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1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction.

The study of convex functions is interesting for the mathematical analysis based on the prop-
erties which are deduced from this concept. Due to the requirements of generalization of the
concept of convexity in order to obtain new equations and applications, in recent years a great
deal of work has been done in the study and development of this subject.

A function f : I — R is said to be convex if for alt, y € I andt € [0, 1] the inequality

(1.1) fz+ (1 —t)y) <tf(x)+(1—-1t)f(y)
holds.

The following inequality for convex functions :

fla) + f(b)

a b
(1.2) O30 < o [ flajae < LT

known as the Hermite-Hadamard’s inequality, is one of the most important results for convex
functions, and a compendium of its history can be found in the work of D.S. Mitrinovic and |.B.
Lackovic ( seel[1],[12]).
Numerous works of investigation have been realized extending results on inequalities for con-
vex functions towards others much more generalized, using new concepts duclc@svexity
(see [3]), quasi-convexity (seel[4],] [S]}—convexity (see[[4].[6]) and others,making the in-
equality a very useful tool in the Theory of Probability and Optimization (see [3]).

The study on convex stochastic processes began in 1974 when B.[Nagy [7], applied a charac-
terization of measurable stochastic processes to solve a generalization of the (additive) Cauchy
functional equation. In 1980 Nikodern![8] considered convex stochastic processes. In 1995
Skowronski [9] obtained some further results on convex stochastic processes, which generalize
some known properties of convex functions. In the year 2014, E. Tomar |in [10] investigated
Hermite-Hadamard type inequalities for stochastic processes in the second sense. For other
results related to stochastic processes (Is€e [11], [12], [13], [14], [15] ahd [16] ), where further
references are given.

Fractional calculus, was introduced at the end of the nineteenth century by Liouville and
Riemann,the subject of which has become a rapidly growing area and has found applications
in diverse fields ranging from physical sciences and engineering to biological sciences and eco-
nomics. In 2011, U. Katugampola presented a new fractional integral operator (see [17]), which
generalizes the Riemann-Liouville and the Hadamard integrals into a single form, and various
researchers have made use of this result in the field of convexity, generalized convexity and
others.

Many research have been done about the Hermite-Hadamard inequalities involving some kinds
of fractional integrals and remarkable varieties of refinements can be found in the literature (see
[18],[19] and[20]).

For example, K. Qiu and J. Wang (seel[21]) investigated two Hermite-Hadamard type inequali-
ties involving right-sided Riemann-Liouville fractional integrals for convex functions.

Z. Lin and J. Wang (seé [22]) studied some Riemann-Liouville fractional Hermite-Hadamard
inequalities via r-convex and geometric-arithmetically r-convex function.

Yuming Feng (see [23]) gave a refinements of Hermite-Hadamard integral inequality by using
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two parameters.

The main purpose of this paper is to introduce a more general integral definition which gen-
eralizes some significant well known fractional integral operators such as RiemannLiouville
fractional integral, k-Riemann-Liouville fractional integral, Katugampola fractional integrals,
using a general class of this generalized fractional integral operator, to establish new Hermite-
Hadamard type inequalities for P-convex and Quasi-convex stochastic processes.

1.2. Preliminaries and definitions.

We begin by establishing definitions for stochastic processes, then we give some estimates of
the right-hand side inequality of Hermite-Hadamard.

Let (2, A, P) be a probability space. A functioN : 2 — R is a random variable ifd is
measurable.

A stochastic processes is defined as funcfion 7 x 2 — R wherel C R is an interval if
for everyt € I, the functionX (¢, -) is a random variable.

Recall that the stochastic process I x (2 — Ris called :

(1) Continuous in probability in interval, if for all to € 1 : P — lim X(¢,-) = X (to, ).

t—to

WhereP — lim denotes the limit in probability.
(2) Mean square continuous in the interyalf for all ¢, € 1 :
lim E [(X(t,-) — X (to,-))?] = 0.

t—to

WhereE[X (¢, -)] denote the expectation value of the random varigb(g, ).
(3) Mean-square differentiable @pointt € I, if there is a random variabl&’(¢,-) : Q —
R such that for alt, € I we have :

X(t,") — X (to, ") —X'(t, ) 2 =0

lim F

t—to t—1to

Definition 1.1. (seel[11],[12])

