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2 BICHENG YANG

1. INTRODUCTION

If f, g are real functions such that< [ f*(z)dz < oo and0 < [;° ¢*(z)dz < oo, then
we have (cf. Hardy et al.[1])

(1.1) / / J( dxdy<7r{/ P2z dx/oog2(x)dx} ,

where the constant factor is the best possible. Inequality (IL.1) is well know as Hilbert's
integral inequality, which is important in analysis and its applications (cf. Mitrinovic et/ al [2]).
And the equivalent form is

(1.2) /0 (0 j(—ﬂx) dy <m / ()

where the constant facta# is still the best possible.

In 1925, Hardy and Riesz gave some classical extended results pn (1.[) and (1.2), by intro-
ducing (p,q)-parameter as follows (see [3], [1]):

If p > 1,5 + ¢ = 1, f,g are real functions such that < J° fP(x)de < oo and0 <
I g4 (x)dx < 00, then

(1.3) /OO /00 %g(yy)dxdy
ag U e {/fﬂ@dw};;

(1.4) /0 <O xf:_;dx) dy<[8m£] / e

P

(NI

where the constant factors/ sin(%) and [r/sin(7)]” are the best possible. Inequali.l ty (1.3)
is named Hardy-Hilbert's mtegral inequality, WhICh is equivalent[to](1.4). et ¢ = 2,

inequality [1.B) reduces t0 (1.1), ad (1.4) reducep iq (1.2).
In 1998, by introducing a parametgre (0, 1] and thes function B(u, v) as (cf. Wang et al.

[4]),
00 —1+u
(1.5) B(u,v) := /0 Wd:v = B(v,u) (u,v > 0),

Yang [5] gave a generalization ¢f (1.1). For an improvement of [5], Yang[[6], [7] gave some
generalizations of (1]3) and (].4) as:
If A > 2 —min{p, ¢}, f, g are non-negative functions such that

0</ xl_’\fp(x)dx<ooand0</ ' g (x)dr < oo,
0 0

then the following two inequalities are equivalent:

(1.6) // Hy 1@)99) 4,
< k) {/0 x“fp@)dx}; {/OOO xl)‘gq(:c)d:c}é;
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(1.7) /0 ,-DO-D) { /0 (xff;ydx} dy

< ) / o (a)da

where the constant factokg(p) = B(#, %) and[k,(p)]? are the best possible. And for
a refinement of [8],[9] also gave some extensions of (1.3) (1.4) as:

If A >0, f, g are non-negative functions such that

0< / 2P~ VA=N £2(3)da < oo and0 < / 20 DA=N g4 (1) dr < oo,
0 0

then the following two inequalities are equivalent:

(1.8) / / x’\—i-y dzdy
)\sm(;) {/o ) :C} {/0 x(ql)(lA)gq(x)d:c} |

[ (]

T [T 0N
@) /0 v fH )z,
p
where the constant factom and [m]p are the best possible. For = 1, both
(1.6) and[(1.B) reduce t¢ (1.3), and bath [1.7) gnd](1.9) redude fo (1.4). Recently/[10], [11]
considered some multiple extensions[of|1.1) (2.3). In 2003, Yang!etlal [12] provided an
extensive account of the above results.

In this paper, by using thg function and obtaining the expression of the weight function,
we give a new extension of (1.1) with some parameters, such that[both (1.3) and (1.8) are
its particular results. As applications, we also consider the equivalent form and some other
particular results.

(SIES

2. SOME LEMMAS

Lemma2.1.1fp > 1,-+ 2 =17 >1,;+{ = lLand\ > 0, define the weight function
WA(Sapa I’) as

01 00 1 2—10- *)d 0
. , D, = . S
( ) u}/\(S p x) /0 ) + y/\ yl_% Y, T ( OO)
Then we have
T A
2.2 = ————— P79
( ) W)\(S,p, ‘T) /\Sin(’ﬂ'/?”)x

Proof. For fixedz, settingu = y*/2* in the integral of (2.1), by (1]5) we find

(2.3) w(s,p,w) = xp(l—i>—11/oo EE
Ao 1+u
_ gpualpdd
! A (s"r’>'

