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ABSTRACT. Let(FE, ||-||) be a normed linear space over the real or complex numberKield
by S, », With p € [1, 0] we denote the spheres generated byptherms||-||,, , onK", then we

consider the followindlypog-normson E™, ||x||;, ,, , := SuPxes,  ||2o7=1 Ajzj|[ » With ¢ > 1
and; + 1 =1ifp>1,¢=1if p=ocandg = coif p = 1. Forp = 2, we also consider the

hypo-Euclidean normon E™, i.e.|[x|, ,, . := Subxes, , || 2 ;=1 )\jxjH .
In this paper we have obtained among others the following inequalities
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The case fom = 2 and the connection with the following new norrg|, , [|-||, : E? —

L. eifpa om0
[0,00), (2, y)|l, = supge [[cos bz +isinby[| and ||(z,y)[|, := supgep | 5| are
also investigated. When the notftj| is generated by an inner product, further bounds are given
as well.
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1. INTRODUCTION

Let (E,||-||) be a normed linear space over the real or complex number Kel®n K"
endowed with the canonical linear structure we consider a igjfnand the unit sphere

S = AA = (A, ) € KA, =13
As an example of such norms we should mention the ysuarms

max {[ ], A} if p= oo
(1.2) 1AL, =

S =

if pell,o0).

(k= [Ael”)

TheEuclidean norms obtained fop = 2, i.e.,

1
n 2
2
Al = (z i ) .
k=1
Itis well known that onE™ := E x - - - x E endowed with the canonical linear structure we can

define the followingp-norms

max {[|z1l[,..., lzal[} if p=oo;
(1.2) Ix[],, , =

B =

if p e [L,00),

(k= lzall”)

wherex = (z1,...,1,) € E™.
Following [4], for a given nornj|-||, on K", we define the functiond]-||,,,, : £" — [0, 00)
given by

Z)\,x,

(1.3) ”Xth = Sup 7L

xes(|H1,, )

I

j=1

wherex = (z1,...,x,) € E™.
It is easy to see, by the properties of the ngdr, that:
(i) ||X||h,n > 0 foranyx € E™;
() [[x+ Yl < Xlp0 + Iy, foranyx, y € E™;
(iit) [lex]l,,, = |al[[x]],,, for eacha € Kandx € E™;

and therefore-||, , is asemi-normon £". This will be called thehypo-semi-norngenerated
by the norm||-||,, on E™.

If by S,., with p € [1, oo] we denote the spheres generated bytherms|-||,  onK", then
we can obtain the followingypog-normson E™ :

Y

1.4 X = su AT
( ) H ||h,n,q )\ESSP jzl 7]
Withq>1and%+%:1ifp>1,q:1ifp:ooandq:ooifp:1.

Forp = 2, we have the Euclidean spherelift, which we denote by

Sns Sp = {A=(A1,...,\) €K"Y, IA)* = 1} that generates theypo-Euclidean norm

onE", ie.,

Z Aj[Ej .

J=1

(15) Hx”h,n,e = sup
AeS

IS n,2

AJMAA Vol. 22(2025), No. 1, Art. 1, 23 pp. AIMAA


https://ajmaa.org

SOME NEW INEQUALITIES FORHYPO-g-NORMS 3

Moreover, if E = H, H is a inner product space ovEr, then thehypo-Euclidean nornon
H™ will be denoted simply by

(1.6) 1X[[,,,c == sup
A

n
E A
=1

Let (H;(-,-)) be a Hilbert space ovék andn € N, n > 1. In the Cartesian produdi” :=
H x --- x H, for then-tuples of vectorx = (z1,...,2,),y = (y1,.-.,y,) € H", we can
define the inner product, -) b

n

(1.7) xy) =) (zy), xyeH",

j=1
which generates the Euclidean nojnj, on H", i.e.,

1
(L.9) Il 5 = (Zua:jn?) . xeH"
j=1

The following result established inl[4] connects the usual Euclidean figrmith the hypo-
Euclidean nornjl-|, . -

Theorem 1.1(Dragomir, 2007,[[4]) For anyx € H™ we have the inequalities

(1.9) < [Ix]]

n,2

=l < [l
X X
i Xz =

i.e.,[[,, and|-|, . are equivalent norms of/".

