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1. INTRODUCTION

Let (H, 〈·, ·〉) be a complex Hilbert space and{ei}i∈I anorthonormal basisof H. We say
thatA ∈ B (H) is aHilbert-Schmidt operatorif

(1.1)
∑
i∈I

‖Aei‖2 <∞.

It is well know that, if{ei}i∈I and{fj}j∈J are orthonormal bases forH andA ∈ B (H) then

(1.2)
∑
i∈I

‖Aei‖2 =
∑
j∈I

‖Afj‖2 =
∑
j∈I

‖A∗fj‖2

showing that the definition (1.1) is independent of the orthonormal basis andA is a Hilbert-
Schmidt operator if and only ifA∗ is a Hilbert-Schmidt operator.

LetB2 (H) the set of Hilbert-Schmidt operators inB (H) . ForA ∈ B2 (H) we define

(1.3) ‖A‖2 :=

(∑
i∈I

‖Aei‖2

)1/2

for {ei}i∈I an orthonormal basis ofH. This definition does not depend on the choice of the
orthonormal basis.

Using the triangle inequality inl2 (I) , one checks thatB2 (H) is a vector spaceand that
‖·‖2 is a norm onB2 (H) , which is usually called in the literature as theHilbert-Schmidt norm.

Denotethe modulusof an operatorA ∈ B (H) by |A| := (A∗A)1/2 .
Because‖|A|x‖ = ‖Ax‖ for all x ∈ H, A is Hilbert-Schmidt if and only if|A| is Hilbert-

Schmidt and‖A‖2 = ‖|A|‖2 . From (1.2) we have that ifA ∈ B2 (H) , thenA∗ ∈ B2 (H) and
‖A‖2 = ‖A∗‖2 .

The following theorem collects some of the most important properties of Hilbert-Schmidt
operators:

THEOREM 1.1. We have
(i) (B2 (H) , ‖·‖2) is a Hilbert space with inner product

(1.4) 〈A,B〉2 :=
∑
i∈I

〈Aei, Bei〉 =
∑
i∈I

〈B∗Aei, ei〉

and the definition does not depend on the choice of the orthonormal basis{ei}i∈I ;
(ii) We have the inequalities

(1.5) ‖A‖ ≤ ‖A‖2

for anyA ∈ B2 (H) and

(1.6) ‖AT‖2 , ‖TA‖2 ≤ ‖T‖ ‖A‖2

for anyA ∈ B2 (H) andT ∈ B (H) ;
(iii) B2 (H) is an operator ideal inB (H) , i.e.

B (H)B2 (H)B (H) ⊆ B2 (H) ;

(iv) Bfin (H) , the space of operators of finite rank, is a dense subspace ofB2 (H) ;
(v)B2 (H) ⊆ K (H) , whereK (H) denotes the algebra of compact operators onH.

If {ei}i∈I an orthonormal basis ofH, we say thatA ∈ B (H) is trace classif

(1.7) ‖A‖1 :=
∑
i∈I

〈|A| ei, ei〉 <∞.
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4 SILVESTRU SEVER DRAGOMIR

The definition of‖A‖1 does not depend on the choice of the orthonormal basis{ei}i∈I . We
denote byB1 (H) the set of trace class operators inB (H) .

The following proposition holds:

PROPOSITION1.2. If A ∈ B (H) , then the following are equivalent:
(i) A ∈ B1 (H) ;

(ii) |A|1/2 ∈ B2 (H) ;
(ii) A (or |A|) is the product of two elements ofB2 (H) .

The following properties are also well known:

THEOREM 1.3. With the above notations:
(i) We have

(1.8) ‖A‖1 = ‖A∗‖1 and ‖A‖2 ≤ ‖A‖1

for anyA ∈ B1 (H) ;
(ii) B1 (H) is an operator ideal inB (H) , i.e.

B (H)B1 (H)B (H) ⊆ B1 (H) ;

(iii) We have

B2 (H)B2 (H) = B1 (H) ;

(iv) We have

‖A‖1 = sup {|〈A,B〉2| | B ∈ B2 (H) , ‖B‖2 ≤ 1} ;

(v) (B1 (H) , ‖·‖1) is a Banach space.
(iv) We have the following isometric isomorphisms

B1 (H) ∼= K (H)∗ andB1 (H)∗ ∼= B (H) ,

whereK (H)∗ is the dual space ofK (H) andB1 (H)∗ is the dual space ofB1 (H) .

We define thetraceof a trace class operatorA ∈ B1 (H) to be

(1.9) tr (A) :=
∑
i∈I

〈Aei, ei〉

where{ei}i∈I an orthonormal basis ofH. Note that this coincides with the usual definition of
the trace ifH is finite-dimensional. We observe that the series (1.9) converges absolutely and it
is independent from the choice of basis.

The following result collects some properties of the trace:

THEOREM 1.4. We have
(i) If A ∈ B1 (H) thenA∗ ∈ B1 (H) and

(1.10) tr (A∗) = tr (A);

(ii) If A ∈ B1 (H) andT ∈ B (H) , thenAT, TA ∈ B1 (H) and

(1.11) tr (AT ) = tr (TA) and |tr (AT )| ≤ ‖A‖1 ‖T‖ ;

(iii) tr (·) is a bounded linear functional onB1 (H) with ‖tr‖ = 1;
(iv) If A, B ∈ B2 (H) thenAB, BA ∈ B1 (H) andtr (AB) = tr (BA) ;
(v)Bfin (H) is a dense subspace ofB1 (H) .
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Utilising the trace notation we obviously have that

〈A,B〉2 = tr (B∗A) = tr (AB∗) and ‖A‖2
2 = tr (A∗A) = tr

(
|A|2

)
for anyA, B ∈ B2 (H) .

Now, for the finite dimensional case, it is well known that the trace functional issubmulti-
plicative, that is, forpositive semidefinite matricesA andB in Mn(C),

0 ≤ tr(AB) ≤ tr (A) tr (B) .

Therefore
0 ≤ tr(Ak) ≤ [tr (A)]k ,

wherek is any positive integer.
In 2000, Yang [135] proved a matrix trace inequality

(1.12) tr
[
(AB)k

]
≤ (trA)k(trB)k,

whereA andB are positive semidefinite matrices overC of the same ordern andk is any
positive integer. For related works the reader can refer to [20], [22], [114] and [137], which are
continuations of the work of Bellman [7].

If (H, 〈·, ·〉) is a separable infinite-dimensional Hilbert space then the inequality (1.12) is
also valid for any positive operatorsA, B ∈ B1 (H) . This result was obtained by L. Liu in
2007, see [102].

In 2001, Yang et al. [136] improved (1.12) as follows:

(1.13) tr [(AB)m] ≤
[
tr
(
A2m

)
tr
(
B2m

)]1/2
,

whereA andB are positive semidefinite matrices overC of the same order andm is any positive
integer.

In [124] the authors have proved many trace inequalities for sums and products of matrices.
For instance, ifA andB are positive semidefinite matrices inMn (C) then

(1.14) tr
[
(AB)k

]
≤ min

{
‖A‖k tr

(
Bk
)
, ‖B‖k tr

(
Ak
)}

for any positive integerk. Also, if A, B ∈ Mn (C) then forr ≥ 1 andp, q > 1 with 1
p

+ 1
q

= 1
we have the followingYoung type inequality

(1.15) tr (|AB∗|r) ≤ tr

[(
|A|p

p
+
|B|q

q

)r]
.

Ando [4] proved a very strong form of Young’s inequality - it was shown that ifA andB are in
Mn(C), then there is aunitary matrixU such that

|AB∗| ≤ U

(
1

p
|A|p +

1

q
|B|q

)
U∗,

wherep, q > 1 with 1
p

+ 1
q

= 1, which immediately gives the trace inequality

(1.16) tr (|AB∗|) ≤ 1

p
tr (|A|p) +

1

q
tr (|B|q) .

This inequality can also be obtained from (1.15) by takingr = 1.
Another Hölder type inequality has been proved by Manjegani in [109] and can be stated as

follows:

(1.17) tr(AB) ≤ [tr(Ap)]1/p [tr(Bq)]1/q ,

wherep, q > 1 with 1
p

+ 1
q

= 1 andA andB are positive semidefinite matrices.
For the theory of trace functionals and their applications the reader is referred to [126].
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For other trace inequalities see [8], [20], [52], [49], [83], [98], [123] and [132].
In this paper we survey some recent trace inequalities obtained by the author for opera-

tors in Hilbert spaces that are connected to Schwarz’s, Buzano’s and Kato’s inequalities and
the reverses of Schwarz inequality known in the literature as Cassels’ inequality and Shisha-
Mond’s inequality. Applications for some functionals that are naturally associated to some of
these inequalities and for functions of operators defined by power series are given, see also [50].
Further, various trace inequalities for convex functions are presented including refinements of
Jensen inequality and several reverses of Jensen’s inequality. Hermite-Hadamard type inequal-
ities and the trace version of Slater’s inequality are given. Some Lipschitz type inequalities are
also surveyed. Examples for fundamental functions such as the power, logarithmic, resolvent
and exponential functions are provided as well.

For Grüss’ type inequalities for positive maps, see [5], [106] and [115]. For Cassels, Diaz-
Metcalf and Shisha-Mond type inequalities, see [113]. For other inequalities for positive maps
see [9], [10], [19], [129] and [138].

For trace inequalities for Hilbert space operators that appeared in information theory and
quantum information theory we refer to [23], [72], [108] and [134].

2. SCHWARZ TYPE TRACE I NEQUALITIES

2.1. Some Trace Inequalities Via Hermitian Forms.Let P a selfadjoint operator with
P ≥ 0. ForA ∈ B2 (H) and{ei}i∈I an orthonormal basis ofH we have

‖A‖2
2,P := tr (A∗PA) =

∑
i∈I

〈PAei, Aei〉 ≤ ‖P‖
∑
i∈I

‖Aei‖2 = ‖P‖ ‖A‖2
2 ,

which shows that〈·, ·〉2,P defined by

〈A,B〉2,P := tr (B∗PA) =
∑
i∈I

〈PAei, Bei〉 =
∑
i∈I

〈B∗PAei, ei〉

is anonnegative Hermitian formonB2 (H) , i.e. 〈·, ·〉2,P satisfies the properties:
(h) 〈A,A〉2,P ≥ 0 for anyA ∈ B2 (H) ;

(hh) 〈·, ·〉2,P is linear in the first variable;

(hhh)〈B,A〉2,P = 〈A,B〉2,P for anyA, B ∈ B2 (H) .
Using the properties of the trace we also have the following representations

‖A‖2
2,P := tr

(
P |A∗|2

)
= tr

(
|A∗|2 P

)
and

〈A,B〉2,P := tr (PAB∗) = tr (AB∗P ) = tr (B∗PA)

for anyA, B ∈ B2 (H) .
We start with the following result:

THEOREM 2.1 (Dragomir, 2014, [58]). Let P a selfadjoint operator withP ≥ 0, i.e.
〈Px, x〉 ≥ 0 for anyx ∈ H.

(i) For anyA, B ∈ B2 (H)

(2.1) |tr (PAB∗)|2 ≤ tr
(
P |A∗|2

)
tr
(
P |B∗|2

)
and [

tr
(
P |A∗|2

)
+ 2 Re tr (PAB∗) + tr

(
P |B∗|2

)]1/2
(2.2)

≤
[
tr
(
P |A∗|2

)]1/2
+
[
tr
(
P |B∗|2

)]1/2
;
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(ii) For anyA, B, C ∈ B2 (H)∣∣tr (PAB∗) tr
(
P |C∗|2

)
− tr (PAC∗) tr (PCB∗)

∣∣2(2.3)

≤
[
tr
(
P |A∗|2

)
tr
(
P |C∗|2

)
− |tr (PAC∗)|2

]
×
[
tr
(
P |B∗|2

)
tr
(
P |C∗|2

)
− |tr (PBC∗)|2

]
,

|tr (PAB∗)| tr
(
P |C∗|2

)
(2.4)

≤
∣∣tr (PAB∗) tr

(
P |C∗|2

)
− tr (PAC∗) tr (PCB∗)

∣∣
+ |tr (PAC∗) tr (PCB∗)|

≤
[
tr
(
P |A∗|2

)]1/2 [
tr
(
P |B∗|2

)]1/2
tr
(
P |C∗|2

)
and

|tr (PAC∗) tr (PCB∗)|(2.5)

≤ 1

2

[[
tr
(
P |A∗|2

)]1/2 [
tr
(
P |B∗|2

)]1/2
+ |tr (PAB∗)|

]
tr
(
P |C∗|2

)
.

PROOF. (i) Making use of the Schwarz inequality for the nonnegative hermitian form〈·, ·〉2,P

we have ∣∣∣〈A,B〉2,P

∣∣∣2 ≤ 〈A,A〉2,P 〈B,B〉2,P

for anyA, B ∈ B2 (H) and the inequality (2.1) is proved.
We observe that‖·‖2,P is a seminorm onB2 (H) and by the triangle inequality we have

‖A+B‖2,P ≤ ‖A‖2,P + ‖B‖2,P

for anyA, B ∈ B2 (H) and the inequality (2.2) is proved.
(ii) Let C ∈ B2 (H) , C 6= 0. Define the mapping[·, ·]2,P,C : B2 (H)× B2 (H) → C by

[A,B]2,P,C := 〈A,B〉2,P ‖C‖
2
2,P − 〈A,C〉2,P 〈C,B〉2,P .

Observe that[·, ·]2,P,C is a nonnegative Hermitian form onB2 (H) and by Schwarz inequality
we have ∣∣∣〈A,B〉2,P ‖C‖

2
2,P − 〈A,C〉2,P 〈C,B〉2,P

∣∣∣2(2.6)

≤
[
‖A‖2

2,P ‖C‖
2
2,P −

∣∣∣〈A,C〉2,P

∣∣∣2] [‖B‖2
2,P ‖C‖

2
2,P −

∣∣∣〈B,C〉2,P

∣∣∣2]
for anyA, B ∈ B2 (H) , which proves (2.3).

The caseC = 0 is obvious.
Utilising the elementary inequality for real numbersm, n, p, q(

m2 − n2
) (
p2 − q2

)
≤ (mp− nq)2 ,

we can easily see that[
‖A‖2

2,P ‖C‖
2
2,P −

∣∣∣〈A,C〉2,P

∣∣∣2] [‖B‖2
2,P ‖C‖

2
2,P −

∣∣∣〈B,C〉2,P

∣∣∣2](2.7a)

≤
(
‖A‖2,P ‖B‖2,P ‖C‖

2
2,P −

∣∣∣〈A,C〉2,P

∣∣∣ ∣∣∣〈B,C〉2,P

∣∣∣)2

for anyA, B, C ∈ B2 (H) .
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Since, by Schwarz’s inequality we have

‖A‖2,P ‖C‖2,P ≥
∣∣∣〈A,C〉2,P

∣∣∣
and

‖B‖2,P ‖C‖2,P ≥
∣∣∣〈B,C〉2,P

∣∣∣ ,
then by multiplying these inequalities we have

‖A‖2,P ‖B‖2,P ‖C‖
2
2,P ≥

∣∣∣〈A,C〉2,P

∣∣∣ ∣∣∣〈B,C〉2,P

∣∣∣
for anyA, B, C ∈ B2 (H) .

Utilizing the inequalities (2.6) and (2.7a) and taking the square root we get∣∣∣〈A,B〉2,P ‖C‖
2
2,P − 〈A,C〉2,P 〈C,B〉2,P

∣∣∣(2.8)

≤ ‖A‖2,P ‖B‖2,P ‖C‖
2
2,P −

∣∣∣〈A,C〉2,P

∣∣∣ ∣∣∣〈B,C〉2,P

∣∣∣
for anyA, B, C ∈ B2 (H) , which proves the second inequality in (2.4).

The first inequality is obvious by the modulus properties.
By the triangle inequality for modulus we also have∣∣∣〈A,C〉2,P 〈C,B〉2,P

∣∣∣− ∣∣∣〈A,B〉2,P

∣∣∣ ‖C‖2
2,P(2.9)

≤
∣∣∣〈A,B〉2,P ‖C‖

2
2,P − 〈A,C〉2,P 〈C,B〉2,P

∣∣∣
for anyA, B, C ∈ B2 (H) .

On making use of (2.8) and (2.9) we have∣∣∣〈A,C〉2,P 〈C,B〉2,P

∣∣∣− ∣∣∣〈A,B〉2,P

∣∣∣ ‖C‖2
2,P

≤ ‖A‖2,P ‖B‖2,P ‖C‖
2
2,P −

∣∣∣〈A,C〉2,P

∣∣∣ ∣∣∣〈B,C〉2,P

∣∣∣ ,
which is equivalent to the desired inequality (2.5).

REMARK 2.1. By the triangle inequality for the hermitian form[·, ·]2,P,C : B2 (H)×B2 (H) →
C,

[A,B]2,P,C := 〈A,B〉2,P ‖C‖
2
2,P − 〈A,C〉2,P 〈C,B〉2,P

we get(
‖A+B‖2

2,P ‖C‖
2
2,P −

∣∣∣〈A+B,C〉2,P

∣∣∣2)1/2

≤
(
‖A‖2

2,P ‖C‖
2
2,P −

∣∣∣〈A,C〉2,P

∣∣∣2)1/2

+

(
‖B‖2

2,P ‖C‖
2
2,P −

∣∣∣〈B,C〉2,P

∣∣∣2)1/2

,

which can be written as(
tr
[
P |(A+B)∗|2

]
tr
(
P |C∗|2

)
− |tr [P (A+B)C∗]|2

)1/2

(2.10)

≤
(
tr
(
P |A∗|2

)
tr
(
P |C∗|2

)
− |tr (PAC∗)|2

)1/2

+
(
tr
(
P |B∗|2

)
tr
(
P |C∗|2

)
− |tr (PBC∗)|2

)1/2

for anyA, B, C ∈ B2 (H) .
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REMARK 2.2. If we takeB = λC in (2.10), then we get

0 ≤ tr
[
P |(A+ λC)∗|2

]
tr
(
P |C∗|2

)
− |tr [P (A+ λC)C∗]|2(2.11)

≤ tr
(
P |A∗|2

)
tr
(
P |C∗|2

)
− |tr (C∗PA)|2

for anyλ ∈ C andA, C ∈ B2 (H) .
Therefore, we have the bound

sup
λ∈C

{
tr
[
P |(A+ λC)∗|2

]
tr
(
P |C∗|2

)
− |tr [P (A+ λC)C∗]|2

}
(2.12)

= tr
(
P |A∗|2

)
tr
(
P |C∗|2

)
− |tr (PAC∗)|2 .

We also have the inequalities

0 ≤ tr
[
P |(A± C)∗|2

]
tr
(
P |C∗|2

)
− |tr [P (A± C)C∗]|2(2.13)

≤ tr
(
P |A∗|2

)
tr
(
P |C∗|2

)
− |tr (PAC∗)|2

for anyA, C ∈ B2 (H) .

REMARK 2.3. We observe that, by replacingA∗ with A, B∗ with B etc...above, we can get
the dual inequalities, like, for instance

|tr (PA∗C) tr (PC∗B)|(2.14)

≤ 1

2

[[
tr
(
P |A|2

)]1/2 [
tr
(
P |B|2

)]1/2
+ |tr (PA∗B)|

]
tr
(
P |C|2

)
,

that holds for anyA, B, C ∈ B2 (H) .
This is an operator version of Buzano’s inequality in inner product spaces, namely

(2.15) |〈x, e〉 〈e, y〉| ≤ 1

2
[‖x‖ ‖y‖+ |〈x, y〉|]

for x, y, e ∈ H with ‖e‖ = 1.
Since

|tr (PA∗C)| =
∣∣∣tr (PA∗C)

∣∣∣ = |tr [(PA∗C)∗]| = |tr (C∗AP )| = |tr (PC∗A)| ,

|tr (PC∗B)| = |tr (PB∗C)|
and

|tr (PA∗B)| = |tr (PB∗A)|
then the inequality (2.14) can be also written as

|tr (PC∗A) tr (PB∗C)|(2.16)

≤ 1

2

[[
tr
(
P |A|2

)]1/2 [
tr
(
P |B|2

)]1/2
+ |tr (PB∗A)|

]
tr
(
P |C|2

)
,

that holds for anyA,B,C ∈ B2 (H) .
If we take in (2.16)B = A∗ then we get the following inequality

|tr (PC∗A) tr (PAC)|(2.17)

≤ 1

2

[[
tr
(
P |A|2

)]1/2 [
tr
(
P |A∗|2

)]1/2
+
∣∣tr (PA2

)∣∣] tr
(
P |C|2

)
,

for anyA,B,C ∈ B2 (H) .
If A is a normal operator, i.e.|A|2 = |A∗|2 then we have from (2.17) that

(2.18) |tr (PC∗A) tr (PAC)| ≤ 1

2

[
tr
(
P |A|2

)
+
∣∣tr (PA2

)∣∣] tr (P |C|2) ,
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In particular, ifC is selfadjoint andC ∈ B2 (H) , then

(2.19) |tr (PAC)|2 ≤ 1

2

[
tr
(
P |A|2

)
+
∣∣tr (PA2

)∣∣] tr (PC2
)
,

for anyA ∈ B2 (H) a normal operator.
We notice that (2.19) is a trace operator version ofde Bruijn inequalityobtained in 1960 in

[11], which gives the following refinement of the Cauchy-Bunyakovsky-Schwarz inequality:

(2.20)

∣∣∣∣∣
n∑

i=1

aizi

∣∣∣∣∣
2

≤ 1

2

n∑
i=1

a2
i

[
n∑

i=1

|zi|2 +

∣∣∣∣∣
n∑

i=1

z2
i

∣∣∣∣∣
]
,

provided thatai are real numbers whilezi are complex for eachi ∈ {1, ..., n} .

We notice that, ifP ∈ B1 (H) , P ≥ 0 andA, B ∈ B (H) , then

〈A,B〉2,P := tr (PAB∗) = tr (AB∗P ) = tr (B∗PA)

is a nonnegative Hermitian formon B (H) and all the inequalities above will hold forA, B,
C ∈ B (H) . The details are left to the reader.

2.2. Some Functional Properties.We consider now the convex coneB+ (H) of nonneg-
ative operators on the complex Hilbert spaceH and, forA, B ∈ B2 (H) define the functional
σA,B : B+ (H) → [0,∞) by

(2.21) σA,B (P ) :=
[
tr
(
P |A|2

)]1/2 [
tr
(
P |B|2

)]1/2 − |tr (PA∗B)| (≥ 0) .

The following theorem collects some fundamental properties of this functional.

THEOREM 2.2 (Dragomir, 2014, [58]). LetA, B ∈ B2 (H) .
(i) For anyP, Q ∈ B+ (H)

(2.22) σA,B (P +Q) ≥ σA,B (P ) + σA,B (Q) (≥ 0)

,namely,σA,B is a superadditive functional onB+ (H) ;
(ii) For any P, Q ∈ B+ (H) with P ≥ Q

(2.23) σA,B (P ) ≥ σA,B (Q) (≥ 0) ,

namely,σA,B is a monotonic nondecreasing functional onB+ (H) ;
(iii) If P, Q ∈ B+ (H) and there exist the constantsM > m > 0 such thatMQ ≥ P ≥ mQ

then

(2.24) MσA,B (Q) ≥ σA,B (P ) ≥ mσA,B (Q) (≥ 0) .

PROOF. (i) Let P, Q ∈ B+ (H). On utilizing the elementary inequality(
a2 + b2

)1/2 (
c2 + d2

)1/2 ≥ ac+ bd, a, b, c, d ≥ 0
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and the triangle inequality for the modulus, we have

σA,B (P +Q)

=
[
tr
(
(P +Q) |A|2

)]1/2 [
tr
(
(P +Q) |B|2

)]1/2 − |tr ((P +Q)A∗B)|

=
[
tr
(
P |A|2 +Q |A|2

)]1/2 [
tr
(
P |B|2 +Q |B|2

)]1/2

− |tr (PA∗B +QA∗B)|

=
[
tr
(
P |A|2

)
+ tr

(
Q |A|2

)]1/2 [
tr
(
P |B|2

)
+ tr

(
Q |B|2

)]1/2

− |tr (PA∗B) + tr (QA∗B)|

≥
[
tr
(
P |A|2

)]1/2 [
tr
(
P |B|2

)]1/2
+
[
tr
(
Q |A|2

)]1/2 [
tr
(
Q |B|2

)]1/2

− |tr (PA∗B)| − |tr (QA∗B)|
= σA,B (P ) + σA,B (Q)

and the inequality (2.22) is proved.
(ii) Let P, Q ∈ B+ (H) with P ≥ Q. Utilising the superadditivity property we have

σA,B (P ) = σA,B ((P −Q) +Q) ≥ σA,B (P −Q) + σA,B (Q) ≥ σA,B (Q)

and the inequality (2.23) is obtained.
(iii) From the monotonicity property we have

σA,B (P ) ≥ σA,B (mQ) = mσA,B (Q)

and a similar inequality forM, which prove the desired result (2.24).

COROLLARY 2.3. LetA, B ∈ B2 (H) andP ∈ B (H) such that there exist the constants
M > m > 0 withM1H ≥ P ≥ m1H . Then

M
([

tr
(
|A|2

)]1/2 [
tr
(
|B|2

)]1/2 − |tr (A∗B)|
)

(2.25)

≥
[
tr
(
P |A|2

)]1/2 [
tr
(
P |B|2

)]1/2 − |tr (PA∗B)|

≥ m
([

tr
(
|A|2

)]1/2 [
tr
(
|B|2

)]1/2 − |tr (A∗B)|
)
.

Let P = |V |2 with V ∈ B (H) . If A, B ∈ B2 (H) then

σA,B

(
|V |2

)
=
[
tr
(
|V |2 |A|2

)]1/2 [
tr
(
|V |2 |B|2

)]1/2 −
∣∣tr (|V |2A∗B

)∣∣
= [tr (V ∗V A∗A)]1/2 [tr (V ∗V B∗B)]1/2 − |tr (V ∗V A∗B)|

= [tr (V A∗AV ∗)]1/2 [tr (V B∗BV ∗)]1/2 − |tr (V A∗BV ∗)|

= [tr ((AV ∗)∗AV ∗)]
1/2

[tr ((BV ∗)∗BV ∗)]
1/2 − |tr ((AV ∗)∗BV ∗)|

=
[
tr
(
|AV ∗|2

)]1/2 [
tr
(
|BV ∗|2

)]1/2 − |tr ((AV ∗)∗BV ∗)| .

On utilizing the property (2.22) forP = |V |2 , Q = |U |2 with V, U ∈ B (H) , then we have
for anyA, B ∈ B2 (H) the following trace inequality[

tr
(
|AV ∗|2 + |AU∗|2

)]1/2 [
tr
(
|BV ∗|2 + |BU∗|2

)]1/2
(2.26)

− |tr ((AV ∗)∗BV ∗ + (AU∗)∗BU∗)|

≥
[
tr
(
|AV ∗|2

)]1/2 [
tr
(
|BV ∗|2

)]1/2 − |tr ((AV ∗)∗BV ∗)|

+
[
tr
(
|AU∗|2

)]1/2 [
tr
(
|BU∗|2

)]1/2 − |tr ((AU∗)∗BU∗)| (≥ 0) .
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Also, if |V |2 ≥ |U |2 with V, U ∈ B (H) , then we have for anyA, B ∈ B2 (H) that[
tr
(
|AV ∗|2

)]1/2 [
tr
(
|BV ∗|2

)]1/2 − |tr ((AV ∗)∗BV ∗)|(2.27)

≥
[
tr
(
|AU∗|2

)]1/2 [
tr
(
|BU∗|2

)]1/2 − |tr ((AU∗)∗BU∗)| (≥ 0) .

If U ∈ B (H) is invertible, then

1

‖U−1‖
‖x‖ ≤ ‖Ux‖ ≤ ‖U‖ ‖x‖ for anyx ∈ H,

which implies that

1

‖U−1‖2 1H ≤ |U |2 ≤ ‖U‖2 1H .

By making use of (2.25) we have the following trace inequality

‖U‖2
([

tr
(
|A|2

)]1/2 [
tr
(
|B|2

)]1/2 − |tr (A∗B)|
)

(2.28)

≥
[
tr
(
|AU∗|2

)]1/2 [
tr
(
|BU∗|2

)]1/2 − |tr ((AU∗)∗BU∗)|

≥ 1

‖U−1‖2

([
tr
(
|A|2

)]1/2 [
tr
(
|B|2

)]1/2 − |tr (A∗B)|
)

for anyA, B ∈ B2 (H) .
Similar results may be stated forP ∈ B1 (H) , P ≥ 0 andA, B ∈ B (H) . The details are

omitted.

2.3. Inequalities for Sequences of Operators.For n ≥ 2, define the Cartesian products
B(n) (H) := B (H)× ...×B (H) , B(n)

2 (H) := B2 (H)× ...×B2 (H) andB(n)
+ (H) := B+ (H)×

...×B+ (H) whereB+ (H) denotes the convex cone of nonnegative selfadjoint operators onH,
i.e. P ∈ B+ (H) if 〈Px, x〉 ≥ 0 for anyx ∈ H.

PROPOSITION 2.4 (Dragomir, 2014, [58]). Let P = (P1, ..., Pn) ∈ B(n)
+ (H) and A =

(A1, ..., An) , B = (B1, ..., Bn) ∈ B(n)
2 (H) andz = (z1, ..., zn) ∈ Cn with n ≥ 2. Then

(2.29)

∣∣∣∣∣tr
(

n∑
k=1

zkPkA
∗
kBk

)∣∣∣∣∣
2

≤ tr

(
n∑

k=1

|zk|Pk |Ak|2
)

tr

(
n∑

k=1

|zk|Pk |Bk|2
)
.

