAA Vol. 15(2025), No. 2, Art. 15, 19 pp. AIMAA


https://ajmaa.org

DIVERGENCE CONDITIONS FOR CONTINUED RECIPROCAL POWERS 9

This is a template for subsequent proofs: 1) show that the even and odd spines converge
to limits strictly less thanl, so that 2) the—pth power of the odd spine will have a lower
bound greater thanh resulting in 3) a non-empty divergence interval containing an open interval
aroundl. When a continued reciprocal power’s spines satisfy Proposition 3.3, for instance, we
have

Corollary 5.3. Givenp > 1 and termsz,, > 0, if there existsV € N and M > 0 such that

(5.3) (;” )pzn <M<

p2

1
(Lp2)p2N
forall n > N, thenK \(a;) P diverges.

Proof. By Propositior{ 3.8, the bound ai in (5.3) along withL,. < 1 imply that the even

and odd spines converge to limits less tﬂ@li/pQN < 1. Hence, the-pth power of the odd
spine limit is greater thah, and Theorerp 5|1 applies.

Spines satisfying the ratio test of Proposition] 3.4 also cause a continued reciprocal power’s
divergence. For convenience, define

N (e

rp = (Ryp)P ' = 5
: g ()P
Corollary 5.4. Suppose there exists & € N such that, for alln > NV,
21
O<a,< P e
and , ,
p p
—(a2n+2) < T2 and —(a2n+3) Srpe .
aon A2n+1

ThenK:? y (a;)~? diverges.

Proof. By Propositiorj 3.4, the even and odd spines converge, and
2

2
Sy (azi)?” < G2Np2 —

2

Sy (azip1)? < CL2N+1]D2 1
Sincea,, < (p* —1)/p? < 1, the even and odd spines have upper bounds lessl tHBinus the
—pth power of the odd spine is greater thgrand K< , (a;)~? diverges by Theore@.j.

6. A PERIOD-2 CONTINUED RECIPROCAL POWER

We now take up the question of boundedness conditions on the termsfficient for di-
vergence of a continued reciprocal power. In previous work (€lg.[[6], [9]), we used continued
powers of constant or periodic terms to construct bounds on continued powers of arbitrary terms.
We initiate a similar approach here, using the smooth function

U(r)=V,,(z) =u+(v+2 )",
wherex € (0,00); u,v € [0,00) are constantdjm, ., ¥(z) = u; and the unique horizontal
asymptote is
lim U(z) =u+v".

r—00

Examples ofl'(z) are shown in Figurg]1.
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Define a period-2 sequen@%}neN by by; = uw andby;+1 = v for 5 € N. The approximants
K2k, (b;)~? and K&*{1(b;) 7 are identical to iterates of using the initial values, andu + v >,
respectively:

(6.1) 2o(0) 7 = ut o+ Plut (4 H(w))) = V)
2k + 1 terms

(6.2) K25 (b,) 7P y+_p(v+_p(u+_p(...+_p(v))))1:\Ifk(u+v_p) .
2k +§terms

By ensuring thatl*(u) and U*(u + v~P) converge to different limits in the proper order, we
can use[(6]1) and (8.2) to construct a divergence interval for the continued reciprocal power of
arbitrary termsu,,. We therefore turn to the existence and propertieg’sfiixed points.

6.1. Fixed points of U(x). The functionU'(z) is increasing and has no critical points, because
its derivative
¥
z (vap + 1)PT7
is strictly greater than zero g, co). It has a single inflection point, because
Pp+1)(v+a7?) " (-va? +p—1)
22 (vap 4 1)

(6.3) V' (z) =

ml/(x) —

has a unique zero if, co) atx = \, where

(6.4) A::(p_l)p
v

With a negative Schwartzian derivative
(* = D(p* + (va? +1)%)
222 (vaP 4 1)2
forp > 1 andv,z € (0,00), ¥ has at most two attracting fixed points (¢f [1], Theorem 11.4).

The number of attracting fixed points, we now show, is related to the slope of the curve at its
inflection pointA.

SW=—

6.2. Knee and shoulder points. The slope of¥ is greater than at A when

(6.5) vl g
pP+1
The constant), appeared in Propositign 2.5. The following lemma implicaggsin the
existence of two special points at whigfi(z) = 1 whenW’(\) > 1.

