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ABSTRACT. Let (E, ‖·‖) be a normed linear space over the real or complex number fieldK. If
by Sn,p with p ∈ [1,∞] we denote the spheres generated by thep-norms‖·‖n,p onKn, then we

consider the followinghypo-q-normsonEn, ‖x‖h,n,q := supλ∈Sn,p

∥∥∥∑n
j=1 λjxj

∥∥∥ , with q > 1

and 1
q + 1

p = 1 if p > 1, q = 1 if p = ∞ andq = ∞ if p = 1. For p = 2, we also consider the

hypo-Euclidean normonEn, i.e.,‖x‖h,n,e := supλ∈Sn,2

∥∥∥∑n
j=1 λjxj

∥∥∥ .

In this paper we have obtained among others the following inequalities

∥∥∥∥∥
n∑

i=1

αixi

∥∥∥∥∥
2

≤



max1≤k≤n

{
|αk|2

}
‖x‖2

h,e

(∑n
k=1 |αk|2α

)1/α

‖x‖2
h,n,β ,

whereα, β > 1 with 1
α + 1

β = 1

∑n
k=1 |αk|2 ‖x‖2

n,∞

+



max1≤k≤n

{
|αk|2

}∑n
1≤i 6=j≤n ‖xi‖ ‖xj‖

(n− 1)1/γ
(∑n

k=1 |αk|2γ
)1/γ

×
(∑n

1≤i 6=j≤n ‖xi‖δ ‖xj‖δ
)1/δ

whereγ, δ > 1 with 1
γ + 1

δ = 1

(n− 1)
∑n

k=1 |αk|2 max1≤i 6=j≤n {‖xi‖ ‖xj‖} .

The case forn = 2 and the connection with the following new norms‖·‖t , ‖·‖s : E2 →
[0,∞) , ‖(x, y)‖t := supθ∈R ‖cos θx + i sin θy‖ and ‖(x, y)‖s := supθ∈R

∥∥∥ eiθx+e−iθy
2

∥∥∥ are

also investigated. When the norm‖·‖ is generated by an inner product, further bounds are given
as well.
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2 S. S. DRAGOMIR

1. I NTRODUCTION

Let (E, ‖·‖) be a normed linear space over the real or complex number fieldK. On Kn

endowed with the canonical linear structure we consider a norm‖·‖n and the unit sphere

S (‖·‖n) := {λ = (λ1, . . . , λn) ∈ Kn| ‖λ‖n = 1} .

As an example of such norms we should mention the usualp-norms

(1.1) ‖λ‖n,p :=


max {|λ1| , . . . , |λn|} if p = ∞;

(
∑n

k=1 |λk|
p)

1
p if p ∈ [1,∞).

TheEuclidean normis obtained forp = 2, i.e.,

‖λ‖n,2 =

(
n∑
k=1

|λk|2
) 1

2

.

It is well known that onEn := E×· · ·×E endowed with the canonical linear structure we can
define the followingp-norms:

(1.2) ‖x‖n,p :=


max {‖x1‖ , . . . , ‖xn‖} if p = ∞;

(
∑n

k=1 ‖xk‖
p)

1
p if p ∈ [1,∞),

wherex = (x1, . . . , xn) ∈ En.
Following [4], for a given norm‖·‖n on Kn, we define the functional‖·‖h,n : En → [0,∞)

given by

(1.3) ‖x‖h,n := sup
λ∈S(‖·‖n)

∥∥∥∥∥
n∑
j=1

λjxj

∥∥∥∥∥ ,
wherex = (x1, . . . , xn) ∈ En.

It is easy to see, by the properties of the norm‖·‖ , that:

(i) ‖x‖h,n ≥ 0 for anyx ∈ En;

(ii) ‖x + y‖h,n ≤ ‖x‖h,n + ‖y‖h,n for anyx, y ∈ En;

(iii) ‖αx‖h,n = |α| ‖x‖h,n for eachα ∈ K andx ∈ En;

and therefore‖·‖h,n is asemi-normonEn. This will be called thehypo-semi-normgenerated
by the norm‖·‖n onEn.

If by Sn,p with p ∈ [1,∞] we denote the spheres generated by thep-norms‖·‖n,p onKn, then
we can obtain the followinghypo-q-normsonEn :

(1.4) ‖x‖h,n,q := sup
λ∈Sn,p

∥∥∥∥∥
n∑
j=1

λjxj

∥∥∥∥∥ ,
with q > 1 and 1

q
+ 1

p
= 1 if p > 1, q = 1 if p = ∞ andq = ∞ if p = 1.

Forp = 2, we have the Euclidean sphere inKn, which we denote by
Sn, Sn =

{
λ = (λ1, . . . , λn) ∈ Kn

∣∣∑n
i=1 |λi|

2 = 1
}

that generates thehypo-Euclidean norm
onEn, i.e.,

(1.5) ‖x‖h,n,e := sup
λ∈Sn,2

∥∥∥∥∥
n∑
j=1

λjxj

∥∥∥∥∥ .
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SOME NEW INEQUALITIES FORHYPO-q-NORMS 3

Moreover, ifE = H, H is a inner product space overK, then thehypo-Euclidean normon
Hn will be denoted simply by

(1.6) ‖x‖n,e := sup
λ∈Sn,2

∥∥∥∥∥
n∑
j=1

λjxj

∥∥∥∥∥ .
Let (H; 〈·, ·〉) be a Hilbert space overK andn ∈ N, n ≥ 1. In the Cartesian productHn :=

H × · · · × H, for then-tuples of vectorsx = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Hn, we can
define the inner product〈·, ·〉 by

(1.7) 〈x,y〉 :=
n∑
j=1

〈xj, yj〉 , x, y ∈ Hn,

which generates the Euclidean norm‖·‖2 onHn, i.e.,

(1.8) ‖x‖n,2 :=

(
n∑
j=1

‖xj‖2

) 1
2

, x ∈ Hn.

The following result established in [4] connects the usual Euclidean norm‖·‖ with the hypo-
Euclidean norm‖·‖n,e .

Theorem 1.1(Dragomir, 2007, [4]). For anyx ∈ Hn we have the inequalities

(1.9)
1√
n
‖x‖n,2 ≤ ‖x‖n,e ≤ ‖x‖n,2 ,

i.e.,‖·‖n,2 and‖·‖n,e are equivalent norms onHn.

The following representation result for the hypo-Euclidean norm plays a key role in obtaining
various bounds for this norm:

Theorem 1.2(Dragomir, 2007, [4]). For anyx ∈ Hn with x = (x1, . . . , xn) , we have

(1.10) ‖x‖n,e = sup
‖x‖=1

(
n∑
j=1

|〈x, xj〉|2
) 1

2

.