The following representation result for the hypo-Euclidean norm plays a key role in obtaining
various bounds for this norm:

Theorem 1.2(Dragomir, 2007,[[4]) For anyx € H™ withx = (x4, ..., z,), we have

(1.10) 1%, = sup <Z| T, x;) ) :

For various new results concerning norm and numerical radius inequalities for bounded linear
operators on Hilbert spaces, see the recent papersl|[1]-[5],[[10]-[14] and the references therein.
Let (E, ||-||) be a normed linear space over the real or complex numberKieM/e denote
by E* its dual space endowed with the nofirfj defined by

| f|l == sup |f (x)| < oo, wheref € E*.
lefl=1

We have the following representation result for hypog-normson E™, seel[6]:

Theorem 1.3.Let(E, ||-||) be a normed linear space over the real or complex number feld
For anyx € E™ withx = (x4, ..., z,), we have the representation

1/q
(1.11) 1%/ g = sup (Z\f ;) > ,

wherep, ¢ > Twith 1 +1 =1,

(1.12) ||XHh,n,1 = II?}IIl:pl {Z |f (%)’}
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and

1.13 X = ||x = max x|},
(113) Il 0 = Il = 0 {ll1l}
In particular,

1/2
(1.14) HXHh,n,e:HSl‘lp (Z\f ;) )

In [6] we also proved that, for > ¢ > 1, the following double inequality holds

r—g
HXHh,n,r S HXHh,'rL,q S nre HXHh,nr

foranyx € E".
In the same paper we also obtained the following reverse inequalities

, 1 1
0. I}, = Il oy < I

n,00 ?

1
2 2
0 < Il =~ Il

and

0 < [[xl =

1 1
% ||X||h,n,1 S Z\/EHXH’VL,OO :

For ann-tuple of complex numbers = (aq, ..., a,) with n > 2 consider thén — 1)-tuple
built by the aid of forward differenceda = (Aay, ..., Aa,,_1) WhereAay, := a1 — a, Where

ke {l,..,n—1}. Similarly, if x = (z1,...,2,) € E™is ann-tuple of vectors we also can
consider in a similar way th@: — 1)-tuple Ax = (Azy, ..., Az,_1) .
In [6] we also obtained the following results:

HX‘ (fIL:Zq-i—r = ||XH;1an HXH:LnT
(

r—2
Har (n® = 1) n|x[|2727 [ Ax]l,

n—1,00"

2
% (n2 1)qr ”XH(HT ”AXHh,n—La ”AXHh,n 1,8
+
wherea, 3 > 1, E+ ﬂ =1,

2 2
| 3 (n =) ar x| 1A,

forq,r > 1.

AJMAA Vol. 22(2025), No. 1, Art. 1, 23 pp. AIMAA


https://ajmaa.org

SOME NEW INEQUALITIES FORHYPO-g-NORMS 5

Motivated by the above results, in this paper we have obtained among others the following
inequalities

( maxi<k<n {‘Oék|2} HXHi,e

2

n 20\ 1/ 2
< (Zkzl || ) HXHh,n,ga
~ | wherea, 3 > 1with 2+ 5 =1

2 2
L 2k Lol 115 o

2
( maxj<k<n {|Oék| }Z?gi;ﬁjgn il llz;l

1 n 24\ 1/7
(n =17 (Shsy el

4 n 5 s\1/°
% (Lhcisjen il 2511°)
wherey,d > Lwith - + 5 =1

2
L (0= 1) Dy Jaw]” maxy<izjon {[]]] |25}

The case fom = 2 and the connection with the following new normg|,, ||-||, : £? —
L. et pte—i0
0,00) |, 9)l, = suppes lcos bz + isinfyl| and|(z, ), = suppeg | =52 are also

investigated. When the norip|| is generated by an inner product, further bounds are given as
well.

2. MAIN RESULTS

We have the following inequalities:

Lemma2.1.Letxy,....,x, € E, ay, ...,a, € Cand f € E* with f £ 0. Then

( max<pen { |k} Yoy 1f (20)]

2 /B

<] (o™ (S I )

2.1)
wherea, 3> 1with L+ 4 =1

Z i f ()

\ 22:1 ’O‘k‘Q maxi<k<n | f (xk)|2

([ maxi<izj<n {oul a1} Y1 cisicn |F ()] | ()]
2 n 2y 1/
(s el ™) = Sy o]
n 5 5\ /?
X (ShamenlF @I 1F @)

: 1 1 _
wherey, 6 > 1with = + § =1

(s low)® = iy ]

(| X maxi<izj<n {|f ()] f (2;)[}
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([ maxi<i<p {|ak|2} > het IS ($k)|2