Lemma 6.1. When0 < v < @,, there exist positive real numbets< A ando > X for which
V(k)="'(o)=1.

AJMAA Vol. 15(2025), No. 2, Art. 15, 19 pp. AIMAA
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1 S DU DU 2 3l
0 ﬂ7 ﬂ(\ KS 5(\ 0—7 y() yS

Figure 1: Graphs of the function®;(z) = u; + (v; + 7 ?)7P,¢ = 1,...,7, for p = 2.7. In (a) on the left:
(ul,vl) = (15,091), (UQ,UQ) = (Q;Dva) ~ (082,082), (’U,g,’l)g) = (09,065), and (U4,'U4) = (009,065),

U, is tangent toy = « at its inflection pointhy-. In (b) on the right: vs = vs = vy = 0.65 < @,, and
us = 05(ks5) = 0.75, ug = 0.45, uy = 0(o7) =~ 0.17. ¥; is tangent tay = x at the knee poinks; U is tangent
at the shoulder point . Propositior] 6.5(i) is illustrated by, (i) by W, (iii) by U5 and ¥y, (iv) by U5, (v) by
W, and (vi) byWg.

Proof sketch.The work culminating in eq[ (65) showed thift(\) > 1 if, and only if,v < Q,.
Consider the function

w(z) =V(xr)—x.
Inspection ofw’(x) = V'(z) — 1 andw”(z) = ¥”(x) shows thatv is convex on[0, A\] and
concave on\, oo), and thatw'(\) > 0. Thereforew has a minimum at the unique point
k € [0, A], and a maximum at the unique point [\, co). Itfollows that¥’ (k) = V(o) = 1. 1

Thusk ando are the two solutions if0, co) of

p*a”’
\I”(J}) — ——— =1 ,

x (vaP 4+ 1)°
and also satisfy the trinomial equation

2

P+ 1
(6.6) ¢,U(.T):xp_]?p_$p_l+_:0, v#£0.

(% (%

We callx theknee pointando the shoulder pointof ¥ (x).

We next determine the values offor which ¥ is tangent ta) = « at the knee and shoulder
points.
Lemma 6.2. Supposé < v < @), and let

P

O(xz) =2 — —, x€(0,00).
pm
Then
U(k) S rifuZo(s) and (o) oifub(o).
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Proof. The bounds om imply that the knee point exists and that it satisfies ef]. (6.6). We use
¢, (k) = 0to express in terms ofx:

(6.7) b= =2

K KP

Whenu § 6(x), we have

U(k)=u+ (v, +rK7F)?

2 -p
D Py 1
(6.8) é%jj+cp——+ﬁﬁ — k.
pr+l Kk KP

The argument is identical for the shoulder pomt.

Equation [(6.6) and Lemmas 6.1 6.2 assume 0. The caser = 0 is not precluded,
however; indeed, using,, o(z) = u+ 2P~ we may calculate the value afcorresponding to the
minimal knee point.

Corollary 6.3. If the knee point exists, then> R,..

Proof. In (6.7) we saw expressed as a functignof the knee point value. It may be shown

that((z) is strictly increasing on the interva),pril]. We find the value of whenv = 0 as
follows: ,

P 1 1
b —— = K=Ky = — .
foooW (p?)7=

Lemma’s@(x) is also strictly increasing of[),pﬁ]. Sincek, is minimal on [O,pﬁ],
u = 0(k,) is also minimal on that interval, and thus

p 1 1 1
u > 0(ky) = Ky — N — — g P

2p
1 1
= ——(1- 21
P\ ()

2
-1
:p—QZRp2.I

(p?) 7
Lemma 6.4. The value ofl at its inflection point is

U\ =u+ (p_l)p .

vp

Proof. From eq.[(6.4) we have

and therefore

-p -p 1\
\IJ()\):u—l—(v#—L) :u+(v- b ) :u+(p ) -1
p—1 p—1 up

Proposition 6.5. With x and o as defined in Lemn{a 6.1, afidz) as defined in Lemnia 6.2,
U (x) has the following unique fixed points:

(i) one strongly attracting pointr = «) for v > @, and for allu € [0, c0);
(i) one weakly attracting poirftc = \,) foru = v = Q,;
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(iii) one strongly attracting pointz = «) for v < @), and eitheru > (k) or u < 6(o);

(iv) one left-attractingz = x) and one strongly attracting poirit: = v), k < A < ~, for
v < @Qpandu = 0(k);

(v) one strongly attractingz = ) and one right-attracting pointz = o), 5 < A < o,
forv < @, andu = 60(0);

(vi) one repelling(z = ¢) and two strongly attracting pointéz = 5 andz = ~), for
v < Qpandu € (0(k),0(0)).