PROOF. Using the properties of modulus and the inequality (2.1) we have∣∣∣∣∣tr
(

n∑
k=1

zkPkA
∗
kBk

)∣∣∣∣∣ =

∣∣∣∣∣
n∑

k=1

zk tr (PkA
∗
kBk)

∣∣∣∣∣
≤

n∑
k=1

|zk| |tr (PkA
∗
kBk)|

≤
n∑

k=1

|zk|
[
tr
(
Pk |Ak|2

)]1/2 [
tr
(
Pk |Bk|2

)]1/2
.

AJMAA, Vol. 19 (2022), No. 1, Art. 1, 202 pp. AJMAA

https://ajmaa.org


TRACE INEQUALITIES FOROPERATORS INHILBERT SPACESSURVEY 13

Utilizing the weighted discrete Cauchy-Bunyakovsky-Schwarz inequality we also have
n∑

k=1

|zk|
[
tr
(
Pk |Ak|2

)]1/2 [
tr
(
Pk |Bk|2

)]1/2

≤

(
n∑

k=1

|zk|
([

tr
(
Pk |Ak|2

)]1/2
)2
)1/2( n∑

k=1

|zk|
([

tr
(
Pk |Bk|2

)]1/2
)2
)1/2

=

(
n∑

k=1

|zk| tr
(
Pk |Ak|2

))1/2( n∑
k=1

|zk| tr
(
Pk |Bk|2

))1/2

=

(
tr

(
n∑

k=1

|zk|Pk |Ak|2
))1/2(

tr

(
n∑

k=1

|zk|Pk |Bk|2
))1/2

,

which is equivalent to the desired result (2.29).

We consider the functional forn-tuples of nonnegative operators as follows:

σA,B (P) :=

[
tr

(
n∑

k=1

Pk |Ak|2
)]1/2 [

tr

(
n∑

k=1

Pk |Bk|2
)]1/2

(2.30)

−

∣∣∣∣∣tr
(

n∑
k=1

PkA
∗
kBk

)∣∣∣∣∣ .
Utilising a similar argument to the one in Theorem 2.2 we can state:

PROPOSITION2.5. LetA = (A1, ..., An) , B = (B1, ..., Bn) ∈ B(n)
2 (H) .

(i) For anyP,Q ∈ B(n)
+ (H)

(2.31) σA,B (P + Q) ≥ σA,B (P) + σA,B (Q) (≥ 0) ,

namely,σA,B is a superadditive functional onB(n)
+ (H) ;

(ii) For any P,Q ∈ B(n)
+ (H) with P ≥ Q, namelyPk ≥ Qk for all k ∈ {1, ..., n}

(2.32) σA,B (P) ≥ σA,B (Q) (≥ 0) ,

namely,σA,B is a monotonic nondecreasing functional onB(n)
+ (H) ;

(iii) If P, Q ∈ B(n)
+ (H) and there exist the constantsM > m > 0 such thatMQ ≥ P ≥

mQ then

(2.33) MσA,B (Q) ≥ σA,B (P) ≥ mσA,B (Q) (≥ 0) .

If P = (p11H , ..., pn1H) with pk ≥ 0, k ∈ {1, ..., n} then the functional of nonnegative
weightsp = (p1, ..., pn) defined by

σA,B (p) :=

[
tr

(
n∑

k=1

pk |Ak|2
)]1/2 [

tr

(
n∑

k=1

pk |Bk|2
)]1/2

(2.34)

−

∣∣∣∣∣tr
(

n∑
k=1

pkA
∗
kBk

)∣∣∣∣∣ .
has the same properties as in (2.31)-(2.33).
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Moreover, we have the simple bounds:

max
k∈{1,...,n}

{pk}


[
tr

(
n∑

k=1

|Ak|2
)]1/2 [

tr

(
n∑

k=1

|Bk|2
)]1/2

(2.35)

−

∣∣∣∣∣tr
(

n∑
k=1

A∗
kBk

)∣∣∣∣∣
}

≥

[
tr

(
n∑

k=1

pk |Ak|2
)]1/2 [

tr

(
n∑

k=1

pk |Bk|2
)]1/2

−

∣∣∣∣∣tr
(

n∑
k=1

pkA
∗
kBk

)∣∣∣∣∣
≥ min

k∈{1,...,n}
{pk}


[
tr

(
n∑

k=1

|Ak|2
)]1/2 [

tr

(
n∑

k=1

|Bk|2
)]1/2

−

∣∣∣∣∣tr
(

n∑
k=1

A∗
kBk

)∣∣∣∣∣
}
.

2.4. Inequalities for Power Series of Operators.Denote by:

D(0, R) =

{
{z ∈ C : |z| < R}, if R <∞
C, if R = ∞,

and consider the functions:

λ 7→ f(λ) : D(0, R) → C, f(λ) :=
∞∑

n=0

αnλ
n

and

λ 7→ fa(λ) : D(0, R) → C, fa(λ) :=
∞∑

n=0

|αn|λn.

As some natural examples that are useful for applications, we can point out that, if

f (λ) =
∞∑

n=1

(−1)n

n
λn = ln

1

1 + λ
, λ ∈ D (0, 1) ;(2.36)

g (λ) =
∞∑

n=0

(−1)n

(2n)!
λ2n = cosλ, λ ∈ C;

h (λ) =
∞∑

n=0

(−1)n

(2n+ 1)!
λ2n+1 = sinλ, λ ∈ C;

l (λ) =
∞∑

n=0

(−1)n λn =
1

1 + λ
, λ ∈ D (0, 1) ;
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then the corresponding functions constructed by the use of the absolute values of the coefficients
are

fa (λ) =
∞∑

n=1

1

n
λn = ln

1

1− λ
, λ ∈ D (0, 1) ;(2.37)

ga (λ) =
∞∑

n=0

1

(2n)!
λ2n = coshλ, λ ∈ C;

ha (λ) =
∞∑

n=0

1

(2n+ 1)!
λ2n+1 = sinhλ, λ ∈ C;

la (λ) =
∞∑

n=0

λn =
1

1− λ
, λ ∈ D (0, 1) .

Other important examples of functions as power series representations with nonnegative coeffi-
cients are:

exp (λ) =
∞∑

n=0

1

n!
λn λ ∈ C,(2.38)

1

2
ln

(
1 + λ

1− λ

)
=

∞∑
n=1

1

2n− 1
λ2n−1, λ ∈ D (0, 1) ;

sin−1 (λ) =
∞∑

n=0

Γ
(
n+ 1

2

)
√
π (2n+ 1)n!

λ2n+1, λ ∈ D (0, 1) ;

tanh−1 (λ) =
∞∑

n=1

1

2n− 1
λ2n−1, λ ∈ D (0, 1)

2F1 (α, β, γ, λ) =
∞∑

n=0

Γ (n+ α) Γ (n+ β) Γ (γ)

n!Γ (α) Γ (β) Γ (n+ γ)
λn, α, β, γ > 0,

λ ∈ D (0, 1) ;

whereΓ is Gamma function.

PROPOSITION 2.6 (Dragomir, 2014, [58]). Let f(λ) :=
∑∞

n=0 αnλ
n be a power series

with complex coefficients and convergent on the open diskD (0, R) , R > 0. If (H, 〈·, ·〉) is a
separable infinite-dimensional Hilbert space andA, B ∈ B1 (H) are positive operators with
tr (A) , tr (B) < R1/2, then

(2.39) |tr (f (AB))|2 ≤ f 2
a (trA trB) ≤ fa

(
(trA)2

)
fa

(
(trB)2

)
.

PROOF. By the inequality (1.12) for the positive operatorsA, B ∈ B1 (H) we have∣∣∣∣∣tr
[

n∑
k=0

αk(AB)k

]∣∣∣∣∣ =

∣∣∣∣∣
n∑

k=0

αk tr
[
(AB)k

]∣∣∣∣∣(2.40)

≤
n∑

k=0

|αk|
∣∣tr [(AB)k

]∣∣ =
n∑

k=0

|αk| tr
[
(AB)k

]
≤

n∑
k=0

|αk| (trA)k(trB)k =
n∑

k=0

|αk| (trA trB)k.
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Utilising the weighted Cauchy-Bunyakovsky-Schwarz inequality for sums we have

(2.41)
n∑

k=0

|αk| (trA)k(trB)k ≤

(
n∑

k=0

|αk| (trA)2k

)1/2( n∑
k=0

|αk| (trB)2k

)1/2

.

Then by (2.40) and (2.41) we have∣∣∣∣∣tr
[

n∑
k=0

αk(AB)k

]∣∣∣∣∣
2

≤

[
n∑

k=0

|αk| (trA trB)k

]2

(2.42)

≤
n∑

k=0

|αk|
[
(trA)2

]k n∑
k=0

|αk|
[
(trB)2

]k
for n ≥ 1.

Since0 ≤ tr (A) , tr (B) < R1/2, the numerical series
∞∑

k=0

|αk| (trA trB)k,
∞∑

k=0

|αk|
[
(trA)2

]k
and

∞∑
k=0

|αk|
[
(trB)2

]k
are convergent.

Also, since0 ≤ tr(AB) ≤ tr (A) tr (B) < R, the operator series
∑∞

k=0 αk(AB)k is con-
vergent inB1 (H) .

Lettingn→∞ in (2.42) and utilizing the continuity property oftr (·) onB1 (H) we get the
desired result (2.39).

EXAMPLE 2.1. a) If we take in (2.39)f(λ) = (1± λ)−1, |λ| < 1 then we get the inequality

(2.43)
∣∣tr ((1H ± AB)−1)∣∣2 ≤ (1− (trA)2)−1 (

1− (trB)2)−1

for anyA, B ∈ B1 (H) positive operators withtr (A) , tr (B) < 1.
b) If we take in (2.39)f(λ) = ln (1± λ)−1, |λ| < 1, then we get the inequality

(2.44)
∣∣tr (ln (1H ± AB)−1)∣∣2 ≤ ln

(
1− (trA)2)−1

ln
(
1− (trB)2)−1

for anyA, B ∈ B1 (H) positive operators withtr (A) , tr (B) < 1.

We have the following result as well:

THEOREM 2.7 (Dragomir, 2014, [58]). Let f(λ) :=
∑∞

n=0 αnλ
n be a power series with

complex coefficients and convergent on the open diskD (0, R) , R > 0. If A, B ∈ B2 (H) are
normal operators withA∗B = BA∗ andtr

(
|A|2

)
, tr
(
|B|2

)
< R then the inequality

(2.45) |tr (f (A∗B))|2 ≤ tr
(
fa

(
|A|2

))
tr
(
fa

(
|B|2

))
.

PROOF. From the inequality (2.29) we have

(2.46)

∣∣∣∣∣tr
(

n∑
k=0

αk (A∗)k Bk

)∣∣∣∣∣
2

≤ tr

(
n∑

k=0

|αk|
∣∣Ak
∣∣2) tr

(
n∑

k=0

|αk|
∣∣Bk
∣∣2) .

SinceA, B are normal operators, then we have
∣∣Ak
∣∣2 = |A|2k and

∣∣Bk
∣∣2 = |B|2k for anyk ≥ 0.

Also, sinceA∗B = BA∗ then we also have(A∗)k Bk = (A∗B)k for anyk ≥ 0.
Due to the fact thatA, B ∈ B2 (H) andtr

(
|A|2

)
, tr
(
|B|2

)
< R, it follows thattr (A∗B) ≤

R and the operator series
∞∑

k=0

αk (A∗B)k ,

∞∑
k=0

|αk| |A|2k and
∞∑

k=0

|αk| |B|2k
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are convergent in the Banach spaceB1 (H) .
Taking the limit overn → ∞ in (2.46) and using the continuity of thetr (·) onB1 (H) we

deduce the desired result (2.45).

EXAMPLE 2.2. a) If we take in (2.45)f(λ) = (1± λ)−1, |λ| < 1 then we get the inequality

(2.47)
∣∣tr ((1H ± A∗B)−1)∣∣2 ≤ tr

((
1− |A|2

)−1
)

tr
((

1− |B|2
)−1
)

for anyA, B ∈ B2 (H) normal operators withA∗B = BA∗ andtr
(
|A|2

)
, tr
(
|B|2

)
< 1.

b) If we take in (2.45)f(λ) = exp (λ), λ ∈ C then we get the inequality

(2.48) |tr (exp (A∗B))|2 ≤ tr
(
exp

(
|A|2

))
tr
(
exp

(
|B|2

))
for anyA, B ∈ B2 (H) normal operators withA∗B = BA∗.

THEOREM 2.8 (Dragomir, 2014, [58]). Let f (z) :=
∑∞

j=0 pjz
j and g (z) :=

∑∞
j=0 qjz

j

be two power series with nonnegative coefficients and convergent on the open diskD (0, R) ,
R > 0. If T and V are two normal and commuting operators fromB2 (H) with tr

(
|T |2

)
,

tr
(
|V |2

)
< R, then[

tr
(
f
(
|T |2

)
+ g

(
|T |2

))]1/2 [
tr
(
f
(
|V |2

)
+ g

(
|V |2

))]1/2
(2.49)

− |tr (f (T ∗V ) + g (T ∗V ))|

≥
[
tr
(
f
(
|T |2

))]1/2 [
tr
(
f
(
|V |2

))]1/2 − |tr (f (T ∗V ))|

+
[
tr
(
g
(
|T |2

))]1/2 [
tr
(
g
(
|V |2

))]1/2 − |tr (g (T ∗V ))| (≥ 0) .

Moreover, ifpj ≥ qj for anyj ∈ N, then, with the above assumptions onT andV,[
tr
(
f
(
|T |2

))]1/2 [
tr
(
f
(
|V |2

))]1/2 − |tr (f (T ∗V ))|(2.50)

≥
[
tr
(
g
(
|T |2

))]1/2 [
tr
(
g
(
|V |2

))]1/2 − |tr (g (T ∗V ))| (≥ 0) .

PROOF. Utilising the superadditivity property of the functionalσA,B (·) above as a function
of weightsp and the fact thatT andV are two normal and commuting operators we can state
that [

tr

(
n∑

k=0

(pk + qk) |T |2k

)]1/2 [
tr

(
n∑

k=0

(pk + qk) |V |2k

)]1/2

(2.51)

−

∣∣∣∣∣tr
(

n∑
k=0

(pk + qk) (T ∗V )k

)∣∣∣∣∣
≥

[
tr

(
n∑

k=0

pk |T |2k

)]1/2 [
tr

(
n∑

k=0

pk |V |2k

)]1/2

−

∣∣∣∣∣tr
(

n∑
k=0

pk (T ∗V )k

)∣∣∣∣∣
+

[
tr

(
n∑

k=0

qk |T |2k

)]1/2 [
tr

(
n∑

k=0

qk |V |2k

)]1/2

−

∣∣∣∣∣tr
(

n∑
k=0

qk (T ∗V )k

)∣∣∣∣∣
for anyn ≥ 1.

Since all the series whose partial sums are involved in (2.51) are convergent inB1 (H) , by
lettingn→∞ in (2.51) we get (2.49).

The inequality (2.50) follows by the monotonicity property ofσA,B (·) and the details are
omitted.
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EXAMPLE 2.3. Now, observe that if we take

f (λ) = sinhλ =
∞∑

n=0

1

(2n+ 1)!
λ2n+1

and

g (λ) = coshλ =
∞∑

n=0

1

(2n)!
λ2n

then

f (λ) + g (λ) = expλ =
∞∑

n=0

1

n!
λn

for anyλ ∈ C.
If T andV are two normal and commuting operators fromB2 (H), then by (2.11)[

tr
(
exp

(
|T |2

))]1/2 [
tr
(
exp

(
|V |2

))]1/2 − |tr (exp (T ∗V ))|(2.52)

≥
[
tr
(
sinh

(
|T |2

))]1/2 [
tr
(
sinh

(
|V |2

))]1/2 − |tr (sinh (T ∗V ))|

+
[
tr
(
cosh

(
|T |2

))]1/2 [
tr
(
cosh

(
|V |2

))]1/2 − |tr (cosh (T ∗V ))| (≥ 0) .

Now, consider the series1
1−λ

=
∑∞

n=0 λ
n, λ ∈ D (0, 1) and ln 1

1−λ
=
∑∞

n=1
1
n
λn, λ ∈

D (0, 1) and definepn = 1, n ≥ 0, q0 = 0, qn = 1
n
, n ≥ 1, then we observe that for anyn ≥ 0,

pn ≥ qn.
If T andV are two normal and commuting operators fromB2 (H) with tr

(
|T |2

)
, tr
(
|V |2

)
<

1, then by (2.12) [
tr
((

1H − |T |2
)−1
)]1/2 [

tr
((

1H − |V |2
)−1
)]1/2

(2.53)

−
∣∣tr ((1H − T ∗V )−1)∣∣

≥
[
tr
(
ln
(
1H − |T |2

)−1
)]1/2 [

tr
(
ln
(
1H − |V |2

)−1
)]1/2

−
∣∣tr (ln (1H − T ∗V )−1)∣∣ (≥ 0) .

2.5. Inequalities for Matrices. We have the following result for matrices.

PROPOSITION2.9 (Dragomir, 2014, [58]). Letf(λ) :=
∑∞

n=0 αnλ
n be a power series with

complex coefficients and convergent on the open diskD (0, R) , R > 0. If A andB are positive
semidefinite matrices inMn (C) with tr (A2) , tr (B2) < R, then the inequality

(2.54) |tr [f(AB)]|2 ≤ tr
[
fa

(
A2
)]

tr
[
fa

(
B2
)]
.

If tr (A) , tr (B) <
√
R, then also

(2.55) |tr [f(AB)]| ≤ min {tr (fa (‖A‖B)) , tr (fa (‖B‖A))} .

PROOF. We observe that (1.13) holds form = 0 with equality.
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By utilizing the generalized triangle inequality for the modulus and the inequality (1.13) we
have ∣∣∣∣∣tr

[
m∑

n=0

αn(AB)n

]∣∣∣∣∣(2.56)

=

∣∣∣∣∣
m∑

n=0

αn tr [(AB)n]

∣∣∣∣∣ ≤
m∑

n=0

|αn| |tr [(AB)n]|

=
m∑

n=0

|αn| tr [(AB)n] ≤
m∑

n=0

|αn|
[
tr
(
A2n
)]1/2 [

tr
(
B2n

)]1/2
,

for anym ≥ 1.
Applying the weighted Cauchy-Bunyakowsky-Schwarz discrete inequality we also have

m∑
n=0

|αn|
[
tr
(
A2n
)]1/2 [

tr
(
B2n

)]1/2
(2.57)

≤

(
m∑

n=0

|αn|
([

tr
(
A2n
)]1/2

)2
)1/2( m∑

n=0

|αn|
([

tr
(
B2n

)]1/2
)2
)1/2

=

(
m∑

n=0

|αn|
[
tr
(
A2n
)])1/2( m∑

n=0

|αn|
[
tr
(
B2n

)])1/2

=

[
tr

(
m∑

n=0

|αn|A2n

)]1/2 [
tr

(
m∑

n=0

|αn|B2n

)]1/2

for anym ≥ 1.
Therefore, by (2.56) and (2.57) we get

(2.58)

∣∣∣∣∣tr
[

m∑
n=0

αn(AB)n

]∣∣∣∣∣
2

≤ tr

(
m∑

n=0

|αn|A2n

)
tr

(
m∑

n=0

|αn|B2n

)
for anym ≥ 1.

Sincetr (A2) , tr (B2) < R, thentr (AB) ≤
√

tr (A2) tr (B2) < R and the series
∞∑

n=0

αn(AB)n,
∞∑

n=0

|αn|A2n and
∞∑

n=0

|αn|B2n

are convergent inMn (C) .
Taking the limit overm → ∞ in (2.58) and utilizing the continuity property oftr (·) on

Mn (C) we get (2.54).
The inequality (2.55) follows from (1.14) in a similar way and the details are omitted.

EXAMPLE 2.4. a) If we takef(λ) = (1± λ)−1, |λ| < 1 then we get the inequality

(2.59)
∣∣tr [(In ± AB)−1

]∣∣2 ≤ tr
[(
In − A2

)−1
]
tr
[(
In −B2

)−1
]

for anyA andB positive semidefinite matrices inMn (C) with tr (A2) , tr (B2) < 1. HereIn is
the identity matrix inMn (C) .

We also have the inequality

(2.60)
∣∣tr [(In ± AB)−1

]∣∣ ≤ min
{
tr
(
(In − ‖A‖B)−1) , tr ((In − ‖B‖A)−1)}
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for anyA andB positive semidefinite matrices inMn (C) with tr (A) , tr (B) < 1.
b) If we takef(λ) = expλ, then

(2.61) (tr [exp(AB)])2 ≤ tr
[
exp

(
A2
)]

tr
[
exp

(
B2
)]

and

(2.62) tr [exp(AB)] ≤ min {tr (exp (‖A‖B)) , tr (exp (‖B‖A))}

for anyA andB positive semidefinite matrices inMn (C) .

PROPOSITION2.10 (Dragomir, 2014, [58]). Let f(λ) :=
∑∞

n=0 αnλ
n be a power series

with complex coefficients and convergent on the open diskD (0, R) , R > 0. If A andB are
matrices inMn (C) with tr (|A|p) , tr (|B|q) < R, wherep, q > 1 with 1

p
+ 1

q
= 1, then

|tr (f (|AB∗|))| ≤ tr

[
fa

(
|A|p

p
+
|B|q

q

)]
(2.63)

≤ tr

[
1

p
fa (|A|p) +

1

q
fa (|B|q)

]
.

PROOF. The inequality (1.15) holds with equality forr = 0.
By utilizing the generalized triangle inequality for the modulus and the inequality (1.15) we

have ∣∣∣∣∣tr
(

m∑
n=0

αn |AB∗|n
)∣∣∣∣∣ =

∣∣∣∣∣
m∑

n=0

αn tr (|AB∗|n)

∣∣∣∣∣(2.64)

≤
m∑

n=0

|αn| |tr (|AB∗|n)| =
m∑

n=0

|αn| tr (|AB∗|n)

≤
m∑

n=0

|αn| tr
[(
|A|p

p
+
|B|q

q

)n]

= tr

[
m∑

n=0

|αn|
(
|A|p

p
+
|B|q

q

)n
]

for anym ≥ 1 andp, q > 1 with 1
p

+ 1
q

= 1.

It is know that iff : [0,∞) → R is a convex function, thentr f (·) is convex on the cone
M+

n (C) of positive semidefinite matrices inMn (C). Therefore, forn ≥ 1 we have

(2.65) tr

[(
|A|p

p
+
|B|q

q

)n]
≤ 1

p
tr (|A|pn) +

1

q
tr (|B|qn)

wherep, q > 1 with 1
p

+ 1
q

= 1.
The inequality reduces to equality ifn = 0.
Then we have

m∑
n=0

|αn| tr
[(
|A|p

p
+
|B|q

q

)n]
≤

m∑
n=0

|αn|
[
1

p
tr (|A|pn) +

1

q
tr (|B|qn)

]
(2.66)

= tr

[
1

p

m∑
n=0

|αn| |A|pn +
1

q

m∑
n=0

|αn| |B|qn

]
for anym ≥ 1 andp, q > 1 with 1

p
+ 1

q
= 1.
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From (2.64) and (2.66) we get∣∣∣∣∣tr
(

m∑
n=0

αn |AB∗|r
)∣∣∣∣∣ ≤ tr

[
m∑

n=0

|αn|
(
|A|p

p
+
|B|q

q

)n
]

(2.67)

≤ tr

[
1

p

m∑
n=0

|αn| |A|pn +
1

q

m∑
n=0

|αn| |B|qn

]

for anym ≥ 1 andp, q > 1 with 1
p

+ 1
q

= 1.

Sincetr (|A|p) , tr (|B|q) < R, then all the series whose partial sums are involved in (2.67)
are convergent, then by lettingm→∞ in (2.67) we deduce the desired inequality (2.63).

EXAMPLE 2.5. a) If we takef(λ) = (1± λ)−1, |λ| < 1 then we get the inequalities

∣∣tr ((In ± |AB∗|)−1)∣∣ ≤ tr

([
In −

(
|A|p

p
+
|B|q

q

)]−1
)

(2.68)

≤ tr

[
1

p
(In − |A|p)−1

+
1

q
(In − |B|q)−1

]
,

whereA andB are matrices inMn (C) with tr (|A|p) , tr (|B|q) < 1 andp, q > 1 with 1
p
+ 1

q
= 1.

b) If we takef(λ) = expλ, then

tr (exp (|AB∗|)) ≤ tr

[
exp

(
|A|p

p
+
|B|q

q

)]
(2.69)

≤ tr

[
1

p
exp (|A|p) +

1

q
exp (|B|q)

]
,

whereA andB are matrices inMn (C) andp, q > 1 with 1
p

+ 1
q

= 1.

Finally, we can state the following result:

PROPOSITION2.11 (Dragomir, 2014, [58]). Let f(λ) :=
∑∞

n=0 αnλ
n be a power series

with complex coefficients and convergent on the open diskD (0, R) , R > 0. If A andB are
commuting positive semidefinite matrices inMn (C) with tr (Ap) , tr (Bq) < R, wherep, q > 1
with 1

p
+ 1

q
= 1, then

(2.70) |tr (f (AB))| ≤ [tr(fa (Ap))]1/p [tr(fa (Bq))]1/q .

PROOF. SinceA andB are commuting positive semidefinite matrices inMn (C) , then by
(1.17) we have for any natural numbern includingn = 0 that

(2.71) tr((AB)n) = tr(AnBn) ≤ [tr(Anp)]1/p [tr(Bnq)]1/q ,

wherep, q > 1 with 1
p

+ 1
q

= 1.
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By (2.71) and the weighted Hölder discrete inequality we have∣∣∣∣∣tr
(

m∑
n=0

αn (AB)n

)∣∣∣∣∣ =

∣∣∣∣∣
m∑

n=0

αn tr(AnBn)

∣∣∣∣∣ ≤
m∑

n=0

|αn| |tr(AnBn)|

≤
m∑

n=0

|αn| [tr(Anp)]1/p [tr(Bnq)]1/q

≤

(
m∑

n=0

|αn|
(
[tr(Anp)]1/p

)p
)1/p

×

(
m∑

n=0

|αn|
(
[tr(Bnq)]1/q

)q
)1/q

=

(
m∑

n=0

|αn| tr(Anp)

)1/p( m∑
n=0

|αn| tr(Bnq)

)1/q

=

(
tr(

m∑
n=0

|αn|Anp)

)1/p(
tr(

m∑
n=0

|αn|Bnq)

)1/q

wherep, q > 1 with 1
p

+ 1
q

= 1.
The proof follows now in a similar way with the ones from above and the details are omit-

ted.

EXAMPLE 2.6. a) If we takef(λ) = (1± λ)−1, |λ| < 1 then we get the inequality

(2.72)
∣∣tr ((In ± AB)−1)∣∣ ≤ [tr((In − Ap)−1)

]1/p [
tr((In −Bq)−1)

]1/q
,

for anyA andB commuting positive semidefinite matrices inMn (C) with tr (Ap) , tr (Bq) < 1,
wherep, q > 1 with 1

p
+ 1

q
= 1.

b) If we takef(λ) = expλ, then

(2.73) tr (exp (AB)) ≤ [tr(exp (Ap))]1/p [tr(exp (Bq))]1/q ,

for anyA andB commuting positive semidefinite matrices inMn (C) andp, q > 1 with 1
p
+ 1

q
=

1.

3. KATO ’ S TYPE TRACE I NEQUALITIES

3.1. Kato’s Inequality. We denote byB (H) the Banach algebra of all bounded linear
operators on a complex Hilbert space(H; 〈·, ·〉) .

If P is a positive selfadjoint operator onH, i.e. 〈Px, x〉 ≥ 0 for any x ∈ H, then the
following inequality is a generalization of the Schwarz inequality inH

(3.1) |〈Px, y〉|2 ≤ 〈Px, x〉 〈Py, y〉 ,
for anyx, y ∈ H.

The following inequality is of interest as well, see [91, p. 221].
Let P be a positive selfadjoint operator onH. Then

(3.2) ‖Px‖2 ≤ ‖P‖ 〈Px, x〉
for anyx ∈ H.

The"square root"of a positive bounded selfadjoint operator onH can be defined as follows,
see for instance [91, p. 240]: If the operatorA ∈ B (H) is selfadjoint and positive, then there
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exists a unique positive selfadjoint operatorB :=
√
A ∈ B (H) such thatB2 = A. If A is

invertible, then so isB.
If A ∈ B (H) , then the operatorA∗A is selfadjoint and positive. Define the"absolute value"

operator by|A| :=
√
A∗A.

In 1952, Kato [92] proved the following celebratedgeneralization of Schwarz inequalityfor
any bounded linear operatorT onH:

(3.3) |〈Tx, y〉|2 ≤ 〈(T ∗T )α x, x〉
〈
(TT ∗)1−α y, y

〉
,

for anyx, y ∈ H, α ∈ [0, 1] . Utilizing the modulus notation introduced before, we can write
(3.3) as follows

(3.4) |〈Tx, y〉|2 ≤
〈
|T |2α x, x

〉 〈
|T ∗|2(1−α) y, y

〉
for anyx, y ∈ H, α ∈ [0, 1] .

It is useful to observe that, ifT = N, a normal operator, i.e., we recall thatNN∗ = N∗N,
then the inequality (3.4) can be written as

(3.5) |〈Nx, y〉|2 ≤
〈
|N |2α x, x

〉 〈
|N |2(1−α) y, y

〉
,

and in particular, for selfadjoint operatorsA we can state it as

(3.6) |〈Ax, y〉| ≤ ‖|A|α x‖
∥∥|A|1−α y

∥∥
for anyx, y ∈ H, α ∈ [0, 1] .

If T = U, a unitary operator, i.e., we recall thatUU∗ = U∗U = 1H , then the inequality
(3.4) becomes

|〈Ux, y〉| ≤ ‖x‖ ‖y‖
for anyx, y ∈ H, which provides a natural generalization for the Schwarz inequality inH.