Let X : I x Q — R be a stochastic process with[ X (¢;-)?] < oo forall ¢t € I. Let
la;0] C Lia =ty <t <ty <3 < ...... < t, = b be a partition of[a; b] and )\, €
[tk_l;tk] fork=1,...,n

A random variableY” : 2 — R is called the mean-square integral of the proc&ssn

n—oo

k=n 2
[a; b], if we have lim E (ZX (Mg, ) (b — tg—1) — Y(-)) = 0 for all normal sequence
k=1

of partitions of the intervala; b] and for all\, € [t,_1;tx] forall k = 1,...,n. Then, we write

Y() = /bX(t, St

Definition 1.2. (seel[11],[12])
Let (€2; .A; P) be a probability space arfdc R andh : [0, 1] — R be a non-negative function
,h#0
e The stochastic process : I x 2 — R is P-convex if for all\ € [0;1] anda;b € I the
inequality :
XAa+(1—=Mb,-) < X(a,-)+ X(b,")

is satisfied.
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e The stochastic process : I x 2 — R is quasi-convex if for al\ € [0; 1] anda; b € I the
inequality :
X()‘a + (1 - )\)b, ) < maX{X(av )a X(ba )}
is satisfied.

Theorem 1.1.: (Hermite-Hadamard inequality for Jensen convex stochastic procesgEL@gE
LetX : I x 2 — R be a Jensen-convex, mean-square continuous in the intestachastic
process. Then for any, b € I, we have the following Hermite-Hadamard inequality :

a+b b : b. .
(13) X( ;_ 7.)Sbia/aX(t")dtSX(a,);X(a)

In this section, we state the following new integral definition which are useful in the proofs
of main theorems :
Let's define a functiorp : [0, 00) — [0, o0) satisfying the following conditions:

1
(1.4) / @dt < 00
o ¢
1 ©(s) 1 s

_ < < <<
(1.5) A1_¢<T)_A1for2_r_2
(1.6) ﬁf? < A2§—28) fors <r

1
(1.7) AW G NN G LS
r r 27 r

WhereA;, Ay, A3 > 0 are independent of s > 0. If o(r )r is increasing for soma > 0 and

“’(’“ is decreasing for some > 0, thenyp satlsfles) 7) (see[24]). Therefore, we define
the following left-sided and right-sided generalized fractional integral operators, respectively,
as follows:

(1.8) oI f(z) = /I%m)dt, x> a
b — X
(1.9) b_wa(x):/ %m)dt, v<b

The most important feature of generalized fractional integrals is that they generalize some types
of fractional integrals such as Riemann-Liouville fractional integr&iemann-Liouville frac-
tional integral, Katugampola fractional integrals, conformable fractional integral, Hadamard
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fractional integrals, etc. These important special cases of the integral operatprs (1[4)Jand (1.7)
are mentioned below.
i) If we takep(t) = ¢, the operators (1.8) and (1.9) reduce to the Riemann integral as follows :

(1.10) I f(z) = /x fydt, x>a

b
(1.12) I f(x) = / f)dt, x<b

i) If we take o(t) = oy the operator.8) an.9) reduce to the Riemann Liouville frac-
tional integral as follows:

(1.12) Ig f(z) = ﬁ /x(x — ) f(t)dt, w>a
b
(1.13) o fa) = ﬁ / (t— 2 f(@B)dt, x<b

i) If we take o(t) = imtt, the operator.8) an.9) reduce to th®iemann-
Liouville fractional integral as follows:

(1.14) I o f(x) = kal(a) / (x— )5 Lf(t)dt, z>a
b
(1.15) I f(z) = kl“:(a) / (t—x)* Lf(t)dt, =<b
where:
(1.16) Ty(a) = /OO e % dt, R(a)>0
0

and:

(1.17) Ty(a) = k810 (%) . R(a) >0k >0

are given by Mubeen and Habibullah (se€l [25]).
iv) If we take p(t) = t(z — t)*~!, the operator (1]8) reduces the conformable fractional op-
erators as follows :

(1.18) °f(z) = /xta‘lf(t)dt _ /xf(t)dat, v>a.a€(0,1)
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is given by Khalil et.al (see [26]).

v) If we takeg(t) = L exp (—1=2¢) in the operatorg (1]8) anfl (1.9), then they reduce to the
right-sided and left-sided fractional integral operators with exponential kernel €00, 1), as
follows :

(1.19) T84 f(z) = é/x exp (—1 ;a(a: - t)) ftdt, a<cz

«

I -«

(1.20) ) f(x) = —/ exp | — (t—=x) | f()dt, z<b
Q xT

are defined by Kirane and Torebek(se€ [27]).