For various new results concerning norm and numerical radius inequalities for bounded linear
operators on Hilbert spaces, see the recent papers [1]-[5], [10]-[14] and the references therein.

Let (E, ‖·‖) be a normed linear space over the real or complex number fieldK. We denote
byE∗ its dual space endowed with the norm‖·‖ defined by

‖f‖ := sup
‖x‖=1

|f (x)| <∞, wheref ∈ E∗.

We have the following representation result for thehypo-q-normsonEn, see [6]:

Theorem 1.3. Let (E, ‖·‖) be a normed linear space over the real or complex number fieldK.
For anyx ∈ En with x = (x1, . . . , xn) , we have the representation

(1.11) ‖x‖h,n,q = sup
‖f‖=1


(

n∑
j=1

|f (xj)|q
)1/q

 ,

wherep, q > 1 with 1
p

+ 1
q

= 1,

(1.12) ‖x‖h,n,1 = sup
‖f‖=1

{
n∑
j=1

|f (xj)|

}
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4 S. S. DRAGOMIR

and

(1.13) ‖x‖h,n,∞ = ‖x‖n,∞ = max
j∈{1,...,n}

{‖xj‖} .

In particular,

(1.14) ‖x‖h,n,e = sup
‖f‖=1


(

n∑
j=1

|f (xj)|2
)1/2

 .

In [6] we also proved that, forr ≥ q ≥ 1, the following double inequality holds

‖x‖h,n,r ≤ ‖x‖h,n,q ≤ n
r−q
rq ‖x‖h,n,r

for anyx ∈ En.
In the same paper we also obtained the following reverse inequalities

0 ≤ ‖x‖2
h,e −

1

n
‖x‖2

h,n,1 ≤
1

4
n ‖x‖2

n,∞ ,

0 ≤ ‖x‖2
h,e −

1

n
‖x‖2

h,n,1 ≤ ‖x‖h,n,1 ‖x‖n,∞

and

0 ≤ ‖x‖h,e −
1√
n
‖x‖h,n,1 ≤

1

4

√
n ‖x‖n,∞ .

For ann-tuple of complex numbersa = (a1, . . . , an) with n ≥ 2 consider the(n− 1)-tuple
built by the aid of forward differences∆a = (∆a1, ...,∆an−1) where∆ak := ak+1 − ak where
k ∈ {1, ..., n− 1} . Similarly, if x = (x1, . . . , xn) ∈ En is ann-tuple of vectors we also can
consider in a similar way the(n− 1)-tuple∆x = (∆x1, ...,∆xn−1) .

In [6] we also obtained the following results:

‖x‖q+rh,n,q+r ≤
1

n
‖x‖qh,n,q ‖x‖

r
h,n,r

+



1
12
qr (n2 − 1)n ‖x‖q+r−2

n,∞ ‖∆x‖2
n−1,∞ ,

1
6
(n2 − 1) qr ‖x‖q+r−2

n,∞ ‖∆x‖h,n−1,α ‖∆x‖h,n−1,β

whereα, β > 1, 1
α

+ 1
β

= 1,

1
2
(n− 1) qr ‖x‖q+r−2

n,∞ ‖∆x‖2
h,n−1,1

for q, r ≥ 1.
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SOME NEW INEQUALITIES FORHYPO-q-NORMS 5

Motivated by the above results, in this paper we have obtained among others the following
inequalities

∥∥∥∥∥
n∑
i=1

αixi

∥∥∥∥∥
2

≤



max1≤k≤n
{
|αk|2

}
‖x‖2

h,e(∑n
k=1 |αk|

2α)1/α ‖x‖2
h,n,β ,

whereα, β > 1 with 1
α

+ 1
β

= 1∑n
k=1 |αk|

2 ‖x‖2
n,∞

+



max1≤k≤n
{
|αk|2

}∑n
1≤i6=j≤n ‖xi‖ ‖xj‖

(n− 1)1/γ (∑n
k=1 |αk|

2γ)1/γ
×
(∑n

1≤i6=j≤n ‖xi‖
δ ‖xj‖δ

)1/δ

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1

(n− 1)
∑n

k=1 |αk|
2 max1≤i6=j≤n {‖xi‖ ‖xj‖} .

The case forn = 2 and the connection with the following new norms‖·‖t , ‖·‖s : E2 →
[0,∞) , ‖(x, y)‖t := supθ∈R ‖cos θx+ i sin θy‖ and‖(x, y)‖s := supθ∈R

∥∥∥ eiθx+e−iθy
2

∥∥∥ are also

investigated. When the norm‖·‖ is generated by an inner product, further bounds are given as
well.

2. M AIN RESULTS

We have the following inequalities:

Lemma 2.1. Letx1, ..., xn ∈ E, α1, ..., αn ∈ C andf ∈ E∗ with f 6= 0. Then

∣∣∣∣∣
n∑
i=1

αif (xi)

∣∣∣∣∣
2

≤



max1≤k≤n
{
|αk|2

}∑n
k=1 |f (xk)|2

(∑n
k=1 |αk|

2α)1/α (∑n
k=1 |f (xk)|2β

)1/β

,

whereα, β > 1 with 1
α

+ 1
β

= 1∑n
k=1 |αk|

2 max1≤k≤n |f (xk)|2

(2.1)

+



max1≤i6=j≤n {|αi| |αj|}
∑n

1≤i6=j≤n |f (xi)| |f (xj)|[
(
∑n

k=1 |αk|
γ)

2 −
∑n

k=1 |αk|
2γ
]1/γ

×
(∑n

1≤i6=j≤n |f (xi)|δ |f (xj)|δ
)1/δ

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1[
(
∑n

k=1 |αk|)
2 −

∑n
k=1 |αk|

2
]

×max1≤i6=j≤n {|f (xi)| |f (xj)|}
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6 S. S. DRAGOMIR

≤



max1≤k≤n
{
|αk|2

}∑n
k=1 |f (xk)|2

(∑n
k=1 |αk|

2α)1/α (∑n
k=1 |f (xk)|2β

)1/β

,

whereα, β > 1 with 1
α

+ 1
β

= 1∑n
k=1 |αk|

2 max1≤k≤n |f (xk)|2

+



max1≤k≤n
{
|αk|2

}∑n
1≤i6=j≤n |f (xi)| |f (xj)|

(n− 1)1/γ (∑n
k=1 |αk|

2γ)1/γ
×
(∑n

1≤i6=j≤n |f (xi)|δ |f (xj)|δ
)1/δ

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1

(n− 1)
∑n

k=1 |αk|
2 max1≤i6=j≤n {|f (xi)| |f (xj)|} .