The symmetric powers in the inequalities above are natural to be considered, so if we choose
in (3.4), (3.5) and in (3.6)α = 1/2 then we get for anyx, y ∈ H
(3.7) |〈Tx, y〉|2 ≤ 〈|T |x, x〉 〈|T ∗| y, y〉 ,

(3.8) |〈Nx, y〉|2 ≤ 〈|N |x, x〉 〈|N | y, y〉 ,
and

(3.9) |〈Ax, y〉| ≤
∥∥∥|A|1/2 x

∥∥∥∥∥∥|A|1/2 y
∥∥∥

respectively.
It is also worthwhile to observe that, if we take the supremum overy ∈ H, ‖y‖ = 1 in (3.4)

then we get

(3.10) ‖Tx‖2 ≤ ‖T‖2(1−α) 〈|T |2α x, x
〉

for anyx ∈ H, or in an equivalent form

(3.11) ‖Tx‖ ≤ ‖|T |α x‖ ‖T‖1−α

for anyx ∈ H.
If we takeα = 1/2 in (3.10), then we get

(3.12) ‖Tx‖2 ≤ ‖T‖ 〈|T |x, x〉
for anyx ∈ H, which in the particular case ofT = P, a positive operator, provides the result
from (3.2).

For various interesting generalizations, extension and Kato related results, see the papers
[75]-[86], [102]-[109] and [131].
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3.2. Trace Inequalities Via Kato’s Result. We start with the following result:

THEOREM 3.1 (Dragomir, 2014, [65]). LetT ∈ B (H) .

(i) If for someα ∈ (0, 1), |T |2α , |T ∗|2(1−α) ∈ B1 (H) , thenT ∈ B1 (H) and

(3.13) |tr (T )|2 ≤ tr
(
|T |2α) tr

(
|T ∗|2(1−α)

)
;

(ii) If for someα ∈ [0, 1] and an orthonormal basis{ei}i∈I the sum∑
i∈I

‖Tei‖α ‖T ∗ei‖1−α

is finite, thenT ∈ B1 (H) and

(3.14) |tr (T )| ≤
∑
i∈I

‖Tei‖α ‖T ∗ei‖1−α .

Moreover, if the sums
∑

i∈I ‖Tei‖ and
∑

i∈I ‖T ∗ei‖ are finite for an orthonormal basis
{ei}i∈I , thenT ∈ B1 (H) and

(3.15) |tr (T )| ≤ inf
α∈[0,1]

{∑
i∈I

‖Tei‖α ‖T ∗ei‖1−α

}
≤ min

{∑
i∈F

‖Tei‖ ,
∑
i∈F

‖T ∗ei‖

}
.

PROOF. (i) Assume thatα ∈ (0, 1) . Let {ei}i∈I be an orthonormal basis inH andF a finite
part ofI. Then by Kato’s inequality (3.4) we have

(3.16)

∣∣∣∣∣∑
i∈F

〈Tei, ei〉

∣∣∣∣∣ ≤∑
i∈F

|〈Tei, ei〉| ≤
∑
i∈F

〈
|T |2α ei, ei

〉1/2
〈
|T ∗|2(1−α) ei, ei

〉1/2

.

By Cauchy-Buniakovski-Schwarz inequality for finite sums we have∑
i∈F

〈
|T |2α ei, ei

〉1/2
〈
|T ∗|2(1−α) ei, ei

〉1/2

(3.17)

≤

(∑
i∈F

[〈
|T |2α ei, ei

〉1/2
]2)1/2(∑

i∈F

[〈
|T ∗|2(1−α) ei, ei

〉1/2
]2
)1/2

=

(∑
i∈F

〈
|T |2α ei, ei

〉)1/2(∑
i∈F

〈
|T ∗|2(1−α) ei, ei

〉)1/2

.

Therefore, by (3.16) and (3.17) we have

(3.18)

∣∣∣∣∣∑
i∈F

〈Tei, ei〉

∣∣∣∣∣ ≤
(∑

i∈F

〈
|T |2α ei, ei

〉)1/2(∑
i∈F

〈
|T ∗|2(1−α) ei, ei

〉)1/2

for any finite partF of I.
If for someα ∈ (0, 1) we have|T |2α , |T ∗|2(1−α) ∈ B1 (H) , then the sums

∑
i∈I

〈
|T |2α ei, ei

〉
and

∑
i∈I

〈
|T ∗|2(1−α) ei, ei

〉
are finite and by (3.18) we have that

∑
i∈I 〈Tei, ei〉 is also finite

and we have the inequality (3.13).
(ii) Assume thatα ∈ [0, 1] . Let {ei}i∈I be an orthonormal basis inH andF a finite part of

I. Utilising McCarthy’s inequality for the positive operatorP, namely〈
P βx, x

〉
≤ 〈Px, x〉β ,
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that holds forβ ∈ [0, 1] andx ∈ H, ‖x‖ = 1, we have〈
|T |2α ei, ei

〉
≤
〈
|T |2 ei, ei

〉α
and 〈

|T ∗|2(1−α) ei, ei

〉
≤
〈
|T ∗|2 ei, ei

〉1−α

for anyi ∈ I.
Making use of (3.16) we have∣∣∣∣∣∑

i∈F

〈Tei, ei〉

∣∣∣∣∣ ≤∑
i∈F

|〈Tei, ei〉| ≤
∑
i∈F

〈
|T |2α ei, ei

〉1/2
〈
|T ∗|2(1−α) ei, ei

〉1/2

(3.19)

≤
∑
i∈F

〈
|T |2 ei, ei

〉α/2 〈|T ∗|2 ei, ei

〉(1−α)/2

=
∑
i∈F

〈T ∗Tei, ei〉α/2 〈TT ∗ei, ei〉(1−α)/2

=
∑
i∈F

‖Tei‖α ‖T ∗ei‖1−α .

Utilizing Hölder’s inequality for finite sums andp = 1
α
, q = 1

1−α
we also have∑

i∈F

‖Tei‖α ‖T ∗ei‖1−α(3.20)

≤

[∑
i∈F

(‖Tei‖α)
1/α

]α [∑
i∈F

(
‖T ∗ei‖1−α)1/(1−α)

]1−α

=

[∑
i∈F

‖Tei‖

]α [∑
i∈F

‖T ∗ei‖

]1−α

.

Since all the series involved in (3.19) and (3.20) are convergent, then we get∣∣∣∣∣∑
i∈I

〈Tei, ei〉

∣∣∣∣∣ ≤∑
i∈I

‖Tei‖α ‖T ∗ei‖1−α(3.21)

≤

[∑
i∈I

‖Tei‖

]α [∑
i∈I

‖T ∗ei‖

]1−α

for anyα ∈ [0, 1] .
Taking the infimum overα ∈ [0, 1] in (3.21) produces∣∣∣∣∣∑

i∈I

〈Tei, ei〉

∣∣∣∣∣ ≤ inf
α∈[0,1]

{∑
i∈F

‖Tei‖α ‖T ∗ei‖1−α

}
(3.22)

≤ inf
α∈[0,1]

[∑
i∈F

‖Tei‖

]α [∑
i∈F

‖T ∗ei‖

]1−α

= min

{∑
i∈F

‖Tei‖ ,
∑
i∈F

‖T ∗ei‖

}
.

AJMAA, Vol. 19 (2022), No. 1, Art. 1, 202 pp. AJMAA

https://ajmaa.org


26 SILVESTRU SEVER DRAGOMIR

COROLLARY 3.2. LetT ∈ B (H) .
(i) If |T | , |T ∗| ∈ B1 (H) , thenT ∈ B1 (H) and

(3.23) |tr (T )|2 ≤ tr (|T |) tr (|T ∗|) ;

(ii) If for an orthonormal basis{ei}i∈I the sum
∑

i∈I

√
‖Tei‖ ‖T ∗ei‖ is finite, thenT ∈

B1 (H) and

(3.24) |tr (T )| ≤
∑
i∈I

√
‖Tei‖ ‖T ∗ei‖.

COROLLARY 3.3. LetN ∈ B (H) be a normal operator. If for someα ∈ (0, 1), |N |2α ,

|N |2(1−α) ∈ B1 (H) , thenN ∈ B1 (H) and

(3.25) |tr (N)|2 ≤ tr
(
|N |2α) tr

(
|N |2(1−α)

)
.

In particular, if |N | ∈ B1 (H) , thenN ∈ B1 (H) and

(3.26) |tr (N)| ≤ tr (|N |) .

The following result also holds.

THEOREM 3.4 (Dragomir, 2014, [65]). LetT ∈ B (H) andA, B ∈ B2 (H) .

(i) For anyα ∈ [0, 1], |A∗|2 |T |2α, |B∗|2 |T ∗|2(1−α) andB∗TA ∈ B1 (H) and

(3.27) |tr (AB∗T )|2 ≤ tr
(
|A∗|2 |T |2α) tr

(
|B∗|2 |T ∗|2(1−α)

)
;

(ii) We also have

|tr (AB∗T )|2(3.28)

≤ min
{
tr
(
|B|2

)
tr
(
|A∗|2 |T |2

)
, tr
(
|A|2

)
tr
(
|B∗|2 |T ∗|2

)}
.

PROOF. (i) Let {ei}i∈I be an orthonormal basis inH andF a finite part ofI. Then by Kato’s
inequality (3.4) we have

(3.29) |〈TAei, Bei〉|2 ≤
〈
|T |2αAei, Aei

〉 〈
|T ∗|2(1−α)Bei, Bei

〉
for anyi ∈ I. This is equivalent to

(3.30) |〈B∗TAei, ei〉| ≤
〈
A∗ |T |2αAei, ei

〉1/2
〈
B∗ |T ∗|2(1−α)Bei, ei

〉1/2

for anyi ∈ I.
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Using the generalized triangle inequality for the modulus and the Cauchy-Bunyakowsky-
Schwarz inequality for finite sums we have from (3.30) that∣∣∣∣∣∑

i∈F

〈B∗TAei, ei〉

∣∣∣∣∣(3.31)

≤
∑
i∈F

|〈B∗TAei, ei〉|

≤
∑
i∈F

〈
A∗ |T |2αAei, ei

〉1/2
〈
B∗ |T ∗|2(1−α)Bei, ei

〉1/2

≤

[∑
i∈F

(〈
A∗ |T |2αAei, ei

〉1/2
)2
]1/2

×

[∑
i∈F

(〈
B∗ |T ∗|2(1−α)Bei, ei

〉1/2
)2
]1/2

=

[∑
i∈F

〈
A∗ |T |2αAei, ei

〉]1/2 [∑
i∈F

〈
B∗ |T ∗|2(1−α)Bei, ei

〉]1/2

for anyF a finite part ofI.
Let α ∈ [0, 1] . SinceA, B ∈ B2 (H) , thenA∗ |T |2αA, B∗ |T ∗|2(1−α)B andB∗TA ∈

B1 (H) and by (3.31) we have

(3.32) |tr (B∗TA)| ≤
[
tr
(
A∗ |T |2αA

)]1/2
[
tr
(
B∗ |T ∗|2(1−α)B

)]1/2

.

Since, by the properties of trace we have

tr (B∗TA) = tr (AB∗T ) ,

tr
(
A∗ |T |2αA

)
= tr

(
AA∗ |T |2α) = tr

(
|A∗|2 |T |2α)

and

tr
(
B∗ |T ∗|2(1−α)B

)
= tr

(
|B∗|2 |T ∗|2(1−α)

)
,

then by (3.32) we get (3.27).
(ii) Utilising McCarthy’s inequality [109] for the positive operatorP〈

P βx, x
〉
≤ 〈Px, x〉β

that holds forβ ∈ (0, 1) andx ∈ H, ‖x‖ = 1, we have

(3.33)
〈
P βy, y

〉
≤ ‖y‖2(1−β) 〈Py, y〉β

for anyy ∈ H.
Let {ei}i∈I be an orthonormal basis inH andF a finite part ofI. From (3.33) we have〈

|T |2αAei, Aei

〉
≤ ‖Aei‖2(1−α) 〈|T |2Aei, Aei

〉α
and 〈

|T ∗|2(1−α)Bei, Bei

〉
≤ ‖Bei‖2α 〈|T ∗|2Bei, Bei

〉1−α

for anyi ∈ I.
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Making use of the inequality (3.29) we get

|〈TAei, Bei〉|2 ≤ ‖Aei‖2(1−α) 〈|T |2Aei, Aei

〉α ‖Bei‖2α 〈|T ∗|2Bei, Bei

〉1−α

= ‖Bei‖2α 〈|T |2Aei, Aei

〉α ‖Aei‖2(1−α) 〈|T ∗|2Bei, Bei

〉1−α

and taking the square root we get

(3.34) |〈TAei, Bei〉| ≤ ‖Bei‖α 〈|T |2Aei, Aei

〉α
2 ‖Aei‖1−α 〈|T ∗|2Bei, Bei

〉 1−α
2

for anyi ∈ I.
Using the generalized triangle inequality for the modulus and the Hölder’s inequality for

finite sums andp = 1
α
, q = 1

1−α
we get from (3.34) that∣∣∣∣∣∑

i∈F

〈B∗TAei, ei〉

∣∣∣∣∣(3.35)

≤
∑
i∈F

|〈B∗TAei, ei〉|

≤
∑
i∈F

‖Bei‖α 〈|T |2Aei, Aei

〉α
2 ‖Aei‖1−α 〈|T ∗|2Bei, Bei

〉 1−α
2

≤

(∑
i∈F

[
‖Bei‖α 〈|T |2Aei, Aei

〉α
2

]1/α
)α

×

(∑
i∈F

[
‖Aei‖1−α 〈|T ∗|2Bei, Bei

〉 1−α
2

]1/(1−α)
)1−α

=

(∑
i∈F

‖Bei‖
〈
|T |2Aei, Aei

〉 1
2

)α(∑
i∈F

‖Aei‖
〈
|T ∗|2Bei, Bei

〉 1
2

)1−α

.

By Cauchy-Bunyakowsky-Schwarz inequality for finite sums we also have

∑
i∈F

‖Bei‖
〈
|T |2Aei, Aei

〉 1
2 ≤

(∑
i∈F

‖Bei‖2

)1/2(∑
i∈F

〈
|T |2Aei, Aei

〉)1/2

=

(∑
i∈F

〈
|B|2 ei, ei

〉)1/2(∑
i∈F

〈
A∗ |T |2Aei, ei

〉)1/2

and

∑
i∈F

‖Aei‖
〈
|T ∗|2Bei, Bei

〉 1
2 ≤

(∑
i∈F

‖Aei‖2

)1/2(∑
i∈F

〈
|T ∗|2Bei, Bei

〉)1/2

=

(∑
i∈F

〈
|A|2 ei, ei

〉)1/2(∑
i∈F

〈
B∗ |T ∗|2Bei, ei

〉)1/2
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and by (3.35) we obtain∣∣∣∣∣∑
i∈F

〈B∗TAei, ei〉

∣∣∣∣∣(3.36)

≤

(∑
i∈F

〈
|B|2 ei, ei

〉)α/2(∑
i∈F

〈
A∗ |T |2Aei, ei

〉)α/2

×

(∑
i∈F

〈
|A|2 ei, ei

〉)(1−α)/2(∑
i∈F

〈
B∗ |T ∗|2Bei, ei

〉)(1−α)/2

for anyF a finite part ofI.
Let α ∈ [0, 1] . SinceA, B ∈ B2 (H) , thenA∗ |T |2A andB∗ |T ∗|2B ∈ B1 (H) and by

(3.36) we get

|tr (AB∗T )|2(3.37)

≤
[
tr
(
|B|2

)
tr
(
A∗ |T |2A

)]α [
tr
(
|A|2

)
tr
(
B∗ |T ∗|2B

)]1−α

=
[
tr
(
|B|2

)
tr
(
|A∗|2 |T |2

)]α [
tr
(
|A|2

)
tr
(
|B∗|2 |T ∗|2

)]1−α
.

Taking the infimum overα ∈ [0, 1] we get (3.28).

COROLLARY 3.5. Let T ∈ B (H) andA, B ∈ B2 (H) . We have|A∗|2 |T |, |B∗|2 |T ∗| and
B∗TA ∈ B1 (H) and

(3.38) |tr (AB∗T )|2 ≤ tr
(
|A∗|2 |T |

)
tr
(
|B∗|2 |T ∗|

)
.

COROLLARY 3.6. LetN ∈ B (H) be a normal operator andA, B ∈ B2 (H) .

(i) For anyα ∈ [0, 1], |A∗|2 |N |2α, |B∗|2 |N |2(1−α) andB∗NA ∈ B1 (H) and

(3.39) |tr (AB∗N)|2 ≤ tr
(
|A∗|2 |N |2α) tr

(
|B∗|2 |N |2(1−α)

)
.

In particular, |A∗|2 |N |, |B∗|2 |N | andB∗NA ∈ B1 (H) and

(3.40) |tr (AB∗N)|2 ≤ tr
(
|A∗|2 |N |

)
tr
(
|B∗|2 |N |

)
.

(ii) We also have

|tr (AB∗N)|2(3.41)

≤ min
{
tr
(
|B|2

)
tr
(
|A∗|2 |N |2

)
, tr
(
|A|2

)
tr
(
|B∗|2 |N |2

)}
.

REMARK 3.1. Letα ∈ [0, 1] . By replacingA with A∗ andB with B∗ in (3.27) we get

(3.42) |tr (A∗BT )|2 ≤ tr
(
|A|2 |T |2α) tr

(
|B|2 |T ∗|2(1−α)

)
for anyT ∈ B (H) andA, B ∈ B2 (H) .

If in this inequality we takeA = B, then we get

(3.43)
∣∣tr (|B|2 T)∣∣2 ≤ tr

(
|B|2 |T |2α) tr

(
|B|2 |T ∗|2(1−α)

)
for anyT ∈ B (H) andB ∈ B2 (H) .

If in (3.42) we takeA = B∗, then we get

(3.44)
∣∣tr (B2T

)∣∣2 ≤ tr
(
|B∗|2 |T |2α) tr

(
|B|2 |T ∗|2(1−α)

)
for anyT ∈ B (H) andB ∈ B2 (H) .
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Also, if T = N, a normal operator, then (3.43) and (3.44) become

(3.45)
∣∣tr (|B|2N)∣∣2 ≤ tr

(
|B|2 |N |2α) tr

(
|B|2 |N |2(1−α)

)
and

(3.46)
∣∣tr (B2N

)∣∣2 ≤ tr
(
|B∗|2 |N |2α) tr

(
|B|2 |N |2(1−α)

)
,

for anyB ∈ B2 (H) .

3.3. Some Functional Properties.Let A ∈ B2 (H) andP ∈ B (H) with P ≥ 0. Then
Q := A∗PA ∈ B1 (H) with Q ≥ 0 and writing the inequality (3.43) forB = (A∗PA)1/2 ∈
B2 (H) we get

|tr (A∗PAT )|2 ≤ tr
(
A∗PA |T |2α) tr

(
A∗PA |T ∗|2(1−α)

)
,

which, by the properties of trace, is equivalent to

(3.47) |tr (PATA∗)|2 ≤ tr
(
PA |T |2αA∗) tr

(
PA |T ∗|2(1−α)A∗

)
,

whereT ∈ B (H) andα ∈ [0, 1] .
For a givenA ∈ B2 (H) , T ∈ B (H) andα ∈ [0, 1] , we consider the functionalσA,T,α

defined on the coneB+ (H) of nonnegative operators onB (H) by

σA,T,α (P ) :=
[
tr
(
PA |T |2αA∗)]1/2

[
tr
(
PA |T ∗|2(1−α)A∗

)]1/2

− |tr (PATA∗)| .

The following theorem collects some fundamental properties of this functional.

THEOREM 3.7 (Dragomir, 2014, [65]). LetA ∈ B2 (H) , T ∈ B (H) andα ∈ [0, 1] .
(i) For anyP, Q ∈ B+ (H)

(3.48) σA,T,α (P +Q) ≥ σA,T,α (P ) + σA,T,α (Q) (≥ 0) ,

namely,σA,T,α is a superadditive functional onB+ (H) ;
(ii) For any P, Q ∈ B+ (H) with P ≥ Q

(3.49) σA,T,α (P ) ≥ σA,T,α (Q) (≥ 0) ,

namely,σA,T,α is a monotonic nondecreasing functional onB+ (H) ;
(iii) If P, Q ∈ B+ (H) and there exist the constantsM > m > 0 such thatMQ ≥ P ≥ mQ

then

(3.50) MσA,T,α (Q) ≥ σA,T,α (P ) ≥ mσA,T,α (Q) (≥ 0) .

PROOF. (i) Let P, Q ∈ B+ (H). On utilizing the elementary inequality(
a2 + b2

)1/2 (
c2 + d2

)1/2 ≥ ac+ bd, a, b, c, d ≥ 0
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and the triangle inequality for the modulus, we have

σA,T,α (P +Q)

=
[
tr
(
(P +Q)A |T |2αA∗)]1/2

[
tr
(
(P +Q)A |T ∗|2(1−α)A∗

)]1/2

− |tr ((P +Q)ATA∗)|

=
[
tr
(
PA |T |2αA∗ +QA |T |2αA∗)]1/2

×
[
tr
(
PA |T ∗|2(1−α)A∗ +QA |T ∗|2(1−α)A∗

)]1/2

− |tr (PATA∗ +QATA∗)|

=
[
tr
(
PA |T |2αA∗)+ tr

(
QA |T |2αA∗)]1/2

×
[
tr
(
PA |T ∗|2(1−α)A∗

)
+ tr

(
QA |T ∗|2(1−α)A∗

)]1/2

− |tr (PATA∗) + tr (QATA∗)|

≥
[
tr
(
PA |T |2αA∗)]1/2

[
tr
(
PA |T ∗|2(1−α)A∗

)]1/2

+
[
tr
(
QA |T |2αA∗)]1/2

[
tr
(
QA |T ∗|2(1−α)A∗

)]1/2

− |tr (PATA∗)| − |tr (QATA∗)|
= σA,T,α (P ) + σA,T,α (Q)

and the inequality (3.48) is proved.
(ii) Let P, Q ∈ B+ (H) with P ≥ Q. Utilising the superadditivity property we have

σA,T,α (P ) = σA,T,α ((P −Q) +Q) ≥ σA,T,α (P −Q) + σA,T,α (Q)

≥ σA,T,α (Q)

and the inequality (3.49) is obtained.
(iii) From the monotonicity property we have

σA,T,α (P ) ≥ σA,T,α (mQ) = mσA,T,α (Q)

and a similar inequality forM, which prove the desired result (3.50).

COROLLARY 3.8. LetA ∈ B2 (H) , T ∈ B (H) andα ∈ [0, 1] . If P ∈ B (H) is such that
there exist the constantsM > m > 0 withM1H ≥ P ≥ m1H , then

M

([
tr
(
A |T |2αA∗)]1/2

[
tr
(
A |T ∗|2(1−α)A∗

)]1/2

− |tr (ATA∗)|
)

(3.51)

≥
[
tr
(
PA |T |2αA∗)]1/2

[
tr
(
PA |T ∗|2(1−α)A∗

)]1/2

− |tr (PATA∗)|

≥ m

([
tr
(
A |T |2αA∗)]1/2

[
tr
(
A |T ∗|2(1−α)A∗

)]1/2

− |tr (ATA∗)|
)
.
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For a givenA ∈ B2 (H) , T ∈ B (H) andα ∈ [0, 1] , if we takeP = |V |2 with V ∈ B (H) ,
we have

σA,T,α

(
|V |2

)
=
[
tr
(
|V |2A |T |2αA∗)]1/2

[
tr
(
|V |2A |T ∗|2(1−α)A∗

)]1/2

−
∣∣tr (|V |2ATA∗)∣∣

=
[
tr
(
V ∗V A |T |2αA∗)]1/2

[
tr
(
V ∗V A |T ∗|2(1−α)A∗

)]1/2

− |tr (V ∗V ATA∗)|

=
[
tr
(
A∗V ∗V A |T |2α)]1/2

[
tr
(
A∗V ∗V A |T ∗|2(1−α)

)]1/2

− |tr (A∗V ∗V AT )|

=
[
tr
(
(V A)∗ V A |T |2α)]1/2

[
tr
(
(V A)∗ V A |T ∗|2(1−α)

)]1/2

− |tr ((V A)∗ V AT )|

=
[
tr
(
|V A|2 |T |2α)]1/2

[
tr
(
|V A|2 |T ∗|2(1−α)

)]1/2

−
∣∣tr (|V A|2 T)∣∣ .

Assume thatA ∈ B2 (H) , T ∈ B (H) andα ∈ [0, 1] .
If we use the superadditivity property of the functionalσA,T,α we have for anyV, U ∈ B (H)

that [
tr
((
|V A|2 + |UA|2

)
|T |2α)]1/2

[
tr
((
|V A|2 + |UA|2

)
|T ∗|2(1−α)

)]1/2

(3.52)

−
∣∣tr ((|V A|2 + |UA|2

)
T
)∣∣

≥
[
tr
(
|V A|2 |T |2α)]1/2

[
tr
(
|V A|2 |T ∗|2(1−α)

)]1/2

−
∣∣tr (|V A|2 T)∣∣

+
[
tr
(
|UA|2 |T |2α)]1/2

[
tr
(
|UA|2 |T ∗|2(1−α)

)]1/2

−
∣∣tr (|UA|2 T)∣∣

(≥ 0) .

Also, if |V |2 ≥ |U |2 with V, U ∈ B (H) , then

[
tr
(
|V A|2 |T |2α)]1/2

[
tr
(
|V A|2 |T ∗|2(1−α)

)]1/2

−
∣∣tr (|V A|2 T)∣∣(3.53)

≥
[
tr
(
|UA|2 |T |2α)]1/2

[
tr
(
|UA|2 |T ∗|2(1−α)

)]1/2

−
∣∣tr (|UA|2 T)∣∣

(≥ 0) .

If U ∈ B (H) is invertible, then

1

‖U−1‖
‖x‖ ≤ ‖Ux‖ ≤ ‖U‖ ‖x‖ for anyx ∈ H,

which implies that

1

‖U−1‖2 1H ≤ |U |2 ≤ ‖U‖2 1H .
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Utilising (3.51) we get

‖U‖2

([
tr
(
|A|2 |T |2α)]1/2

[
tr
(
|A|2 |T ∗|2(1−α)

)]1/2

−
∣∣tr (|A|2 T)∣∣)(3.54)

≥
[
tr
(
|UA|2 |T |2α)]1/2

[
tr
(
|UA|2 |T ∗|2(1−α)

)]1/2

−
∣∣tr (|UA|2 T)∣∣

≥ 1

‖U−1‖2

×
([

tr
(
|A|2 |T |2α)]1/2

[
tr
(
|A|2 |T ∗|2(1−α)

)]1/2

−
∣∣tr (|A|2 T)∣∣) .

3.4. Inequalities forn-Tuples of Operators. We have:

PROPOSITION3.9 (Dragomir, 2014, [65]). LetP = (P1, ..., Pn) ∈ B(n)
+ (H) ,T = (T1, ..., Tn) ∈

B(n) (H), A = (A1, ..., An) ∈ B(n)
2 (H) andz = (z1, ..., zn) ∈ Cn with n ≥ 2. Then∣∣∣∣∣tr

(
n∑

k=1

zkPkAkTkA
∗
k

)∣∣∣∣∣
2

(3.55)

≤ tr

(
n∑

k=1

|zk|PkAk |Tk|2αA∗
k

)
tr

(
n∑

k=1

|zk|PkAk |T ∗
k |

2(1−α)A∗
k

)
for anyα ∈ [0, 1] .

PROOF. Using the properties of modulus and the inequality (3.47) we have∣∣∣∣∣tr
(

n∑
k=1

zkPkAkTkA
∗
k

)∣∣∣∣∣
=

∣∣∣∣∣
n∑

k=1

zk tr (PkAkTkA
∗
k)

∣∣∣∣∣ ≤
n∑

k=1

|zk| |tr (PkAkTkA
∗
k)|

≤
n∑

k=1

|zk|
[
tr
(
PkAk |Tk|2αA∗

k

)]1/2
[
tr
(
PkAk |T ∗

k |
2(1−α)A∗

k

)]1/2

.

Utilizing the weighted discrete Cauchy-Bunyakovsky-Schwarz inequality we also have
n∑

k=1

|zk|
[
tr
(
PkAk |Tk|2αA∗

k

)]1/2
[
tr
(
PkAk |T ∗

k |
2(1−α)A∗

k

)]1/2

≤

(
n∑

k=1

|zk|
([

tr
(
PkAk |Tk|2αA∗

k

)]1/2
)2
)1/2

×

(
n∑

k=1

|zk|
([

tr
(
PkAk |T ∗

k |
2(1−α)A∗

k

)]1/2
)2
)1/2

=

(
n∑

k=1

|zk| tr
(
PkAk |Tk|2αA∗

k

))1/2( n∑
k=1

|zk| tr
(
PkAk |T ∗

k |
2(1−α)A∗

k

))1/2

,

which imply the desired result (3.55).
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REMARK 3.2. If we takePk = 1H for anyk ∈ {1, ..., n} in (3.55), then∣∣∣∣∣tr
(

n∑
k=1

zk |Ak|2 Tk

)∣∣∣∣∣
2

(3.56)

≤ tr

(
n∑

k=1

|zk| |Ak|2 |Tk|2α

)
tr

(
n∑

k=1

|zk| |Ak|2 |T ∗
k |

2(1−α)

)

provided thatT = (T1, ..., Tn) ∈ B(n) (H), A = (A1, ..., An) ∈ B(n)
2 (H) , α ∈ [0, 1] and

z = (z1, ..., zn) ∈ Cn.

We consider the functional forn-tuples of nonnegative operatorsP = (P1, ..., Pn) ∈
B(n)

+ (H) as follows:

σA,T,α (P) :=

[
tr

(
n∑

k=1

PkAk |Tk|2αA∗
k

)]1/2

(3.57)

×

[
tr

(
n∑

k=1

PkAk |T ∗
k |

2(1−α)A∗
k

)]1/2

−

∣∣∣∣∣tr
(

n∑
k=1

PkAkTkA
∗
k

)∣∣∣∣∣ ,
whereT = (T1, ..., Tn) ∈ B(n) (H), A = (A1, ..., An) ∈ B(n)

2 (H) andα ∈ [0, 1] .
Utilising a similar argument to the one in Theorem 3.7 we can state:

PROPOSITION3.10 (Dragomir, 2014, [65]). LetT = (T1, ..., Tn) ∈ B(n) (H), A = (A1, ..., An)

∈ B(n)
2 (H) andα ∈ [0, 1] .