2. MAIN RESULTS: GENERALIZED FRACTIONAL INTEGRALS FOR STOCHASTIC
PROCESS ANDHERMITE -HADAMARD INEQUALITIES

Throughout the study we define :

(2.1) T(y) = /Oy Mdu < 00

Theorem 2.1.Let X : I x 2 — R be a stochastic process df(/ C R), anda,b € I°. If z is
P_convex orja, b], witha < b then we have the following inequalities for generalized fractional
integral.

@2 x (5] < g b LX) b X ()] £ 20X + X ()

Proof. Fort € [0,1], letx = ta + (1 — t)bandy = (1 — t)a + tb. SinceX is P-convex, we

have : )
(S50 =x (50 ) £ X+ XG0

So,

X (a;b,) < X(ta+ (1=1)b,) + X(t0+ (1~ t)a, )

By multiplying both sides bM, then integrating the resulting inequality with respect to
over|0, 1] we obtain :

X(“;rb,) /01 Mdtg/ol MX(taﬂl—t)b,.)dH/ol (p(b;a)t)X(tb—&—(l—t)a,)dt

We have :

/O o((b t_ a)t)X(ta +(1—t)b, )dt = /a %X(z, dx =, 1,X(a, )

And:
1 —u b —a
/0 P09 414 (1 t)a, e~ / %X@,m o LX)
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To prove the second half of the inequality, we have X is P-convex then for evefy, 1] :
X(ta+(1—=1)b,-)+ X((1—t)a+tb) <2X(a,-)+2X(b,")

And by multiplying both sides of the inequality M and integrating the resulting in-
equality with respect to € [0, 1] we obtain :

o+ L, X (b, ) +4- 1,X (a,)] < 2(X(a,-) + X(b,)) /1 o(b— a)t)dt

0 t
1

Remark 2.1.
e Forp(t) =t we get:

b b
(2.3) X (a; ) < bfa/a X(t,)dt < 2(X(a,") + X(b,-))
o Forp(t) = iy we get:
(2.4)

(seel[28]). P

e For o(t) = kr( ; we get:

(2.5) b b

X(‘L; )sﬁ/ (= 08+ (= @)F 1] X (1, )dt < 2(X(a,) + X(b,))

A similar result was proven by Hussain et A. Ali for convex functions(see [29]).

Corollary 2.2. Under the assumption of Theorém|2.1 witft) = ¢(b — ¢)>~!, and X is a
symmetric t%2, then we have:

b
(26) X (a;—ba) < ba2—&aa/a ta_lX(tf)dt < Q(X(a") +X(b7))

Corollary 2.3. Under the assumption of Theorem|2.1 witft) = L exp (—1=2t), o € [0.1],w
have :

a+b

2.7) X ( ,-) < ( o1 la+ 1, X (b, ) +4- [, X (a,)] <2(X(a,-) + X(b,))

aexp(A) — 1)
whereA = 1(b — a).

This result is given by Kirane and Torebek for convex functions (see [27]).
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Theorem 2.4.Let X : [ x Q — R be a stochastic process di(I C R) anda,b € I°. If X
is Quasi-convex ofu, b], with a < b then the following inequalities for generalized fractional
integral holds :

28) X (a : b ) < ﬁMax{aJr[@X(b, Yo LX (0, )} < Max{X(a,-), X (b,-)}

Proof. Fort € [0, 1], letx = ta+ (1 —t)bandy = (1 — t)a + tb. SinceX is Quasi-convex, we

have :
(58) 2 (558) s

So,

X (a;b7 ) < Max{X(ta + (1 — t)b,), X (tb + (1 — t)a, )}

By multiplying both sides by’@, then integrating the resulting inequality with respect to
over|[0, 1] we obtain :