These points are shown in Figlife 1 for= 2.7 and various values af andw.

Proof. (i) U is continuous, and > @, implies¥’(z) < 1 on (0, c0), soV is a contraction, and
has a unique, strongly attracting fixed point= «). Whenu = 0, a = (0, 0) trivially.
(i) When V¥’ = 1 andV is tangent ta) = = atz = \,, from

—1 1\ ?
v:Qp:pp andA*:(p )

prit v
we have
p
p—1 pr L
)\* e _ = +1 ,
and hence
AN=T\) =u+(v+AP)7?
-1 1 -P _
:u—i—(pp + p> :u—i—pﬁ:u%—)\;p.
ppﬁ pm
Consequently,
1 p—1
U=\, — — = = .

The form ofW in this special case is therefore
\I/(:E) - Qp + (Qp + x—p)—p )

which, by Propositiop 2|5, converges(ts,, \.). Becausel’(\,) = 1, A, is weakly attracting.
For parts (iii)—(vi), the knee and shoulder points exist when @, by Lemmd 6.1L.
(iif) We prove the claim for, > 6(x); the proof foru < 6(o) is similar.
On (0, A\]: we have, first, that’(z) > u for all z € (0,00); and secondly, tha¥ (k) > &
whenu > (k) by Lemmg 6.2. Thirdly, from the condition< @,,, we calculate

_ pp+1
v P> ,
(p—1)7
so by Lemm& 614,
p2
(p—1) pret = =
U(A) >u+ . =u+ prtt > 0(Kk) + prit .
(A) o o1y (r)

Being smooth and strictly increasing, therefobéy) is strictly greater than and has no fixed
points on(0, AJ.

On (), 00): U is a contraction becausE (z) < 1, and thus has a unique strongly attracting
fixed point in that intervalz = «).
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(iv) On (0, \) = (0,x) U {x} U (k,A): By Lemmd 6.2, whem = 6(x) the fixed point(x, )
exists. One easily shows théat (z) < U (z) < s forn € Nandz € (0, k); being strictly
increasing and bounded above Byx) = «, V" (z) converges ta: = k. On (k, \), however,
U(z) > z, so there are no fixed points in this interval.

On (A, 0): ¥'(x) < 1, soV is a contraction and has a unique strongly attracting fixed point
(x =7).

(v) On (0, \): ¥ is a contraction and has a unique, strongly attracting fixed goint /).

On (X, 00) = (A, 0) U{o} U (0,00): By Lemma[6.2,(c,0) is a fixed point when: =
6(c). Becausel(z) < x on (A, o), there are no fixed points in this interval. Qn, co),
o < U"tl(z) < U"(z) for n € N; being strictly decreasing and bounded belowikiy) = o,
U™(x) converges ta: = o.

(vi) The strongly attracting fixed points = 5 andx = ~ occur in the intervalg0, ) and
(0,00), whereV’(z) < 1. Noting thatu < 6(x) impliesU(k) < &; thatu > 6(o) implies
V(o) > o; and that¥ is smooth with derivative exceeding it follows that ¥ has a single
repelling fixed point = 6 on(k, o). 1

7. A BOUNDEDNESS CONDITION FOR DIVERGENCE

We now use the fixed points d@f(x) as bounds for the approximants of the general continued
reciprocal power.

Theorem 7.1. Givenp > 1 and a sequencéu,, } .y Of positive reals for whicl) < lim inf ay;
and0 < liminf ay; 1 asi — oo, let

S =limsupay; and 7T =limsupag;; .

The continued reciprocal powét:°,(a;)? diverges if all of the following hold:

() 0 <limsupagi+1 < Qp,
(i) liminfay; > 0(k)
(iii) limsupay; < 6(0),
where forz, v € (0, 00),

O(x)=x—

2

pr+l
) 1
p+

Ou(w) = a? = E—ar 4 =,
v (Y

r is the smaller of the two real solutions tg,(z) = 0, ando is the larger of the two real

solutions tap,(z) = 0.