/B

(S o™ (S 1 @)

wherea, 3 > 1with & + 5 =1

IN

( Sohe o] maxi <y | £ ()]

(maxicpen {Jonl*} e 1 (@) 1f ()]

(= )" (S )
9 % (Shapen I @1 )

H 1 1 _
wherey, § > 1W|th;+3 =1

1/8

L (0 — 1) Yoy el maxy <oz {If ()] | (2)]} -

Proof. Let f € E* with f # 0. Then

b (&)

= Zaif (x;) ZOC_]JC () =

i=1 j=1

(2.2)

Z a; f (1‘2)

n n

= Yl If @)+ > aasf (@) f(x)

k=1 1<i#j<n

< Z | [ f () [”
k=1

Z ;o f (z;) T%)

1<i£j<n

_|_

Z ;o f () T%)

1<i£j<n

= Z o * | f ()] +
k=1

<Yl [F @)l + Y el lagl [ (@)l 1f ()]
k=1 1<i#j<n

Using Holder’s inequality we have

([ maxi<j<y {|04k:|2} dohet | f (Ik)|2

n n 207 1/ n 9 1/8
(2.3) Z loge|* | f (z)]? < (X Lo ™) (Zk:l | f ()] B) ;
k=1

wherea, 3 > Twith - + 5 =1

L S or ol maxy <z | f ()]
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By Hoélder’s inequality for double sums we also have

n

(2.4) Y ladllaglf @)l ()]

1<i#j<n

(maxi<izi<n Uil g} DT cisicn L (@)1 £ (25)]

(Srcopsen ol l051) " (Sicipsen 7 @ 17 )

H 1 1 _
wherey,§ > 1with & + 5 =1

IA

D lcizjon il o maxicizjcn {1 f (@)[ [ f ()}

(maxi<izi<n Uil g} D Tcisicn I (@)1 f (25)]

I 2 n 9y 1/ n 1/5
(i o) = iy o] (Slisyen I @)l 1 (1))

A H 1 1 _
wherevy, § > 1 with St+s=1

(i o) = Syl mass ciin {1 (@)l 1S ()1}

By utilizing (2.2)-(2.4) we deduce the desired result](2.1).
By utilizing the following Cauchy-Bunyakovsky-Schwarz type inequality

n 2 n
(Zaz) §n2a?, fora; e R, 1 <i<n,

i=1 i=1

we have

n 2 n n
(z w) Sl < =) 3
k=1 k=1 k=1

and

(Z Iak|> =Yl <=1 el

k=1 k=1 k=1

which proves the last part df (2.1y.
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Theorem 2.2.Letxy,...,x, € F, ay,...,a, € C. Then

( 2 2
maxi<p<n {|ak| } ||X||h,n,e

2

200\ 1/ 2
(Zzzl || a) HXHh,n,ﬁ7

2.5
(2:5) wherea, § > 1with L + 4 =1

IA

E ;T

=1

2 2
\ ZZZI |ak| ”XHn,oo
([ maxycizj<n {laul o]} DoTcisjcn 1l 125
2 ) 1/’7
(i ol = Sy o]
é é
14 % (Shaimen ol sl

H 1 1 _
wherey, § > 1W|th;+5 =1

(s lowl)® = ey o’

| X maxycizjon U@l |25}

( maxi<p<n {|ak’2} ||X||Z,e

n 20\ 1/ 2
(Ekzl ’ak‘ ) HXHh,n,ﬁa
wherea, > 1 with 1 + % =1

IN

2 2
[ 2k ol %15 oo

2
([ maxicp<n {lonl™} Xicisjcn il ;]

1 n 24\ 1/
(n— "7 (S0, lawl™)

1/6
n 1 1
T % (Dlheogen lloall’ ;1)
wherey,d > 1with 1 + =1

2
L (0= 1) D0 lar]” maxy<izjcn {2 |||} -

Proof. If we take the supremum in (3.1), then we get

(2.6) -

sup
I fll=1

(5

=1

n
E ;T
i=1
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2 n 2
maxi <pen { |0} supy s o5 1 (20))]
n 20\ 1/ n 2 1/8
o) (i) supy sy (S If @0 P)
| wherea, 8> 1with ; + 5 =1
L Ezzl |ak|2 SUp||f|j=1 INaX1<k<n |f (xk)|2
[ maxi<izj<n {Igil o}
X SUp| f|=1 Elgi;ﬁjgn |f (@)l |f (z;)]
n Y\2 n 2y el
(i ol = Sy o]
n 5 5\ 1/°
9 x SUp| /=1 (Zlgi;&jgn |f (@)|” | f ()] )
; 1 1 _
wherey, 0 > 1 with & + & =1
n 2 n 2
(i o) = i o]
[ X SUP|jf|=1 MaX1<izj<n {1f @)l If (z)]}-
Observe that
2 2 2
sup Z @)l = lIxllh, s sup | DOIf @) = lIxlh.,
IAI=1 %= IF1=1 \ o=y
and
2 2 2
sup max |f (ai)]” = max ||31”1p1|f(arrk)l = max [|zi|* = [1xll; o -
Also