Proof. Let f ∈ E∗ with f 6= 0. Then

∣∣∣∣∣
n∑
i=1

αif (xi)

∣∣∣∣∣
2

=

∣∣∣∣∣f
(

n∑
i=1

αixi

)∣∣∣∣∣
2

= f

(
n∑
i=1

αixi

)
f

(
n∑
j=1

αjxj

)
(2.2)

=
n∑
i=1

αif (xi)
n∑
j=1

αjf (xj) =

∣∣∣∣∣
n∑
i=1

n∑
j=1

αiαjf (xi) f (xj)

∣∣∣∣∣

=

∣∣∣∣∣
n∑
k=1

|αk|2 |f (xk)|2 +
n∑

1≤i6=j≤n

αiαjf (xi) f (xj)

∣∣∣∣∣
≤

∣∣∣∣∣
n∑
k=1

|αk|2 |f (xk)|2
∣∣∣∣∣+
∣∣∣∣∣

n∑
1≤i6=j≤n

αiαjf (xi) f (xj)

∣∣∣∣∣
=

n∑
k=1

|αk|2 |f (xk)|2 +

∣∣∣∣∣
n∑

1≤i6=j≤n

αiαjf (xi) f (xj)

∣∣∣∣∣
≤

n∑
k=1

|αk|2 |f (xk)|2 +
n∑

1≤i6=j≤n

|αi| |αj| |f (xi)| |f (xj)| .

Using Hölder’s inequality we have

(2.3)
n∑
k=1

|αk|2 |f (xk)|2 ≤



max1≤k≤n
{
|αk|2

}∑n
k=1 |f (xk)|2

(∑n
k=1 |αk|

2α)1/α (∑n
k=1 |f (xk)|2β

)1/β

,

whereα, β > 1 with 1
α

+ 1
β

= 1∑n
k=1 |αk|

2 max1≤k≤n |f (xk)|2 .
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SOME NEW INEQUALITIES FORHYPO-q-NORMS 7

By Hölder’s inequality for double sums we also have

n∑
1≤i6=j≤n

|αi| |αj| |f (xi)| |f (xj)|(2.4)

≤



max1≤i6=j≤n {|αi| |αj|}
∑n

1≤i6=j≤n |f (xi)| |f (xj)|(∑n
1≤i6=j≤n |αi|

γ |αj|γ
)1/γ (∑n

1≤i6=j≤n |f (xi)|δ |f (xj)|δ
)1/δ

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1∑n
1≤i6=j≤n |αi| |αj|max1≤i6=j≤n {|f (xi)| |f (xj)|}

=



max1≤i6=j≤n {|αi| |αj|}
∑n

1≤i6=j≤n |f (xi)| |f (xj)|[
(
∑n

k=1 |αk|
γ)

2 −
∑n

k=1 |αk|
2γ
]1/γ (∑n

1≤i6=j≤n |f (xi)|δ |f (xj)|δ
)1/δ

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1[
(
∑n

k=1 |αk|)
2 −

∑n
k=1 |αk|

2
]
max1≤i6=j≤n {|f (xi)| |f (xj)|} .

By utilizing (2.2)-(2.4) we deduce the desired result (2.1).
By utilizing the following Cauchy-Bunyakovsky-Schwarz type inequality

(
n∑
i=1

ai

)2

≤ n
n∑
i=1

a2
i , for ai ∈ R, 1 ≤ i ≤ n,

we have

(
n∑
k=1

|αk|γ
)2

−
n∑
k=1

|αk|2γ ≤ (n− 1)
n∑
k=1

|αk|2γ

and

(
n∑
k=1

|αk|

)2

−
n∑
k=1

|αk|2 ≤ (n− 1)
n∑
k=1

|αk|2 ,

which proves the last part of (2.1).
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8 S. S. DRAGOMIR

Theorem 2.2.Letx1, ..., xn ∈ E, α1, ..., αn ∈ C. Then

∥∥∥∥∥
n∑
i=1

αixi

∥∥∥∥∥
2

≤



max1≤k≤n
{
|αk|2

}
‖x‖2

h,n,e(∑n
k=1 |αk|

2α)1/α ‖x‖2
h,n,β ,

whereα, β > 1 with 1
α

+ 1
β

= 1∑n
k=1 |αk|

2 ‖x‖2
n,∞

(2.5)

+



max1≤i6=j≤n {|αi| |αj|}
∑n

1≤i6=j≤n ‖xi‖ ‖xj‖[
(
∑n

k=1 |αk|
γ)

2 −
∑n

k=1 |αk|
2γ
]1/γ

×
(∑n

1≤i6=j≤n ‖xi‖
δ ‖xj‖δ

)1/δ

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1[
(
∑n

k=1 |αk|)
2 −

∑n
k=1 |αk|

2
]

×max1≤i6=j≤n {‖xi‖ ‖xj‖} .

≤



max1≤k≤n
{
|αk|2

}
‖x‖2

h,e(∑n
k=1 |αk|

2α)1/α ‖x‖2
h,n,β ,

whereα, β > 1 with 1
α

+ 1
β

= 1∑n
k=1 |αk|

2 ‖x‖2
n,∞

+



max1≤k≤n
{
|αk|2

}∑n
1≤i6=j≤n ‖xi‖ ‖xj‖

(n− 1)1/γ (∑n
k=1 |αk|

2γ)1/γ
×
(∑n

1≤i6=j≤n ‖xi‖
δ ‖xj‖δ

)1/δ

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1

(n− 1)
∑n

k=1 |αk|
2 max1≤i6=j≤n {‖xi‖ ‖xj‖} .

Proof. If we take the supremum in (2.1), then we get

(2.6)

∥∥∥∥∥
n∑
i=1

αixi

∥∥∥∥∥
2

= sup
‖f‖=1

∣∣∣∣∣f
(

n∑
i=1

αixi

)∣∣∣∣∣
2
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≤



max1≤k≤n
{
|αk|2

}
sup‖f‖=1

∑n
k=1 |f (xk)|2

(∑n
k=1 |αk|

2α)1/α sup‖f‖=1

(∑n
k=1 |f (xk)|2β

)1/β

,

whereα, β > 1 with 1
α

+ 1
β

= 1∑n
k=1 |αk|

2 sup‖f‖=1 max1≤k≤n |f (xk)|2 .