(i) For anyP,Q ∈ B(n)
+ (H)

(3.58) σA,T,α (P + Q) ≥ σA,T,α (P) + σA,T,α (Q) (≥ 0) ,

namely,σA,T,α is a superadditive functional onB(n)
+ (H) ;

(ii) For any P,Q ∈ B(n)
+ (H) with P ≥ Q, namelyPk ≥ Qk for all k ∈ {1, ..., n}

(3.59) σA,T,α (P) ≥ σA,T,α (Q) (≥ 0) ,

namely,σA,B is a monotonic nondecreasing functional onB(n)
+ (H) ;

(iii) If P, Q ∈ B(n)
+ (H) and there exist the constantsM > m > 0 such thatMQ ≥ P ≥

mQ then

(3.60) MσA,T,α (Q) ≥ σA,T,α (P) ≥ mσA,T,α (Q) (≥ 0) .

If P = (p11H , ..., pn1H) with pk ≥ 0, k ∈ {1, ..., n} then the functional of real nonnegative
weightsp = (p1, ..., pn) defined by

σA,T,α (p) :=

[
tr

(
n∑

k=1

pk |Ak|2 |Tk|2α

)]1/2

(3.61)

×

[
tr

(
n∑

k=1

pk |Ak|2 |T ∗
k |

2(1−α)

)]1/2

−

∣∣∣∣∣tr
(

n∑
k=1

pk |Ak|2 Tk

)∣∣∣∣∣
has the same properties as in Theorem 3.7.
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Moreover, we have the simple bounds

max
k∈{1,...,n}

{pk}

[tr( n∑
k=1

|Ak|2 |Tk|2α

)]1/2

(3.62)

×

[
tr

(
n∑

k=1

|Ak|2 |T ∗
k |

2(1−α)

)]1/2

−

∣∣∣∣∣tr
(

n∑
k=1

pk |Ak|2 Tk

)∣∣∣∣∣


≥

[
tr

(
n∑

k=1

pk |Ak|2 |Tk|2α

)]1/2 [
tr

(
n∑

k=1

pk |Ak|2 |T ∗
k |

2(1−α)

)]1/2

−

∣∣∣∣∣tr
(

n∑
k=1

pk |Ak|2 Tk

)∣∣∣∣∣
≥ min

k∈{1,...,n}
{pk}

[tr( n∑
k=1

|Ak|2 |Tk|2α

)]1/2

×

[
tr

(
n∑

k=1

|Ak|2 |T ∗
k |

2(1−α)

)]1/2

−

∣∣∣∣∣tr
(

n∑
k=1

pk |Ak|2 Tk

)∣∣∣∣∣
 .

3.5. Further Inequalities for Power Series.We have the following version of Kato’s in-
equality for functions defined by power series:

THEOREM 3.11 (Dragomir, 2014, [65]). Let f(λ) :=
∑∞

n=1 αnλ
n be a power series with

complex coefficients and convergent on the open diskD (0, R) , R > 0. Let N ∈ B (H)

be a normal operator. If for someα ∈ (0, 1), |N |2α , |N |2(1−α) ∈ B1 (H) with tr
(
|N |2α) ,

tr
(
|N |2(1−α)

)
< R, then

(3.63) |tr (f (N))|2 ≤ tr
(
fa

(
|N |2α)) tr

(
fa

(
|N |2(1−α)

))
.

PROOF. SinceN is a normal operator, then for any natural numberk ≥ 1 we have
∣∣Nk

∣∣2α
=

|N |2αk and
∣∣Nk

∣∣2(1−α)
= |N |2(1−α)k .

By the generalized triangle inequality for the modulus we have forn ≥ 2

(3.64)

∣∣∣∣∣tr
(

n∑
k=1

αkN
k

)∣∣∣∣∣ =

∣∣∣∣∣
n∑

k=1

αk tr
(
Nk
)∣∣∣∣∣ ≤

n∑
k=1

|αk|
∣∣tr (Nk

)∣∣ .
If for someα ∈ (0, 1) we have|N |2α , |N |2(1−α) ∈ B1 (H) , then by Corollary 3.3 we have
N ∈ B1 (H) . Now, sinceN, |N |2α , |N |2(1−α) ∈ B1 (H) then any natural power of these
operators belong toB1 (H) and by (3.25) we have

(3.65)
∣∣tr (Nk

)∣∣2 ≤ tr
(
|N |2αk

)
tr
(
|N |2(1−α)k

)
,

for any natural numberk ≥ 1.
Making use of (3.65) we have

(3.66)
n∑

k=1

|αk|
∣∣tr (Nk

)∣∣ ≤ n∑
k=1

|αk|
(
tr
(
|N |2αk

))1/2 (
tr
(
|N |2(1−α)k

))1/2

.
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Utilising the weighted Cauchy-Bunyakovsky-Schwarz inequality for sums we also have

n∑
k=1

|αk|
(
tr
(
|N |2αk

))1/2 (
tr
(
|N |2(1−α)k

))1/2

(3.67)

≤

[
n∑

k=1

|αk|
((

tr
(
|N |2αk

))1/2
)2
]1/2

×

[
n∑

k=1

|αk|
((

tr
(
|N |2(1−α)k

))1/2
)2
]1/2

=

[
n∑

k=1

|αk| tr
(
|N |2αk

)]1/2 [ n∑
k=1

|αk| tr
(
|N |2(1−α)k

)]1/2

.

Making use of (3.64), (3.66) and (3.67) we get the inequality

(3.68)

∣∣∣∣∣tr
(

n∑
k=1

αkN
k

)∣∣∣∣∣
2

≤ tr

(
n∑

k=1

|αk| |N |2αk

)
tr

(
n∑

k=1

|αk| |N |2(1−α)k

)
for anyn ≥ 2.

Due to the fact thattr
(
|N |2α) , tr(|N |2(1−α)

)
< R it follows by (3.25) thattr (|N |) < R

and the operator series

∞∑
k=1

αkN
k,

∞∑
k=1

|αk| |N |2αk and
∞∑

k=1

|αk| |N |2(1−α)k

are convergent in the Banach spaceB1 (H) .
Taking the limit overn → ∞ in (3.68) and using the continuity of thetr (·) onB1 (H) we

deduce the desired result (3.63).

EXAMPLE 3.1. a) If we take inf(λ) = (1± λ)−1 − 1 = ∓λ
(
(1± λ)−1), |λ| < 1 then we

get from (3.63) the inequality∣∣tr (N ((1H ±N)−1))∣∣2(3.69)

≤ tr
(
|N |2α (1H − |N |2α)−1

)
tr

(
|N |2(1−α)

(
1H − |N |2(1−α)

)−1
)
,

provided thatN ∈ B (H) is a normal operator and forα ∈ (0, 1) , |N |2α , |N |2(1−α) ∈ B1 (H)

with tr
(
|N |2α) , tr(|N |2(1−α)

)
< 1.

b) If we take in (3.63)f(λ) = exp (λ)− 1, λ ∈ C then we get the inequality

(3.70) |tr (exp (N)− 1H)|2 ≤ tr
(
exp

(
|N |2α)− 1H

)
tr
(
exp

(
|N |2(1−α)

)
− 1H

)
,

provided thatN ∈ B (H) is a normal operator and forα ∈ (0, 1), |N |2α , |N |2(1−α) ∈ B1 (H) .

The following result also holds:

THEOREM 3.12 (Dragomir, 2014, [65]). Let f(λ) :=
∑∞

n=0 αnλ
n be a power series with

complex coefficients and convergent on the open diskD (0, R) , R > 0. If T ∈ B (H) , A ∈

AJMAA, Vol. 19 (2022), No. 1, Art. 1, 202 pp. AJMAA

https://ajmaa.org


TRACE INEQUALITIES FOROPERATORS INHILBERT SPACESSURVEY 37

B2 (H) are normal operators that double commute, i.e.TA = AT and TA∗ = A∗T and

tr
(
|A|2 |T |2α) , tr(|A|2 |T |2(1−α)

)
< R for someα ∈ [0, 1] , then

(3.71)
∣∣tr (f (|A|2 T))∣∣2 ≤ tr

(
fa

(
|A|2 |T |2α)) tr

(
fa

(
|A|2 |T |2(1−α)

))
.

PROOF. From the inequality (3.56) we have∣∣∣∣∣tr
(

n∑
k=0

αk

∣∣Ak
∣∣2 T k

)∣∣∣∣∣
2

(3.72)

≤ tr

(
n∑

k=0

|αk|
∣∣Ak
∣∣2 ∣∣T k

∣∣2α

)
tr

(
n∑

k=0

|αk|
∣∣Ak
∣∣2 ∣∣T k

∣∣2(1−α)

)
.

SinceA andT are normal operators, then
∣∣Ak
∣∣2 = |A|2k ,

∣∣T k
∣∣2α

= |T |2αk and
∣∣T k
∣∣2(1−α)

=

|T |2(1−α)k for any natural numberk ≥ 0 andα ∈ [0, 1] .
SinceT andA double commute, then is easy to see that

|A|2k T k =
(
|A|2 T

)k
, |A|2k |T |2αk =

(
|A|2 |T |2α)k

and

|A|2k |T |2(1−α)k =
(
|A|2 |T |2(1−α)

)k

for any natural numberk ≥ 0 andα ∈ [0, 1] .
Therefore (3.72) is equivalent to∣∣∣∣∣tr

(
n∑

k=0

αk

(
|A|2 T

)k)∣∣∣∣∣
2

(3.73)

≤ tr

(
n∑

k=0

|αk|
(
|A|2 |T |2α)k) tr

(
n∑

k=0

|αk|
(
|A|2 |T |2(1−α)

)k
)
,

for any natural numbern ≥ 1andα ∈ [0, 1] .

Due to the fact thattr
(
|A|2 |T |2α) , tr(|A|2 |T |2(1−α)

)
< R it follows by (3.56) forn = 1

thattr
(
|A|2 T

)
< R and the operator series

∞∑
k=1

αkN
k,

∞∑
k=1

|αk| |N |2αk and
∞∑

k=1

|αk| |N |2(1−α)k

are convergent in the Banach spaceB1 (H) .
Taking the limit overn → ∞ in (3.73) and using the continuity of thetr (·) onB1 (H) we

deduce the desired result (3.71).

EXAMPLE 3.2. a) If we takef(λ) = (1± λ)−1, |λ| < 1 then we get from (3.71) the in-
equality ∣∣∣tr((1H ± |A|2 T

)−1
)∣∣∣2(3.74)

≤ tr
((

1H − |A|2 |T |2α)−1
)

tr

((
1H − |A|2 |T |2(1−α)

)−1
)
,

provided thatT ∈ B (H) , A ∈ B2 (H) are normal operators that double commute and

tr
(
|A|2 |T |2α) , tr(|A|2 |T |2(1−α)

)
< 1 for α ∈ [0, 1] .
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b) If we take in (3.71)f(λ) = exp (λ), λ ∈ C then we get the inequality

(3.75)
∣∣tr (exp

(
|A|2 T

))∣∣2 ≤ tr
(
exp

(
|A|2 |T |2α)) tr

(
exp

(
|A|2 |T |2(1−α)

))
,

provided thatT ∈ B (H) andA ∈ B2 (H) are normal operators that double commute and
α ∈ [0, 1] .

THEOREM3.13 (Dragomir, 2014, [65]). Letf (z) :=
∑∞

j=0 pjz
j andg (z) :=

∑∞
j=0 qjz

j be
two power series with nonnegative coefficients and convergent on the open diskD (0, R) , R >
0. If T ∈ B (H) , A ∈ B2 (H) are normal operators that double commute andtr

(
|A|2 |T |2α) ,

tr
(
|A|2 |T |2(1−α)

)
< R for α ∈ [0, 1] , then[
tr
(
f
(
|A|2 |T |2α)+ g

(
|A|2 |T |2α))]1/2

(3.76)

×
[
tr
(
f
(
|A|2 |T |2(1−α)

)
+ g

(
|A|2 |T |2(1−α)

))]1/2

−
∣∣tr (f (|A|2 T)+ g

(
|A|2 T

))∣∣
≥
[
tr
(
f
(
|A|2 |T |2α))]1/2

[
tr
(
f
(
|A|2 |T |2(1−α)

))]1/2

−
∣∣tr (f (|A|2 T))∣∣

+
[
tr
(
g
(
|A|2 |T |2α))]1/2

[
tr
(
g
(
|A|2 |T |2(1−α)

))]1/2

−
∣∣tr (g (|A|2 T))∣∣ (≥ 0) .

Moreover, ifpj ≥ qj for anyj ∈ N, then, with the above assumptions onT andA,[
tr
(
f
(
|A|2 |T |2α))]1/2

[
tr
(
f
(
|A|2 |T |2(1−α)

))]1/2

(3.77)

−
∣∣tr (f (|A|2 T))∣∣

≥
[
tr
(
g
(
|A|2 |T |2α))]1/2

[
tr
(
g
(
|A|2 |T |2(1−α)

))]1/2

−
∣∣tr (g (|A|2 T))∣∣ (≥ 0) .

The proof follows in a similar way to the proof of Theorem 3.12 by making use of the
superadditivity and monotonicity properties of the functionalσA,T,α (·) . We omit the details.

EXAMPLE 3.3. Now, observe that if we take

f (λ) = sinhλ =
∞∑

n=0

1

(2n+ 1)!
λ2n+1

and

g (λ) = coshλ =
∞∑

n=0

1

(2n)!
λ2n

then

f (λ) + g (λ) = expλ =
∞∑

n=0

1

n!
λn

for anyλ ∈ C.
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If T ∈ B (H) , A ∈ B2 (H) are normal operators that double commute andα ∈ [0, 1] , then
by (3.76) [

tr
(
exp

(
|A|2 |T |2α))]1/2

[
tr
(
exp

(
|A|2 |T |2(1−α)

))]1/2

(3.78)

−
∣∣tr (exp

(
|A|2 T

))∣∣
≥
[
tr
(
sinh

(
|A|2 |T |2α))]1/2

[
tr
(
sinh

(
|A|2 |T |2(1−α)

))]1/2

−
∣∣tr (sinh

(
|A|2 T

))∣∣
+
[
tr
(
cosh

(
|A|2 |T |2α))]1/2

[
tr
(
cosh

(
|A|2 |T |2(1−α)

))]1/2

−
∣∣tr (cosh

(
|A|2 T

))∣∣ (≥ 0) .

Now, consider the series1
1−λ

=
∑∞

n=0 λ
n, λ ∈ D (0, 1) and ln 1

1−λ
=
∑∞

n=1
1
n
λn, λ ∈

D (0, 1) and definepn = 1, n ≥ 0, q0 = 0, qn = 1
n
, n ≥ 1, then we observe that for anyn ≥ 0,

pn ≥ qn.
If T ∈ B (H) , A ∈ B2 (H) are normal operators that double commute,α ∈ [0, 1] and

tr
(
|A|2 |T |2α) , tr(|A|2 |T |2(1−α)

)
< 1, then by (3.77)

[
tr
((

1H − |A|2 |T |2α)−1
)]1/2

[
tr

((
1H − |A|2 |T |2(1−α)

)−1
)]1/2

(3.79)

−
∣∣∣tr((1H − |A|2 T

)−1
)∣∣∣

≥
[
tr
(
ln
(
1H − |A|2 |T |2α)−1

)]1/2

×
[
tr

(
ln
(
1H − |A|2 |T |2(1−α)

)−1
)]1/2

−
∣∣∣tr(ln (1H − |A|2 T

)−1
)∣∣∣ (≥ 0) .

4. REVERSES OF SCHWARZ I NEQUALITY

4.1. Some Classical Facts.Let a = (a1, . . . , an) andb = (b1, . . . , bn) be two positive
n-tupleswith

(4.1) 0 < m1 ≤ ai ≤M1 <∞ and0 < m2 ≤ bi ≤M2 <∞;

for each i ∈ {1, . . . , n} , and some constantsm1, m2, M1, M2.
The following reverses of the Cauchy-Bunyakovsky-Schwarz inequality for positive se-

quences of real numbers are well known:

a) Pólya-Szegö’s inequality[120]:∑n
k=1 a

2
k

∑n
k=1 b

2
k

(
∑n

k=1 akbk)
2 ≤ 1

4

(√
M1M2

m1m2

+

√
m1m2

M1M2

)2

.

b) Shisha-Mond’s inequality[125]:∑n
k=1 a

2
k∑n

k=1 akbk
−
∑n

k=1 akbk∑n
k=1 b

2
k

≤

[(
M1

m2

) 1
2

−
(
m1

M2

) 1
2

]2

.
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If w = (w1, . . . , wn) is a positive sequence, then the following weighted inequalities also
hold:

c) Cassels’ inequality[133]. If the positive real sequencesa = (a1, . . . , an) andb =
(b1, . . . , bn) satisfy the condition

(4.2) 0 < m ≤ ak

bk
≤M <∞ for eachk ∈ {1, . . . , n} ,

then
(
∑n

k=1wka
2
k) (
∑n

k=1wkb
2
k)

(
∑n

k=1wkakbk)
2 ≤ (M +m)2

4mM
.

For other recent results providing discrete reverse inequalities, see the monograph online
[33].

The following reverse of Schwarz’s inequality in inner product spaces holds [34].

THEOREM4.1 (Dragomir, 2003, [34]). LetA, a ∈ C andx, y ∈ H, a complex inner product
space with the inner product〈·, ·〉 . If

(4.3) Re 〈Ay − x, x− ay〉 ≥ 0,

or equivalently,

(4.4)

∥∥∥∥x− a+ A

2
· y
∥∥∥∥ ≤ 1

2
|A− a| ‖y‖ ,

holds, then

(4.5) 0 ≤ ‖x‖2 ‖y‖2 − |〈x, y〉|2 ≤ 1

4
|A− a|2 ‖y‖4 .

The constant1
4

is sharp in (4.5).

In 1935, G. Grüss [90] proved the following integral inequality which gives an approxi-
mation of the integral mean of the product in terms of the product of the integrals means as
follows: ∣∣∣∣ 1

b− a

∫ b

a

f (x) g (x) dx− 1

b− a

∫ b

a

f (x) dx · 1

b− a

∫ b

a

g (x) dx

∣∣∣∣(4.6)

≤ 1

4
(Φ− φ) (Γ− γ) ,

wheref , g : [a, b] → R are integrable on[a, b] and satisfy the condition

(4.7) φ ≤ f (x) ≤ Φ, γ ≤ g (x) ≤ Γ

for eachx ∈ [a, b] , whereφ, Φ, γ, Γ are given real constants.
Moreover, the constant1

4
is sharp in the sense that it cannot be replaced by a smaller one.

In [25], in order to generalize the Grüss integral inequality in abstract structures the author
has proved the following inequality in inner product spaces.

THEOREM 4.2 (Dragomir, 1999, [25]). Let (H, 〈·, ·〉) be an inner product space overK
(K = R,C) ande ∈ H, ‖e‖ = 1. If ϕ, γ, Φ, Γ are real or complex numbers andx, y are vectors
in H such that the conditions

(4.8) Re 〈Φe− x, x− ϕe〉 ≥ 0 and Re 〈Γe− y, y − γe〉 ≥ 0

hold, then

(4.9) |〈x, y〉 − 〈x, e〉 〈e, y〉| ≤ 1

4
|Φ− ϕ| |Γ− γ| .

The constant1
4

is best possible in the sense that it can not be replaced by a smaller constant.
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For other results of this type, see the recent monograph [36] and the references therein.
For other Grüss type results for integral and sums see the papers [1]-[3], [13]-[15], [16]-[18],

[24]-[69], [73], [117], [139] and the references therein.

4.2. Additive Reverses of Schwarz Trace Inequality.We denote by

B+
1 (H) := {P : P ∈ B1 (H) , P is selfadjoint andP ≥ 0} .

We obtained recently the following result [51]:

THEOREM 4.3 (Dragomir, 2014, [51]). For anyA, C ∈ B (H) andP ∈ B+
1 (H) \ {0}∣∣∣∣tr (PAC)

tr (P )
− tr (PA)

tr (P )

tr (PC)

tr (P )

∣∣∣∣(4.10)

≤ inf
λ∈C

‖A− λ · 1H‖
1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)

≤ inf
λ∈C

‖A− λ · 1H‖

[
tr
(
P |C|2

)
tr (P )

−
∣∣∣∣tr (PC)

tr (P )

∣∣∣∣2
]1/2

,

where‖·‖ is the operator norm.

PROOF. We observe that, for anyλ ∈ C we have

1

tr (P )
tr

[
P (A− λ1H)

(
C − tr (PC)

tr (P )
1H

)]
(4.11)

=
1

tr (P )
tr

[
PA

(
C − tr (PC)

tr (P )
1H

)]
− λ

tr (P )
tr

[
P

(
C − tr (PC)

tr (P )
1H

)]
=

tr (PAC)

tr (P )
− tr (PA)

tr (P )

tr (PC)

tr (P )
.

Taking the modulus in (4.11) and utilizing the properties of the trace, we have∣∣∣∣tr (PAC)

tr (P )
− tr (PA)

tr (P )

tr (PC)

tr (P )

∣∣∣∣
=

1

tr (P )

∣∣∣∣tr [P (A− λ1H)

(
C − tr (PC)

tr (P )
1H

)]∣∣∣∣
=

1

tr (P )

∣∣∣∣tr [(A− λ1H)

(
C − tr (PC)

tr (P )
1H

)
P

]∣∣∣∣
≤ ‖A− λ1H‖

1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)
for anyλ ∈ C.
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Utilising Schwarz’s inequality we also have

tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)(4.12)

= tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P 1/2P 1/2

∣∣∣∣)

≤

[
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P 1/2

∣∣∣∣2
)]1/2

[tr (P )]1/2 .

Observe that

tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P 1/2

∣∣∣∣2
)

(4.13)

= tr

(((
C − tr (PC)

tr (P )
1H

)
P 1/2

)∗(
C − tr (PC)

tr (P )
1H

)
P 1/2

)
= tr

(
P 1/2

(
C − tr (PC)

tr (P )
1H

)∗(
C − tr (PC)

tr (P )
1H

)
P 1/2

)
= tr

((
C − tr (PC)

tr (P )
1H

)∗(
C − tr (PC)

tr (P )
1H

)
P

)
= tr

((
C∗ − tr (PC)

tr (P )
1H

)(
C − tr (PC)

tr (P )
1H

)
P

)

= tr

[(
|C|2 − tr (PC)

tr (P )
C − tr (PC)

tr (P )
C∗ +

∣∣∣∣tr (PC)

tr (P )

∣∣∣∣2 1H

)
P

]

=

(
tr
(
|C|2 P

)
tr (P )

−
∣∣∣∣tr (PC)

tr (P )

∣∣∣∣2
)

tr (P ) .

By (4.12) and (4.13) we get

tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣) ≤
(

tr
(
|C|2 P

)
tr (P )

−
∣∣∣∣tr (PC)

tr (P )

∣∣∣∣2
)1/2

tr (P )

and by (4.24) we have∣∣∣∣tr (PAC)

tr (P )
− tr (PA)

tr (P )

tr (PC)

tr (P )

∣∣∣∣(4.14)

≤ ‖A− λ · 1H‖
1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)

≤ ‖A− λ · 1H‖

(
tr
(
|C|2 P

)
tr (P )

−
∣∣∣∣tr (PC)

tr (P )

∣∣∣∣2
)1/2

for anyλ ∈ C.
Taking the infimum overλ ∈ C in (4.14) we get the desired result (4.23).

We also have [51]:
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COROLLARY 4.4. Letα, β ∈ C andA ∈ B(H) such that∥∥∥∥A− α+ β

2
· 1H

∥∥∥∥ ≤ 1

2
|β − α| .

For anyC ∈ B (H) andP ∈ B+
1 (H) \ {0}∣∣∣∣tr (PAC)

tr (P )
− tr (PA)

tr (P )

tr (PC)

tr (P )

∣∣∣∣(4.15)

≤ 1

2
|β − α| 1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)

≤ 1

2
|β − α|

[
tr
(
P |C|2

)
tr (P )

−
∣∣∣∣tr (PC)

tr (P )

∣∣∣∣2
]1/2

.

In particular, if C ∈ B (H) is such that∥∥∥∥C − α+ β

2
· 1H

∥∥∥∥ ≤ 1

2
|β − α| ,

then

0 ≤
tr
(
P |C|2

)
tr (P )

−
∣∣∣∣tr (PC)

tr (P )

∣∣∣∣2(4.16)

≤ 1

2
|β − α| 1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)

≤ 1

2
|β − α|

[
tr
(
P |C|2

)
tr (P )

−
∣∣∣∣tr (PC)

tr (P )

∣∣∣∣2
]1/2

≤ 1

4
|β − α|2 .

Also ∣∣∣∣∣tr (PC2)

tr (P )
−
(

tr (PC)

tr (P )

)2
∣∣∣∣∣(4.17)

≤ 1

2
|β − α| 1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)

≤ 1

2
|β − α|

[
tr
(
P |C|2

)
tr (P )

−
∣∣∣∣tr (PC)

tr (P )

∣∣∣∣2
]1/2

≤ 1

4
|β − α|2 .

For other related results see [51].
In order to simplify writing, we use the following notation

B+ (H) := {P ∈ B (H) , P is selfadjoint andP ≥ 0} .

The following result holds:

THEOREM 4.5 (Dragomir, 2014, [54]). Let, eitherP ∈ B+ (H) , A, B ∈ B2 (H) or P ∈
B+

1 (H) , A, B ∈ B (H) andγ, Γ ∈ C.
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(i) We have

0 ≤ tr
(
P |A|2

)
tr
(
P |B|2

)
− |tr (PB∗A)|2(4.18)

= Re
[(

Γ tr
(
P |B|2

)
− tr (PB∗A)

) (
tr (PA∗B)− γ tr

(
P |B|2

))]
− tr

(
P |B|2

)
Re (tr [P (A∗ − γB∗) (ΓB − A)])

≤ 1

4
|Γ− γ|2

[
tr
(
P |B|2

)]2
− tr

(
P |B|2

)
Re (tr [P (A∗ − γB∗) (ΓB − A)]) .

(ii) If

(4.19) Re (tr [P (A∗ − γB∗) (ΓB − A)]) ≥ 0

or, equivalently

(4.20) tr

(
P

∣∣∣∣A− γ + Γ

2
B

∣∣∣∣2
)
≤ 1

4
|Γ− γ|2 tr

(
P |B|2

)
,

then

0 ≤ tr
(
P |A|2

)
tr
(
P |B|2

)
− |tr (PB∗A)|2(4.21)

≤ Re
[(

Γ tr
(
P |B|2

)
− tr (PB∗A)

) (
tr (PA∗B)− γ tr

(
P |B|2

))]
≤ 1

4
|Γ− γ|2

[
tr
(
P |B|2

)]2
and

0 ≤ tr
(
P |A|2

)
tr
(
P |B|2

)
− |tr (PB∗A)|2(4.22)

≤ 1

4
|Γ− γ|2

[
tr
(
P |B|2

)]2
− tr

(
P |B|2

)
Re (tr [P (A∗ − γB∗) (ΓB − A)])

≤ 1

4
|Γ− γ|2

[
tr
(
P |B|2

)]2
.

PROOF. Observe that, by the trace properties, we have

I1 := Re
[(

Γ tr
(
P |B|2

)
− tr (PB∗A)

) (
tr (PA∗B)− γ tr

(
P |B|2

))]
(4.23)

= Re
[(

Γ tr
(
P |B|2

)
− tr (PB∗A)

) (
tr (PB∗A)− γ tr

(
P |B|2

))]
= Re

[
Γ tr

(
P |B|2

)
tr (PB∗A) + γ tr (PB∗A) tr

(
P |B|2

)
− |tr (PB∗A)|2 − Γγ

[
tr
(
P |B|2

)]2
= tr

(
P |B|2

)
Re
[
Γtr (PB∗A) + γ tr (PB∗A)

]
− |tr (PB∗A)|2 −

[
tr
(
P |B|2

)]2
Re (Γγ)
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and

I2 := tr
(
P |B|2

)
Re (tr [P (A∗ − γB∗) (ΓB − A)])

= tr
(
P |B|2

)
Re [tr (ΓPA∗B + γPB∗A− γΓPB∗B − PA∗A)]

= tr
(
P |B|2

)
Re [Γ tr (PA∗B) + γ tr (PB∗A)]

−γΓ tr
(
P |B|2

)
− tr

(
P |A|2

)]
= tr

(
P |B|2

)
Re
[
Γtr (PB∗A) + γ tr (PB∗A)

]
−
[
tr
(
P |B|2

)]2
Re (γΓ)− tr

(
P |B|2

)
tr
(
P |A|2

)
,

for P a selfadjoint operator withP ≥ 0, A, B ∈ B2 (H) andγ, Γ ∈ C.
Then we have

I1 − I2 = tr
(
P |B|2

)
tr
(
P |A|2

)
− |tr (PB∗A)|2 ,

which proves the equality in (4.18).
Utilising the elementary inequality for complex numbers

Re (uv) ≤ 1

4
|u+ v|2 , u, v ∈ C,

we have

Re
[(

Γ tr
(
P |B|2

)
− tr (PB∗A)

) (
tr (PA∗B)− γ tr

(
P |B|2

))]
= Re

[(
Γ tr

(
P |B|2

)
− tr (PB∗A)

) (
tr (PB∗A)− γ tr

(
P |B|2

))]
≤ 1

4

[
Γ tr

(
P |B|2

)
− tr (PB∗A) + tr (PB∗A)− γ tr

(
P |B|2

)]2
=

1

4
|Γ− γ|2

[
tr
(
P |B|2

)]2
,

which proves the last inequality in (4.18).
We have the equalities

1

4
|Γ− γ|2 P |B|2 − P

∣∣∣∣A− γ + Γ

2
B

∣∣∣∣2(4.24)

= P

[
1

4
|Γ− γ|2 |B|2 −

∣∣∣∣A− γ + Γ

2
B

∣∣∣∣2
]

= P

[
1

4
|Γ− γ|2 |B|2 −

(
A− γ + Γ

2
B

)∗(
A− γ + Γ

2
B

)]
= P

[
1

4
|Γ− γ|2 |B|2

− |A|2 +
γ + Γ

2
B∗A+

γ + Γ

2
A∗B −

∣∣∣∣γ + Γ

2

∣∣∣∣2 |B|2
]
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= P

[
− |A|2 +

γ + Γ

2
B∗A+

γ + Γ

2
A∗B

+

(
1

4
|Γ− γ|2 −

∣∣∣∣γ + Γ

2

∣∣∣∣2
)
|B|2

]

= P

[
− |A|2 +

γ + Γ

2
B∗A+

γ + Γ

2
A∗B − Re (Γγ) |B|2

]
for any bounded operatorsA, B, P and the complex numbersγ, Γ ∈ C.