Proof. In light of Propositionj 2.4, we assume that sup a,, < +oo. By choosing an appropri-
atee > 0 and a sulfficiently large nonnegative integér we may define positive reals b, ¢, d
such that, for > M,

(7.2) 0 <a=liminfas + € < ag; < limsupag; — e =b,
(7.2) 0 <c=liminfag 1 + € < agy1 <limsupag 1 —e=d.

To prove the theorem, we use relations(7.1) (7.2) to form an inequality comprising, from
left to right and from least to greatest, a continued reciprocal poWétls approximant; an
iterated function ob andc; an iterated function af andd; and finally the2k + 1st approximant.

By adjusting the parametetsb, ¢, andd, we cause the limit of the first iterated function to be
strictly less than the limit of the second, creating a divergence interval.
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To construct an even approximant, begin with €q.](7.1)@nd= K3", m > 0:
a<Kim<b
P(a) > "P(K3) > (D) .
Next, applyc < as,,—1 < d from (7.2), to obtain

d+ "P(a) > K" | >c+ P(b).

Repeating these steps gives
P(d+P(a)) < TP(KGno1) < (et 7T(b))
(7.3) a+ "P(d+"P(a) <K' , <b+ P(c+ 72(b)) .
Define functionsf andg on (0, oo) by
flz) =b+ (c+a7")"
g(x) =a+(d+z7%)7",
then write [[7.B) as

gla) <K, < f(b).
By induction on the inde), we see that
(7.4) g’ (a) <Kin_o; < (D).
For the odd approximants, repeat this construction, beginningwith (7.2)an¢ = K3t 1:
c< Kt <d
o) > P(Kgmin) > 7P(d) -
Apply (7.7) and[(7.R) alternately to get
b+ "P(c) > Ki"t > g+ 7P(d)
b+ P(e) < P(KERT) < Pla+ 7P(d))
c+ b+ () <Kgniy <d+ "(a+ 7"(d))
et (b + () > P(KERE) > P(d+ Pla+ T(d)))
b+ "P(c+ P+ ") > K > a+ "P(d+ P(a+ P(d)))
Using the functiong’ andg, this may be expressed as
fo+cP)>K > gla+d™P).
Again by induction on the inde, this leads to

(7.5) fib+c?)> Kt > gl(a+dP) .

2m—2j

Setk = m—j. From [7.4) and (7]5), we see that, fofixed, K3; will be divergent if the central

inequality in
lim KZ" < lim f™ () < lim ¢" *(a+d?) < lim K&

is strict. That strict inequality, in turn, will be guaranteed if there exists a fixed pgirfior f,
andw, for g, such that

(7.6) nllnéo fm_k(b) < flwy) =wy <wg = glwy) < nlbimoo gm_k(a +d7").
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ﬂf - wf yg: wg

Figure 2: Examples of the functiorf§z) = b+ (¢ + 27P) P andg(z) = a + (d + ~P)~? used in the proof of
Theorenj 7]1. Strongly attracting fixed points approached frgre= b are smaller and green, those approached
fromzy = a + d~P are larger and red. In (a) on the leftp = 3.1, a = 0.5, b = 0.6, ¢ = 0.66, andd = 0.7.
The points3; = wy and~y, = w, are the bounds used in e.g). In (b) on the right:p = 2.3, ¢ = 0.294, and

d = 0.588. The knee point,; ~ 0.757915 is the smaller of the two numerical solutionsgg(x) = 0, and the
shoulder pointr, ~ 2.21125 is the larger of the two solutions t,(x) = 0. The functiory givesa = 6(o,) and

b = 0(xy); for these values af andb, respectivelyg and f are tangent toy = x. A slight vertical translation of.
upward toa’ results in a strongly attracting fixed point, > o, for g(x); a translation ofb downward ta)’ yields

By < kg for f(z).

However, this plan must reckon with the following fact.
Lemma 7.2. Givenp > 1,0 < a < b, and0 < ¢ < d, we havey(z) < f(z) forall z € [0, o).