SinceB(2,1) = .) is valid and the lemma is provegl.

sin 7r/7‘)’
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Note. By [2.3), we still have

00 1 y(q HN(1-%) A s
2.4 = : dy =y =51 :
(2.4) wx(r,q,Y) /0 >+ y yl’% =y )\sin(g)

Lemma 2.2. On the assumption of Leml@z]g it 0 is small enoughe( < I’TA), then we have

%) ) x—l—%-ﬁ-% _eaa

Proof. For fixed y, setting: = 2* /y* in the integral of expressiof, by (1.5) we find

£

1 [ I o
]:—/ y e / L dy
)\ 1 1/y)\ 1+u
1~ S )
== —l-e - duld
e ()
1~ L
- “l-e - duld
e ([ ) o
1 1 1 & 1% Ly
>_B___ - I —1 *1+**pjd d
~ el (r pA’s+p>\) )\/1 Y (/0 “ e
1 1 &1 ¢ A oe\ 7’
= —B(-——, -+ )= (2=-2) .
eA <r p/\7s+p/\) (r p>
Hence ,[(2.p) is valid and the lemma is provad.

3. MAIN RESULTS AND APPLICATIONS

Theorem3.1.1fp > 1, .+, = 1,7 > 1, 1+ = 1,and\ > 0, f, g are non-negative functions
such tha) < [;* xp(l‘%)‘lfp(x)dx <ooand0 < [ x90-)"1g4(z)dx < oo , then we have

G- // :L’A+y
v ) ([t

where the constant factqrsin’(rw is the best possible. In particular,
(a) forr = s = 2, we have

(32) //f
< X{/0 D1 po( )d:c};{/ooo (1=t g0 (:L')d:c};;
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(b) for A = 1, we have

(3.3) / / f;Hy
sm(;) {/0 w5 P (x )dw}; {/Oooxgng(m)dm}é'

Proof. By Hélder's inequality we have .

3.4 d d
G4 / / x? +y v
(1-2)/q (1-2)/p
(&) 277 gly)  y"s
- dxd
/0 /0 [(wk+yA)1/p y(l_é)/P][(a:’\ij)‘)l/q x(l—%)/q] v
0o 00 1 pe-Da-) ’
< dy| fP(x)d
- {/0 [/0 rHyh s ylf* @)de
1
o ooy aD0-2) 1
X dz|g?(y)d .

If (B.4) takes the form of equality, then there exists constdrasd 3, such that they are not all
zero and (see [13])

fp( ) - )(17%) B gq<y> y(qfl)(lfé)
x*+y yl—% I e

,a.e.in (0,00) x (0, 00).

We find thatAz?(1—2) =1 f7(2) = Byt=3)"1g4(y) a.e. in (0, 00) x (0,00). Hence there exists
a constant’, such that

AP () = € = By g (y), a.e. in(0, 00).

Without losing the generality, suppose that~ 0, we may getrp(l—%>fp z) = C/(Ax),a.e.
in (0, 00), which contradict®) < [ 2?11 f2(2)dx < oo . Hence, byl), we can rewrite

B4 as

(3.5) / / xhry F2)9W) 4,
<A [ osrore >d:c}1{ [ rtanng <>dy};,

and in view of [2.2) and (2]4), we have (B.1).

Fore > 0 small enoughd < pl) settingf. andg. as: f-(z) = g.(x) = 0, for z € (0, 1);

]

fe(z) = g Rt ,ge(T) = mflf%r%, forz € [1,00),

then we find

J = {/OOO wx(s, p, w)fs”(:v)dfc}; {/OOO wx(r, q,y)gg(y)dy}é = é

If the constant factom in ) is not the best possible, then there exists a positive

constanti (with K < m), such thatl) is still valid if we replacgsin’(rT” by K. In
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particular, by|[(Z2.b), we have
1.1 ¢ 1 ¢
NG s T 7o

< d:/ dedy<€KJ K.
o Jo T'+yY
Fore — 0, it follows thatW < K, which contradicts the fact that < W
the constant factoii in @) is the best possible. The theorem is proyed.

in(m/r)

Hence

Theorem 3.2.1f p > 1,5+, =1,r > 1,; +{ = 1,and\ > 0, f is a non-negative function
such tha) < [ 27(1=2)~1 fP(z)dx < oo , then we have

(3.6) /Ooo g2 (/000 mxffzﬁdm) dy

N L g R N,
) | frd.

where the constant factgg =1 is the best possible. Inequall. y (B.6) is equwalen. [10](3.1).