Let P be a selfadjoint operator withP ≥ 0, A, B ∈ B2 (H) andγ, Γ ∈ C. Taking the trace
in (4.24) we get

1

4
|Γ− γ|2 tr

(
P |B|2

)
− tr

(
P

∣∣∣∣A− γ + Γ

2
B

∣∣∣∣2
)

(4.25)

= − tr
(
P |A|2

)
− Re (Γγ) tr

(
P |B|2

)
+
γ + Γ

2
tr (PB∗A) +

γ + Γ

2
tr (PA∗B)

= − tr
(
P |A|2

)
− Re (Γγ) tr

(
P |B|2

)
+
γ + Γ

2
tr (PB∗A) +

γ + Γ

2
tr (PB∗A)

= − tr
(
P |A|2

)
− Re (Γγ) tr

(
P |B|2

)
+
γ + Γ

2
tr (PB∗A) +

γ + Γ

2
tr (PB∗A)

= − tr
(
P |A|2

)
− Re (Γγ) tr

(
P |B|2

)
+ 2 Re

[
γ + Γ

2
tr (PB∗A)

]
= − tr

(
P |A|2

)
− Re (Γγ) tr

(
P |B|2

)
+ Re [γ tr (PB∗A)] + Re

[
Γ tr (PB∗A)

]
= − tr

(
P |A|2

)
− Re (Γγ) tr

(
P |B|2

)
+ Re [γ tr (PB∗A)] + Re

[
Γ tr (PB∗A)

]
= − tr

(
P |A|2

)
− Re (Γγ) tr

(
P |B|2

)
+ Re [γ tr (PB∗A)] + Re

[
Γtr (PB∗A)

]
.

Utilising the equality forI2 above, we conclude that (4.19) holds if and only if (4.20) holds, and
the inequalities (4.21) and (4.22) thus follow from (4.18).

The caseP ∈ B+
1 (H) , A, B ∈ B (H) goes likewise and the details are omitted.

For two given operatorsT, U ∈ B (H) and two given scalarsα, β ∈ C consider the
transform

Cα,β (T, U) = (T ∗ − ᾱU∗) (βU − T ) .

This transform generalizes the transform

Cα,β (T ) := (T ∗ − ᾱ1H) (β1H − T ) = Cα,β (T, 1H) ,

where1H is the identity operator, which has been introduced in [38] in order to provide some
generalizations of the well known Kantorovich inequality for operators in Hilbert spaces.

We recall that a bounded linear operatorT on the complex Hilbert space(H, 〈·, ·〉) is called
accretiveif Re 〈Ty, y〉 ≥ 0 for anyy ∈ H.
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Utilizing the following identity

Re 〈Cα,β (T, U)x, x〉 = Re 〈Cβ,α (T, U)x, x〉(4.26)

=
1

4
|β − α|2 ‖Ux‖2 −

∥∥∥∥Tx− α+ β

2
· Ux

∥∥∥∥2

=
1

4
|β − α|2

〈
|U |2 x, x

〉
−

〈∣∣∣∣T − α+ β

2
· U
∣∣∣∣2 x, x

〉
that holds for any scalarsα, β and any vectorx ∈ H, we can give a simple characterization
result that is useful in the following:

LEMMA 4.6. For α, β ∈ C andT, U ∈ B(H) the following statements are equivalent:

(i) The transformCα,β (T, U) (or, equivalently,Cβ,α (T, U)) is accretive;
(ii) We have the norm inequality

(4.27)

∥∥∥∥Tx− α+ β

2
· Ux

∥∥∥∥ ≤ 1

2
|β − α| ‖Ux‖

for anyx ∈ H;
(iii) We have the following inequality in the operator order∣∣∣∣T − α+ β

2
· U
∣∣∣∣2 ≤ 1

4
|β − α|2 |U |2 .

As a consequence of the above lemma we can state:

COROLLARY 4.7. Letα, β ∈ C andT, U ∈ B(H). If Cα,β (T, U) is accretive, then

(4.28)

∥∥∥∥T − α+ β

2
· U
∥∥∥∥ ≤ 1

2
|β − α| ‖U‖ .

REMARK 4.1. In order to give examples of linear operatorsT, U ∈ B(H) and numbersα,
β ∈ C such that the transformCα,β (T, U) is accretive, it suffices to select two bounded linear
operatorS andV and the complex numbersz, w (w 6= 0) with the property that‖Sx− zV x‖ ≤
|w| ‖V x‖ for anyx ∈ H, and, by choosingT = S, U = V, α = 1

2
(z + w) andβ = 1

2
(z − w)

we observe thatT andU satisfy (4.27), i.e.,Cα,β (T, U) is accretive.

COROLLARY 4.8. Let, eitherP ∈ B+ (H) , A, B ∈ B2 (H) or P ∈ B+
1 (H) , A, B ∈ B (H)

andγ, Γ ∈ C. If the transformCγ,Γ (A,B) is accretive, then we have the inequalities (4.21) and
(4.22).

The case of selfadjoint operators is as follows.

COROLLARY 4.9. LetP, A, B be selfadjoint operators with eitherP ∈ B+ (H) , A, B ∈
B2 (H) or P ∈ B+

1 (H) , A, B ∈ B (H) andm,M ∈ R withM > m. If (A−mB) (MB − A) ≥
0, then

0 ≤ tr
(
PA2

)
tr
(
PB2

)
− [tr (PBA)]2(4.29)

≤
[(
M tr

(
PB2

)
− tr (PBA)

) (
tr (PAB)−m tr

(
PB2

))]
≤ 1

4
(M −m)2 [tr (PB2

)]2
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and

0 ≤ tr
(
PA2

)
tr
(
PB2

)
− [tr (PBA)]2(4.30)

≤ 1

4
(M −m)2 [tr (PB2

)]2 − tr
(
PB2

)
tr [P (A−mB) (MB − A)]

≤ 1

4
(M −m)2 [tr (PB2

)]2
.

We also have the following result:

THEOREM 4.10 (Dragomir, 2014, [54]). Let, eitherP ∈ B+ (H) , A, B ∈ B2 (H) or
P ∈ B+

1 (H) , A, B ∈ B (H) andλ ∈ C.
(i) We have

0 ≤ tr
(
P |B|2

)
tr
(
P |A|2

)
− |tr (PB∗A)|2(4.31)

= tr

(
P
∣∣∣[tr (P |B|2)]1/2

A− λB
∣∣∣2)

−
∣∣∣[tr (P |B|2)]1/2

λ− tr (PB∗A)
∣∣∣2 .

(ii) If there is r > 0 such that

tr

(
P
∣∣∣[tr (P |B|2)]1/2

A− λB
∣∣∣2) ≤ r2

[
tr
(
P |B|2

)]
,

then we have the reverse of Schwarz inequality

0 ≤ tr
(
P |B|2

)
tr
(
P |A|2

)
− |tr (PB∗A)|2(4.32)

≤ r2
[
tr
(
P |B|2

)]
−
∣∣∣[tr (P |B|2)]1/2

λ− tr (PB∗A)
∣∣∣2

≤ r2
[
tr
(
P |B|2

)]
.

PROOF. Using the properties of trace, we have forP ≥ 0, A, B ∈ B2 (H) andλ ∈ C that

J1 := tr

(
P
∣∣∣[tr (P |B|2)]1/2

A− λB
∣∣∣2)

= tr
(
P
([

tr
(
P |B|2

)]1/2
A− λB

)∗ ([
tr
(
P |B|2

)]1/2
A− λB

))
= tr

(
P
[
tr
(
P |B|2

)
|A|2 + |λ|2 |B|2

−λ
[
tr
(
P |B|2

)]1/2
B∗A− λ

[
tr
(
P |B|2

)]1/2
A∗B

])
= tr

(
P |B|2

)
tr
(
P |A|2

)
+ |λ|2 tr

(
P |B|2

)
− λ

[
tr
(
P |B|2

)]1/2
tr (PB∗A)− λ

[
tr
(
P |B|2

)]1/2
tr (PA∗B)

= tr
(
P |B|2

)
tr
(
P |A|2

)
+ |λ|2 tr

(
P |B|2

)
− λ tr (PB∗A)

[
tr
(
P |B|2

)]1/2 − λ tr (PB∗A)
[
tr
(
P |B|2

)]1/2

= tr
(
P |B|2

)
tr
(
P |A|2

)
+ |λ|2 tr

(
P |B|2

)
− 2

[
tr
(
P |B|2

)]1/2
Re
(
λ tr (PB∗A)

)
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and

J2 : =
∣∣∣[tr (P |B|2)]1/2

λ− tr (PB∗A)
∣∣∣2

=
([

tr
(
P |B|2

)]1/2
λ− tr (PB∗A)

)([
tr
(
P |B|2

)]1/2
λ− tr (PB∗A)

)
= tr

(
P |B|2

)
|λ|2 − 2

[
tr
(
P |B|2

)]1/2
Re
(
λ tr (PB∗A)

)
+ |tr (PB∗A)|2 .

Therefore

J1 − J2

= tr

(
P
∣∣∣[tr (P |B|2)]1/2

A− λB
∣∣∣2)− ∣∣∣[tr (P |B|2)]1/2

λ− tr (PB∗A)
∣∣∣2

and the equality (4.31) is proved.
The inequality (4.32) follows from (4.31).
The other case is similar.

COROLLARY 4.11. Let, eitherP ∈ B+ (H) , C, D ∈ B2 (H) or P ∈ B+
1 (H) , C, D ∈

B (H) andδ, ∆ ∈ C.
If

(4.33) Re
(
tr
[
P
(
C∗ − δD∗) (∆D − C)

])
≥ 0

or, equivalently

(4.34) tr

(
P

∣∣∣∣C − δ + ∆

2
D

∣∣∣∣2
)
≤ 1

4
|∆− δ|2 tr

(
P |D|2

)
,

then

0 ≤ tr
(
P |C|2

)
tr
(
P |D|2

)
− |tr (PD∗C)|2(4.35)

≤ 1

4
|∆− δ|2

[
tr
(
P |D|2

)]2 − ∣∣∣∣δ + ∆

2
tr
(
P |D|2

)
− tr (PD∗C)

∣∣∣∣2
≤ 1

4
|∆− δ|2

[
tr
(
P |D|2

)]2
.

PROOF. The equivalence of the inequalities (4.33) and (4.34) follows from Theorem 4.5
(ii).

If we write the inequality (4.34) forC = A andD = B, we have

tr

(
P

∣∣∣∣A− δ + ∆

2
B

∣∣∣∣2
)
≤ 1

4
|∆− δ|2 tr

(
P |B|2

)
.

If we multiply this inequality bytr
(
P |B|2

)
≥ 0 we get

tr

(
P

∣∣∣∣[tr (P |B|2)]1/2
A− δ + ∆

2

[
tr
(
P |B|2

)]1/2
B

∣∣∣∣2
)

(4.36)

≤ 1

4
|∆− δ|2 tr

(
P |B|2

)
tr
(
P |B|2

)
.

Let

λ =
δ + ∆

2

[
tr
(
P |B|2

)]1/2
andr =

1

2
|∆− δ|

[
tr
(
P |B|2

)]1/2
.
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Then by (4.36) we have

tr

(
P
∣∣∣[tr (P |B|2)]1/2

A− λB
∣∣∣2) ≤ r2 tr

(
P |B|2

)
,

and by (4.32) we get

0 ≤ tr
(
P |B|2

)
tr
(
P |A|2

)
− |tr (PB∗A)|2

≤ 1

4
|∆− δ|2

[
tr
(
P |B|2

)]2 − ∣∣∣∣δ + ∆

2
tr
(
P |B|2

)
− tr (PB∗A)

∣∣∣∣2
≤ 1

4
|∆− δ|2

[
tr
(
P |B|2

)]2
,

and the inequality (4.35) is proved.

COROLLARY 4.12. Let, eitherP ∈ B+ (H) , C, D ∈ B2 (H) or P ∈ B+
1 (H) , C, D ∈

B (H) and δ, ∆ ∈ C. If the transformCδ,∆ (C,D) is accretive, then we have the inequalities
(4.35).

The case of selfadjoint operators is as follows.

COROLLARY 4.13. LetP, C, D be selfadjoint operators with eitherP ∈ B+ (H) , C, D ∈
B2 (H) or P ∈ B+

1 (H) , C, D ∈ B (H) andn, N ∈ R withN > n. If (C − nD) (ND − C) ≥
0, then

0 ≤ tr
(
PC2

)
tr
(
PD2

)
− [tr (PDC)]2(4.37)

≤ 1

4
(N − n)2 [tr (PD2

)]2 − (n+N

2
tr
(
PD2

)
− tr (PDC)

)2

≤ 1

4
(N − n)2 [tr (PD2

)]2
.

4.3. Trace Inequalities of Grüss Type.Let P be a selfadjoint operator withP ≥ 0. The
functional〈·, ·〉2,P defined by

〈A,B〉2,P := tr (PB∗A) = tr (APB∗) = tr (B∗AP )

is anonnegative Hermitian formonB2 (H) .
For a pair of complex numbers(α, β) andP ∈ B+ (H), in order to simplify the notations,

we say that the pair of operators(U, V ) ∈ B2 (H)× B2 (H) has thetraceP -(α, β)-propertyif

Re (tr [P (U∗ − αV ∗) (βV − U)]) ≥ 0

or, equivalently

tr

(
P

∣∣∣∣U − α+ β

2
V

∣∣∣∣2
)
≤ 1

4
|β − α|2 tr

(
P |V |2

)
.

The above definitions can be also considered in the case whenP ∈ B+
1 (H) andA, B ∈ B (H) .

THEOREM 4.14 (Dragomir, 2014, [54]). Let, eitherP ∈ B+ (H) , A, B, C ∈ B2 (H) or
P ∈ B+

1 (H) , A, B, C ∈ B (H) andλ, Γ, δ, ∆ ∈ C. If (A,C) has the traceP -(λ,Γ)-property
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and(B,C) has the traceP -(δ,∆)-property, then∣∣tr (PB∗A) tr
(
P |C|2

)
− tr (PC∗A) tr (PB∗C)

∣∣(4.38)

≤ tr
(
P |C|2

) [1

4
|Γ− γ| |∆− δ| tr

(
P |C|2

)
− [Re (tr [P (A∗ − γC∗) (ΓC − A)])]1/2

×
[
Re
(
tr
[
P
(
B∗ − δC∗) (∆C −B)

])]1/2
]

≤ 1

4
|Γ− γ| |∆− δ|

[
tr
(
P |C|2

)]2
.

PROOF. We prove in the case thatP ∈ B+ (H) andA, B, C ∈ B2 (H) .
Making use of the Schwarz inequality for the nonnegative hermitian form〈·, ·〉2,P we have∣∣∣〈A,B〉2,P

∣∣∣2 ≤ 〈A,A〉2,P 〈B,B〉2,P

for anyA, B ∈ B2 (H).
LetC ∈ B2 (H) , C 6= 0. Define the mapping[·, ·]2,P,C : B2 (H)× B2 (H) → C by

[A,B]2,P,C := 〈A,B〉2,P ‖C‖
2
2,P − 〈A,C〉2,P 〈C,B〉2,P .

Observe that[·, ·]2,P,C is a nonnegative Hermitian form onB2 (H) and by Schwarz inequality
we also have∣∣∣〈A,B〉2,P ‖C‖

2
2,P − 〈A,C〉2,P 〈C,B〉2,P

∣∣∣2
≤
[
‖A‖2

2,P ‖C‖
2
2,P −

∣∣∣〈A,C〉2,P

∣∣∣2] [‖B‖2
2,P ‖C‖

2
2,P −

∣∣∣〈B,C〉2,P

∣∣∣2]
for anyA, B ∈ B2 (H) , namely∣∣tr (PB∗A) tr

(
P |C|2

)
− tr (PC∗A) tr (PB∗C)

∣∣2(4.39)

≤
[
tr
(
P |A|2

)
tr
(
P |C|2

)
− |tr (PC∗A)|2

]
×
[
tr
(
P |B|2

)
tr
(
P |C|2

)
− |tr (PC∗B)|2

]
,

where for the last term we used the equality
∣∣∣〈B,C〉2,P

∣∣∣2 =
∣∣∣〈C,B〉2,P

∣∣∣2 .
Since(A,C) has the traceP -(λ,Γ)-property and(B,C) has the traceP -(δ,∆) -property,

then by (4.22) we have

0 ≤ tr
(
P |A|2

)
tr
(
P |C|2

)
− |tr (PC∗A)|2(4.40)

≤ tr
(
P |C|2

)
×
[
1

4
|Γ− γ|2

[
tr
(
P |C|2

)]
− Re (tr [P (A∗ − γC∗) (ΓC − A)])

]
and

0 ≤ tr
(
P |B|2

)
tr
(
P |C|2

)
− |tr (PC∗B)|2(4.41)

≤ tr
(
P |C|2

)
×
[
1

4
|∆− δ|2

[
tr
(
P |C|2

)]
− Re

(
tr
[
P
(
B∗ − δC∗) (∆C −B)

])]
.
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If we multiply (4.40) with (4.41) and use (4.39), then we get∣∣tr (PB∗A) tr
(
P |C|2

)
− tr (PC∗A) tr (PB∗C)

∣∣2(4.42)

≤
[
tr
(
P |C|2

)]2
×
[
1

4
|Γ− γ|2

[
tr
(
P |C|2

)]
− Re (tr [P (A∗ − γC∗) (ΓC − A)])

]
×
[
1

4
|∆− δ|2

[
tr
(
P |C|2

)]
− Re

(
tr
[
P
(
B∗ − δC∗) (∆C −B)

])]
.

Utilising the elementary inequality for positive numbersm, n, p, q(
m2 − n2

) (
p2 − q2

)
≤ (mp− nq)2 ,

we can state that[
1

4
|Γ− γ|2

[
tr
(
P |C|2

)]
− Re (tr [P (A∗ − γC∗) (ΓC − A)])

]
(4.43)

×
[
1

4
|∆− δ|2

[
tr
(
P |C|2

)]
− Re

(
tr
[
P
(
B∗ − δC∗) (∆C −B)

])]
≤
(

1

4
|Γ− γ| |∆− δ|

[
tr
(
P |C|2

)]
− [Re (tr [P (A∗ − γC∗) (ΓC − A)])]1/2

×
[
Re
(
tr
[
P
(
B∗ − δC∗) (∆C −B)

])]1/2
)2

with the term in the right hand side in the brackets being nonnegative.
Making use of (4.42) and (4.43) we then get∣∣tr (PB∗A) tr

(
P |C|2

)
− tr (PC∗A) tr (PB∗C)

∣∣2(4.44)

≤
[
tr
(
P |C|2

)]2(1

4
|Γ− γ| |∆− δ|

[
tr
(
P |C|2

)]
− [Re (tr [P (A∗ − γC∗) (ΓC − A)])]1/2

×
[
Re
(
tr
[
P
(
B∗ − δC∗) (∆C −B)

])]1/2
)2

.

Taking the square root in (4.44) we obtain the desired result (4.38).

COROLLARY 4.15. Let, eitherP ∈ B+ (H) , A, B, C ∈ B2 (H) or P ∈ B+
1 (H) , A, B,

C ∈ B (H) andλ, Γ, δ, ∆ ∈ C. If the transformsCλ,Γ (A,C) andCδ,∆ (B,C) are accretive,
then the inequality (4.38) is valid.

We have:

COROLLARY 4.16. Let P, A, B, C be selfadjoint operators with eitherP ∈ B+ (H) , A,
B, C ∈ B2 (H) or P ∈ B+

1 (H) , A, B, C ∈ B (H) andm, M , n, N ∈ R with M > m and
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N > n. If (A−mC) (MC − A) ≥ 0 and(B − nC) (NC −B) ≥ 0 then∣∣tr (PBA) tr
(
PC2

)
− tr (PCA) tr (PBC)

∣∣(4.45)

≤ tr
(
PC2

) [1

4
(M −m) (N − n) tr

(
PC2

)
− [Re (tr (A−mC) (MC − A))]1/2

× [Re (tr [P (B − nC) (NC −B)])]1/2
]

≤ 1

4
(M −m) (N − n)

[
tr
(
PC2

)]2
.

Finally, we have:

THEOREM 4.17 (Dragomir, 2014, [54]). With the assumptions of Theorem 4.14∣∣tr (PB∗A) tr
(
P |C|2

)
− tr (PC∗A) tr (PB∗C)

∣∣(4.46)

≤ tr
(
P |C|2

) [1

4
|Γ− γ| |∆− δ| tr

(
P |C|2

)
−
∣∣∣∣Γ + γ

2
tr
(
P |C|2

)
− tr (PC∗A)

∣∣∣∣
×
∣∣∣∣δ + ∆

2
tr
(
P |C|2

)
− tr (PC∗B)

∣∣∣∣]
≤ 1

4
|Γ− γ| |∆− δ|

[
tr
(
P |C|2

)]2
.

If the transformsCλ,Γ (A,C) andCδ,∆ (B,C) are accretive, then the inequality (4.46) also holds.

The proof is similar to the one for Theorem 4.14 via the Corollary 4.11 and the details are
omitted.

COROLLARY 4.18. With the assumptions of Corollary 4.16∣∣tr (PBA) tr
(
PC2

)
− tr (PCA) tr (PBC)

∣∣(4.47)

≤ tr
(
PC2

) [1

4
(M −m) (N − n) tr

(
PC2

)
−
∣∣∣∣M +m

2
tr
(
PC2

)
− tr (PCA)

∣∣∣∣
×
∣∣∣∣n+N

2
tr
(
PC2

)
− tr (PCB)

∣∣∣∣]
≤ 1

4
(M −m) (N − n)

[
tr
(
PC2

)]2
.

4.4. Some Examples in the Case ofP ∈ B1 (H). Utilising the above results in the case
whenP ∈ B+

1 (H) , A ∈ B (H) andB = 1H we can also state the following inequalities that
complement the earlier results obtained in [51]:

PROPOSITION4.19 (Dragomir, 2014, [54]). LetP ∈ B+
1 (H) , A ∈ B (H) andγ, Γ ∈ C.
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(i) We have

0 ≤
tr
(
P |A|2

)
tr (P )

−
∣∣∣∣tr (PA)

tr (P )

∣∣∣∣2(4.48)

= Re

[(
Γ− tr (PA)

tr (P )

)(
tr (PA∗)

tr (P )
− γ

)]
− 1

tr (P )
Re (tr [P (A∗ − γ1H) (Γ1H − A)])

≤ 1

4
|Γ− γ|2 − 1

tr (P )
Re (tr [P (A∗ − γ1H) (Γ1H − A)]) .

(ii) If

(4.49) Re (tr [P (A∗ − γ1H) (Γ1H − A)]) ≥ 0

or, equivalently

(4.50)
1

tr (P )
tr

(
P

∣∣∣∣A− γ + Γ

2
1H

∣∣∣∣2
)
≤ 1

4
|Γ− γ|2 ,

and we say for simplicity thatA has the traceP -(λ,Γ)-property, then

0 ≤
tr
(
P |A|2

)
tr (P )

−
∣∣∣∣tr (PA)

tr (P )

∣∣∣∣2(4.51)

≤ Re

[(
Γ− tr (PA)

tr (P )

)(
tr (PA∗)

tr (P )
− γ

)]
≤ 1

4
|Γ− γ|2

and

0 ≤
tr
(
P |A|2

)
tr (P )

−
∣∣∣∣tr (PA)

tr (P )

∣∣∣∣2(4.52)

≤ 1

4
|Γ− γ|2 − 1

tr (P )
Re (tr [P (A∗ − γ1H) (Γ1H − A)]) ≤ 1

4
|Γ− γ|2 .

(iii) If the transform Cλ,Γ (A) := (A∗ − γ1H) (Γ1H − A) is accretive, then the inequalities
(4.51) and (4.52) also hold.

COROLLARY 4.20. Let P ∈ B+
1 (H) , A be a selfadjoint operator andm, M ∈ R with

M > m.
(i) If (A−m1H) (M1H − A) ≥ 0, then

0 ≤ tr (PA2)

tr (P )
−
[
tr (PA)

tr (P )

]2

(4.53)

≤
[(
M − tr (PA)

tr (P )

)(
tr (PA)

tr (P )
−m

)]
≤ 1

4
(M −m)2

and

0 ≤ tr (PA2)

tr (P )
−
[
tr (PA)

tr (P )

]2

(4.54)

≤ 1

4
(M −m)2 − 1

tr (P )
tr [P (A−mB) (MB − A)] ≤ 1

4
(M −m)2 .

(ii) If m1H ≤ A ≤M1H , then (4.53) and (4.54) also hold.

We have the following reverse of Schwarz inequality as well:
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PROPOSITION4.21 (Dragomir, 2014, [54]). LetP ∈ B+
1 (H) , A ∈ B (H) andγ, Γ ∈ C.

(i) If A has the traceP -(λ,Γ)-property, then

0 ≤
tr
(
P |A|2

)
tr (P )

−
∣∣∣∣tr (PA)

tr (P )

∣∣∣∣2(4.55)

≤ 1

4
|Γ− γ|2 −

∣∣∣∣Γ + γ

2
− tr (PA)

tr (P )

∣∣∣∣2 ≤ 1

4
|Γ− γ|2 .

(ii) If the transformCλ,Γ (A) := (A∗ − γ1H) (Γ1H − A) is accretive, then the inequality
(4.55) also holds.

COROLLARY 4.22. Let P ∈ B+
1 (H) , A be a selfadjoint operator andm, M ∈ R with

M > m.
(i) If (A−m1H) (M1H − A) ≥ 0, then

0 ≤ tr (PA2)

tr (P )
−
[
tr (PA)

tr (P )

]2

(4.56)

≤ 1

4
(M −m)2 −

∣∣∣∣m+M

2
− tr (PA)

tr (P )

∣∣∣∣2 ≤ 1

4
(M −m)2 .

(ii) If m1H ≤ A ≤M1H , then (4.56) also holds.

Finally, we have the following Grüss type inequality as well:

PROPOSITION4.23 (Dragomir, 2014, [54]). LetP ∈ B+
1 (H) , A, B ∈ B (H) andλ, Γ, δ,

∆ ∈ C.
(i) If A has the traceP -(λ,Γ)-property andB has the traceP -(δ,∆)-property, then∣∣∣∣tr (PB∗A)

tr (P )
− tr (PA)

tr (P )

tr (PB∗)

tr (P )

∣∣∣∣(4.57)

≤
[
1

4
|Γ− γ| |∆− δ|

− 1

tr (P )
[Re (tr [P (A∗ − γ1H) (Γ1H − A)])]1/2

× 1

tr (P )

[
Re
(
tr
[
P
(
B∗ − δ1H

)
(∆1H −B)

])]1/2
]
≤ 1

4
|Γ− γ| |∆− δ|

and ∣∣∣∣tr (PB∗A)

tr (P )
− tr (PA)

tr (P )

tr (PB∗)

tr (P )

∣∣∣∣(4.58)

≤ 1

4
|Γ− γ| |∆− δ| −

∣∣∣∣Γ + γ

2
− tr (PA)

tr (P )

∣∣∣∣ ∣∣∣∣δ + ∆

2
− tr (PB)

tr (P )

∣∣∣∣
≤ 1

4
|Γ− γ| |∆− δ| .

(ii) If the transformsCλ,Γ (A) andCδ,∆ (B) are accretive then (4.57) and (4.58) also hold.

The case of selfadjoint operators is as follows:

COROLLARY 4.24. LetP, A, B be selfadjoint operators withP ∈ B+
1 (H) , A, B ∈ B (H)

andm, M , n, N ∈ R withM > m andN > n.
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(i) If (A−m1H) (M1H − A) ≥ 0 and(B − n1H) (N1H −B) ≥ 0 then

∣∣∣∣tr (PBA)

tr (P )
− tr (PA)

tr (P )

tr (PB)

tr (P )

∣∣∣∣(4.59)

≤
[
1

4
(M −m) (N − n)

− 1

tr (P )
[Re (tr (A−m1H) (M1H − A))]1/2

× 1

tr (P )
[Re (tr [P (B − n1H) (N1H −B)])]1/2

]
≤ 1

4
(M −m) (N − n)

and

∣∣∣∣tr (PBA)

tr (P )
− tr (PA)

tr (P )

tr (PB)

tr (P )

∣∣∣∣(4.60)

≤ 1

4
(M −m) (N − n)−

∣∣∣∣m+M

2
− tr (PA)

tr (P )

∣∣∣∣ ∣∣∣∣n+N

2
− tr (PB)

tr (P )

∣∣∣∣
≤ 1

4
(M −m) (N − n) .

(ii) If m1H ≤ A ≤M1H andn1H ≤ B ≤ N1H then (4.59) and (4.60) also hold.