Proof. Supposer > 0. Frome < d we have(d + z77)? < (¢ + «7?)7?, and froma < b,
g(x) =a+(d+x7?)? <b+(c+27?)P = f(x). Onthe other handim, .o g(z) =a < b=

The implication is that invariably, < w, which is the opposite order from the one desired
in (7.8). Indeedf(z) = fi.(z) andg(z) = g.q4(z) are instances o¥(z) = ¥, ,(z) from
g8, and parts (i)—(iii) of Propositign 8.5 imply thgthas a unique fixed point; > \; when
1) ¢ > @Q,, orwhen 2)0 < ¢ < @, andb > 6(x). In each case, Lemnja 7.2 implies that
ay is greater than the largest fixed pointgofand this is irrespective of the numbergs fixed
points. Thus, no intervak,, o], wherey, is any fixed point of, can be used as the divergence
interval [w, w,] sought in[(7.5).

Nonetheless, it is possible to choaesé, ¢, andd so thatf andg each have two or more fixed
points, and such that, lies on or belowf’s knee point and, lies on or abovey's shoulder
point (FigureD?a). If3, (approached from below by iteration from the initial valug = b)
is less thany, (approached from above withy, = a + d7?), then[3,,~,] will constitute a
divergence interval. Condition (i), per Lemina]6.1, ensures the existence of at least two fixed
points each forf and forg. Parts (iv)—(vi) of Propositio@.S imply that, is less thany,.
Condition (i) guarantees that the poisit < A, exists for0 < b < 0(x); whenb = 0(k), f is
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tangent toy = z from above at, f(x)). Condition (iii) means that the point, > ), exists
fora > 6(o); whena = (o), g is tangent ta) = = from below at(c, g(o)).

Thus, the desired divergence interval is created, with left endpgint 3, and right end-
pointw, = ~v,. We have shown that

(7.7) lim K%ZL < flwy) =wy = ﬁf <Yy = wy = g(wy) < lim K%kmﬂ.

Since the even and odd tailgKand K3} diverge, K° diverges by Propositi.i_

Figure{2b shows a more detailed illustration of the theorem and its proof. The knee: point
is the smaller of the two real solutions ¢o(z) = 0; the shoulder poing, is the larger of the
two solutions top,(z) = 0. The functiond produces the values = 6(o,) andb = 0(xy);
these caus¢ andg to be tangent to the ling = z atz = x; andz = o,, respectively.
The intervalD = [k, 0,] comprises a divergence interval in this situationa s translated
upward vertically tad’, andb is translated downward td, and the relatiom < o’ < b < bis
maintained, then the divergence interval becomés- [3,~,], with D C D'

8. NOTES

8.1. Series expansions for the knee and shoulder pointsSeries solutions to trinomial equa-

tions have long been known, and are also readily generated by Lagrange inversion using sym-
bolic math software. The series given here derive from formulas!in [4]] Tq §6.2 we saw that
U’(z) = 1 produced the trinomial

2

= 1
gbv(x):xp—ppTxp_le;, v#£0.

Whenv < @,, the knee point oft () is the smaller of the two real solutions¢g(x) = 0; per
[4, Eq. 9], its series representation is

. P19 i
1 % v
k= 2 § p_- 2p )
pp2—1 i—0 (4 pp2,1

while the shoulder point is the larger solution, per[4, Eq. 7]:

2 n—1 (ip—1 “1\*
_ bt _ (pi) vt
S ;ip”(pﬁl

8.2. Historical note on continued roots. Let ¢ = 1/p. When0 < p < 1, the general contin-
uedpth power [1.B) is called a continueth root, while—1 < p < 0 generates a continued
reciprocalgth root.

A result which we have called Herschfeld’s Convergence Theorem (seelé.g. [7]land [9])
states that a continuegh root of termsz,, > 0 converges if, and only if,

(8.1) limsup a?" < 400 .

Herschfeld’s 1935 paper[5] cited a version pf {8.1) (expressed using logarithms) by Pdlya
and Szeg06 from 1916 [15] and 1925 [16]; and Vijayaraghavanh [17] gave a condition similar
to that of Pdlya and Szegd in 1927. Herschfeld believed his statemepnt pf (8.1) to be new;
but ongoing archival research has revealed that conditioh (8.1) appeared as early as 1904, in
Wiernsberger’s papel [21] and dissertation![22]. Thus, Herschfeld’s Convergence Theorem
joins Pell's equation, Hblder’s inequality, and many others in the list of misattributions (cf.
[20]).

For an annotated bibliography of continued general powers and related fornis,|see [10].
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