X (“ ;r b ) /01 Pl - D) g1 < /01 Mdt x Max{X (ta + (1 — t)b,.)dt + X(tb+ (1 — t)a,.)}

< Max{,+I,X(b,.) - [, X (a,)}

To prove the second half of the inequality, We have tfer|0, 1].
Max{ X (z,-), X(y,-)} = Max{X (ta+(1 — )b, ), X (tb+ (1 — t)a,-)}
Using the fact tha' is Quasi-convex we get :
X(ta+ (1 —1)b,-) < Max{X(a,-), X(b,)}
and
X (tb+ (1 —t)a, ) < Max{X(a,-), X (b, )}
We conclude that :
Max{X (z,-), X(y, )} < Max{X(a,-), X(b,-)}
And by multiplying both sides of the inequality b%‘@ and integrating the resulting in-
equality with respect to € [0, 1] we obtain.

(b - a)t)
t

Max{,+1,X (b, ) - I, X (a, )} < Max{(X(a,-), X (b,-)} x / dt
0
|
References about the following results can be found in [22], [25] and [27].

Remark 2.2.
e Foryp(t) =t, we get :

b
(2.9) X <a—2|—b") < bia/ X(t,-)dt < Max{(X(a,-),X(b,-)}

o Forp(t) = Fay» We get:

a+b

b b
(2.10) X( re, ) < ﬁMaX{/ (b—t)a_lX(t,-)dt,/ (t — @) X (¢, -)dt} < Max{(X(a,"), X (b, )}
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e Forp(t) = , we get:

(

a+b a b o b oy . . .
(2.11) X( 3 ,~) < Kbt Max{/a b-1) X(t,~)dt7/a (t—a)F " X(t,)dt} < Max{(X(a,-), X (b,")}

Corollary 2.5. Under the assumption of Theorém|2.4 witft) = ¢(b — ¢)>~!, and X is a
symmetric to=—~ (““’) , then we have :

b
@1 x ("0 ) <t [ < Max{(X (0, X(0,)

Corollary 2.6. Under the assumption of Theorém|2.4 wittt) = L exp (—1=2¢) and o in
[0.1], we have :
(2.13)

a+b a—1
X < 5 ,-) < alexp(A) = 1) Max{+1,X (b, )~ [, X (a, )} < Max{(X(a,-),X(b,-)}

whereA = <=1(b — a).

3. SOME TRAPEZOID TYPE INEQUALITIES FOR STOCHASTIC PROCESS

Lemma3.1.LetX : I x) — R mean-square differentiable di(/ ¢ R) anda,b € I°,a < b.
Then we have the following inequalities for generalized fractional integrals :

(3.1)
X(a,)+X (b, .)—ﬁl) [+ Io X (D, ) +4- 1,X(a,")] = (przl;b) /O W(t) [X'(tb+ (1 —t)a,-) — X'(ta+ (1 —t)b,-)] dt
and :

(b—a)

B2) X(a,-)+ X(b,-) - (1)

[a+LPX(b? ) +p— LPX(a’ )] =

1 1 )
U(1) /0 [(T(1—t) —U(t)] X (ta + (1 — t)b,-)dt

Proof By applying the integration by parts in integrals of the right part of our equality, we get :
fo [ thu} X' (tb+ (1 —t)a, -) dt
1
tb+1t ,) t@ba)u 1 rbhe(e— a)X dr
Jy 205 ] (2,

b—a Ja z—a

_ X(b) 1 ((b—a)u) 1
—a) Jo e du — (b—a)b_]sz( ‘)
And similarly :

= [ [ bl ““du} X' (ta+ (1 —t)b,-)dt
X ((ta+(1—t)b,- t b—a)u
((tar(1-0b) [ p((b=a) )d}oﬂlafa o
—Xa 1 b—a)u
_ =X )f w((u) du + 1 a) +[¢X(b,-)
By subtractlng92 from S; We obtain :
[y W) [X/(th+ (1 —t)a,-) — X'(ta + (1 — )b, )]

b, a,
= W (1) Et R A L LX (D) 4 [,X(a, )]

b—zx
b—x

=) ¥ (g, Vda
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By dividing by (1) and multiplying by(b — a) we get the result.