5. CASSELS TYPE I NEQUALITIES

5.1. General Inequalities.We have the following result:

THEOREM 5.1 (Dragomir, 2014, [59]). Let, eitherP ∈ B+ (H) , A, B ∈ B2 (H) or P ∈
B+

1 (H) , A, B ∈ B (H) andγ, Γ ∈ C with Re (Γγ) = Re (Γ) Re (γ) + Im (Γ) Im (γ) > 0.
(i) If (A,B) satisfies theP -(γ,Γ)-trace property, then

tr
(
P |A|2

)
tr
(
P |B|2

)
(5.1)

≤ 1

4
· [Re (γ + Γ) Re tr (PB∗A) + Im (γ + Γ) Im tr (PB∗A)]2

Re (Γ) Re (γ) + Im (Γ) Im (γ)

≤ 1

4
· |γ + Γ|2

Re (Γγ)
|tr (PB∗A)|2 .

(ii) If the transformCγ,Γ (A,B) is accretive, then the inequality (5.1) also holds.
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PROOF. (i) If (A,B) satisfies theP -(γ,Γ)-trace property, then, on utilizing the calculations
above, we have

0 ≤ 1

4
|Γ− γ|2 tr

(
P |B|2

)
− tr

(
P

∣∣∣∣A− γ + Γ

2
B

∣∣∣∣2
)

= − tr
(
P |A|2

)
− Re (Γγ) tr

(
P |B|2

)
+ Re [γ tr (PB∗A)] + Re

[
Γtr (PB∗A)

]
= − tr

(
P |A|2

)
− Re (Γγ) tr

(
P |B|2

)
+ Re [γ tr (PB∗A)] + Re

[
Γtr (PB∗A)

]
= − tr

(
P |A|2

)
− Re (Γγ) tr

(
P |B|2

)
+ Re [γ tr (PB∗A)] + Re

[
Γ tr (PB∗A)

]
= − tr

(
P |A|2

)
− Re (Γγ) tr

(
P |B|2

)
+ Re

[(
γ + Γ

)
tr (PB∗A)

]
,

which implies that

tr
(
P |A|2

)
+ Re (Γγ) tr

(
P |B|2

)
(5.2)

≤ Re
[(
γ + Γ

)
tr (PB∗A)

]
= Re (γ + Γ) Re tr (PB∗A) + Im (γ + Γ) Im tr (PB∗A) .

Making use of the elementary inequality

2
√
pq ≤ p+ q, p, q ≥ 0,

we also have

(5.3) 2
√

Re (Γγ) tr
(
P |A|2

)
tr
(
P |B|2

)
≤ tr

(
P |A|2

)
+ Re (Γγ) tr

(
P |B|2

)
.

Utilising (5.2) and (5.3) we get√
tr
(
P |A|2

)
tr
(
P |B|2

)
(5.4)

≤ Re (γ + Γ) Re tr (PB∗A) + Im (γ + Γ) Im tr (PB∗A)

2
√

Re (Γγ)

that is equivalent with the first inequality in (5.1).
The second inequality in (5.1) is obvious by Schwarz inequality

(ab+ cd)2 ≤
(
a2 + c2

) (
b2 + d2

)
, a, b, c, d ∈ R.

The (ii) is obvious from (i).

REMARK 5.1. We observe that the inequality between the first and last term in (5.1) is
equivalent to

(5.5) 0 ≤ tr
(
P |A|2

)
tr
(
P |B|2

)
− |tr (PB∗A)|2 ≤ 1

4
· |γ − Γ|2

Re (Γγ)
|tr (PB∗A)|2 .

COROLLARY 5.2. Let, eitherP ∈ B+ (H) , A ∈ B2 (H) or P ∈ B+
1 (H) , A ∈ B (H) and

γ, Γ ∈ C with Re (Γγ) = Re (Γ) Re (γ) + Im (Γ) Im (γ) > 0.
(i) If A satisfies theP -(γ,Γ)-trace property, namely

(5.6) Re (tr [P (A∗ − γ1H) (Γ1H − A)]) ≥ 0
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or, equivalently

(5.7) tr

(
P

∣∣∣∣A− γ + Γ

2
1H

∣∣∣∣2
)
≤ 1

4
|Γ− γ|2 tr (P ) ,

then

tr
(
P |A|2

)
tr (P )

(5.8)

≤ 1

4
·

[
Re (γ + Γ) Re tr(PA)

tr(P )
+ Im (γ + Γ) Im tr(PA)

tr(P )

]2
Re (Γ) Re (γ) + Im (Γ) Im (γ)

≤ 1

4
· |γ + Γ|2

Re (Γγ)

∣∣∣∣tr (PA)

tr (P )

∣∣∣∣2 .
(ii) If the transformCγ,Γ (A) is accretive, then the inequality (5.1) also holds.

(iii) We have

(5.9) 0 ≤
tr
(
P |A|2

)
tr (P )

−
∣∣∣∣tr (PA)

tr (P )

∣∣∣∣2 ≤ 1

4
· |γ − Γ|2

Re (Γγ)

∣∣∣∣tr (PA)

tr (P )

∣∣∣∣2 .
REMARK 5.2. The case of selfadjoint operators is as follows.
LetA, B be selfadjoint operators and eitherP ∈ B+ (H) , A, B ∈ B2 (H) or P ∈ B+

1 (H) ,
A, B ∈ B (H) andm, M ∈ R with mM > 0.

(i) If (A,B) satisfies theP -(m,M)-trace property, then

(5.10) tr
(
PA2

)
tr
(
PB2

)
≤ (m+M)2

4mM
[tr (PBA)]2

or, equivalently

(5.11) 0 ≤ tr
(
PA2

)
tr
(
PB2

)
− [tr (PBA)]2 ≤ (m−M)2

4mM
[tr (PBA)]2 .

(ii) If the transformCm,M (A,B) is accretive, then the inequality (5.10) also holds.
(iii) If (A−mB) (MB − A) ≥ 0, then (5.10) is valid.

5.2. Trace Inequalities of Grüss Type.We have the following Grüss type inequality:

THEOREM 5.3 (Dragomir, 2014, [59]). Let, eitherP ∈ B+ (H) , A, B, C ∈ B2 (H) or
P ∈ B+

1 (H) , A, B, C ∈ B (H) with P |A|2 , P |B|2 , P |C|2 6= 0 andλ, Γ, δ, ∆ ∈ C with
Re (Γγ) , Re

(
∆δ
)
> 0. If (A,C) has the traceP -(λ,Γ)-property and(B,C) has the trace

P -(δ,∆)-property, then

(5.12)

∣∣∣∣∣tr (PB∗A) tr
(
P |C|2

)
tr (PC∗A) tr (PB∗C)

− 1

∣∣∣∣∣ ≤ 1

4
· |γ − Γ| |δ −∆|√

Re (Γγ) Re
(
∆δ
) .

PROOF. We prove in the case thatP ∈ B+ (H) andA, B, C ∈ B2 (H) .
Making use of the Schwarz inequality for the nonnegative hermitian form〈·, ·〉2,P we have∣∣∣〈A,B〉2,P

∣∣∣2 ≤ 〈A,A〉2,P 〈B,B〉2,P

for anyA, B ∈ B2 (H).
LetC ∈ B2 (H) , C 6= 0. Define the mapping[·, ·]2,P,C : B2 (H)× B2 (H) → C by

[A,B]2,P,C := 〈A,B〉2,P ‖C‖
2
2,P − 〈A,C〉2,P 〈C,B〉2,P .
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Observe that[·, ·]2,P,C is a nonnegative Hermitian form onB2 (H) and by Schwarz inequality
we also have∣∣∣〈A,B〉2,P ‖C‖

2
2,P − 〈A,C〉2,P 〈C,B〉2,P

∣∣∣2
≤
[
‖A‖2

2,P ‖C‖
2
2,P −

∣∣∣〈A,C〉2,P

∣∣∣2] [‖B‖2
2,P ‖C‖

2
2,P −

∣∣∣〈B,C〉2,P

∣∣∣2]
for anyA, B ∈ B2 (H) , namely∣∣tr (PB∗A) tr

(
P |C|2

)
− tr (PC∗A) tr (PB∗C)

∣∣2(5.13)

≤
[
tr
(
P |A|2

)
tr
(
P |C|2

)
− |tr (PC∗A)|2

]
×
[
tr
(
P |B|2

)
tr
(
P |C|2

)
− |tr (PB∗C)|2

]
,

where for the last term we used the equality
∣∣∣〈B,C〉2,P

∣∣∣2 =
∣∣∣〈C,B〉2,P

∣∣∣2 .
Since(A,C) has the traceP -(λ,Γ)-property and(B,C) has the traceP -(δ,∆) -property,

then by (5.5) we have

(5.14) 0 ≤ tr
(
P |A|2

)
tr
(
P |C|2

)
− |tr (PC∗A)|2 ≤ 1

4
· |γ − Γ|2

Re (Γγ)
|tr (PC∗A)|2

and

(5.15) 0 ≤ tr
(
P |B|2

)
tr
(
P |C|2

)
− |tr (PB∗C)|2 ≤ 1

4
· |δ −∆|2

Re
(
∆δ
) |tr (PB∗C)|2 .

If we multiply the inequalities (5.14) and (5.15) we get[
tr
(
P |A|2

)
tr
(
P |C|2

)
− |tr (PC∗A)|2

]
(5.16)

×
[
tr
(
P |B|2

)
tr
(
P |C|2

)
− |tr (PB∗C)|2

]
≤ 1

16
· |γ − Γ|2

Re (Γγ)

|δ −∆|2

Re
(
∆δ
) |tr (PC∗A)|2 |tr (PB∗C)|2 .

If we use (5.13) and (5.16) we get∣∣tr (PB∗A) tr
(
P |C|2

)
− tr (PC∗A) tr (PB∗C)

∣∣2(5.17)

≤ 1

16
· |γ − Γ|2

Re (Γγ)

|δ −∆|2

Re
(
∆δ
) |tr (PC∗A)|2 |tr (PB∗C)|2 .

SinceP, A, B, C 6= 0 then by (5.14) and (5.15) we gettr (PC∗A) 6= 0 andtr (PB∗C) 6= 0.
Now, if we take the square root in (5.17) and divide by|tr (PC∗A) tr (PB∗C)| we obtain the
desired result (5.12).

COROLLARY 5.4. Let, eitherP ∈ B+ (H) , A, B ∈ B2 or P ∈ B+
1 (H) , A, B ∈ B (H)

with P |A|2 , P |B|2 6= 0 andλ, Γ, δ, ∆ ∈ C with Re (Γγ) , Re
(
∆δ
)
> 0. If A has the trace

P -(λ,Γ)-property andB has the traceP -(δ,∆)-property, then

(5.18)

∣∣∣∣tr (PB∗A) tr (P )

tr (PA) tr (PB∗)
− 1

∣∣∣∣ ≤ 1

4
· |γ − Γ| |δ −∆|√

Re (Γγ) Re
(
∆δ
) .

The case of selfadjoint operators is useful for applications.
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REMARK 5.3. Assume thatA, B, C are selfadjoint operators. If, eitherP ∈ B+ (H) , A,
B, C ∈ B2 (H) or P ∈ B+

1 (H) , A, B, C ∈ B (H) with PA2, PB2, PC2 6= 0 andm, M,
n, N ∈ R with mM, nN > 0. If (A,C) has the traceP -(m,M)-property and(B,C) has the
traceP -(n,N)-property, then

(5.19)

∣∣∣∣ tr (PBA) tr (PC2)

tr (PCA) tr (PBC)
− 1

∣∣∣∣ ≤ 1

4
· (M −m) (N − n)√

mnMN
.

If A has the traceP -(k,K)-property andB has the traceP -(l, L)-property, then

(5.20)

∣∣∣∣tr (PBA) tr (P )

tr (PA) tr (PB)
− 1

∣∣∣∣ ≤ 1

4
· (K − k) (L− l)√

klKL
,

wherekK, lL > 0.
We observe that, if0 < k1H ≤ A ≤ K1H and0 < l1H ≤ B ≤ L1H , then by (5.21)

(5.21) |tr (PBA) tr (P )− tr (PA) tr (PB)| ≤ 1

4
· (K − k) (L− l)√

klKL
tr (PA) tr (PB)

or, equivalently

(5.22)

∣∣∣∣tr (PBA)

tr (P )
− tr (PA)

tr (P )

tr (PB)

tr (P )

∣∣∣∣ ≤ 1

4
· (K − k) (L− l)√

klKL

tr (PA)

tr (P )

tr (PB)

tr (P )
.

5.3. Applications for Convex Functions. In the paper [53] we obtained amongst other
the following reverse of the Jensen trace inequality:

Let A be a selfadjoint operator on the Hilbert spaceH and assume thatSp (A) ⊆ [m,M ]
for some scalarsm, M with m < M. If f is a continuously differentiable convex function on
[m,M ] andP ∈ B1 (H) \ {0} , P ≥ 0, then we have

0 ≤ tr (Pf (A))

tr (P )
− f

(
tr (PA)

tr (P )

)
(5.23)

≤ tr (Pf ′ (A)A)

tr (P )
− tr (PA)

tr (P )
· tr (Pf ′ (A))

tr (P )

≤


1
2
[f ′ (M)− f ′ (m)]

tr(P |A− tr(PA)
tr(P )

1H|)
tr(P )

1
2
(M −m)

tr

�
P

����f ′(A)− tr(Pf ′(A))
tr(P )

1H

����
�

tr(P )

≤


1
2
[f ′ (M)− f ′ (m)]

[
tr(PA2)

tr(P )
−
(

tr(PA)
tr(P )

)2
]1/2

1
2
(M −m)

[
tr(P [f ′(A)]2)

tr(P )
−
(

tr(Pf ′(A))
tr(P )

)2
]1/2

≤ 1

4
[f ′ (M)− f ′ (m)] (M −m) .

Let Mn (C) be the space of all square matrices of ordern with complex elements and
A ∈ Mn (C) be a Hermitian matrix such thatSp (A) ⊆ [m,M ] for some scalarsm, M with
m < M. If f is a continuously differentiable convex function on[m,M ] , then by takingP = In
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in (5.23) we get

0 ≤ tr (f (A))

n
− f

(
tr (A)

n

)
(5.24)

≤ tr (f ′ (A)A)

n
− tr (A)

n
· tr (f ′ (A))

n

≤


1
2
[f ′ (M)− f ′ (m)]

tr(|A− tr(A)
n

1H|)
n

1
2
(M −m)

tr

�����f ′(A)− tr(f ′(A))
n

1H

����
�

n

≤


1
2
[f ′ (M)− f ′ (m)]

[
tr(A2)

n
−
(

tr(A)
n

)2
]1/2

1
2
(M −m)

[
tr([f ′(A)]2)

n
−
(

tr(f ′(A))
n

)2
]1/2

≤ 1

4
[f ′ (M)− f ′ (m)] (M −m) .

The following reverse inequality also holds:

PROPOSITION5.5 (Dragomir, 2014, [59]). LetA be a selfadjoint operator on the Hilbert
spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with 0 < m < M. If f is a
continuously differentiable convex function on[m,M ] with f ′ (m) > 0 andP ∈ B1 (H) \ {0} ,
P ≥ 0, then

0 ≤ tr (Pf (A))

tr (P )
− f

(
tr (PA)

tr (P )

)
(5.25)

≤ tr (Pf ′ (A)A)

tr (P )
− tr (PA)

tr (P )
· tr (Pf ′ (A))

tr (P )

≤ 1

4
· (M −m) [f ′ (M)− f ′ (m)]√

mMf ′ (m) f ′ (M)

tr (PA)

tr (P )

tr (Pf ′ (A))

tr (P )
.

The proof follows by the inequality (5.22) and the details are omitted.
LetA ∈Mn (C) be a Hermitian matrix such thatSp (A) ⊆ [m,M ] for some scalarsm, M

with m < M. If f is a continuously differentiable convex function on[m,M ] with f ′ (m) > 0
then by takingP = In in (5.25) we get

0 ≤ tr (f (A))

n
− f

(
tr (A)

n

)
(5.26)

≤ tr (f ′ (A)A)

n
− tr (A)

n
· tr (f ′ (A))

n

≤ 1

4
· (M −m) [f ′ (M)− f ′ (m)]√

mMf ′ (m) f ′ (M)

tr (A)

n

tr (f ′ (A))

n
.

We consider the power functionf : (0,∞) → (0,∞) , f (t) = tr with t ∈ R\ {0} . For
r ∈ (−∞, 0) ∪ [1,∞), f is convex while forr ∈ (0, 1), f is concave.
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Let r ≥ 1 andA be a selfadjoint operator on the Hilbert spaceH and assume thatSp (A) ⊆
[m,M ] for some scalarsm, M with 0 < m < M. If P ∈ B+

1 (H) \ {0} , then

0 ≤ tr (PAr)

tr (P )
−
(

tr (PA)

tr (P )

)r

(5.27)

≤ r

[
tr (PAr)

tr (P )
− tr (PA)

tr (P )
· tr (PAr−1)

tr (P )

]
≤ 1

4
r
(M −m) (M r−1 −mr−1)

mr/2M r/2

tr (PA)

tr (P )

tr (PAr−1)

tr (P )
.

If we take the first and last term in (5.27) we get the inequality:

0 ≤ tr (P ) tr (PAr)

tr (PA) tr (PAr−1)
− tr (P ) [tr (PA)]r−1

tr (PAp−1) [tr (P )]r−1(5.28)

≤ 1

4
r
(M −m) (M r−1 −mr−1)

mr/2M r/2
.

Consider the convex functionf : R → (0,∞) , f (t) = exp t and letA be a selfadjoint
operator on the Hilbert spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with
0 < m < M. If P ∈ B+

1 (H) \ {0} , then using (5.25) we have

0 ≤ tr (P expA)

tr (P )
− exp

(
tr (PA)

tr (P )

)
(5.29)

≤ tr (PA expA)

tr (P )
− tr (PA)

tr (P )
· tr (P expA)

tr (P )

≤ 1

4
· (M −m) (expM − expm)√

mM exp (m+M)

tr (PA)

tr (P )

tr (P expA)

tr (P )
.

If we take the first and last term in (5.29) we get the inequality:

0 ≤ tr (P )

tr (PA)
−

[tr (P )]2 exp
(

tr(PA)
tr(P )

)
tr (PA) tr (P expA)

(5.30)

≤ 1

4
· (M −m) (expM − expm)√

mM exp (m+M)
.

6. SHISHA -M OND TYPE TRACE I NEQUALITIES

6.1. General Results.We have the following result:

THEOREM 6.1 (Dragomir, 2014, [60]). Let, eitherP ∈ B+ (H) , A, B ∈ B2 (H) or P ∈
B+

1 (H) , A, B ∈ B (H) andγ, Γ ∈ C with Γ + γ 6= 0.
(i) If (A,B) satisfies theP -(γ,Γ)-trace property, then√

tr
(
P |A|2

)
tr
(
P |B|2

)
(6.1)

≤ Re (γ + Γ) Re tr (PB∗A) + Im (γ + Γ) Im tr (PB∗A)

|Γ + γ|

+
1

4

|Γ− γ|2

|Γ + γ|
tr
(
P |B|2

)
≤ |tr (PB∗A)|+ 1

4

|Γ− γ|2

|Γ + γ|
tr
(
P |B|2

)
.
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(ii) If the transformCγ,Γ (A,B) is accretive, then the inequality (6.1) also holds.

PROOF. (i) If (A,B) satisfies theP -(γ,Γ)-trace property, then

tr

(
P

∣∣∣∣A− γ + Γ

2
B

∣∣∣∣2
)
≤ 1

4
|Γ− γ|2 tr

(
P |B|2

)
that is equivalent to

tr
(
P |A|2

)
− Re

[(
γ + Γ

)
tr (PB∗A)

]
+

1

4
|Γ + γ|2 tr

(
P |B|2

)
≤ 1

4
|Γ− γ|2 tr

(
P |B|2

)
,

which implies that

tr
(
P |A|2

)
+

1

4
|Γ + γ|2 tr

(
P |B|2

)
(6.2)

≤ Re
[(
γ + Γ

)
tr (PB∗A)

]
+

1

4
|Γ− γ|2 tr

(
P |B|2

)
.

Making use of the elementary inequality

2
√
pq ≤ p+ q, p, q ≥ 0,

we also have

(6.3) |Γ + γ|
[
tr
(
P |A|2

)
tr
(
P |B|2

)]1/2 ≤ tr
(
P |A|2

)
+

1

4
|Γ + γ|2 tr

(
P |B|2

)
.

Utilising (6.2) and (6.3) we get

|Γ + γ|
[
tr
(
P |A|2

)
tr
(
P |B|2

)]1/2
(6.4)

≤ Re
[(
γ + Γ

)
tr (PB∗A)

]
+

1

4
|Γ− γ|2 tr

(
P |B|2

)
.

Dividing by |Γ + γ| > 0 and observing that

Re
[(
γ + Γ

)
tr (PB∗A)

]
= Re (γ + Γ) Re tr (PB∗A) + Im (γ + Γ) Im tr (PB∗A)

we get the first inequality in (6.1).
The second inequality in (6.1) is obvious by Schwarz inequality

(ab+ cd)2 ≤
(
a2 + c2

) (
b2 + d2

)
, a, b, c, d ∈ R.

The (ii) is obvious from (i).

REMARK 6.1. We observe that the inequality between the first and last term in (6.1) is
equivalent to

(6.5) 0 ≤
√

tr
(
P |A|2

)
tr
(
P |B|2

)
− |tr (PB∗A)| ≤ 1

4

|Γ− γ|2

|Γ + γ|
tr
(
P |B|2

)
.

COROLLARY 6.2. Let, eitherP ∈ B+ (H) , A ∈ B2 (H) or P ∈ B+
1 (H) , A ∈ B (H) and

γ, Γ ∈ C with γ + Γ 6= 0.
(i) If A satisfies theP -(γ,Γ)-trace property, namely

(6.6) Re (tr [P (A∗ − γ1H) (Γ1H − A)]) ≥ 0

or, equivalently

(6.7) tr

(
P

∣∣∣∣A− γ + Γ

2
1H

∣∣∣∣2
)
≤ 1

4
|Γ− γ|2 tr (P ) ,
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then √
tr
(
P |A|2

)
tr (P )

(6.8)

≤
Re (γ + Γ) Re tr(PA)

tr(P )
+ Im (γ + Γ) Im tr(PA)

tr(P )

|Γ + γ|
+

1

4

|Γ− γ|2

|Γ + γ|

≤
∣∣∣∣tr (PA)

tr (P )

∣∣∣∣+ 1

4

|Γ− γ|2

|Γ + γ|
.

(ii) If the transformCγ,Γ (A) is accretive, then the inequality (6.1) also holds.
(iii) We have

(6.9) 0 ≤

√
tr
(
P |A|2

)
tr (P )

−
∣∣∣∣tr (PA)

tr (P )

∣∣∣∣ ≤ 1

4

|Γ− γ|2

|Γ + γ|
.

REMARK 6.2. The case of selfadjoint operators is as follows.
LetA, B be selfadjoint operators and eitherP ∈ B+ (H) , A, B ∈ B2 (H) or P ∈ B+

1 (H) ,
A, B ∈ B (H) andm, M ∈ R with m+M 6= 0.

(i) If (A,B) satisfies theP -(m,M)-trace property, then√
tr (PA2) tr (PB2) ≤ Re tr (PBA) +

(M −m)2

4 |M +m|
tr
(
PB2

)
(6.10)

≤ |tr (PBA)|+ (M −m)2

4 |M +m|
tr
(
PB2

)
and

0 ≤
√

tr (PA2) tr (PB2)− Re tr (PBA) ≤ (M −m)2

4 |M +m|
tr
(
PB2

)
.

(ii) If the transformCm,M (A,B) is accretive, then the inequality (6.10) also holds.
(iii) If (A−mB) (MB − A) ≥ 0, then (6.10) is valid.

COROLLARY 6.3. Let A, B be selfadjoint operators and eitherP ∈ B+ (H) , A, B ∈
B2 (H) or P ∈ B+

1 (H) , A, B ∈ B (H) andm, M ∈ R withm+M 6= 0.
(i) If (A,B) satisfies theP -(m,M)-trace property, then

(6.11)
(√

tr (PA2) +
√

tr (PB2)
)2

− tr
(
P (A+B)2) ≤ (M −m)2

4 |M +m|
tr
(
PB2

)
and

(6.12)
√

tr (PA2) +
√

tr (PB2)−
√

tr
(
P (A+B)2) ≤ √

2

2

M −m√
|M +m|

√
tr (PB2).

PROOF. Observe that(√
tr (PA2) +

√
tr (PB2)

)2

− tr
(
P (A+B)2)

= 2
(√

tr (PA2) tr (PB2)− Re tr (PBA)
)
.

Utilising (6.10) we deduce (6.11).
The inequality (6.12) follows from (6.11).
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6.2. Trace Inequalities of Grüss Type.We have the following Grüss type inequality:

THEOREM 6.4 (Dragomir, 2014, [60]). Let, eitherP ∈ B+ (H) , A, B, C ∈ B2 (H) or
P ∈ B+

1 (H) , A, B, C ∈ B (H) with P |A|2 , P |B|2 , P |C|2 6= 0 andλ, Γ, δ, ∆ ∈ C with
γ + Γ 6= 0, δ + ∆ 6= 0. If (A,C) has the traceP -(λ,Γ)-property and(B,C) has the trace
P -(δ,∆)-property, then∣∣∣∣∣ tr (PB∗A)

tr
(
P |C|2

) − tr (PC∗A)

tr
(
P |C|2

) tr (PB∗C)

tr
(
P |C|2

)∣∣∣∣∣
2

(6.13)

≤ 1

4
· |Γ− γ|2

|Γ + γ|
|∆− δ|2

|∆ + δ|

√√√√tr
(
P |A|2

)
tr
(
P |B|2

)[
tr
(
P |C|2

)]2 .

PROOF. We prove in the case thatP ∈ B+ (H) andA, B, C ∈ B2 (H) .
Making use of the Schwarz inequality for the nonnegative hermitian form〈·, ·〉2,P we have∣∣∣〈A,B〉2,P

∣∣∣2 ≤ 〈A,A〉2,P 〈B,B〉2,P

for anyA, B ∈ B2 (H).
LetC ∈ B2 (H) , C 6= 0. Define the mapping[·, ·]2,P,C : B2 (H)× B2 (H) → C by

[A,B]2,P,C := 〈A,B〉2,P ‖C‖
2
2,P − 〈A,C〉2,P 〈C,B〉2,P .

Observe that[·, ·]2,P,C is a nonnegative Hermitian form onB2 (H) and by Schwarz inequality
we also have∣∣∣〈A,B〉2,P ‖C‖

2
2,P − 〈A,C〉2,P 〈C,B〉2,P

∣∣∣2
≤
[
‖A‖2

2,P ‖C‖
2
2,P −

∣∣∣〈A,C〉2,P

∣∣∣2] [‖B‖2
2,P ‖C‖

2
2,P −

∣∣∣〈B,C〉2,P

∣∣∣2]
for anyA, B ∈ B2 (H) , namely∣∣tr (PB∗A) tr

(
P |C|2

)
− tr (PC∗A) tr (PB∗C)

∣∣2(6.14)

≤
[
tr
(
P |A|2

)
tr
(
P |C|2

)
− |tr (PC∗A)|2

]
×
[
tr
(
P |B|2

)
tr
(
P |C|2

)
− |tr (PB∗C)|2

]
,

where for the last term we used the equality
∣∣∣〈B,C〉2,P

∣∣∣2 =
∣∣∣〈C,B〉2,P

∣∣∣2 .
Since(A,C) has the traceP -(λ,Γ)-property and(B,C) has the traceP -(δ,∆) -property,

then by (6.5) we have

0 ≤
√

tr
(
P |A|2

)
tr
(
P |C|2

)
− |tr (PC∗A)| ≤ 1

4

|Γ− γ|2

|Γ + γ|
tr
(
P |C|2

)
and

0 ≤
√

tr
(
P |B|2

)
tr
(
P |C|2

)
− |tr (PC∗B)| ≤ 1

4

|∆− δ|2

|∆ + δ|
tr
(
P |C|2

)
,
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which imply

0 ≤ tr
(
P |A|2

)
tr
(
P |C|2

)
− |tr (PC∗A)|2(6.15)

≤ 1

4

|Γ− γ|2

|Γ + γ|
tr
(
P |C|2

)(√
tr
(
P |A|2

)
tr
(
P |C|2

)
+ |tr (PC∗A)|

)
≤ 1

2

|Γ− γ|2

|Γ + γ|
tr
(
P |C|2

)√
tr
(
P |A|2

)
tr
(
P |C|2

)
and

0 ≤ tr
(
P |B|2

)
tr
(
P |C|2

)
− |tr (PB∗C)|2(6.16)

≤ 1

4

|∆− δ|2

|∆ + δ|
tr
(
P |C|2

)(√
tr
(
P |B|2

)
tr
(
P |C|2

)
+ |tr (PC∗B)|

)
≤ 1

2

|∆− δ|2

|∆ + δ|
tr
(
P |C|2

)√
tr
(
P |B|2

)
tr
(
P |C|2

)
.

If we multiply the inequalities (6.15) and (6.16) we get[
tr
(
P |A|2

)
tr
(
P |C|2

)
− |tr (PC∗A)|2

]
(6.17)

×
[
tr
(
P |B|2

)
tr
(
P |C|2

)
− |tr (PB∗C)|2

]
≤ 1

4
· |Γ− γ|2

|Γ + γ|
|∆− δ|2

|∆ + δ|
tr
(
P |C|2

)√
tr
(
P |A|2

)
tr
(
P |C|2

)
× tr

(
P |C|2

)√
tr
(
P |B|2

)
tr
(
P |C|2

)
.

If we use (6.14) and (6.17) we get∣∣tr (PB∗A) tr
(
P |C|2

)
− tr (PC∗A) tr (PB∗C)

∣∣2(6.18)

≤ 1

4
· |Γ− γ|2

|Γ + γ|
|∆− δ|2

|∆ + δ|
tr
(
P |C|2

)√
tr
(
P |A|2

)
tr
(
P |C|2

)
× tr

(
P |C|2

)√
tr
(
P |B|2

)
tr
(
P |C|2

)
.

SinceP |C|2 6= 0 then by (6.18) we get the desired result (6.13).