n

sup Z (@IIf (@)l < Y sup (If (@)l If (23)])

I£1l= 11<17é]<n 1§i7éj§an”:1
n
< 37 sup [f (@) sup |f ()]
1<i#j<n Il fll=1 [lfl1=1
n
= > llallllal,
1<i#j<n

IN

1/6
ap S IF )P x]>|‘5>

1A=t e

n 1/8
sup( > If(xi)l‘slf(xj)l‘s)

IlFll=1 1<i#j<n

n

1/6
S swp (!f(:ci)lélf(wj)lé)>

1<i#j<n IFl1=1

. 1/6
> sup |f (2)]° sup !f(wj)|5>

1<izj<n IF1=1 Ifl=1

n 1/5
5 5
={ > lll ||$j||)

1<i#j<n

IN

IN
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and

sup max {[f (z;)] [f (z;)[} = max sup {[f (z:)] [f (z;)]}

I1£ll= 11<17é]<n 1<17£j<nH fll=1
< max sup |f (z;)| sup |f (x;
1§ft‘?ﬁjﬁn{fn:l' ol g, 17 )
= (ol ]}

By utilizing (2.6) we derive the first part df (2.5). The second part is obvigus.

Corollary 2.3. Letzy,....,x, € E, aq,...,a, € C. Then

2 " 1/2
4 2
< (zm ) 2.

2.7)

k=1

2 1/ 1/2
n n n /
2 4 2 2
N (Zmr) CY ( S iju)
k=1 k=1 1<i#j<n
" 1/2
4
< (Zm) I
k=1

" 1/2 n 1/2
+(n_1)1/v<2\ak!4) (Z H%!IQH%HQ> :

k=1 1<i#j<n

n
g ;0
i=1

The inequality follows by[(2]5) fotv = 5 =7 = 4§ = 2.
We also have:

Theorem 2.4.For anyx € E™ andp > 1 we have the following nine possible inequalities

2(p—1
<22 117 e
[ [ 4
2. hyn,B 0
(2.8) HX“ S ) wherea, 3 > 1with ; + 3 =1
2(p—1 2
\ ||X (p )— ) X||n700

2(p—1
(x2S sl s

1 n 5 5\ Y
(n—1)"" ||X||hn2’y)(p 1) (Zgi;&jgn [ls|” {|2 ) ;
wherey, § > 1 with ; +i=1

2(p—1)
[ (0= 1) Il 01y maxicizicn (Il 2} -
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For p = 1 we also have:

( 2
||X||h7n,e

1/a 2

2 1%l 6

. < 7’”%5 .

(2.9) ¢l < wherea, 8 > 1with S + 5 =1

nxl,
\ n,00

( Z?gi;ﬁjgn il [|;]]

1/6
1 n 1) 1)
(=D (g il s l)
wherey,§ > 1with 2 + ;=1

( (n = 1) nmaxi<izjcn {||7:]] [|2;]]} -

Proof. Let1 < i < nandf € E* with f # 0. From ) fora; = f () |f(xi)‘p_2 and
a; = 0if f(x;) = 0we get

[ max;<p<n {|f (l’k)|2(p_l)} Soi S ()]

<i 1 “””’p)Q <3 (Sl @) (Sl wor)

i=1 - wherea, 6 > 1 with é + % =1

D it F ()P maxy <pen | £ (22)]

[ maxicren {If @70} e IF @IS ()

(0= 1" (S If (a0 0)

< (Shed 1 @17 @)

H 1 1 _
wherey, 6 > 1with - + 5 =1

[ (0= 1) 1 (@) PP maxi<izjen {1 (20)] | f ()]}
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If we take the supremum ovegre E* with || f|| = 1, then we get

(2.10) sup <Z| F () )