+



max1≤i6=j≤n {|αi| |αj|}
× sup‖f‖=1

∑n
1≤i6=j≤n |f (xi)| |f (xj)|[

(
∑n

k=1 |αk|
γ)

2 −
∑n

k=1 |αk|
2γ
]1/γ

× sup‖f‖=1

(∑n
1≤i6=j≤n |f (xi)|δ |f (xj)|δ

)1/δ

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1[
(
∑n

k=1 |αk|)
2 −

∑n
k=1 |αk|

2
]

× sup‖f‖=1 max1≤i6=j≤n {|f (xi)| |f (xj)|} .

Observe that

sup
‖f‖=1

n∑
k=1

|f (xk)|2 = ‖x‖2
h,e , sup

‖f‖=1

(
n∑
k=1

|f (xk)|2β
)1/β

= ‖x‖2
h,n,β

and

sup
‖f‖=1

max
1≤k≤n

|f (xk)|2 = max
1≤k≤n

sup
‖f‖=1

|f (xk)|2 = max
1≤k≤n

‖xk‖2 = ‖x‖2
n,∞ .

Also

sup
‖f‖=1

n∑
1≤i6=j≤n

|f (xi)| |f (xj)| ≤
n∑

1≤i6=j≤n

sup
‖f‖=1

(|f (xi)| |f (xj)|)

≤
n∑

1≤i6=j≤n

sup
‖f‖=1

|f (xi)| sup
‖f‖=1

|f (xj)|

=
n∑

1≤i6=j≤n

‖xi‖ ‖xj‖ ,

sup
‖f‖=1

(
n∑

1≤i6=j≤n

|f (xi)|δ |f (xj)|δ
)1/δ

≤

(
sup
‖f‖=1

n∑
1≤i6=j≤n

|f (xi)|δ |f (xj)|δ
)1/δ

≤

(
n∑

1≤i6=j≤n

sup
‖f‖=1

(
|f (xi)|δ |f (xj)|δ

))1/δ

≤

(
n∑

1≤i6=j≤n

sup
‖f‖=1

|f (xi)|δ sup
‖f‖=1

|f (xj)|δ
)1/δ

=

(
n∑

1≤i6=j≤n

‖xi‖δ ‖xj‖δ
)1/δ
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and

sup
‖f‖=1

max
1≤i6=j≤n

{|f (xi)| |f (xj)|} = max
1≤i6=j≤n

sup
‖f‖=1

{|f (xi)| |f (xj)|}

≤ max
1≤i6=j≤n

{
sup
‖f‖=1

|f (xi)| sup
‖f‖=1

|f (xj)|

}
= max

1≤i6=j≤n
{‖xi‖ ‖xj‖} .

By utilizing (2.6) we derive the first part of (2.5). The second part is obvious.

Corollary 2.3. Letx1, ..., xn ∈ E, α1, ..., αn ∈ C. Then

∥∥∥∥∥
n∑
i=1

αixi

∥∥∥∥∥
2

≤

(
n∑
k=1

|αk|4
)1/2

‖x‖2
h,n,e(2.7)

+

( n∑
k=1

|αk|2
)2

−
n∑
k=1

|αk|4
1/γ (

n∑
1≤i6=j≤n

‖xi‖2 ‖xj‖2

)1/2

≤

(
n∑
k=1

|αk|4
)1/2

‖x‖2
h,n,e

+ (n− 1)1/γ

(
n∑
k=1

|αk|4
)1/2( n∑

1≤i6=j≤n

‖xi‖2 ‖xj‖2

)1/2

.

The inequality follows by (2.5) forα = β = γ = δ = 2.
We also have:

Theorem 2.4.For anyx ∈ En andp > 1 we have the following nine possible inequalities

‖x‖2p
h,n,p ≤



‖x‖2(p−1)
n,∞ ‖x‖2

h,n,e

‖x‖2(p−1)
h,n,2α(p−1) ‖x‖

2
h,n,β ,

whereα, β > 1 with 1
α

+ 1
β

= 1

‖x‖2(p−1)
h,n,2(p−1) ‖x‖

2
n,∞

(2.8)

+



‖x‖2(p−1)
n,∞

∑n
1≤i6=j≤n ‖xi‖ ‖xj‖

(n− 1)1/γ ‖x‖2(p−1)
h,n,2γ(p−1)

(∑n
1≤i6=j≤n ‖xi‖

δ ‖xj‖δ
)1/δ

,

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1

(n− 1) ‖x‖2(p−1)
h,n,2(p−1) max1≤i6=j≤n {‖xi‖ ‖xj‖} .
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For p = 1 we also have:

‖x‖2
h,n,1 ≤



‖x‖2
h,n,e

n1/α ‖x‖2
h,n,β ,

whereα, β > 1 with 1
α

+ 1
β

= 1

n ‖x‖2
n,∞

(2.9)

+



∑n
1≤i6=j≤n ‖xi‖ ‖xj‖

(n− 1)1/γ n1/γ
(∑n

1≤i6=j≤n ‖xi‖
δ ‖xj‖δ

)1/δ

,

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1

(n− 1)nmax1≤i6=j≤n {‖xi‖ ‖xj‖} .

Proof. Let 1 ≤ i ≤ n andf ∈ E∗ with f 6= 0. From (2.1) forαi = f (xi) |f (xi)|p−2 and
αi = 0 if f (xi) = 0 we get

(
n∑
i=1

|f (xi)|p
)2

≤



max1≤k≤n

{
|f (xk)|2(p−1)

}∑n
k=1 |f (xk)|2

(∑n
k=1 |f (xk)|2α(p−1)

)1/α (∑n
k=1 |f (xk)|2β

)1/β

,

whereα, β > 1 with 1
α

+ 1
β

= 1

∑n
k=1 |f (xk)|2(p−1) max1≤k≤n |f (xk)|2

+



max1≤k≤n

{
|f (xk)|2(p−1)

}∑n
1≤i6=j≤n |f (xi)| |f (xj)|

(n− 1)1/γ
(∑n

k=1 |f (xk)|2γ(p−1)
)1/γ

×
(∑n

1≤i6=j≤n |f (xi)|δ |f (xj)|δ
)1/δ

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1

(n− 1)
∑n

k=1 |f (xk)|2(p−1) max1≤i6=j≤n {|f (xi)| |f (xj)|} .
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If we take the supremum overf ∈ E∗ with ‖f‖ = 1, then we get

sup
‖f‖=1

(
n∑
i=1

|f (xi)|p
)2

(2.10)

