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ABSTRACT. The basic objective of the proposed research work is to make people acquainted

with the concept of soft metric space by generalizing the notions o(éo&)-weakly contrac-

tive mappings in soft metric space, as well as to look at specific fundamental and topological

parts of the underlying spaces. A compatible example is given to explain the idea of said space
structure. The theory is very useful in decision making problems and secure transmission as
fixed point provides exact output. The fixed-point theorems on subs&¥ @hat are useful in

game theoretic settings.
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1. INTRODUCTION

In cases where the theory’s parameterization tool proves inadequate, Moladtsov [19] pre-
sented "the soft set" theory, a novel mathematical tool designed to address intrinsic challenges
and uncertainties in theories. The study of soft metric space based on soft-points, or soft sets,
was first undertaken by Das and Samalnta [6] in order to apply soft set theory to actual issues and
different realms for improved outputs. They presented the ideas of a soft null, absolute soft sets,
soft subsets, soft unions, intersections, and complemernts in [8] based on these ideas. Currently,
it is a recognized field of study and has drawn interest from several computer scientists, math-
ematicians, and economists [7]/[[9]-]110]] [[18]-[19]] [[29]-[31]]. Cagman et al. [3] established
the idea of a soft- topology on a soft set and examined some fundamental characteristics of soft
topological spaces. A soft metric space variant of the well-known FPT given by Meir-keeler
was established by Chen and Lin [4]. Similar kind of ideology was used by S. Ghosh et al. [32]
to establish the concept of neutrosophic fuzzy metric space. Also with an alike conception M.
Shabir et al.[[29] worked on soft topological spaces. The presence and characteristics of fixed
points are the subject of FPTs. The goal of FPT is to identify self-correspondences with at least
one constant element. A fixed point is the point where a function maps to itself inside its do-
main.Tu = u if u is referred to as a fixed point of T. A study given by Poincare laid foundation
for the idea of fixed points, which was further expanded upon by Brouwer [17], S. Banach [2],
and Kakutanil[20], to mention a few. To solve Tx = x, Brouwer![17] developed a fixed-point
answer. Kakutani expanded on Brouwer's findings. S. Bariach [2] established the groundwork
for modern fixed-point results in 1922 by demonstrating FPTs of contractive transformation in
a whole metric space. Von Nemamnn [14] then introduced his minimax theorem for games with
two players and Nash equilibrium [12] for games with three or more players. In order to de-
rive results for minimax theorem, intersection lemma given by Von Neumann, Kakutani [20]
discovered a fixed-point theorem in 1941. John Nash [13] presented his widely accepted equi-
librium theory. Having vast applications in various fields not just limited to Mathematics and
Engineering but also to Game Theory, Atrtificial Intelligence, Image processing etc., to name a
few, fixed point results are useful in finding coincidence points of the functions representing the
supply and demand in economics, nash-equilibrium in game theory with finite strategic games.
Fan [16] and Glicksbergd [11] extended Kakutani’'s theorem for locally convex Hausdorff topo-
logical vector spaces .Again Fan expanded the von Neumann intersection lemma by using his
own fixed-point theory. Another intersection theorem for a finite family of sets with convex
sections was discovered by Fan![15] in 1964. Maji [18] expanded on this in 1969 to encompass
infinite families by the use of Fan’s expansion of the von Neumann intersection lemma. Maiji
used his finding to apply Nash’s theorem for arbitrary families as well as an analytical formu-
lation of Fan type. Please take note that our most recent works [1] [[21]-[28]] expand on all
of the aforementioned results in a number of ways. In actuality, convex subsets of (Hausdorff)
topological vector spaces are the primary focus of those results. This study introduces a novel
technique to expand soft metric ideas, such as the(soft)-weakly contractive theorem, to
such topologies. It also suggests a generalized SMS and introduces the idea of a fixed- point
under soft(gb ¢) -weakly contractive conditions. Several other works focusing on similar kind
of metric spaces where different contractions of same category has been considered include
[[30]-[34]] [[36]-[42]]. Even after establishing various fixed point results in such type of metric
spaces, some mathematicians have also given different applications where the deduced results
has been applied in different other fields|[35, 43].
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2. PRELIMINARIES

Definition 2.1. [8] A pair (F, E) is called a soft set ovek, whereF' is a function given by

F: E — P(X)andE is aset of parameters. In other words, a soft set &vira parameterized
family of subsets of the universg¥. For any parameter € E, F(z) is taken as the defined
collection of x-approximate elements of the soft set denote@by.).