Il fll=1
(

2(p—1 n 2
Sup| s||=1 IMaXi<k<n {!f (7)] ® )} Sup| f|j=1 Zk:l |f (z1)]

n e 1/a
SUP| =1 (Zkzl | ()0 ”)

n o\ 178
X SUP) =1 (Zkzl |f (i) ﬁ) ,
whereo, 3 > 1 with £ + % =1

IN

n 2(p—1 2
L SUPjf)=1 Zk:l |f (z)] ® )SUP||f||:1 max)<k<n | f (74)]

SUP)| -1 MAX1 <k<n {If () P77V

X sup| =1 legi;éjgn Lf (@)l 1S (25)]

1 n 29(p-1)\ 7
(= 1) supygy (Shea I (@)@ 7)

n 5 s\/9
supygir (S gyen 1 @I 17 (@))°)
wherey,d > Lwith = + 3 =1

(n — 1) supy yy Sopey 1 f ()P
(X SUP|f|=1 MaX1<iz£j<n {’f (wl)’ |f (l’])‘} :

Observe that
2p

n 2 1/p
sup <Z|f<:ci>|p) = | sup (Zlf ) ) = [Ix[[35, 5

1=\ =1 IF11=1 \ =1

sup max {|f (azk)]ﬂp*l)} = max { sup |f (a:k)|2(p1)} = HfoLEZ;l)

| fll=11sksn Isksn | |f)1=1

sup Zlf (i) * = 1%l . -

1F11=1 %=1

1/ n 1/[2a(p—1)]
Z sup | Y |f ()P
||f|| 1 e IIfll=1

k=1

2(p—1)

1)
= ||X||h22a(p 1)

and the similar representations for the other terms in the first branfh of (2.10), and since

i i)l < i j
Hf}”lfl 1<;<n|f(l“ IS ()] 1<§<n?‘1||l£1 |f ()] ||§1H1£1 |f (z;)]

n n
= > > il

1<i#j<n 1<i#j<n

and the similar inequalities from the other terms in the second bran¢h of (2.10), we derive the
desired resul{ (2]8).
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Forp = 1in (2.10) we get

sup <Z f (%)I)

lIfll=1
( n 2
SUp| 7|=1 Do | ()]

1/B
@ n 2
n'/ Sup| f|1=1 (Zk:1 | f (w)] ﬂ) )
wherea, 3 > Twith - + 5 =1

IN

nSup| =1 Maxi<pen | f ()|
(SUD| =1 Dt<injen | f (@] [f (25)]

vy 1/~ n 0 4 1/6
(=D 0 supy s (S 1F @IS ()))
wherey,§ > 1with 1 + 5 =1

( (n = 1) nsupyp oy maxi<izj<n {|f ()] [f (27)[},

which gives|[(Z2.D)a

Corollary 2.5. For anyx € E™ we have

2 2
%15 00 11117,

9 2
. %1520 1% 10,5 5
. < )1y 20 ,TL,B.
(2.11) el e = wherea, # > 1with  + 5 =1

1l 115 o
( 2
1€, 00 21 <igjcn 1l 1251

2 5 s\/0
(=1 I3 2y (Shciin il i)

H 1 1 _
wherey,d > 1with -+ 5 =1

2
[ (2= D) %[l 0 maxicigjn Lzl [l -

The inequality follows by[(2]8) fop = 2.
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3. THE CASE OF TWO VECTORS

Let (z,y) € E* anda, 3 complex numbers. By taking = 2 in the inequalities{(2]1) above
we can state that

max {]a|2 , W!Q} (1f (@) +|f (y)‘Q)

@ 1/
af @)+ < ol + 1807 (I @F < 1 wl)
| wherep, v > 1with L+ =1

L (Jaf? +18) max {1 @) If ()}
( 20a] 1811 @) £ @)
(o + 1877 ~ la>" — 18]

< i@l irmr)”

; 1 1 _
wherey, s > 1 with sts5=1

L [(al +18D)° = lal® = 8] 1f @) 1f )]

which gives the simpler three inequalities

B1)  af(@)+B8f W <2]alBlIf (@) If )
(max {[af*, |3} (If @)* + |f W)I°)

2c 2c « 2 2 1/8
L QP 1P (1 @+ wP)

wherea, 3 > Twith £ + § =1

C (Jaf* +1817) max {|f ()", | )"} .

forall f € E*.
From [2.5) we get
(3.2) laz + Byl* < 2ol 6] ll]| lly]