≤



sup‖f‖=1 max1≤k≤n

{
|f (xk)|2(p−1)

}
sup‖f‖=1

∑n
k=1 |f (xk)|2

sup‖f‖=1

(∑n
k=1 |f (xk)|2α(p−1)

)1/α

× sup‖f‖=1

(∑n
k=1 |f (xk)|2β

)1/β

,

whereα, β > 1 with 1
α

+ 1
β

= 1

sup‖f‖=1

∑n
k=1 |f (xk)|2(p−1) sup‖f‖=1 max1≤k≤n |f (xk)|2

+



sup‖f‖=1 max1≤k≤n

{
|f (xk)|2(p−1)

}
× sup‖f‖=1

∑n
1≤i6=j≤n |f (xi)| |f (xj)|

(n− 1)1/γ sup‖f‖=1

(∑n
k=1 |f (xk)|2γ(p−1)

)1/γ

× sup‖f‖=1

(∑n
1≤i6=j≤n |f (xi)|δ |f (xj)|δ

)1/δ

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1

(n− 1) sup‖f‖=1

∑n
k=1 |f (xk)|2(p−1)

× sup‖f‖=1 max1≤i6=j≤n {|f (xi)| |f (xj)|} .
Observe that

sup
‖f‖=1

(
n∑
i=1

|f (xi)|p
)2

=

 sup
‖f‖=1

(
n∑
i=1

|f (xi)|p
)1/p

2p

= ‖x‖2p
h,n,p ,

sup
‖f‖=1

max
1≤k≤n

{
|f (xk)|2(p−1)

}
= max

1≤k≤n

{
sup
‖f‖=1

|f (xk)|2(p−1)

}
= ‖x‖2(p−1)

n,∞ ,

sup
‖f‖=1

n∑
k=1

|f (xk)|2 = ‖x‖2
h,n,e ,

sup
‖f‖=1

(
n∑
k=1

|f (xk)|2α(p−1)

)1/α

=

 sup
‖f‖=1

(
n∑
k=1

|f (xk)|2α(p−1)

)1/[2α(p−1)]
2(p−1)

= ‖x‖2(p−1)
h,n,2α(p−1)

and the similar representations for the other terms in the first branch of (2.10), and since

sup
‖f‖=1

n∑
1≤i6=j≤n

|f (xi)| |f (xj)| ≤
n∑

1≤i6=j≤n

sup
‖f‖=1

|f (xi)| sup
‖f‖=1

|f (xj)|

=
n∑

1≤i6=j≤n

n∑
1≤i6=j≤n

‖xi‖ ‖xj‖

and the similar inequalities from the other terms in the second branch of (2.10), we derive the
desired result (2.8).
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Forp = 1 in (2.10) we get

sup
‖f‖=1

(
n∑
i=1

|f (xi)|

)2

≤



sup‖f‖=1

∑n
k=1 |f (xk)|2

n1/α sup‖f‖=1

(∑n
k=1 |f (xk)|2β

)1/β

,

whereα, β > 1 with 1
α

+ 1
β

= 1

n sup‖f‖=1 max1≤k≤n |f (xk)|2

+



sup‖f‖=1

∑n
1≤i6=j≤n |f (xi)| |f (xj)|

(n− 1)1/γ n1/γ sup‖f‖=1

(∑n
1≤i6=j≤n |f (xi)|δ |f (xj)|δ

)1/δ

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1

(n− 1)n sup‖f‖=1 max1≤i6=j≤n {|f (xi)| |f (xj)|} ,

which gives (2.9).

Corollary 2.5. For anyx ∈ En we have

‖x‖4
h,n,e ≤



‖x‖2
n,∞ ‖x‖2

h,n,e

‖x‖2
h,n,2α ‖x‖

2
h,n,β ,

whereα, β > 1 with 1
α

+ 1
β

= 1

‖x‖2
h,n,2 ‖x‖

2
n,∞

(2.11)

+



‖x‖2
n,∞
∑n

1≤i6=j≤n ‖xi‖ ‖xj‖

(n− 1)1/γ ‖x‖2
h,n,2γ

(∑n
1≤i6=j≤n ‖xi‖

δ ‖xj‖δ
)1/δ

,

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1

(n− 1) ‖x‖2
h,n,2 max1≤i6=j≤n {‖xi‖ ‖xj‖} .

The inequality follows by (2.8) forp = 2.
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3. THE CASE OF TWO VECTORS

Let (x, y) ∈ E2 andα, β complex numbers. By takingn = 2 in the inequalities (2.1) above
we can state that

|αf (x) + βf (y)|2 ≤



max
{
|α|2 , |β|2

} (
|f (x)|2 + |f (y)|2

)
(
|α|2ϕ + |β|2ϕ

)1/ϕ (|f (x)|2ψ + |f (y)|2ψ
)1/ψ

,

whereϕ, ψ > 1 with 1
ϕ

+ 1
ψ

= 1(
|α|2 + |β|2

)
max

{
|f (x)|2 , |f (y)|2

}

+



2 |α| |β| |f (x)| |f (y)|[
(|α|γ + |β|γ)2 − |α|2γ − |β|2γ

]1/γ
×
(
2 |f (x)|δ |f (y)|δ

)1/δ

whereγ, δ > 1 with 1
γ

+ 1
δ

= 1[
(|α|+ |β|)2 − |α|2 − |β|2

]
|f (x)| |f (y)| ,

which gives the simpler three inequalities

|αf (x) + βf (y)|2 ≤ 2 |α| |β| |f (x)| |f (y)|(3.1)

+



max
{
|α|2 , |β|2

} (
|f (x)|2 + |f (y)|2

)
(
|α|2α + |β|2α

)1/α (|f (x)|2β + |f (y)|2β
)1/β

,

whereα, β > 1 with 1
α

+ 1
β

= 1(
|α|2 + |β|2

)
max

{
|f (x)|2 , |f (y)|2

}
,

.

for all f ∈ E∗.
From (2.5) we get

‖αx+ βy‖2 ≤ 2 |α| |β| ‖x‖ ‖y‖(3.2)

+



max
{
|α|2 , |β|2

}
‖(x, y)‖2

h,2,e(
|α|2ϕ + |β|2ϕ

)1/ϕ ‖(x, y)‖2
h,2,ψ ,

whereϕ, ψ > 1 with 1
ϕ

+ 1
ψ

= 1;(
|α|2 + |β|2

)
‖(x, y)‖2

2,∞

,

for all (x, y) ∈ E2 andα, β complex numbers, where

‖(x, y)‖h,2,e = sup
|λ|2+|µ|2=1

‖λx+ µy‖ ,

‖(x, y)‖h,2,q = sup
|λ|q+|µ|q=1

‖λx+ µy‖

and

‖(x, y)‖2,∞ = max {‖x‖ , ‖y‖} .
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Forϕ = ψ = 2 we get