Definition 2.2. [8] Let (F,E) and(G,D) be two soft set oveK. We say tha{FE) is a sub-soft
set of(G,D) and denote it by F’, £') C (G, D), if:

1. £ C D, and

2. F(e) C G(e),Ve € E.

Definition 2.3. [6] (F.E) is a soft set oveK:
1. (FE)is said to be a null soft set denoted pyf for everye € E, F(e) =
2. (RE)is said to be an absolute soft set denotedkhyf for everye € E, F(e) = X.

Definition 2.4. [4] Given parameter set A wheté C F . A pair (a,7) : 7 € R,a € A, is
known to be SPS«, ) is non-negative when ever> 0.

If (a,r),(b,r") are two SPSs thefu, ) is said to be no less thdh, ') represented ag, ) >
(b,r") if r > 1.

3. SOFT METRIC SPACE

This part deals with presence and uniqueness of FPT for(sbﬁ&) -weakly contractive-
transformation in soft metric space

U= {@7) : [0, +00) — [0, +00) is increasing and continuous functi%n.

P = {&5 . [0, +00) — [0, +-00) is increasing and continuous an@t) = 0.}

In order to get our main results, we introduce some definitions and give one example to support
our results. Fixed point theorems of soft contractive mappings and related concepts can be
viewed in [5]. The details about soft metric space and related terms can be seen in [9].
Definition 3.1. Let <X, J) be a soft metric space ovéf. A soft sequence (i, 7,,) }5°, in

(U, V) is called convergent t@ if lim,,_. o d(iiy,, @) = d(i, @).

Definition 3.2. Let (X, J) be a soft metric space ovéf. A soft sequence (i, 7,,) }5°, in
(U, V) is called Cauchy ifim,, ,,, 1o d(iln, @) = 0.

Definition 3.3. Let (X, ci) is said to be a complete soft metric space dveFor a Cauchy soft
sequence (i, U,) 122, in (U, V), there exists a& € U such thatlim,, ,,—+ oo d(ty, @) =
limy, 4 0o d(Up, @) = d(a, ).

Definition 3.4. Let f andgj be two self- soft mappings on set if w = (fu) = (gu), for some
@in U, then is said to be the coincidence point ffand §, wherew is called the point of
coincidence off andg. Let(](f, g) denote the set of all soft coincidence pointsfaindg.

Definition 3.5. Let f and § be two self- soft mappings on sét If for somea € U, then
u is said to be weakly soft compatible if they commute at every coincidence point, that is,

(fu) (gu) >fgu_gfuforeveryue(}(f g)-
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Corollary 3.1. Let (X, d) be a complete soft metric space with a constant 1 and the two
soft mappings’ and g have a unique point of coincidence i Moreover, if the two soft maps
f and g are weakly compatible, thehand g have a unique common fixed point.

Example 3.1. Let X = [0,400) and a soft metric spacé : X x X — [0, +o0) defined by,
d(U,n) = (U +1)* o
Then(X, d) is a complete soft metric space with s=2 a constant. Deffible= %
1+ Y are soft mapping¢ andg on X Sincek > (1-+F) for eachk € [0, +0), VU,
we have,

iro. Fi) = (5+1) =

/N
ISt
+
o
N——
)
I
I
I/~
YIS
+
(I
N——
)

>4 ((1 + %) +(1+ 2))2 = 4d(GU, G

Which means thad(FU, F'i) > ad(GU, Gn) wherea = 4. Hence all the conditions of
Corollary. are satisfied, hence the mappirgsind G have a unique point of coincidence
actually 0 is the unique point of coincidence. Further B¢0 = GF0, we observe that 0 is
unique fixed point of andG.

4, MAIN RESULT

Theorem 4.1. Let (X d) be a complete soft metric space W|th parameter 1 and letf, g
X — X be given self- soft mappings sat|sfy|yng) c §(X) whereg(X) is a closed soft
subset ofX, if there are functiong) € ¥ and¢ € & such that

@1) b (s [(dsar)]") < 0 (0@, 0) - b5 0, 0).

where,

Fy(a, 0) = max {[d(fa, gu)]* [d(gt, gv)]*, [d(f0, g0)*, d(f @, gu), d(fi, f0), d(gt, gv)}

1+[d(fa,g0)) ’

max

a.90)]2 0.g0)]2
(d(£5,99)]2,[d( fFi1,g0)]2,[d(git,gv))2, LU LD [1EHdlgTg0)]7]
)

Thenf and g have a coincidence point i, Moreover, f and § have common fixed point
provided thatf andg are soft weakly compatible.