2 2 2
max {|a|*, | 3| }||(xﬂy)||h,2,e

2 20\ 1/ 2
(lal* +1617) 7 12, )20
wherep, ¢ > 1 with L + § =1;

)

L ([ +18P) (@ )50

for all (z,y) € E* anda, 5 complex numbers, where

H(xvy)Hh,Ze = sup Az +pyl,
AP+ ul?=1

[z, Yo, = sup [[Az + pyll
AT+ =1
and

12, y)ll,00 = max {lz[] [lyl]} -
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Fory = ¢ = 2 we get

1/2
la + Byl1* < 2[al 18] 2] llyll + (lal* + 181") " Iz

for all (z,y) € E* anda, 3 complex numbers.
If we take in [3.1)

2
) y) ||h,2,e )

a=f(2)|f (@) ?andd=f(y|f P>

we obtain forp > 1 that

(3.3) (If @) +|f w)P)?
<2|f @) |f ()"

([ max {|f @™ 1F PPV} @F + 1 @)

/ /
L (r @ @) T (1@ @)
wherep, ¢ > Lwith L + J =1

L (17 @PE™ 4 17 )P ) max {If @) 1f ()}

forall (z,y) € E* andf € E*.
If we take the supremum ovegre E*, || f|| = 1, then we get

(3.4) 1G9, < 2l lyl”
( -1 2(p—1 2
max {2l "7}l )l 2.

2
npaic DI ooy 1@ D7 220
wherep, ¢ > 1W|th sty=1

[ max {1, 1917} (2 ) 175 50y
forall (z,y) € E* andp > 1.
If we takep = 2 in (3.4), then we get

(3.5) (2,9l oe < 2] |yl

2 2 2
max { ||z, [1yl1”} (@, )l .0

4 | (z, y)||h224p |, y)”hmzw
wherey, ¢ > 1 with L + —=1"

| max {21, 111°} 12 ) 1520
Forp = 1 we have

2
( H(a:?y)HhQ,e

2 21/¢ | (z, ?J)||h22
. < P
(3.6) ||<xay)”h,2,1 < 2|jz[ [[y|l + wherey, v > 1 with 1 —I— 1_q

C 2max {2, [/} -
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We introduce the following functionals||, , ||-||, : £ — [0, o)

I, )|, = sup [lcos bz + isin by
OeR

12 ) la00 < (W)l < (90

and . .
€z€$ + eﬂay
2

(=, y)l, = sup
OcR

We observe thaf-||, isa normon £E? and

forall (z,y) € E%
We also have that /3
2 . )
Tmax{l\x +ayll, |z —ayll}y < [[(z,9)ll,

for all (z,y) € E?.
Observe that

ez +e "y (cosf+isinf)x+ (cosf —isinb)y

2 2
= cos (%‘HJ) +isinf (x_;y) ,
which gives that
r+y r—y
g = :
@) et = (52559

The functional|-||, is also a norm and

(55550 < iewn < | (552550

2 72
Proposition 3.1. For any(z,y) € E?, we have

2,00

(2, )|} 5 4. WhereB > 1,

2
(3.8) 1@, )l < [l lyll + ) :
(@, Y) 115,00
and
z+ty x— 2
‘ Ty’Ty)Hh,z,@”
g>1

(3.9) (2, ) <

r+y
2

T — where
=)+

T T— 2
(5% 559 |
Proof. From (3.2) we get forv = cos 6, § = isin 6 that
(3.10) ||cos O +z’sin€y||2 < 2sind| |[cosO| ||z ||yl

( max{|sin9|2 ’ |COSQ|2} ”(ZE, y)”i,&e

wherea, > Lwith L + £ =1

L (|Sin9|2 + |COS‘9|2) |’<$’y)”§,oo
forall 0 € R.

AJMAA Vol. 22(2025), No. 1, Art. 1, 23 pp.
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Since
2 |sin @] [cos O] = |sin (26)] < 1
and
\sin&\h + |cos 6\26“ < ]Sir10|2 + |cos 0\2 =1,

becauser > 1, then by [(3.1ID) we deduce that

|(2,9)17.5,5 - Wheres > 1
[cos 6 + i siny|> < ||zl |1y + ,

2
1z, 92,00

and if we take the supremum ovekE R we deduce the desired res(lt (3.8).
The inequality[(3.P) follows fron{ (3]8) and the identify (3.1).