In particular,
(a) forr = s = 2, we have

(3.7) / Tya ( / N %dm)pdy

< (%)p/ :Up(l_%)_lfp(a:)dx
0
> f( ) m p/OO 2_1rp
(3.8) /0 ys (0 x+yd$ dy< (@] ), xs fP(r)dz.
Proof. Setting a real functiog(y) as

oA o) f T p—1
9(y) ==y~ ! (/0 x,\(—_'_)yAdI) dy,y € (0,00),
then by [3.1), we find

(3-9) /OOO y 1D g (y)dy
L () e [ AR
ﬁ(g){/jmp‘l e )d:c} {/0 730" ()dx}q.

Hence we obtain

(3.10) 0< {/ yq(l‘i)‘lgq(y)dy}p
0

s Ay >
By (3.1)), both|[(3.p) and (3.10) take the form of strict inequality, and we (3.6).

(b) for A = 1, we have

>
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On the other hand, suppose t3.6) is valid.mBsider’s inequality, we find

(3.11) / / x’\+y

- /0 <?~/§_;/0 ﬂ)AClw)(y‘%*?q(y))dy

r +y

= RA_ = f(x) 8 % = q(1-2)-1 g };
< {/O Y 1(/0 xA+yAd:v) dy} {/0 y Ygl(y)dy ¢

Then by [3.6), we havé (3.1). Hen¢e (3.1) gnd](3.6) are equivalent.
If the constant factof; 71" in ) is not the best possible, by usi.ll), we may get

a contradiction that the constant factor[in {3.1) is not the best possible. Thus we complete the
proof of the theoremg

Forr =p, s = ¢, by (3.1) and[(3.6), we have

Corollary 3.3. If p > 1, }D + % = 1,and X\ > 0, f, g are non-negative real functions, such that

0 < [i7ar 1 fP(x)de < oo and0 < [~ 2972 1¢9(2)dz < oo, then we have the following
two equivalent inequalities:

(3.12) // x/\+y
prTes R AR W}p o)

(3.13) /0 y P~ DA-L ( /0 %dx) dy

P are the best possible. In particular, for

where the constant factorm and |
A =1, we have

(3.14) // fx—i—y dxdy

< @{/0 2 fP(2)d x};{/oooxq_2gq(x)dx};;

o [ ([ L ae [ [

Forp = ¢ = 2, by (3.3) and[(3.8), we have

Corollary 3.4. If r > 1,1 + = =1, f g are non-negative real functions, such that<
[ ai P (a)de < oo and 0 < [ 27 g?(x)dr < oo, then we have the following two

A sin(Tr/p)]
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equivalent inequalities:

(3.16) /000 /000 %g;y)dxdy
@{/0 xs_lfQ(x)dx/O :vr_lgz(:v)d:v} :

* el ([T @) N B Y Eagr
(3.17) /Oys <0 m+ydx) dy<{M} /0 xs f*(r)de,

where the constant factors - and| 2 are the best possible.

sin(7/s) }

Remark 3.1. (a) Forr = ¢, s = p, (3.1) reduces tq (1.8), and (B.6) reduceq t0](1.9). Relating
Corollary[3.3, it follows that[(3]1) is a new extension pf {1.8) gnd (3.12), (3.6) is a new

extension of[(1]9) and (3.1.3).
(b) It is interesting thaf (1}8)] (3.2) and (3]12) are deferent, although they are with the same

parameters and possess the best constant factor.
(c) (3.16) is an extension df (1.1) with two paramefets), and [3.) is an extension ¢f (1.2)
with a single parameter > 1.
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