Proof. Leti, € X.Asf ()?) Cyg (55) Now we define the sequenge, } and{v,} in X
by v, = fu, = gu,+1 Yn € N. Applying withu = u,, andv = u,, 1, then we have

&(82[d<vn7 Un-l-l) ] {ﬁ( 2d(fu~n7 fdn\—l-/l)]2 S 7:DF’S(U;H dT:l) - QNO(ES(U:W 127:;1))
where,

[ )P A ) A5 5P,
i) =mas i)
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o [V 1,00))2,[d(0n,0n)]2,[d (U —1,00)]2,
E(tn, Unt1) = max g [d(vin,op, )2 [1+d@n,0,= )12 [ 1,00)204+d05,07))2)
N N 1-+[d(vn,om)]2 ’ 1+[d(vy 110 1))
If d(vn, V1) > d(0p,v,_1) > 0, for somen € N, then we have
Fy (U tinga) = [1+ [d (G, 01)]’]
B (U 1) = [1 4 [d (G, 0011)]]
The above inequalities that
D(d (G, 50)]) < D0, V051))?
< 1/}( (un,un+1)) @(Es (?/IT; u/n\—i-/l))
< ([ (G, 0ay1)]?) = & ([d (G, 0070)]))

Which implies, ¢ ([d (@,@)]2) = 0, that isv,, = v,4; a contradiction. Which is non-
increasing sequence and there exists 0 such thalim,, ., d (v, v,,11) = 7. We have,

Fy (W, tny1) = [1 + [d (G, 0021))]
E, (U, ttny1) > [1 4 [d (G, v5=2)]7]

It follows that,
Wd Ty 50i)]) ) < O (F, (@ 1)) — B (Bs (s ttni))
< O([d (G, 0a1)]”) = & ([d (T, 501)])

Now suppose that > 0. By taking the limitas: — oo thenwe havéim,, .., d (0,,011) =7 =0
there existg > 0 for which one can find soft sequences, andv,, of {v,,} whereny is the

smallest soft index for whichy, > my, > k, & < d (v, Uny) @NAd (U, Oy, ) < €.

In the triangle inequality in soft metric space, we get,
& < [d (O B )] < [ (s ) + 5 (B, 00 )]

= 5 [d (U 0y )]+ 52 [ (T )]+ 257 (U, B, ) Oy 0, )

— ~—\12 —_— —~— —_—

< §%e? 4 §2 [d (vn,ﬁl, vnk)] + 25%d (Umk, vnkfl) d(Vn,_,,Vny)
Using above inequality and taking upper limit/as- +oo, we obtain,

€2 < lim [d(vm,,0n,)]7 <s%e2.
k—+o00

2

Now we deduce the equation,
&2 < (A (U, )] <[5 (O Ts) + 5 (s 0,) ]

= 5% [d (U, 0y )]+ 5 [d (0 )]+ 25°d (0, B, ) (O, 00, )

[d (O 02)) < [ (O G, ) + 5 (G, 00) ]

= 52 [d (s o)+ 82 [d (G 0n) ] + 252 (Dng T

[ (G 02)]” <[5 (0 ) + 5 (0 0,

=s"[d (%,vmk)f + 82 [d (Vs Ump)]” + 28%d (T s s Vg ) A (Vs Oy )
Then we have,

]
) (Ump—ys Uny )
ik
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And

Similarly we deduce that,

[ (T B )] < [ (05 0m) + 5 (v, 5, ) )

—_—

= @ (e )]+ 5 [ @ o))+ 250 (5 ) s )
[ (O T ))? <[5 (Omags Dy ) + 5 (G 0 )]
= [ ( mkﬂm)} [d (Umk 17””%)] +2s°d (%’Umkfl)d(vmmu%)

—_— —~— —~— —— —~— ~—\12

< 5% [d (Vg U 1)] + 5% [5d (Omy_y, Onp_y ) + 5d (Ony_» Uny )]
)

+25%d (v D) [0 (G By + 5 (5 5
It follows that,

6—4 < lim [d (U/m::,vnkil)}Q < s%¢?