‖αx+ βy‖2 ≤ 2 |α| |β| ‖x‖ ‖y‖+
(
|α|4 + |β|4

)1/2 ‖(x, y)‖2
h,2,e ,

for all (x, y) ∈ E2 andα, β complex numbers.
If we take in (3.1)

α = f (x) |f (x)|p−2 andβ = f (y) |f (y)|p−2

we obtain forp ≥ 1 that

(|f (x)|p + |f (y)|p)2(3.3)

≤ 2 |f (x)|p |f (y)|p

+



max
{
|f (x)|2(p−1) , |f (y)|2(p−1)

}(
|f (x)|2 + |f (y)|2

)
(
|f (x)|2ϕ(p−1) + |f (y)|2ϕ(p−1)

)1/ϕ (
|f (x)|2ψ + |f (y)|2ψ

)1/ψ

,

whereϕ, ψ > 1 with 1
ϕ

+ 1
ψ

= 1(
|f (x)|2(p−1) + |f (y)|2(p−1)

)
max

{
|f (x)|2 , |f (y)|2

}
,

.

for all (x, y) ∈ E2 andf ∈ E∗.
If we take the supremum overf ∈ E∗, ‖f‖ = 1, then we get

‖(x, y)‖2p
h,2,p ≤ 2 ‖x‖p ‖y‖p(3.4)

+



max
{
‖x‖2(p−1) , ‖y‖2(p−1)

}
‖(x, y)‖2

h,2,e

‖(x, y)‖2(p−1)
h,2,2ϕ(p−1) ‖(x, y)‖

2
h,2,2ψ ,

whereϕ, ψ > 1 with 1
ϕ

+ 1
ψ

= 1

max
{
‖x‖2 , ‖y‖2} ‖(x, y)‖2(p−1)

h,2,2(p−1)

.

for all (x, y) ∈ E2 andp > 1.
If we takep = 2 in (3.4), then we get

‖(x, y)‖4
h,2,e ≤ 2 ‖x‖2 ‖y‖2(3.5)

+



max
{
‖x‖2 , ‖y‖2} ‖(x, y)‖2

h,2,e

‖(x, y)‖2
h,2,2ϕ ‖(x, y)‖

2
h,2,2ψ ,

whereϕ, ψ > 1 with 1
ϕ

+ 1
ψ

= 1

max
{
‖x‖2 , ‖y‖2} ‖(x, y)‖2

h,2,2 .

.

Forp = 1 we have

(3.6) ‖(x, y)‖2
h,2,1 ≤ 2 ‖x‖ ‖y‖+



‖(x, y)‖2
h,2,e

21/ϕ ‖(x, y)‖2
h,2,2ψ ,

whereϕ, ψ > 1 with 1
ϕ

+ 1
ψ

= 1

2 max
{
‖x‖2 , ‖y‖2} .

.
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We introduce the following functionals‖·‖t , ‖·‖s : E2 → [0,∞)

‖(x, y)‖t = sup
θ∈R

‖cos θx+ i sin θy‖

and

‖(x, y)‖s = sup
θ∈R

∥∥∥∥eiθx+ e−iθy

2

∥∥∥∥ .
We observe that‖·‖t is a normonE2 and

‖(x, y)‖2,∞ ≤ ‖(x, y)‖t ≤ ‖(x, y)‖h,2,e
for all (x, y) ∈ E2.

We also have that √
2

2
max {‖x+ iy‖ , ‖x− iy‖} ≤ ‖(x, y)‖t

for all (x, y) ∈ E2.
Observe that

eiθx+ e−iθy

2
=

(cos θ + i sin θ)x+ (cos θ − i sin θ) y

2

= cos θ

(
x+ y

2

)
+ i sin θ

(
x− y

2

)
,

which gives that

(3.7) ‖(x, y)‖s =

∥∥∥∥(x+ y

2
,
x− y

2

)∥∥∥∥
t

.

The functional‖·‖s is also a norm and∥∥∥∥(x+ y

2
,
x− y

2

)∥∥∥∥
2,∞

≤ ‖(x, y)‖s ≤
∥∥∥∥(x+ y

2
,
x− y

2

)∥∥∥∥
h,2,e

.

Proposition 3.1. For any(x, y) ∈ E2, we have

(3.8) ‖(x, y)‖2
t ≤ ‖x‖ ‖y‖+


‖(x, y)‖2

h,2,β , whereβ > 1,

‖(x, y)‖2
2,∞

,

and

(3.9) ‖(x, y)‖2
s ≤

∥∥∥∥x+ y

2

∥∥∥∥∥∥∥∥x− y

2

∥∥∥∥+


∥∥(x+y

2
, x−y

2

)∥∥2

h,2,β
,

whereβ > 1∥∥(x+y
2
, x−y

2

)∥∥2

2,∞ .

Proof. From (3.2) we get forα = cos θ, β = i sin θ that

‖cos θx+ i sin θy‖2 ≤ 2 |sin θ| |cos θ| ‖x‖ ‖y‖(3.10)

+



max
{
|sin θ|2 , |cos θ|2

}
‖(x, y)‖2

h,2,e(
|sin θ|2α + |cos θ|2α

)1/α ‖(x, y)‖2
h,2,β ,

whereα, β > 1 with 1
α

+ 1
β

= 1(
|sin θ|2 + |cos θ|2

)
‖(x, y)‖2

2,∞

,

for all θ ∈ R.
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Since

2 |sin θ| |cos θ| = |sin (2θ)| ≤ 1

and

|sin θ|2α + |cos θ|2α ≤ |sin θ|2 + |cos θ|2 = 1,

becauseα > 1, then by (3.10) we deduce that

‖cos θx+ i sin θy‖2 ≤ ‖x‖ ‖y‖+


‖(x, y)‖2

h,2,β , whereβ > 1

‖(x, y)‖2
2,∞

,

and if we take the supremum overθ ∈ R we deduce the desired result (3.8).
The inequality (3.9) follows from (3.8) and the identity (3.7).