|
Remark 3.1. _

e Forp(t) = t, we obtain :

X(a,")+X(b b_af X (t,)dt = )/ (1—-2t)X"(ta+ (1 —t)b,-)dt
= —a)/ X'(tb+ (1 —t)a,") — X'(ta+ (1 —t)b,-)] dt

(seel[30]).

o Forp(t) = (a) we obtain :

X(a, )+ X(0,) = o [J2 (0= 02 4 (0 = 0271 X (1)t

=0b-a fo t ( X’(tb+ (1—1t)a,-) — X'(ta+ (1 —t)b,-))dt
= (b—a) [ (1 —)* —t*) X(ta + (1 — )b, -)dt

(seel[31)).
e Fory(t) = kk(Oé we get :
X(a,)+ X(0) = oy (b= tF "+ (t—a)F 1) X(t,)dt

(b—a folt%(X’ (th+ (1 — t) ) — X'(ta + (1 —t)b,-)) dt
(b—a) [} (1 —8)F —t%) X'(ta + (1 — )b, -)dt
(see[29])

Corollary 3.2. Under the assumption of lemra[3.1 witt) = ¢(b — t)>~! and X is a sym-
metric to %%, then we have :

X(a,)+X(b,) — 5= aaf t* X (¢, ) dt
= ,ff gg Iy (b —( b—a)(l—t)]a [b— (b—a)t]*) X'(ta+ (1 — )b, -)dt
= s fy (0" = b= (b= a)t]*) [X'(th+ (1 — t)a,-) — X'(ta + (1 — )b, )] dt

Corollary 3.3. Ifin Iemm, we gep(t) = Lexp (—=2t),a € [0,1], then we have the
following identity :

X(a,) + X(6,) — oo o LX(5,) +4 [,X(a, )]

— oy Jo [exp(A(L = 1) — exp(AD]X(ta + (1 = 1)b, )t
WhereA = 2=1(b — a). (see[26])
Theorem 3.4.Let X : I x Q — R be a stochastic process dfi (I C R)anda,b € I° with

a < b. X is mean square differentiable, and’| is P-convex orja, b], then we have the
following inequality :

(3.3) ‘X Y+ X(b,) - ﬁ[ﬁgx(b ) 4= I, X (a,-) ‘g b‘“/ W (1—t)—(t)|dt (| X" (a,)| + | X (b,-)])

Proof. By using the lemmp 3|1 we get :

)X )+ X (b, ) — at L, X (D, ) +p- IWX(G:')]‘

1
ol
b H 1t el gy, —“"((b;a)“)du]“X’(taqL (1—1)b,-) | dt

u

And by using the is P-conveX|ty oK'|,
|
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References for these results can be found in [27] and [29].

Remark 3.2.
e Fory(t) = t, we have :

0+ X0, - o [t < L2 )+ )
o Forp(t) = iy, we have :
X(a,) + X(0,) = e [ (b= 027+ (1= @) ] X (1) d|
< (- 5) (a0l + )
o Fory(t) = sy, we have
X(a) + X (b,) = o ) (6= 0F 1+ (1= a)F ) X (1) Y

< 25 (1 ) (X (@)l +1X6. )
Corollary 3.5. Under the assumption of Theorém|3.4 wittt) = (b — ¢)>~! and X is a
symmetric t0%2?, we have :

| X(a,- +X(b) s [ X (8, )

a a+1
< ey [0t b = R (X, + X))

A similair result in the case af = 1 can be found in the work of Dragomir and Agarwal (
see[[30]).

Corollary 3.6. Using theorerh 3[4, and fap(t) = £ exp (—1=2t) wherea € [0, 1], we obtain

X(a,) + X(b2) = =2k o X (0,) - L,X (a0

< e sink® (4) (1X(a, )| + [X(b,)])

— A(exp(4)-1)

With A = =1(h — a).( seef26])

Theorem 3.7.Let X : I x Q — R be a stochastic process dfi (I C R)anda,b € I° with
a < b. X is mean square differentiable, and’| is Quasi-convex oifu, b], then we have the
following inequality :

(3.4)

‘X )+ X(b,) —

@[auw}((b Y4y I X (a ‘g b_“/ |W(1—t) — W(t)|dt Max{|X"(a,-)| ,| X" (b, )|}

Proof.
By using the lemmp 3|1 we get :