Also, we have:
Proposition 3.2. For any(z,y) € E?, we have
@)l
(1) )< el ol +{ g [ 0], ;. whered > 1
3 1@ 950
and
(1@ +y2 =y,

1
2

2
21++/B H(w +Y, T — y)“h,Q,B )

2
(3.12) (@, y)Il; < whereg > 1

|z +yll ]z —yl| +

@ +y,2 =yl -

Proof. If we takea = %’ and = < in (3.2), then we get

2

2

0 —i60 1
< —
< 2 lel vl

e +e
—x
2 2

Y

( 2
411 ”(:Evy)Hh,Ze

1 2
s=a 1@ Y)hag
wherea, 3 > 1with 2 + 4 =1~

2
B

which proves the desired result (3.11).
If we takezx = u + v andy = u — v in (3.7) then we have

1w, )], = [[(w +v,u = V).
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From (3.11) we then get
I(w+v,u = v)];

2
% [(u+wv,u— U)||h,2,e

—_

Sl ol = vl + § s (w4 v, u—0)[2, 5 whereg > 1

[\

2
3 llu+v,u =)l

which proves|[(3.12)x

4. THE CASE OF INNER PRODUCT SPACES

Let (H,(.,.)) be a complex Hilbert space. Then we have the following upper bounds for the
norms||-|,, ||-||, defined oni>.

Proposition 4.1. For all (z,y) € H? we have the inequalities

lz]* + llyll®
(4.1) (2, )17 < e, )l + < ([l + ly]#)"”, forp > 1

2 2
max { ||, [ly[|" }
and the inequalities

(5 (=l + lyl)

T 2 x 2 /p
“2) e s I ([ e - I
2 forp > 1

C 3 (1l + 1lyll®) + 5 [Re (@, 9]

Proof. Observe that

43) @yl
= sup ||cos 0 + i sin Oy||”

9eR
= sup [[|cos 0z||> + |7 sin By||* + 2 Re (cos Oz, isin Oy)]
= sup [cos® 6 |z||* + sin? 6 ||y||* — 2 Re (sin § cos 8i (z, )]
= sup [cos® 6 |z||” + sin? @ ||y||* — 2sin 0 cos  Re (i (x, )]
= sup [cos® 0 ||z||” + sin? @ ||y||* — sin (20) Re (i (Re (z,y) + i Im (z, )]
= sup [cos® 0 |z]|* + sin? @ ||y||* 4 sin (26) Im (z, )]

forall (z,y) € H%

Observe that
(4.4) sin (26) Im (z, y) < |sin (26) Im (z, )| < |Im (z, y)|
for all (z,y) € H* andf € R.
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Also, by Hélder’s elementary inequality we have
[ max {0052 6, sin? 9} (||£L’||2 + ||y||2)

(cos? 6 + sin® 6) "/ (||z]|*” + ||3/H2p)1/p :

4.5 201z]|* + sin2 0 ||ly||? .
(4.5)  cos®@fle]”+sin" 0 Jly] forp,g > 1with . 4+ 1 =1

[ (cos 6 + sin” 0) max {||z]*, [ly||"}
2 2
([ zl” =+ llyll

IA

(I + ly|*) """, forp > 1

C max { ||z, lyll"}

forall (z,y) € H* andd € R, sincemax {C082 9, sin* 9} < land forg > 1, cos®§+sin®? 9 <
cos?f + sin?6 = 1.

By (4.3)-(4.5) we then deduc (4.1).
If we utilize (3.7) and[(4.]1), then we get

@e el = | (5L

t

=+ i)
p o 1/p
<‘Im<x+w_y>\+ (=™ + 1) ™

forp>1
RN

| max { | =5

Observe that

<x;y > imﬂ|+y, = llyll®)
i@ﬂ|+xy nmﬂ
iomu—um-+xy 5.9))
= < (el = Iyl = i o) = i 1n (2,)

which gives

— 1

2 2

r+y
2

r—y
2

1
= 5 (=1 + llw1”)

AJMAA Vol. 22(2025), No. 1, Art. 1, 23 pp. AIMAA


https://ajmaa.org

20 S. S. IRAGOMIR

1
= max {||z[* + [y +2Re {z,y) , [2]* + |ly[|* — 2Re (z,) }

and

Tr+y 2

2

L=y
2

)