COROLLARY 6.5. Let, eitherP ∈ B+ (H) , A, B ∈ B2 or P ∈ B+
1 (H) , A, B ∈ B (H)

with P |A|2 , P |B|2 6= 0 andλ, Γ, δ, ∆ ∈ C with γ + Γ 6= 0, δ + ∆ 6= 0. If A has the trace
P -(λ,Γ)-property andB has the traceP -(δ,∆)-property, then∣∣∣∣tr (PB∗A)

tr (P )
− tr (PA)

tr (P )

tr (PB∗)

tr (P )

∣∣∣∣2(6.19)

≤ 1

4
· |Γ− γ|2

|Γ + γ|
|∆− δ|2

|∆ + δ|

√
tr
(
P |A|2

)
tr
(
P |B|2

)
[tr (P )]2

.

The case of selfadjoint operators is useful for applications.

REMARK 6.3. Assume thatA, B, C are selfadjoint operators. If, eitherP ∈ B+ (H) , A,
B, C ∈ B2 (H) or P ∈ B+

1 (H) , A, B, C ∈ B (H) with PA2, PB2, PC2 6= 0 andm, M, n,
N ∈ R with m + M, n + N 6= 0. If (A,C) has the traceP -(m,M)-property and(B,C) has
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the traceP -(n,N)-property, then

∣∣∣∣tr (PBA)

tr (PC2)
− tr (PCA)

tr (PC2)

tr (PBC)

tr (PC2)

∣∣∣∣2(6.20)

≤ 1

4
· (M −m)2

|M +m|
(N − n)2

|N + n|

√
tr (PA2) tr (PB2)

[tr (PC2)]2
.

If A has the traceP -(k,K)-property andB has the traceP -(l, L)-property, then

∣∣∣∣tr (PBA)

tr (P )
− tr (PA)

tr (P )

tr (PB)

tr (P )

∣∣∣∣2(6.21)

≤ 1

4
· (K − k)2

|K + k|
(L− l)2

|L+ l|

√
tr (PA2) tr (PB2)

[tr (P )]2
,

wherek +K, l + L 6= 0.

6.3. Applications for Convex Functions. In the paper [53] we obtained amongst other
the following reverse of the Jensen trace inequality:

Let A be a selfadjoint operator on the Hilbert spaceH and assume thatSp (A) ⊆ [m,M ]
for some scalarsm, M with m < M. If f is a continuously differentiable convex function on
[m,M ] andP ∈ B1 (H) \ {0} , P ≥ 0, then we have

0 ≤ tr (Pf (A))

tr (P )
− f

(
tr (PA)

tr (P )

)
(6.22)

≤ tr (Pf ′ (A)A)

tr (P )
− tr (PA)

tr (P )
· tr (Pf ′ (A))

tr (P )

≤


1
2
[f ′ (M)− f ′ (m)]

tr(P |A− tr(PA)
tr(P )

1H|)
tr(P )

1
2
(M −m)

tr

�
P

����f ′(A)− tr(Pf ′(A))
tr(P )

1H

����
�

tr(P )

≤


1
2
[f ′ (M)− f ′ (m)]

[
tr(PA2)

tr(P )
−
(

tr(PA)
tr(P )

)2
]1/2

1
2
(M −m)

[
tr(P [f ′(A)]2)

tr(P )
−
(

tr(Pf ′(A))
tr(P )

)2
]1/2

≤ 1

4
[f ′ (M)− f ′ (m)] (M −m) .

Let Mn (C) be the space of all square matrices of ordern with complex elements and
A ∈ Mn (C) be a Hermitian matrix such thatSp (A) ⊆ [m,M ] for some scalarsm, M with
m < M. If f is a continuously differentiable convex function on[m,M ] , then by takingP = In
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in (6.22) we get

0 ≤ tr (f (A))

n
− f

(
tr (A)

n

)
(6.23)

≤ tr (f ′ (A)A)

n
− tr (A)

n
· tr (f ′ (A))

n

≤


1
2
[f ′ (M)− f ′ (m)]

tr(|A− tr(A)
n

1H|)
n

1
2
(M −m)

tr

�����f ′(A)− tr(f ′(A))
n

1H

����
�

n

≤


1
2
[f ′ (M)− f ′ (m)]

[
tr(A2)

n
−
(

tr(A)
n

)2
]1/2

1
2
(M −m)

[
tr([f ′(A)]2)

n
−
(

tr(f ′(A))
n

)2
]1/2

≤ 1

4
[f ′ (M)− f ′ (m)] (M −m) .

The following reverse inequality also holds:

PROPOSITION6.6 (Dragomir, 2014, [60]). LetA be a selfadjoint operator on the Hilbert
spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with m + M 6= 0. If
f is a continuously differentiable convex function on[m,M ] with f ′ (m) + f ′ (M) 6= 0 and
P ∈ B1 (H) \ {0} , P ≥ 0, then

0 ≤ tr (Pf (A))

tr (P )
− f

(
tr (PA)

tr (P )

)
(6.24)

≤ tr (Pf ′ (A)A)

tr (P )
− tr (PA)

tr (P )
· tr (Pf ′ (A))

tr (P )

≤ 1

2
· |M −m| |f ′ (M)− f ′ (m)|√

|m+M |
√
|f ′ (m) + f ′ (M)|

4

√
tr (PA2)

tr (P )

tr
(
P [f ′ (A)]2

)
tr (P )

.

The proof follows by the inequality (6.21) and the details are omitted.
Let A ∈ Mn (C) be a Hermitian matrix such thatSp (A) ⊆ [m,M ] for some scalarsm,

M with m + M 6= 0. If f is a continuously differentiable convex function on[m,M ] with
f ′ (m) + f ′ (M) 6= 0 then by takingP = In in (6.24) we get

0 ≤ tr (f (A))

n
− f

(
tr (A)

n

)
(6.25)

≤ tr (f ′ (A)A)

n
− tr (A)

n
· tr (f ′ (A))

n

≤ 1

2
· |M −m| |f ′ (M)− f ′ (m)|√

|m+M |
√
|f ′ (m) + f ′ (M)|

4

√
tr (A2)

n

tr
(
[f ′ (A)]2

)
n

.

We consider the power functionf : (0,∞) → (0,∞) , f (t) = tr with t ∈ R\ {0} . For
r ∈ (−∞, 0) ∪ [1,∞), f is convex while forr ∈ (0, 1), f is concave.
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Let r ≥ 1 andA be a selfadjoint operator on the Hilbert spaceH and assume thatSp (A) ⊆
[m,M ] for some scalarsm, M with 0 < m < M. If P ∈ B+

1 (H) \ {0} , then

0 ≤ tr (PAr)

tr (P )
−
(

tr (PA)

tr (P )

)r

(6.26)

≤ r

[
tr (PAr)

tr (P )
− tr (PA)

tr (P )
· tr (PAr−1)

tr (P )

]
≤ 1

2
r

(M −m) (M r−1 −mr−1)

(m+M)1/2 (mr−1 +M r−1)1/2

4

√
tr (PA2)

tr (P )

tr (PA2(p−1))

tr (P )
.

Consider the convex functionf : R → (0,∞) , f (t) = exp t and letA be a selfadjoint
operator on the Hilbert spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with
m < M. If P ∈ B+

1 (H) \ {0} , then using (6.24) we have

0 ≤ tr (P expA)

tr (P )
− exp

(
tr (PA)

tr (P )

)
(6.27)

≤ tr (PA expA)

tr (P )
− tr (PA)

tr (P )
· tr (P expA)

tr (P )

≤ 1

2

|M −m| (exp (M)− exp (m))√
|m+M |

√
expm+ expM

4

√
tr (PA2)

tr (P )

tr (P exp (2A))

tr (P )
.

7. SOME HÖLDER TYPE TRACE I NEQUALITIES

7.1. Some Preliminary Facts.Assume thatA, B are positive invertible operators on a
complex Hilbert space(H, 〈·, ·〉) . We use the following notation

A]νB := A1/2
(
A−1/2BA−1/2

)ν
A1/2,

for theweighted geometric mean.Whenν = 1
2
, we writeA]B for brevity.

We have the following Hölder type trace inequality:

THEOREM 7.1 (Dragomir, 2015, [68]). If A, B are positive invertible operators,p, q > 1
with 1

p
+ 1

q
= 1 andAp, Bq ∈ B1 (H) , thenBq]1/pA

p ∈ B1 (H) and

(7.1) tr
(
Bq]1/pA

p
)
≤ [tr (Ap)]1/p [tr (Bq)]1/q .

In particular, if A2, B2 ∈ B1 (H) , thenB2]A2 ∈ B1 (H) and

(7.2)
[
tr
(
B2]A2

)]2 ≤ tr
(
A2
)
tr
(
B2
)
.

PROOF. In [74], the authors obtained the following Hölder’s type inequality for the weighted
geometric mean:

(7.3)
〈
Bq]1/pA

px, x
〉
≤ 〈Apx, x〉1/p 〈Bqx, x〉1/q

for anyx ∈ H.
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Let {ei}i∈I be an orthonormal basis ofH. Then by (7.3) and Hölder’s inequality we have

tr
(
Bq]1/pA

p
)

=
∑
i∈I

〈
Bq]1/pA

pei, ei

〉
≤
∑
i∈I

〈Apei, ei〉1/p 〈Bqei, ei〉1/q

≤

(∑
i∈I

[
〈Apei, ei〉1/p

]p)1/p(∑
i∈I

[
〈Bqei, ei〉1/q

]q)1/q

=

(∑
i∈I

〈Apei, ei〉

)1/p(∑
i∈I

〈Bqei, ei〉

)1/q

= [tr (Ap)]1/p [tr (Bq)]1/q ,

which proves the desired inequality (7.1).

COROLLARY 7.2. If Ak, Bk are positive invertible operators,p, q > 1 with 1
p

+ 1
q

= 1 and
Ap

k, B
q
k ∈ B1 (H) for k ∈ {1, ..., n} , thenBq

k]1/pA
p
k ∈ B1 (H) for k ∈ {1, ..., n} and for any

pk ≥ 0, k ∈ {1, ..., n} we have

(7.4) tr

(
n∑

k=1

pkB
q
k]1/pA

p
k

)
≤

(
tr

(
n∑

k=1

pkA
p
k

))1/p(
tr

(
n∑

k=1

pkB
q
k

))1/q

.

In particular, if A2
k, B

2
k ∈ B1 (H) for k ∈ {1, ..., n} thenB2

k]A
2
k ∈ B1 (H) for k ∈ {1, ..., n}

and for anypk ≥ 0, k ∈ {1, ..., n} we have

(7.5)

[
tr

(
n∑

k=1

pkB
2
k]A

2
k

)]2

≤ tr

(
n∑

k=1

pkA
2
k

)
tr

(
n∑

k=1

pkB
2
k

)
.

PROOF. Using Hölder’s weighted discrete inequality we have

tr

(
n∑

k=1

pkB
q
k]1/pA

p
k

)
=

n∑
k=1

pk tr
(
Bq

k]1/pA
p
k

)
≤

n∑
k=1

pk [tr (Ap
k)]

1/p [tr (Bq
k)]

1/q

≤

(
n∑

k=1

pk

(
[tr (Ap

k)]
1/p
)p
)1/p( n∑

k=1

pk

(
[tr (Bq

k)]
1/q
)q
)1/q

=

(
n∑

k=1

pk tr (Ap
k)

)1/p( n∑
k=1

pk tr (Bq
k)

)1/q

=

(
tr

(
n∑

k=1

pkA
p
k

))1/p(
tr

(
n∑

k=1

pkB
q
k

))1/q

and the inequality (7.4) is proved.

THEOREM 7.3 (Dragomir, 2015, [68]). If A, B are positive invertible operators,p, q > 1
with 1

p
+ 1

q
= 1 andC ∈ B1 (H) , C ≥ 0 thenCAp, CBq, C

(
Bq]1/pA

p
)
∈ B1 (H) and

(7.6) tr
(
C
(
Bq]1/pA

p
))
≤ [tr (CAp)]1/p [tr (CBq)]1/q .

In particular, if C ∈ B1 (H) , thenCA2, CB2, C (B2]A2) ∈ B1 (H) and

(7.7)
[
tr
(
C
(
B2]A2

))]2 ≤ tr
(
CA2

)
tr
(
CB2

)
.
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PROOF. From the inequality (7.3) we have〈
Bq]1/pA

pC1/2x,C1/2x
〉
≤
〈
ApC1/2x,C1/2x

〉1/p 〈
BqC1/2x,C1/2x

〉1/q

for anyx ∈ H, which is equivalent to

(7.8)
〈
C1/2Bq]1/pA

pC1/2x, x
〉
≤
〈
C1/2ApC1/2x, x

〉1/p 〈
C1/2BqC1/2x, x

〉1/q

for anyx ∈ H.
Let {ei}i∈I be an orthonormal basis ofH. Then by (7.8) and Hölder’s inequality we have

tr
(
C
(
Bq]1/pA

p
))

= tr
(
C1/2

(
Bq]1/pA

p
)
C1/2

)
=
∑
i∈I

〈
C1/2

(
Bq]1/pA

p
)
C1/2ei, ei

〉
≤
∑
i∈I

〈
C1/2ApC1/2ei, ei

〉1/p 〈
C1/2BqC1/2ei, ei

〉1/q

≤

(∑
i∈I

[〈
C1/2ApC1/2ei, ei

〉1/p
]p)1/p(∑

i∈I

[〈
C1/2BqC1/2ei, ei

〉1/q
]q)1/q

=

(∑
i∈I

〈
C1/2ApC1/2ei, ei

〉)1/p(∑
i∈I

〈
C1/2BqC1/2ei, ei

〉)1/q

=
[
tr
(
C1/2ApC1/2

)]1/p [
tr
(
C1/2BqC1/2

)]1/q
= [tr (CAp)]1/p [tr (CBq)]1/q ,

which proves the desired result (7.6).

COROLLARY 7.4. If Ak, Bk are positive invertible operators,p, q > 1 with 1
p

+ 1
q

= 1

andCk ∈ B1 (H) , Ck ≥ 0 for k ∈ {1, ..., n} thenCkA
p
k, CkB

q
k, Ck

(
Bq

k]1/pA
p
k

)
∈ B1 (H) for

k ∈ {1, ..., n} and we have

(7.9) tr

(
n∑

k=1

Ck

(
Bq

k]1/pA
p
k

))
≤

(
tr

(
n∑

k=1

CkA
p
k

))1/p(
tr

(
n∑

k=1

CkB
q
k

))1/q

.

In particular,CkA
2
k, CkB

2
k, Ck (B2

k]A
2
k) ∈ B1 (H) for k ∈ {1, ..., n} and we have

(7.10)

[
tr

(
n∑

k=1

Ck

(
B2

k]A
2
k

))]2

≤ tr

(
n∑

k=1

CkA
2
k

)
tr

(
n∑

k=1

CkB
2
k

)
.

The proof follows by (7.6) on making use of a similar argument to the one in the proof of
Corollary 7.2.

7.1.1. Some Reverse Vector Inequalities.We have the following reverse of Hölder’s vector
inequality for operators:

THEOREM7.5 (Dragomir, 2015, [68]). LetA andB be two positive invertible operators,p,
q > 1 with 1

p
+ 1

q
= 1 andm, M > 0 such that

(7.11) mpBq ≤ Ap ≤MpBq.

Then

(7.12) 〈Apx, x〉1/p 〈Bqx, x〉1/q ≤ exp

[
1

2pq

((
M

m

)p

− 1

)2
] 〈
Bq]1/pA

px, x
〉

for anyx ∈ H.
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PROOF. In [57] we proved the following double inequality that provides a refinement and a
reverse of thearithmetic mean - geometric meaninequality:

(7.13) exp

[
1

2
ν (1− ν)

(
1− min {a, b}

max {a, b}

)2
]
≤ (1− ν) a+ νb

a1−νbν

≤ exp

[
1

2
ν (1− ν)

(
max {a, b}
min {a, b}

− 1

)2
]

for anya, b > 0 andν ∈ [0, 1] .
If a, b ∈ [t, T ] ⊂ (0,∞) and since

0 <
max {a, b}
min {a, b}

− 1 ≤ T

t
− 1,

hence (
max {a, b}
min {a, b}

− 1

)2

≤
(
T

t
− 1

)2

.

Therefore, by (7.13) we get

(7.14) (1− ν) a+ νb ≤ a1−νbν exp

[
1

2
ν (1− ν)

(
T

t
− 1

)2
]
,

for anya, b ∈ [t, T ] andν ∈ (0, 1) .
Now, if C is an operator withtI ≤ C ≤ TI then forp > 1 we havetpI ≤ Cp ≤ T pI.

Using the functional calculus we get from (7.14) forν = 1
p

that(
1− 1

p

)
d+

1

p
Cp ≤ exp

[
1

2pq

((
T

t

)p

− 1

)2
]
d1− 1

pC,

namely, the vector inequality,

(7.15)

(
1− 1

p

)
d+

1

p
〈Cpy, y〉 ≤ exp

[
1

2pq

((
T

t

)p

− 1

)2
]
d1− 1

p 〈Cy, y〉 ,

for anyy ∈ H, ‖y‖ = 1 andd ∈ [tp, T p] .
Sinced = 〈Cpy, y〉 ∈ [tp, T p] for anyy ∈ H, ‖y‖ = 1, hence by (7.15) we have(

1− 1

p

)
〈Cpy, y〉+

1

p
〈Cpy, y〉

≤ exp

[
1

2pq

((
T

t

)p

− 1

)2
]
〈Cpy, y〉1−

1
p 〈Cy, y〉 ,

that is equivalent to

〈Cpy, y〉 ≤ exp

[
1

2pq

((
T

t

)p

− 1

)2
]
〈Cpy, y〉1−

1
p 〈Cy, y〉 ,

and by division with〈Cpy, y〉1−
1
p > 0, y ∈ H, ‖y‖ = 1, to

(7.16) 〈Cpy, y〉1/p ≤ exp

[
1

2pq

((
T

t

)p

− 1

)2
]
〈Cy, y〉 .
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If z ∈ H with z 6= 0, then by takingy = z
‖z‖ in (7.16) we get

(7.17) 〈Cpz, z〉1/p 〈z, z〉1/q ≤ exp

[
1

2pq

((
T

t

)p

− 1

)2
]
〈Cz, z〉 ,

for anyz ∈ H.
Now, from (7.11) by multiplying both sides withB− q

2 we havempI ≤ B− q
2ApB− q

2 ≤MpI

and by taking the power1
p

we getmI ≤
(
B− q

2ApB− q
2

) 1
p ≤MI.

By writing the inequality (7.17) forC =
(
B− q

2ApB− q
2

) 1
p , t = m, T = M andz = B

q
2x,

with x ∈ H, we have〈
B− q

2ApB− q
2B

q
2x,B

q
2x
〉1/p 〈

B
q
2x,B

q
2x
〉1/q

≤ exp

[
1

2pq

((
M

m

)p

− 1

)2
]〈(

B− q
2ApB− q

2

) 1
p
B

q
2x,B

q
2x

〉
,

namely

〈Apx, x〉1/p 〈Bqx, x〉1/q

≤ exp

[
1

2pq

((
M

m

)p

− 1

)2
]〈

B
q
2

(
B− q

2ApB− q
2

) 1
p
B

q
2x, x

〉
,

for anyx ∈ H, and the inequality (7.12) is proved.

REMARK 7.1. We observe, forA andB two positive invertible operators, that the condition
(7.11) is equivalent to following condition

(7.18) mI ≤
(
B− q

2ApB− q
2

) 1
p ≤MI.

If we assume thatrBq ≤ Ap ≤ RBq, then by (7.12) we have the inequality

(7.19) 〈Apx, x〉1/p 〈Bqx, x〉1/q ≤ exp

[
1

2pq

(
R

r
− 1

)2
] 〈
Bq]1/pA

px, x
〉

for anyx ∈ H.

The following particular case is related to Schwarz’s trace inequality:

COROLLARY 7.6. LetA andB be two positive invertible operators andm, M > 0 such
that

(7.20) mI ≤
(
B−1A2B−1

) 1
2 ≤MI,

then we have

(7.21)
〈
A2x, x

〉1/2 〈
B2x, x

〉1/2 ≤ exp

1

8

((
M

m

)2

− 1

)2
〈A2]B2x, x

〉
for anyx ∈ H.

Under more suitable conditions for the operators involved, we have:
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COROLLARY 7.7. Assume thatA andB satisfy the conditions

(7.22) m1I ≤ A ≤M1I, m2I ≤ B ≤M2I

for some0 < m1 < M1 and0 < m2 < M2. Then we have

〈Apx, x〉1/p 〈Bqx, x〉1/q(7.23)

≤ exp

[
1

2pq

((
M1

m1

)p(
M2

m2

)q

− 1

)2
] 〈
Bq]1/pA

px, x
〉
,

for anyx ∈ H.
In particular, we have

(7.24)
〈
A2x, x

〉1/2 〈
B2x, x

〉1/2 ≤ exp

1

8

((
M1M2

m1m2

)2

− 1

)2
〈A2]B2x, x

〉
,

for anyx ∈ H.

8. REFINEMENTS AND REVERSES OF YOUNG I NEQUALITY

8.1. Trace Inequalities Via Kittaneh-Manasrah Results.Kittaneh and Manasrah [95],
[96] provided a refinement and a reverse forYoung’s inequalityas follows:

(8.1) r
(√

a−
√
b
)2

≤ (1− ν) a+ νb− a1−νbν ≤ R
(√

a−
√
b
)2

,

wherea, b > 0, ν ∈ [0, 1], r = min {1− ν, ν} andR = max {1− ν, ν} . The caseν = 1
2

reduces (8.1) to an identity.
We can give a simple direct proof for (8.1) as follows. Recall the following result obtained

by the author in 2006 [37] that provides a refinement and a reverse for the weighted Jensen’s
discrete inequality:

n min
j∈{1,2,...,n}

{pj}

[
1

n

n∑
j=1

Φ (xj)− Φ

(
1

n

n∑
j=1

xj

)]
(8.2)

≤ 1

Pn

n∑
j=1

pjΦ (xj)− Φ

(
1

Pn

n∑
j=1

pjxj

)

≤ n max
j∈{1,2,...,n}

{pj}

[
1

n

n∑
j=1

Φ (xj)− Φ

(
1

n

n∑
j=1

xj

)]
,

whereΦ : C → R is a convex function defined on convex subsetC of the linear space
X, {xj}j∈{1,2,...,n} are vectors inC and{pj}j∈{1,2,...,n} are nonnegative numbers withPn =

∑n
j=1 pj >

0. Forn = 2, we deduce from (8.2) that

2 min {ν, 1− ν}
[
Φ(x) + Φ(y)

2
− Φ

(
x+ y

2

)]
(8.3)

≤ νΦ (x) + (1− ν) Φ (y)− Φ [νx+ (1− ν) y]

≤ 2 max {ν, 1− ν}
[
Φ(x) + Φ(y)

2
− Φ

(
x+ y

2

)]
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for anyx, y ∈ R andν ∈ [0, 1]. If we takeΦ (x) = exp (x), then we get from (8.3)

2 min {ν, 1− ν}
[
exp (x) + exp (y)

2
− exp

(
x+ y

2

)]
(8.4)

≤ ν exp(x) + (1− ν) exp(y)− exp [νx+ (1− ν) y]

≤ 2 max {ν, 1− ν}
[
exp (x) + exp (y)

2
− exp

(
x+ y

2

)]

for anyx, y ∈ R andν ∈ [0, 1]. Further, denoteexp(x) = a, exp(y) = b with a, b > 0, then
from (8.4) we obtain the inequality (8.1).

We have:

THEOREM 8.1 (Dragomir, 2015, [66]). Let A, B be two positive operators andP, Q ∈
B1 (H) with P, Q > 0. Then for anyν ∈ [0, 1] we have

r

(
tr (PA)

tr (P )
− 2

tr
(
PA1/2

)
tr (P )

tr
(
QB1/2

)
tr (Q)

+
tr (QB)

tr (Q)

)
(8.5)

≤ (1− ν)
tr (PA)

tr (P )
+ ν

tr (QB)

tr (Q)
− tr (PA1−ν)

tr (P )

tr (QBν)

tr (Q)

≤ R

(
tr (PA)

tr (P )
− 2

tr
(
PA1/2

)
tr (P )

tr
(
QB1/2

)
tr (Q)

+
tr (QB)

tr (Q)

)
,

wherer = min {1− ν, ν} andR = max {1− ν, ν} .

PROOF. Fix b > 0, and by using the functional calculus for the operatorA, we have from
(8.1) that

r
(
〈Ax, x〉 − 2

√
b
〈
A1/2x, x

〉
+ b 〈x, x〉

)
(8.6)

≤ (1− ν) 〈Ax, x〉+ νb 〈x, x〉 − bν
〈
A1−νx, x

〉
≤ R

(
〈Ax, x〉 − 2

√
b
〈
A1/2x, x

〉
+ b 〈x, x〉

)
for anyx ∈ H.

Now, fix x ∈ H \ {0} . Then by using the functional calculus for the operatorB, we have
by (8.6) that

r
(
〈Ax, x〉 ‖y‖2 − 2

〈
A1/2x, x

〉 〈
B1/2y, y

〉
+ ‖x‖2 〈By, y〉

)
(8.7)

≤ (1− ν) 〈Ax, x〉 ‖y‖2 + ν ‖x‖2 〈By, y〉 − 〈Bνy, y〉
〈
A1−νx, x

〉
≤ R

(
〈Ax, x〉 ‖y‖2 − 2

〈
A1/2x, x

〉 〈
B1/2y, y

〉
+ ‖x‖2 〈By, y〉

)
for anyx, y ∈ H andν ∈ [0, 1] .

This inequality is of interest in itself as well.
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Now, letx = P 1/2e, y = Q1/2f wheree, f ∈ H. Then by (8.7) we get

r
(〈
P 1/2AP 1/2e, e

〉
〈Qf, f〉(8.8)

− 2
〈
P 1/2A1/2P 1/2e, e

〉 〈
Q1/2B1/2Q1/2f, f

〉
+ 〈Pe, e〉

〈
Q1/2BQ1/2f, f

〉)
≤ (1− ν)

〈
P 1/2AP 1/2e, e

〉
〈Qf, f〉+ ν 〈Pe, e〉

〈
Q1/2BQ1/2f, f

〉
−
〈
P 1/2A1−νP 1/2e, e

〉 〈
Q1/2BνQ1/2f, f

〉
≤ R

(〈
P 1/2AP 1/2e, e

〉
〈Qf, f〉

− 2
〈
P 1/2A1/2P 1/2e, e

〉 〈
Q1/2B1/2Q1/2f, f

〉
+ 〈Pe, e〉

〈
Q1/2BQ1/2f, f

〉)
for anye, f ∈ H.

Let {ei}i∈I and{fj}j∈J be two orthonormal bases ofH. If we take in (8.8)e = ei, i ∈ I
andf = fj, j ∈ J and summing overi ∈ I andj ∈ J, then we get

r

(∑
i∈I

〈
P 1/2AP 1/2ei, ei

〉∑
j∈J

〈Qfj, fj〉(8.9)

− 2
∑
i∈I

〈
P 1/2A1/2P 1/2ei, ei

〉∑
j∈J

〈
Q1/2B1/2Q1/2fj, fj

〉
+
∑
i∈I

〈Pei, ei〉
∑
j∈J

〈
Q1/2BQ1/2fj, fj

〉)
≤ (1− ν)

∑
i∈I

〈
P 1/2AP 1/2ei, ei

〉∑
j∈J

〈Qfj, fj〉

+ ν
∑
i∈I

〈Pei, ei〉
∑
j∈J

〈
Q1/2BQ1/2fj, fj

〉
−
∑
i∈I

〈
P 1/2A1−νP 1/2ei, ei

〉∑
j∈J

〈
Q1/2BνQ1/2fj, fj

〉
≤ R

(∑
i∈I

〈
P 1/2AP 1/2ei, ei

〉∑
j∈J

〈Qfj, fj〉

− 2
∑
i∈I

〈
P 1/2A1/2P 1/2ei, ei

〉∑
j∈J

〈
Q1/2B1/2Q1/2fj, fj

〉
+
∑
i∈I

〈Pei, ei〉
∑
j∈J

〈
Q1/2BQ1/2fj, fj

〉)
.

Using the properties of the trace we get

r
(
tr (PA) tr (Q)− 2 tr

(
PA1/2

)
tr
(
QB1/2

)
+ tr (P ) tr (QB)

)
≤ (1− ν) tr (PA) tr (Q) + ν tr (P ) tr (QB)− tr

(
PA1−ν

)
tr (QBν)

≤ R
(
tr (PA) tr (Q)− 2 tr

(
PA1/2

)
tr
(
QB1/2

)
+ tr (P ) tr (QB)

)
and the inequality (8.5) is proved.
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COROLLARY 8.2. LetA be a positive operator andP ∈ B1 (H) with P > 0. Then for any
ν ∈ [0, 1] we have

2r

tr (PA)

tr (P )
−

(
tr
(
PA1/2

)
tr (P )

)2
 ≤ tr (PA)

tr (P )
− tr (PA1−ν)

tr (P )

tr (PAν)

tr (P )
(8.10)

≤ 2R

tr (PA)

tr (P )
−

(
tr
(
PA1/2

)
tr (P )

)2
 ,

wherer = min {1− ν, ν} andR = max {1− ν, ν} .

REMARK 8.1. If P, Q are positive invertible operators withP, Q ∈ B1 (H) , then by (8.10)
for A = P−1/2QP−1/2 we get

2r

(
tr (Q)

tr (P )
−
(

tr (P]Q)

tr (P )

)2
)
≤ tr (Q)

tr (P )
− tr (P]1−νQ)

tr (P )

tr (P]νQ)

tr (P )
(8.11)

≤ 2R

(
tr (Q)

tr (P )
−
(

tr (P]Q)

tr (P )

)2
)
,

where the operator weighted geometric mean is defined as

(8.12) A]νB := A1/2
(
A−1/2BA−1/2

)ν
A1/2.