)X (a.) + X(b,7) = g [+ L, X (0, )+ L, X (a, -)]‘
ba)fo [Oltgo(bua)u fo bua“duH]X’ta—l—(l—t) )|dt
And by using the quasi-convexity aX’|, we get the result.
|
Remark 3.3.

e Forp(t) = t, we have :
X{a,) + X(b2) = 525 [ X(t,)dt| < 52 Max{| X' (a, )] X' (6,)]}
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o Foro(t) = iy, we have :
X(a,) + X(b2) = e [0 = 77 4 (L= ) ) X (1) dt)

)
< 2 (1= g5) Max{| X' (a, )] [X'(b, )]}

:Fg:go(t) = 7 f(a) we get :
X(a) +X(b,) = o [} [0 =0T+ (t =) ] X (t,)d
< B (1= o) Max{lX ()] X0

Corollary 3.8. Under the assumption of theordm [3.7 witkt) = ¢(b — t)*! and X is a
symmetric t0%2, we get :

X(a,- +X(b) s [ X (8, )

< G [ b = ] Max{ X (a, )L 1X, )l
Corollary 3.9. Under the assumption of theor3.7, we getfan = éexp (—fT‘”t), with
a € [0, 1] we obtain :

X () + X(0) = 2k o Lo X () - 1,X (a0

< S tr sinh? (4) Max{|X"(a, )], 1X'(0, )}

With A = =1(b — q).

Theorem 3.10.Let X : I x 2 — R be a mean square differentiable stochastic process on
I°anda,b € I witha < b. If | X'|? is P-convex orja, b] for someg > 1, then the following
inequality for fractional integral holds :

(3.5)

=

X(a,) + X(b,) (1% (a7 + |X7(b,)|") @

[t T X (b,) 4 I«PX@“”‘ =

1 (b—a) [ [*
50 o (/O |\II(1—t)—\If(t)|pdt>

.1 1
Where.5+5—1

Proof. Using Lemma 3]1 and HAlder’s inequality, we get :

X (@) + X(b2) = gy o L X (b, ) +m LX)
ot (| e i e o)) |t 4+ (1= )l
with the P-convexity ofX 'I” we get the result.
|
Remark 3.4.

e Fory(t) = t, we have :

b 1 % 1
X(a) X0~ 2 [ X < 00 ([ n-2par) (oo
(- a) o
<— X' + | X'(b, - q
T (K@ X6
e Forop(t) = ( 7, we have :
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\m, D X(b,) — e [L (b= + (t—a)* ) X (¢,

(b—a (fo (1=t =22 adt)” (|X(a, )| + | X (b))
And by using that for € [0, 1], Vi1, t2 € [0, 1] we have |ty — 5| < [t1 — to]”
Therefor we obtain :

‘X )+ X ()~ s [L (00" (t—a) ) X ,-)dt‘

dt’

Q= ~—

(b—a) (fi [1 = 20dt) " (1X ()| + X' (0.)1")
<b—a><|X< )7+ X (b))

Q=

(ap+1)7

o Forp(t) = %(a) we have :

X(a,) + X(b) = g J (0= 0 4 (= )T ) X (1)
< WW N X0, )7

Corollary 3.11. Under the assumption of Theor¢m 3.10 wjtft) = (b — ¢)>~! and X is a
symmetric t062, then we have

‘X +X(b ) = f o1 X (¢, -)dt

b"‘ ao‘

1
1 i} i )
< % |:aap+1 + portl _ (‘1"‘21’2%} P (!X’(a, )’q + ’X/(b, .)’q>q

Proof. We takeyp(t) = t(b — )~ andX is a symmetric t6*2%, then we get :
‘X )+ X(b,-) — f X (t dt‘

bo‘ aa
1

< et (o 11— 1) = W) (X0 + X))
By computmg the rlght -side integral in the previous inequality, using the inequalityB >
Oandg > 1, (A— B)? < A?— B9, we get :

A[Qf(l—t)—\l!(t)]pdtzé/o b~ (b—a)(1 —)* — [b— (b— a)t] [ dt

1 ’ a a|p
:m/a|u —[a+b—u]|du

atb N b . .
= i o ? (la+b—u* —ue) du+ i a) Jiss (u = [a+b—u]*)” du
atb
< —— 2 ([a+b—u]*? —uP) du + f&(uap—[a—i—b—u}“p)du
aP(b—a) Ja :

— 2 ap+1 ap+-1 (a+b)ort!