W

1 1
= 7 Ul + 1l + 5 [Re (. )]
By (4.6) we then ge{ (4}2n
We also have

Proposition 4.2. For all (z,y) € H? we have the inequalities

( [IRe (2, )| + [Im (z, y)|],
o Lopwe ey L) v [IRe (@) |+ [Im (o, )]
@D Nl g (el i)+ 5 3 e e 1
[ V2max {|Re (z,)[, [Im (z,y)[},
where .
2% if p e (1,2)
Tp =
lifp € [2,00),
and
1
(4.8) I w)llE < 5 (el + llyl)
(=l = Nyl*] + 2 Tm 2, )]
1/q
L L [l = )+ 20 (e, 1]
2 forp,¢ > 1with 2 + % =1,
( vV2Zmax {||lz]* = [|y[*] , 2 |Tm (z, y)|} -
Proof. We have that
i6 —if, |2
L e
0eR 2
0.2 —if, |2 i —i
o [l e 2R e, )
9cR 4
1 2 2 1 210
= = ([l=]* + lylI") + 5 sup Re (¢** (z, y))
4 2 ger
1
= 4 (el + 11P)
1
+ 5 8up Re ([cos (20) + isin (20)] [Re (z,y) + i Im (z,y)])
feR
1

=1 (||9(:H2 + HyH2) + %Segﬂg [cos (20) Re (z,y) — sin (260) Im (z, y)]

forall (z,y) € H%
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Using Holder’s inequality, we have

cos (26) Re (z,y) — sin (26) Im (z, y)

< |cos (20) Re (z,y) — sin (20) Im (x, y)|

< [cos (20)[ [Re (2, )| + [sin (20)| [Tm (z, y)|

(- max {[cos (20)] , [sin (20)[} [[Re (z, y)| + [Im (z, y) ]

(cos (20)” + [sin (260)[")? [[Re (z, y)|* + [Tm (z, y)|"]"/*
forp,¢ > 1with I +1 =1,

IN

( ([cos (20)] + |sin (26)[) max {[Re (2, y)[ , [Im (z, y)[}

forall (z,y) € H* andf € R.
By taking the supremum ovére R we get

(4.10) sup [cos (20) Re (z,y) — sin (20) Im (x, y)]

feR
[ supger max {|cos (20)], [sin (26)[} [|[Re (z, y)| + [Im (z, )]

SUPges (Jcos (20) [ + [sin (20)”)'/7 [|Re (z, y)|” + [Im (z, )|
forp,g > 1with L + 1 =1,

IN

[ SuPper (|cos (20)] + |sin (20)[) max {[Re (z,y)[ , [Im (z, y)[}

We have the following bounds

sup max {|cos (20)], |sin (20)|} = 1
6eR

and forp > 2
0 < |cos (20)|" + [sin (20)[" < cos® (260) + |sin® (20)| = 1,
which gives that

sup (|cos (20)|” + |sin (20)]") = 1.
HeR

Letp € [1,2) andt € [0, 7/2] and considey, (¢) = cos? (t) + sin? (¢) . Then fort € (0,7/2)
g, (t) = pcostsin”* () — psint cos’™" (t) = psintcost [sin”~? (t) — cos”* (¢)] ,

which shows thay, (t) = 0 only fort = 7/4, ¢’ is positive on(0,7/4) and negative on
(w/4,7/2). Therefore

sup g, (t) = g, (m/4) = cos? (m/4) + sin? (r/4) = 272" > 1.
te[0,7/2]

This implies that
sup (|cos (20)[” + |sin (20)[)V/? = 2% for p € (1,2)
0cR

and

sup (|cos (26)] + |sin (20)]) = V2.

0eR
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By (4.10) we then get

( [[Re (z, y)| + [Im (z, y)|]

7, [Re (z,9)|* + |Tm (2, y)|"]"/*

sup [cos (20) Re (x, y) — sin (20) Im (z, y)] < for p, ¢ > 1 with % + % =1,

0eR

[ V2max {[Re (z,y)], |Im (z,y)|}

and by [(4.9) we deriv¢ (4.7).

By (4.7) we have
@1 @yl =@+ -yl
< 1 (lw+ 9l + =~ ol?)
(IR (z+y,2 —y)| + [Im (2 +y,2 = y)l]
L) wRedr o —g)|" 4 Im (x4 y, o — )]

forp,q > 1with > + 2 =1,

[ V2max {|Re (z+y,z —y)|,|Im(z +y,z — y)|}.

Observe that

(@ +y,2—y) = |2’ = llyl* - 2iIm (z,y),

which gives

Re(z +y,2 —y) = |lz" — [lyl* and Im (z + y,& —y) = ~2Im (z,y)

and by [4.1]l) we deduce the desired resuli (48).
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