Also, we have:

Proposition 3.2. For any(x, y) ∈ E2, we have

(3.11) ‖(x, y)‖2
s ≤

1

2
‖x‖ ‖y‖+



1
4
‖(x, y)‖2

h,2,e

1
21+1/β ‖(x, y)‖2

h,2,β , whereβ > 1

1
2
‖(x, y)‖2

2,∞

and

(3.12) ‖(x, y)‖2
t ≤

1

2
‖x+ y‖ ‖x− y‖+



1
4
‖(x+ y, x− y)‖2

h,2,e

1
21+1/β ‖(x+ y, x− y)‖2

h,2,β ,
whereβ > 1

1
2
‖(x+ y, x− y)‖2

2,∞ .

Proof. If we takeα = eiθ

2
andβ = e−iθ

2
in (3.2), then we get∥∥∥∥eiθ2 x+

e−iθ

2
y

∥∥∥∥2

≤ 1

2
‖x‖ ‖y‖

+



1
4
‖(x, y)‖2

h,2,e

1
22−1/α ‖(x, y)‖2

h,2,β ,
whereα, β > 1 with 1

α
+ 1

β
= 1

1
2
‖(x, y)‖2

2,∞ ,

,

which proves the desired result (3.11).
If we takex = u+ v andy = u− v in (3.7) then we have

‖(u, v)‖t = ‖(u+ v, u− v)‖s .
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From (3.11) we then get

‖(u+ v, u− v)‖2
s

≤ 1

2
‖u+ v‖ ‖u− v‖+



1
4
‖(u+ v, u− v)‖2

h,2,e

1
21+1/β ‖(u+ v, u− v)‖2

h,2,β , whereβ > 1

1
2
‖(u+ v, u− v)‖2

2,∞ ,

which proves (3.12).

4. THE CASE OF I NNER PRODUCT SPACES

Let (H, 〈., .〉) be a complex Hilbert space. Then we have the following upper bounds for the
norms‖·‖t , ‖·‖s defined onH2.

Proposition 4.1. For all (x, y) ∈ H2 we have the inequalities

(4.1) ‖(x, y)‖2
t ≤ |Im 〈x, y〉|+


‖x‖2 + ‖y‖2

(
‖x‖2p + ‖y‖2p)1/p , for p > 1

max
{
‖x‖2 , ‖y‖2}

and the inequalities

(4.2) ‖(x, y)‖2
s ≤

1

2
|Im 〈x, y〉|+



1
2

(
‖x‖2 + ‖y‖2)

(∥∥x+y
2

∥∥2p
+
∥∥x−y

2

∥∥2p
)1/p

,

for p > 1

1
4

(
‖x‖2 + ‖y‖2)+ 1

2
|Re 〈x, y〉| .

Proof. Observe that

‖(x, y)‖2
t(4.3)

= sup
θ∈R

‖cos θx+ i sin θy‖2

= sup
θ∈R

[
‖cos θx‖2 + ‖i sin θy‖2 + 2 Re 〈cos θx, i sin θy〉

]
= sup

θ∈R

[
cos2 θ ‖x‖2 + sin2 θ ‖y‖2 − 2 Re (sin θ cos θi 〈x, y〉)

]
= sup

θ∈R

[
cos2 θ ‖x‖2 + sin2 θ ‖y‖2 − 2 sin θ cos θRe (i 〈x, y〉)

]
= sup

θ∈R

[
cos2 θ ‖x‖2 + sin2 θ ‖y‖2 − sin (2θ) Re (i (Re 〈x, y〉+ i Im 〈x, y〉))

]
= sup

θ∈R

[
cos2 θ ‖x‖2 + sin2 θ ‖y‖2 + sin (2θ) Im 〈x, y〉

]
for all (x, y) ∈ H2.

Observe that

(4.4) sin (2θ) Im 〈x, y〉 ≤ |sin (2θ) Im 〈x, y〉| ≤ |Im 〈x, y〉|

for all (x, y) ∈ H2 andθ ∈ R.
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Also, by Hölder’s elementary inequality we have

cos2 θ ‖x‖2 + sin2 θ ‖y‖2 ≤



max
{
cos2 θ, sin2 θ

} (
‖x‖2 + ‖y‖2)

(
cos2q θ + sin2q θ

)1/q (‖x‖2p + ‖y‖2p)1/p ,
for p, q > 1 with 1

p
+ 1

q
= 1(

cos2 θ + sin2 θ
)
max

{
‖x‖2 , ‖y‖2}

(4.5)

≤


‖x‖2 + ‖y‖2

(
‖x‖2p + ‖y‖2p)1/p , for p > 1

max
{
‖x‖2 , ‖y‖2}

for all (x, y) ∈ H2 andθ ∈ R, sincemax
{
cos2 θ, sin2 θ

}
≤ 1 and forq > 1, cos2q θ+sin2q θ ≤

cos2 θ + sin2 θ = 1.
By (4.3)-(4.5) we then deduce (4.1).
If we utilize (3.7) and (4.1), then we get

‖(x, y)‖2
s =

∥∥∥∥(x+ y

2
,
x− y

2

)∥∥∥∥2

t

(4.6)

≤
∣∣∣∣Im〈x+ y

2
,
x− y

2

〉∣∣∣∣+


∥∥x+y
2

∥∥2
+
∥∥x−y

2

∥∥2

(∥∥x+y
2

∥∥2p
+
∥∥x−y

2

∥∥2p
)1/p

,

for p > 1

max
{∥∥x+y

2

∥∥2
,
∥∥x−y

2

∥∥2
}
.

Observe that 〈
x+ y

2
,
x− y

2

〉
=

1

4

(
‖x‖2 + 〈y, x〉 − 〈x, y〉 − ‖y‖2)

=
1

4

(
‖x‖2 + 〈x, y〉 − 〈x, y〉 − ‖y‖2

)
=

1

4

(
‖x‖2 − ‖y‖2 + 〈x, y〉 − 〈x, y〉

)
=

1

4

(
‖x‖2 − ‖y‖2 − i Im 〈x, y〉 − i Im 〈x, y〉

)
which gives

Im

〈
x+ y

2
,
x− y

2

〉
= −1

2
Im 〈x, y〉 ,

∥∥∥∥x+ y

2

∥∥∥∥2

+

∥∥∥∥x− y

2

∥∥∥∥2

=
1

2

(
‖x‖2 + ‖y‖2)
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and

max

{∥∥∥∥x+ y

2

∥∥∥∥2

,

∥∥∥∥x− y

2

∥∥∥∥2
}

=
1

4
max

{
‖x‖2 + ‖y‖2 + 2 Re 〈x, y〉 , ‖x‖2 + ‖y‖2 − 2 Re 〈x, y〉

}
=

1

4

(
‖x‖2 + ‖y‖2)+

1

2
|Re 〈x, y〉| .