— a?(b—a)(ap+l) [a P +0 Pt — T]

Witch gives us the result.
|

ap(bfa)

Theorem 3.12.Let X : I x Q2 — R be a mean square differentiable stochastic procesg°on
anda,b € I witha < b. If | X'|? is Quasi-convex ofu, b] for someg > 1, then the following

inequality for fractional integral holds :
X(a,) + X(6,) = gl Lo X (b,) +- LX(a, )]

1
(1) [
1

< G (31001 = t) = WlPat) " Max{|X(a, )], | X (5, )]}
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Where :; + . = 1.
Proof. Using lemma 3]1 and HA{lder’s inequality, we get :
X a,) + X () = g Lo X (5,) - LX (a,)]

1

b a) (fo ‘ 1 t@(b a) du t@((b a)u)du‘p>5|X/(ta+(1_t) >| adt

u

with the Qua5|-conveX|ty ofX’|? we get the result.
1

Remark 3.5. '
e Forp(t) = t, we obtain :

‘X(a, Y+ X(b,) — bfa /;X(t,-)dt‘ <(b—a) </1 11— 2tpdt>]1)Max{|X’(a,-)| X}

< (b— )71\/[& {|X a,- | |X |}
(p+1)»

o Forp(t) = we obtain :

oL
X(a, )+ X (b, ) — e [0 (0= )~ + (£ — )° ) X (1, -)dt‘

(b= a) (Ji 100 = 1) = 2P ) Mase{|X (0, )] | X0
And by using that for € [0, 1], Vi1, 2 € [0, 1] we have |ty — 5| < [t1 — to]”
Therefor we obtain :
@)+ X(0) = e J) (b= 077+ (= ) X (1, )|

< (b-a) (fo = 2t|2pdt)”Max{|X’(a,')|,IX’(bw)\}
< Lt=d, Max{|X( )L 1X7(0)1}

(ap+1)P
o Forp(t) = ¢ ( L

X(a,) +X(b) = 5 [ (0= DE + (- 0)F )X () at|
< (—MaX{IX( ) 1X (b, )}

(+1)?

Corollary 3.13. Under the assumption of theorém 3.12 witft) = ¢(b — t)* ' and X is a

symmetric t0%:?, then we have :

‘X )+ X (b,-) — f t* X (¢, -)dt

we obtain :

ba a"‘

S%[aapﬂ L portl M}PMM{‘X/( 3L IX (B, )Y
(b —a®)(ap+1)P

Proof. We takep(t) = ( )"‘—1 then we get :
‘X )+ X(b,) — 222 [Pre1X(t dt‘

bo‘ ao‘

< o (1 1) — WPt Mass{ X a, )] X0, )]}
By computlng right-side integral in the previous inequality, using the inequdlity B > 0
andg > 1, (A — B)? < A7 — B?, we obtain :

/0|\IJ(1—t)—\If(t)|pdt:$/o b= (b—a)(1— )] — [b— (b— a)f]° dt
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= u° ~la b —ul*" du
_ aP(b—a) fa Cl +b— u]a — uOé>p du + ﬁ f«l:+b (Ua _ {(1 +b— u]a)p du

1 ot op _ o u N
SoeP(b—a)fa2 ([a+b_u]p P)du+ ba)fa+b p—[CL‘Fb—U} ”)du
_ 2 o o (a+b)"‘p+1
_- W a p+1 + b p+1 _ L :|
witch ends the proof.

4. CONCLUSION

In this article, we have established new Hermite—Hadamard type inequalities via P-convex
and Quasi-convex stochastic processes in the framework of a generalized fractional integral
operator, as well as some other results for well known fractional integral operators, that estimate
the difference between the value of the fractional integral and the right side of such inequality,
as well as a refinement of the aforementioned inequality hoping that it will inspire as starting
point, interested the researchers, to derive some other type of inequalities for other type of
convex stochastic processes.
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