Through the definition of (u,v), we have,

[ W Oy )] [ (G )] [ (0 )] }

—_— —_— —_—~—

d (Om > V) & Oy 0n, ) A (O Oy ) d (Omi 5 O, )

Fy (Umy, Uy, ) = max{

This yields that]imy, ., o, sup Fy (U, , tn, ) < max {0, s%,£2,0,0,0} = %52

Also,
B =) — [0y 0y ) [ (Omg vmy— IOy~ vmg — ),
s(Unmy,, Un, ) = max [d(vrma, vmp_ 2+ vy vnps D12 [d@mp_y onp” 12+ d(ng”  ong)12]

L ld(vmy g ~,))2 ’ LHd(vmy_y ong” )1

Then we show that,

. g? &2 e?
lim inf E; (4, Uy, ) > max {O,?, g,()} > O

k—+o00
Then we have,
0 (1d O 50)1) < 0 (5 ([ (W, 52 )1%)) < 0 (B (it 1)) = B (s (g, )
In the above result it can be obtained that,

() < (2 o (o (i s2)] )

31’;( lim sup Fj (umk,unk)> < lim inf E (umk,ﬁ:}c))

k—+4o00 k—+o00

k—-+oo

< (5252> - ( lim inf F (ﬁ;;,ﬁ;))
Which implies that,

(i, in B 0, ) ) =
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This is Contradiction to above result. It follows th{ﬂn} is a Cauchy sequence iN and

limy, 1m—o0 d (Un, V) = 0. since X is a complete soft metric space, there exists X such
that,

lim d(v,,w) = hrf d(fun,w) = lim d(gups,, @) = lm d(,,0,)=d(w, o) =0.

n—-+00 n,m—-+oo

Furthermore, we have < 5(55) sinceg(X) is closed soft set. It follows that one can choose a
z € X such thatv = ¢z, and we can write above equation as,

lim d(u,,gz) = hm d (fun,gz> = hm d(gunﬂ,gz) =0

n—-+4oo

If }; # gz, takingu = u,, andv = Z in soft contractive condition in given equation, we get,

P () = (2 ()T

< T (E (0, 2) - i 0l B (5,.9))
Where,

(0 D)2 [0, G202, (A2, 2],
d(Vpy; Uy 1)d(67\1;vf2) d(Vnys Uy, ), d(Uny—,, 97)
lim inf B (u,,,2) =

[d(fz g2)12, [d(vn, g2)]%. [d(Tn, . G2))%.
A [d(0ngs Ony P+ [0, 92)7] [d(0n )P [L + [d(0n,,» 92))]
1+ [d(vny, 92)] ’ 1+ [d(fz, g?2)]2

Fs@,z):max{

And then we obtain,

lim sup F (4, 2) = mam{O 0, [d (77};”27070} = [d (@2};)]2

k—4o00

lim inf lim inf £, (u,,,2) = maX{[d (@E,};>]2>0>070’0} = [d <§2’};>]2

k——+o0 k——+o0
Now taking the upper limit a8 — +o00, we have,

(@A) =5 (@) <o (<))

<77ZJ( hm sup Fj (unk,Z)) — (hm inf lim inf E (unk,E))

() 3 ()

o([a (7=.52)]) = 0.

It follows thatd <}‘Z,§E> = Othatis,fz = gz. therefored = fz = gz is a point of coincidence

This implies that,

for fand’g we obtain that,
(1)) <3 (¢l (7))
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<3 (RE7) -7 (tm ot £E)

~ —_— 2 —_ —~ 2
< ([d (7= r)] ) - ([d (7= r7)] )
Hence}‘; = f;’. that is, the point of coincidence is unique. Considering the soft weﬁlaoﬂ
g, it can be shown that is a soft unique fixed point. This completes the prapof.

Corollary 4.2. Let (X d) be a complete soft metric space with parameter 1 and letf, g :
X — X be given self- soft mappings satisfyifig) C §(X) whereg(X) a closed soft subset
of X. if the following condition is satisfied:

WhergL € (0,1) is a constant and theﬁand@’ haveNa unique coincidence pointf(;}. More-
over, f andg have a unique fixed point provided thatndg are soft weakly compatible.

Corollary 4.3. Let (X d) be a complete soft metric space with parameter 1 and letf, g :
X — X be given self- soft mappings satlsfylfng) C §(X) whereg(X) a closed soft subset
of X. If the following condition is satisfied:

s[d(fa, f9))* < Fy(,7) — (Bo(fa, fo))

Thenf andg have a soft unique coincidence pointih Moreover, iff andg are soft weakly
compatible, therf andg have a soft unique fixed point.

5. CONCLUSION

In this article, we have inserted new conceptions in a soft metric space. We have discussed
a fixed point under generalized SQ&, ng) -weakly contractive mappings in soft metric space
without continuity of mappings. In future established results can be generalized for rough metric
spaces soft fuzzy metric spaces also. In future the established result will be useful for applica-
tion in game theory with the concept of J. Nash [13] and the concept of operation research
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