By (4.6) we then get (4.2).

We also have

Proposition 4.2. For all (x, y) ∈ H2 we have the inequalities

(4.7) ‖(x, y)‖2
s ≤

1

4

(
‖x‖2 + ‖y‖2)+

1

2
×



[|Re 〈x, y〉|+ |Im 〈x, y〉|] ,

γp [|Re 〈x, y〉|q + |Im 〈x, y〉|q]1/q
for p, q > 1 with 1

p
+ 1

q
= 1,

√
2 max {|Re 〈x, y〉| , |Im 〈x, y〉|} ,

where

γp :=

 2
2−p
2p if p ∈ (1, 2)

1 if p ∈ [2,∞),

and

‖(x, y)‖2
t ≤

1

2

(
‖x‖2 + ‖y‖2)(4.8)

+
1

2
×



[∣∣‖x‖2 − ‖y‖2
∣∣+ 2 |Im 〈x, y〉|

]
γp

[∣∣‖x‖2 − ‖y‖2
∣∣q + 2q |Im 〈x, y〉|q

]1/q
for p, q > 1 with 1

p
+ 1

q
= 1,

√
2 max

{∣∣‖x‖2 − ‖y‖2
∣∣ , 2 |Im 〈x, y〉|

}
.

Proof. We have that

‖(x, y)‖2
s = sup

θ∈R

∥∥∥∥eiθx+ e−iθy

2

∥∥∥∥2

(4.9)

= sup
θ∈R

[∥∥eiθx∥∥2
+
∥∥e−iθy∥∥2

+ 2 Re
〈
eiθx, e−iθy

〉
4

]
=

1

4

(
‖x‖2 + ‖y‖2)+

1

2
sup
θ∈R

Re
(
e2iθ 〈x, y〉

)
=

1

4

(
‖x‖2 + ‖y‖2)

+
1

2
sup
θ∈R

Re ([cos (2θ) + i sin (2θ)] [Re 〈x, y〉+ i Im 〈x, y〉])

=
1

4

(
‖x‖2 + ‖y‖2)+

1

2
sup
θ∈R

[cos (2θ) Re 〈x, y〉 − sin (2θ) Im 〈x, y〉]

for all (x, y) ∈ H2.
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Using Hölder’s inequality, we have

cos (2θ) Re 〈x, y〉 − sin (2θ) Im 〈x, y〉
≤ |cos (2θ) Re 〈x, y〉 − sin (2θ) Im 〈x, y〉|
≤ |cos (2θ)| |Re 〈x, y〉|+ |sin (2θ)| |Im 〈x, y〉|

≤



max {|cos (2θ)| , |sin (2θ)|} [|Re 〈x, y〉|+ |Im 〈x, y〉|]

(|cos (2θ)|p + |sin (2θ)|p)1/p
[|Re 〈x, y〉|q + |Im 〈x, y〉|q]1/q

for p, q > 1 with 1
p

+ 1
q

= 1,

(|cos (2θ)|+ |sin (2θ)|) max {|Re 〈x, y〉| , |Im 〈x, y〉|}

for all (x, y) ∈ H2 andθ ∈ R.
By taking the supremum overθ ∈ R we get

sup
θ∈R

[cos (2θ) Re 〈x, y〉 − sin (2θ) Im 〈x, y〉](4.10)

≤



supθ∈R max {|cos (2θ)| , |sin (2θ)|} [|Re 〈x, y〉|+ |Im 〈x, y〉|]

supθ∈R (|cos (2θ)|p + |sin (2θ)|p)1/p
[|Re 〈x, y〉|q + |Im 〈x, y〉|q]1/q

for p, q > 1 with 1
p

+ 1
q

= 1,

supθ∈R (|cos (2θ)|+ |sin (2θ)|) max {|Re 〈x, y〉| , |Im 〈x, y〉|}

We have the following bounds

sup
θ∈R

max {|cos (2θ)| , |sin (2θ)|} = 1

and forp ≥ 2

0 ≤ |cos (2θ)|p + |sin (2θ)|p ≤ cos2 (2θ) +
∣∣sin2 (2θ)

∣∣ = 1,

which gives that

sup
θ∈R

(|cos (2θ)|p + |sin (2θ)|p) = 1.

Let p ∈ [1, 2) andt ∈ [0, π/2] and considergp (t) = cosp (t) + sinp (t) . Then fort ∈ (0, π/2)

g′p (t) = p cos t sinp−1 (t)− p sin t cosp−1 (t) = p sin t cos t
[
sinp−2 (t)− cosp−2 (t)

]
,

which shows thatg′p (t) = 0 only for t = π/4, g′ is positive on(0, π/4) and negative on
(π/4, π/2) . Therefore

sup
t∈[0,π/2]

gp (t) = gp (π/4) = cosp (π/4) + sinp (π/4) = 2
2−p
2 > 1.

This implies that

sup
θ∈R

(|cos (2θ)|p + |sin (2θ)|p)1/p
= 2

2−p
2p for p ∈ (1, 2)

and

sup
θ∈R

(|cos (2θ)|+ |sin (2θ)|) =
√

2.
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By (4.10) we then get

sup
θ∈R

[cos (2θ) Re 〈x, y〉 − sin (2θ) Im 〈x, y〉] ≤



[|Re 〈x, y〉|+ |Im 〈x, y〉|]

γp [|Re 〈x, y〉|q + |Im 〈x, y〉|q]1/q
for p, q > 1 with 1

p
+ 1

q
= 1,

√
2 max {|Re 〈x, y〉| , |Im 〈x, y〉|}

and by (4.9) we derive (4.7).
By (4.7) we have

‖(x, y)‖2
t = ‖(x+ y, x− y)‖2

s(4.11)

≤ 1

4

(
‖x+ y‖2 + ‖x− y‖2)

+
1

2
×



[|Re 〈x+ y, x− y〉|+ |Im 〈x+ y, x− y〉|]

γp [|Re 〈x+ y, x− y〉|q + |Im 〈x+ y, x− y〉|q]1/q
for p, q > 1 with 1

p
+ 1

q
= 1,

√
2 max {|Re 〈x+ y, x− y〉| , |Im 〈x+ y, x− y〉|} .

Observe that

〈x+ y, x− y〉 = ‖x‖2 − ‖y‖2 − 2i Im 〈x, y〉 ,
which gives

Re 〈x+ y, x− y〉 = ‖x‖2 − ‖y‖2 and Im 〈x+ y, x− y〉 = −2 Im 〈x, y〉

and by (4.11) we deduce the desired result (4.8).
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