Whenν = 1
2
, we writeA]B for brevity.

COROLLARY 8.3. LetA, B two positive operators andP, Q ∈ B1 (H) withP, Q > 0. If p,
q > 1 with 1

p
+ 1

q
= 1, then we have

t

(
tr (PAp)

tr (P )
− 2

tr
(
PAp/2

)
tr (P )

tr
(
QBq/2

)
tr (Q)

+
tr (QBq)

tr (Q)

)
(8.13)

≤ 1

p

tr (PAp)

tr (P )
+

1

q

tr (QBq)

tr (Q)
− tr (PA)

tr (P )

tr (QB)

tr (Q)

≤ T

(
tr (PAp)

tr (P )
− 2

tr
(
PAp/2

)
tr (P )

tr
(
QBq/2

)
tr (Q)

+
tr (QBq)

tr (Q)

)
,

wheret = min
{

1
p
, 1

q

}
andT = max

{
1
p
, 1

q

}
.

The proof follows by (8.5) on replacingA with Ap, B with Bq andν = 1
q
.

REMARK 8.2. If P, Q, S, V are positive invertible operators withP, Q, S, V ∈ B1 (H) ,
then by (8.13) we get forA = P−1/2SP−1/2 andB = Q−1/2V Q−1/2 that

t

(
tr (P]pS)

tr (P )
− 2

tr
(
P]p/2S

)
tr (P )

tr
(
Q]q/2V

)
tr (Q)

+
tr (Q]qV )

tr (Q)

)
(8.14)

≤ 1

p

tr (P]pS)

tr (P )
+

1

q

tr (Q]qV )

tr (Q)
− tr (S)

tr (P )

tr (V )

tr (Q)

≤ T

(
tr (P]pS)

tr (P )
− 2

tr
(
P]p/2S

)
tr (P )

tr
(
Q]q/2V

)
tr (Q)

+
tr (Q]qV )

tr (Q)

)
,
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wheret = min
{

1
p
, 1

q

}
andT = max

{
1
p
, 1

q

}
.

In particular, if we take in (8.14)S = Q andV = P, then we get

t

(
tr (P]pQ)

tr (P )
− 2

tr
(
P]p/2Q

)
tr (P )

tr
(
Q]q/2P

)
tr (Q)

+
tr (Q]qP )

tr (Q)

)
(8.15)

≤ 1

p

tr (P]pQ)

tr (P )
+

1

q

tr (Q]qP )

tr (Q)
− 1

≤ T

(
tr (P]pQ)

tr (P )
− 2

tr
(
P]p/2Q

)
tr (P )

tr
(
Q]q/2P

)
tr (Q)

+
tr (Q]qP )

tr (Q)

)
,

wheret = min
{

1
p
, 1

q

}
andT = max

{
1
p
, 1

q

}
.

8.2. Trace Inequalities Via Liao-Wu-Zhao and Zuo-Shi-Fujii Results. We consider the
Kantorovich’s ratiodefined by

(8.16) K (h) :=
(h+ 1)2

4h
, h > 0.

The functionK is decreasing on(0, 1) and increasing on[1,∞) , K (h) ≥ 1 for anyh > 0 and
K (h) = K

(
1
h

)
for anyh > 0.

The following multiplicative refinement and reverse of Young inequality in terms of Kan-
torovich’s ratio holds

(8.17) Kr
(a
b

)
a1−νbν ≤ (1− ν) a+ νb ≤ KR

(a
b

)
a1−νbν ,

wherea, b > 0, ν ∈ [0, 1], r = min {1− ν, ν} andR = max {1− ν, ν} .
The first inequality in (8.17) was obtained by Zuo et al. in [140] while the second by Liao

et al. [99].
We can give a simple direct proof for (8.17) as follows.
Indeed, if we write the inequality (8.3) for the convex functionΦ (x) = − lnx, and for the

positive numbersa andb we get

2 min {ν, 1− ν}
[
ln

(
a+ b

2

)
− ln a+ ln b

2

]
≤ ln [νb+ (1− ν) a]− (1− ν) ln a− ν ln b

≤ 2 max {ν, 1− ν}
[
ln

(
a+ b

2

)
− ln a+ ln b

2

]
that is equivalent to

min {ν, 1− ν} ln

(
a+ b

2
√
ab

)2

≤ ln

[
νb+ (1− ν) a

a1−νbν

]
≤ max {ν, 1− ν} ln

(
a+ b

2
√
ab

)2

and to (8.17), as stated.
If a ∈ [m1,M1] andb ∈ [m2,M2] with 0 < m1 < M1, 0 < m2 < M2 then

m1

M2

≤ a

b
≤ M1

m2

.
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Denote

m =: min
(a,b)∈[m1,M1]×[m2,M2]

K
(a
b

)
andM =: max

(a,b)∈[m1,M1]×[m2,M2]
K
(a
b

)
.

Taking into account the properties of Kantorovich’s ratio we have

(8.18) m :=



K
(

M1

m2

)
> 1 if M1

m2
< 1,

1 if m1

M2
≤ 1 ≤ M1

m2
,

K
(

m1

M2

)
> 1 if 1 < m1

M2
,

=



K
(

m2

M1

)
> 1 if M1

m2
< 1,

1 if m1

M2
≤ 1 ≤ M1

m2
,

K
(

M2

m1

)
> 1 if 1 < m1

M2

and

M :=



K
(

m1

M2

)
> 1 if M1

m2
< 1,

max
{
K
(

m1

M2

)
, K
(

M1

m2

)}
> 1 if m1

M2
≤ 1 ≤ M1

m2
,

K
(

M1

m2

)
> 1 if 1 < m1

M2
,

(8.19)

=



K
(

M2

m1

)
> 1 if M1

m2
< 1,

max
{
K
(

M2

m1

)
, K
(

M1

m2

)}
> 1 if m1

M2
≤ 1 ≤ M1

m2
,

K
(

M1

m2

)
> 1 if 1 < m1

M2
.

We have the following result:

THEOREM 8.4 (Dragomir, 2015, [66]). LetA, B be two operators such that

(8.20) 0 < m1I ≤ A < M1I, 0 < m2I ≤ B ≤M2I

andP, Q ∈ B1 (H) with P, Q > 0. Then for anyν ∈ [0, 1] , we have form, M as defined by
(8.18) and (8.19) that

mr tr (PA1−ν)

tr (P )

tr (QBν)

tr (Q)
≤ (1− ν)

tr (PA)

tr (P )
+ ν

tr (QB)

tr (Q)
(8.21)

≤MR tr (PA1−ν)

tr (P )

tr (QBν)

tr (Q)
,

wherer = min {1− ν, ν} andR = max {1− ν, ν} .
In particular, we have

m1/2 tr
(
PA1/2

)
tr (P )

tr
(
QB1/2

)
tr (Q)

≤ 1

2

[
tr (PA)

tr (P )
+

tr (QB)

tr (Q)

]
(8.22)

≤M1/2 tr
(
PA1/2

)
tr (P )

tr
(
QB1/2

)
tr (Q)

.

PROOF. From (8.17) we have

(8.23) mra1−νbν ≤ (1− ν) a+ νb ≤MRa1−νbν ,

wherea ∈ [m1,M1] , b ∈ [m2,M2] andν ∈ [0, 1].

AJMAA, Vol. 19 (2022), No. 1, Art. 1, 202 pp. AJMAA

https://ajmaa.org


80 SILVESTRU SEVER DRAGOMIR

Using the functional calculus for the operatorA, we have

(8.24) mrbν
〈
A1−νx, x

〉
≤ (1− ν) 〈Ax, x〉+ νb ‖x‖2 ≤MRbν

〈
A1−νx, x

〉
,

for anyx ∈ H, b ∈ [m2,M2] andν ∈ [0, 1].
Using the functional calculus forB we get from (8.24) that

mr
〈
A1−νx, x

〉
〈Bνy, y〉 ≤ (1− ν) 〈Ax, x〉 ‖y‖2 + ν ‖x‖2 〈By, y〉(8.25)

≤MR
〈
A1−νx, x

〉
〈Bνy, y〉 ,

for anyx, y ∈ H andν ∈ [0, 1].
This is an inequality of interest in itself as well.
Further, letx = P 1/2e, y = Q1/2f wheree, f ∈ H. Then by (8.25) we have

mr
〈
P 1/2A1−νP 1/2e, e

〉 〈
Q1/2BνQ1/2f, f

〉
(8.26)

≤ (1− ν)
〈
P 1/2AP 1/2e, e

〉
〈Qf, f〉+ ν 〈Pe, e〉

〈
Q1/2BQ1/2f, f

〉
≤MR

〈
P 1/2A1−νP 1/2e, e

〉 〈
Q1/2BνQ1/2f, f

〉
,

for anye, f ∈ H andν ∈ [0, 1].
Now, on making use of a similar argument as in the proof of Theorem 8.1, we get the desired

result (8.21).

REMARK 8.3. LetA, B be two operators such that the condition (8.20) is valid andP ∈
B1 (H) with P > 0. Then for anyν ∈ [0, 1] , we have form, M as defined by (8.18) and (8.19)
that

mr tr (PA1−ν)

tr (P )

tr (PBν)

tr (P )
≤ tr (P [(1− ν)A+ νB])

tr (P )
(8.27)

≤MR tr (PA1−ν)

tr (P )

tr (PBν)

tr (P )
,

wherer = min {1− ν, ν} andR = max {1− ν, ν} .
In particular, we have

m1/2 tr
(
PA1/2

)
tr (P )

tr
(
PB1/2

)
tr (P )

≤
tr
(
P
(

A+B
2

))
tr (P )

(8.28)

≤M1/2 tr
(
PA1/2

)
tr (P )

tr
(
PB1/2

)
tr (P )

.

For0 < m1 < M1, 0 < m2 < M2 andp, q > 1 with 1
p

+ 1
q

= 1 we define

(8.29) mp,q :=



K
(

Mp
1

mq
2

)
> 1 if Mp

1

mq
2
< 1,

1 if mp
1

Mq
2
≤ 1 ≤ Mp

1

mq
2
,

K
(

Mq
2

mp
1

)
> 1 if 1 <

mp
1

Mq
2
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and

(8.30) Mp,q :=



K
(

Mq
2

mp
1

)
> 1 if Mp

1

mq
2
< 1,

max
{
K
(

Mq
2

mp
1

)
, K
(

Mp
1

mq
2

)}
> 1 if mp

1

Mq
2
≤ 1 ≤ Mp

1

mq
2
,

K
(

Mp
1

mq
2

)
> 1 if 1 <

mp
1

Mq
2
.

COROLLARY 8.5. LetA, B be two operators such that (8.20) is valid andP, Q ∈ B1 (H)
with P, Q > 0. Then for anyp, q > 1 with 1

p
+ 1

q
= 1 we have formp,q, Mp,q as defined by

(8.29) and (8.30) that

mt
p,q

tr (PA)

tr (P )

tr (QB)

tr (Q)
≤ 1

p

tr (PAp)

tr (P )
+

1

q

tr (QBq)

tr (Q)
(8.31)

≤MT
p,q

tr (PA)

tr (P )

tr (QB)

tr (Q)
,

wheret = min
{

1
p
, 1

q

}
andT = max

{
1
p
, 1

q

}
.

PROOF. From (8.20) we have

0 < mp
1I ≤ Ap < Mp

1 I, 0 < mq
2I ≤ Bq ≤M q

2 I.

By replacingA byAp, B byBq andν = 1
q

in (8.21) then we get the desired result (8.31).

REMARK 8.4. If we takeQ = P in (8.31), then we get

mt
p,q

tr (PA)

tr (P )

tr (PB)

tr (P )
≤

tr
[
P
(

1
p
Ap + 1

q
Bq
)]

tr (P )
(8.32)

≤MT
p,q

tr (PA)

tr (P )

tr (PB)

tr (P )
.

Forp = q = 2 we consider

(8.33) m̃2 :=



K

[(
M1

m2

)2
]
> 1 if M1

m2
< 1,

1 if m1

M2
≤ 1 ≤ M1

m2
,

K

[(
M2

m1

)2
]
> 1 if 1 < m1

M2

and

(8.34) M̃2 :=



K

[(
M2

m1

)2
]
> 1 if M1

m2
< 1,

max

{
K

[(
M2

m1

)2
]
, K

[(
M1

m2

)2
]}

> 1 if m1

M2
≤ 1 ≤ M1

m2
,

K

[(
M1

m2

)2
]
> 1 if 1 < m1

M2
.
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COROLLARY 8.6. LetA, B be two operators such that (8.20) is valid andP, Q ∈ B1 (H)
with P, Q > 0. Then form̃2, M̃2 as defined by (8.33) and (8.34) we have that

m̃
1/2
2

tr (PA)

tr (P )

tr (QB)

tr (Q)
≤ 1

p

tr (PA2)

tr (P )
+

1

q

tr (QB2)

tr (Q)
(8.35)

≤ M̃
1/2
2

tr (PA)

tr (P )

tr (QB)

tr (Q)
.

In particular,

(8.36) m̃
1/2
2

tr (PA)

tr (P )

tr (PB)

tr (P )
≤

tr
[
P
(

A2+B2

2

)]
tr (P )

≤ M̃
1/2
2

tr (PA)

tr (P )

tr (PB)

tr (P )
.

COROLLARY 8.7. If P, Q, S, V are positive invertible operators withP, Q, S, V ∈ B1 (H)
and for0 < m1 < M1, 0 < m2 < M2,

(8.37) 0 < m1P ≤ S ≤M1P, 0 < m2Q ≤ V ≤M2Q.

Then for anyν ∈ [0, 1] , we have form, M as defined by (8.18) and (8.19) that

mr tr (P]1−νS)

tr (P )

tr (Q]νV )

tr (Q)
≤ (1− ν)

tr (S)

tr (P )
+ ν

tr (V )

tr (Q)
(8.38)

≤MR tr (P]1−νS)

tr (P )

tr (Q]νV )

tr (Q)
,

wherer = min {1− ν, ν} andR = max {1− ν, ν} .
In particular, we have

m1/2 tr (P]S)

tr (P )

tr (Q]V )

tr (Q)
≤ 1

2

[
tr (S)

tr (P )
+

tr (V )

tr (Q)

]
(8.39)

≤M1/2 tr (P]S)

tr (P )

tr (Q]V )

tr (Q)
.

PROOF. From (8.37) we have

0 < m1 ≤ P−1/2SP−1/2 ≤M1, 0 < m2 ≤ Q−1/2V Q−1/2 ≤M2.

If we use the inequality (8.21) forA = P−1/2SP−1/2 andB = Q−1/2V Q−1/2 then

mr
tr
(
P
(
P−1/2SP−1/2

)1−ν
)

tr (P )

tr
(
Q
(
Q−1/2V Q−1/2

)ν)
tr (Q)

≤ (1− ν)
tr
(
PP−1/2SP−1/2

)
tr (P )

+ ν
tr
(
QQ−1/2V Q−1/2

)
tr (Q)

≤MR
tr
(
P
(
P−1/2SP−1/2

)1−ν
)

tr (P )

tr
(
Q
(
Q−1/2V Q−1/2

)ν)
tr (Q)

,

which, by the properties of trace, is equivalent to (8.38).

REMARK 8.5. If P, S, V are positive invertible operators withP, S, V ∈ B1 (H) and for
0 < m1 < M1, 0 < m2 < M2,

(8.40) 0 < m1P ≤ S ≤M1P, 0 < m2P ≤ V ≤M2P,

AJMAA, Vol. 19 (2022), No. 1, Art. 1, 202 pp. AJMAA

https://ajmaa.org


TRACE INEQUALITIES FOROPERATORS INHILBERT SPACESSURVEY 83

then for anyν ∈ [0, 1] , we have form, M as defined by (8.18) and (8.19) that

mr tr (P]1−νS)

tr (P )

tr (P]νV )

tr (P )
≤ tr ((1− ν)S + νV )

tr (P )
(8.41)

≤MR tr (P]1−νS)

tr (P )

tr (P]νV )

tr (P )
,

wherer = min {1− ν, ν} andR = max {1− ν, ν} .
In particular, we have

(8.42) m1/2 tr (P]S)

tr (P )

tr (P]V )

tr (P )
≤

tr
(

S+V
2

)
tr (P )

≤M1/2 tr (P]S)

tr (P )

tr (P]V )

tr (P )
.

8.3. Trace Inequalities Via Tominaga and Furuichi Results.We recall thatSpecht’s ra-
tio is defined by [128]

(8.43) S (h) :=


h

1
h−1

e ln

�
h

1
h−1

� if h ∈ (0, 1) ∪ (1,∞)

1 if h = 1.

It is well known thatlimh→1 S (h) = 1, S (h) = S
(

1
h

)
> 1 for h > 0, h 6= 1. The function is

decreasing on(0, 1) and increasing on(1,∞) .
The following inequality provides a refinement and a multiplicative reverse for Young’s

inequality

(8.44) S
((a

b

)r)
a1−νbν ≤ (1− ν) a+ νb ≤ S

(a
b

)
a1−νbν ,

wherea, b > 0, ν ∈ [0, 1], r = min {1− ν, ν}.
The second inequality in (8.44) is due to Tominaga [130] while the first one is due to Fu-

ruichi [82].
If a ∈ [m1,M1] andb ∈ [m2,M2] with 0 < m1 < M1, 0 < m2 < M2 then

m1

M2

≤ a

b
≤ M1

m2

.

Denote, forr ∈ (0, 1)

m̆r =: min
(a,b)∈[m1,M1]×[m2,M2]

S
((a

b

)r)
andM̆ =: max

(a,b)∈[m1,M1]×[m2,M2]
S
(a
b

)
.

Taking into account the properties of Specht’s ratio we have

(8.45) m̆r :=



S
((

M1

m2

)r)
> 1 if M1

m2
< 1,

1 if m1

M2
≤ 1 ≤ M1

m2
,

S
((

M2

m1

)r)
> 1 if 1 < m1

M2
,
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and

(8.46) M̆ :=



S
(

M2

m1

)
> 1 if M1

m2
< 1,

max
{
S
(

M2

m1

)
, S
(

M1

m2

)}
> 1 if m1

M2
≤ 1 ≤ M1

m2
,

S
(

M1

m2

)
> 1 if 1 < m1

M2
.

We have the following result:

THEOREM 8.8 (Dragomir, 2015, [66]). LetA, B be two operators such that

(8.47) 0 < m1I ≤ A < M1I, 0 < m2I ≤ B ≤M2I

andP, Q ∈ B1 (H) with P, Q > 0. Then for anyν ∈ [0, 1] , we have form̆r, M̆ as defined by
(8.45) and (8.46) that

m̆r
tr (PA1−ν)

tr (P )

tr (QBν)

tr (Q)
≤ (1− ν)

tr (PA)

tr (P )
+ ν

tr (QB)

tr (Q)
(8.48)

≤ M̆
tr (PA1−ν)

tr (P )

tr (QBν)

tr (Q)
,

wherer = min {1− ν, ν} andR = max {1− ν, ν} .
In particular, we have

m̆1/2

tr
(
PA1/2

)
tr (P )

tr
(
QB1/2

)
tr (Q)

≤ 1

2

[
tr (PA)

tr (P )
+

tr (QB)

tr (Q)

]
(8.49)

≤ M̆
tr
(
PA1/2

)
tr (P )

tr
(
QB1/2

)
tr (Q)

.

PROOF. From (8.17) we have

m̆ra
1−νbν ≤ (1− ν) a+ νb ≤ M̆a1−νbν ,

wherea ∈ [m1,M1] , b ∈ [m2,M2] andν ∈ [0, 1].
Now, on making use of a similar argument as in the proof of Theorem 8.4, we get the desired

result (8.48).

For0 < m1 < M1, 0 < m2 < M2 andp, q > 1 with 1
p

+ 1
q

= 1 we define forr ∈ (0, 1)

(8.50) m̆r,p,q :=



S
((

Mp
1

mq
2

)r)
> 1 if Mp

1

mq
2
< 1,

1 if mp
1

Mq
2
≤ 1 ≤ Mp

1

mq
2
,

S
((

Mq
2

mp
1

)r)
> 1 if 1 <

mp
1

Mq
2

and

(8.51) M̆p,q :=



S
(

Mq
2

mp
1

)
> 1 if Mp

1

mq
2
< 1,

max
{
S
(

Mq
2

mp
1

)
, S
(

Mp
1

mq
2

)}
> 1 if mp

1

Mq
2
≤ 1 ≤ Mp

1

mq
2
,

S
(

Mp
1

mq
2

)
> 1 if 1 <

mp
1

Mq
2
.
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COROLLARY 8.9. LetA, B be two operators such that (8.20) is valid andP, Q ∈ B1 (H)

with P, Q > 0. Then for anyp, q > 1 with 1
p

+ 1
q

= 1 we have form̆t,p,q, M̆p,q as defined by
(8.50) and (8.51) that

m̆t,p,q
tr (PA)

tr (P )

tr (QB)

tr (Q)
≤ 1

p

tr (PAp)

tr (P )
+

1

q

tr (QBq)

tr (Q)
(8.52)

≤ M̆p,q
tr (PA)

tr (P )

tr (QB)

tr (Q)
,

wheret = min
{

1
p
, 1

q

}
.

9. FURTHER REFINEMENTS AND REVERSES OF YOUNG I NEQUALITY

9.1. Some Results Via Kittaneh-Manasrah Inequality.Kittaneh and Manasrah [95], [96]
provided a refinement and a reverse forYoung’s inequalityas follows:

(9.1) r
(√

a−
√
b
)2

≤ (1− ν) a+ νb− a1−νbν ≤ R
(√

a−
√
b
)2

,

wherea, b > 0, ν ∈ [0, 1], r = min {1− ν, ν} andR = max {1− ν, ν} . The caseν = 1
2

reduces (9.1) to an identity.
We have:

THEOREM 9.1 (Dragomir, 2015, [64]). Let C be a positive operator andP ∈ B1 (H) ,
P > 0. Then for anyν ∈ [0, 1] we have

2r

((
tr (PC)

tr (P )

)1/2

−
tr
(
PC1/2

)
tr (P )

)(
tr (PC)

tr (P )

)ν− 1
2

(9.2)

≤
(

tr (PC)

tr (P )

)ν

− tr (PCν)

tr (P )

≤ 2R

((
tr (PC)

tr (P )

)1/2

−
tr
(
PC1/2

)
tr (P )

)(
tr (PC)

tr (P )

)ν− 1
2

and

r

tr (PC)

tr (P )
−

(
tr
(
PC1/2

)
tr (P )

)2
(9.3)

≤ ν
tr (PC)

tr (P )
+ (1− ν)

(
tr
(
PC1/2

)
tr (P )

)2

− tr (PCν)

tr (P )

(
tr
(
PC1/2

)
tr (P )

)2(1−ν)

≤ R

tr (PC)

tr (P )
−

(
tr
(
PC1/2

)
tr (P )

)2


wherer = min {1− ν, ν} andR = max {1− ν, ν} .
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PROOF. Fix b ≥ 0, and by using the functional calculus for the operatorC, we have from
(9.1) that

r
(
〈Cx, x〉 − 2

√
b
〈
C1/2x, x

〉
+ b 〈x, x〉

)
(9.4)

≤ (1− ν) 〈Cx, x〉+ νb 〈x, x〉 − bν
〈
C1−νx, x

〉
≤ R

(
〈Cx, x〉 − 2

√
b
〈
C1/2x, x

〉
+ b 〈x, x〉

)
for anyx ∈ H.

Now, letx = P 1/2e wheree ∈ H. Then by (9.4) we get

r
(〈
P 1/2CP 1/2e, e

〉
− 2

√
b
〈
P 1/2C1/2P 1/2e, e

〉
+ b 〈Pe, e〉

)
(9.5)

≤ (1− ν)
〈
P 1/2CP 1/2e, e

〉
+ νb 〈Pe, e〉 − bν

〈
P 1/2C1−νP 1/2e, e

〉
≤ R

(〈
P 1/2CP 1/2e, e

〉
− 2

√
b
〈
P 1/2C1/2P 1/2e, e

〉
+ b 〈Pe, e〉

)
for anye ∈ H andb ≥ 0.

Let {ei}i∈I be an orthonormal basis ofH. If we take in (9.5)e = ei, i ∈ I and summing
overi ∈ I, then we get

r

(∑
i∈I

〈
P 1/2CP 1/2ei, ei

〉
− 2

√
b
∑
i∈I

〈
P 1/2C1/2P 1/2ei, ei

〉
+ b
∑
i∈I

〈Pei, ei〉

)
≤ (1− ν)

∑
i∈I

〈
P 1/2CP 1/2ei, ei

〉
+ νb

∑
i∈I

〈Pei, ei〉 − bν
∑
i∈I

〈
P 1/2C1−νP 1/2ei, ei

〉
≤ R

(∑
i∈I

〈
P 1/2CP 1/2ei, ei

〉
− 2

√
b
∑
i∈I

〈
P 1/2C1/2P 1/2ei, ei

〉
+ b
∑
i∈I

〈Pei, ei〉

)
for anyb ≥ 0 and by using the properties of the trace, we obtain

r
(
tr (PC)− 2 tr

(
PC1/2

)√
b+ tr (P ) b

)
≤ (1− ν) tr (PC) + ν tr (P ) b− tr

(
PC1−ν

)
bν

≤ R
(
tr (PC)− 2 tr

(
PC1/2

)√
b+ tr (P ) b

)
for anyb ≥ 0.

Dividing by tr (P ) > 0 we get

r

(
tr (PC)

tr (P )
− 2

tr
(
PC1/2

)
tr (P )

√
b+ b

)
(9.6)

≤ (1− ν)
tr (PC)

tr (P )
+ νb− tr (PC1−ν)

tr (P )
bν

≤ R

(
tr (PC)

tr (P )
− 2

tr
(
PC1/2

)
tr (P )

√
b+ b

)
for anyb ≥ 0.

This inequality is of interest in itself as well.
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Now, if we take in (9.6)b = tr(PC)
tr(P )

, then we get forν ∈ [0, 1] that

2r

(
tr (PC)

tr (P )
−

tr
(
PC1/2

)
tr (P )

√
tr (PC)

tr (P )

)

≤ tr (PC)

tr (P )
− tr (PC1−ν)

tr (P )

(
tr (PC)

tr (P )

)ν

≤ 2R

(
tr (PC)

tr (P )
−

tr
(
PC1/2

)
tr (P )

√
tr (PC)

tr (P )

)
which is equivalent to

2r

(√
tr (PC)

tr (P )
−

tr
(
PC1/2

)
tr (P )

)√
tr (PC)

tr (P )
(9.7)

≤

((
tr (PC)

tr (P )

)1−ν

− tr (PC1−ν)

tr (P )

)(
tr (PC)

tr (P )

)ν

≤ 2R

(√
tr (PC)

tr (P )
−

tr
(
PC1/2

)
tr (P )

)√
tr (PC)

tr (P )
,

Now if we replaceν by 1− ν in (9.7) we deduce (9.2).

Also, if we take in (9.6)b =

(
tr(PC1/2)

tr(P )

)2

and replaceν by 1−ν then we get the inequality

(9.3).

COROLLARY 9.2. If P, Q are positive invertible operators withP, Q ∈ B1 (H) , then for
anyν ∈ [0, 1] we have

2r

((
tr (Q)

tr (P )

)1/2

− tr (P]Q)

tr (P )

)(
tr (Q)

tr (P )

)ν− 1
2

(9.8)

≤
(

tr (Q)

tr (P )

)ν

− tr (P]νQ)

tr (P )

≤ 2R

((
tr (Q)

tr (P )

)1/2

− tr (P]Q)

tr (P )

)(
tr (Q)

tr (P )

)ν− 1
2

,

r

(
tr (Q)

tr (P )
−
(

tr (P]Q)

tr (P )

)2
)

(9.9)

≤ ν
tr (Q)

tr (P )
+ (1− ν)

(
tr (P]Q)

tr (P )

)2

− tr (P]νQ)

tr (P )

(
tr (P]Q)

tr (P )

)2(1−ν)

≤ R

(
tr (Q)

tr (P )
−
(

tr (P]Q)

tr (P )

)2
)

wherer = min {1− ν, ν} andR = max {1− ν, ν} .

PROOF. The proof follows by (9.2) on choosingC = P−1/2QP−1/2.
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COROLLARY 9.3. LetA andB be two positive invertible operators,p, q > 1 with 1
p
+ 1

q
= 1

and such thatAp, Bq ∈ B1 (H). Then

2t

((
tr (Ap)

tr (Bq)

)1/2

− tr (Bq]Ap)

tr (Bq)

)(
tr (Bq]Ap)

tr (Bq)

) 1
p
− 1

2

(9.10)

≤
(

tr (Ap)

tr (Bq)

) 1
p

−
tr
(
Bq]1/pA

p
)

tr (Bq)

≤ 2T

((
tr (Ap)

tr (Bq)

)1/2

− tr (Bq]Ap)

tr (Bq)

)(
tr (Bq]Ap)

tr (Bq)

) 1
p
− 1

2

and

t

(
tr (Ap)

tr (Bq)
−
(

tr (Bq]Ap)

tr (Bq)

)2
)

(9.11)

≤ 1

p

tr (Ap)

tr (Bq)
+

1

q

(
tr (Bq]Ap)

tr (Bq)

)2

−
tr
(
Bq]1/pA

p
)

tr (Bq)

(
tr (Bq]Ap)

tr (Bq)

)2/q

≤ T

(
tr (Ap)

tr (Bq)
−
(

tr (Bq]Ap)

tr (Bq)

)2
)
,

wheret = min
{

1
p
, 1

q

}
andT = max

{
1
p
, 1

q

}
.

The proof follows by Corollary 9.2 forP = Ap, Q = Bq andν = 1
p
.

9.2. Some Results Via Tominaga Inequality.We recall thatSpecht’s ratiois defined by
[128]

(9.12) S (h) :=


h

1
h−1

e ln

�
h

1
h−1

� if h ∈ (0, 1) ∪ (1,∞) ,

1 if h = 1.

It is well known thatlimh→1 S (h) = 1, S (h) = S
(

1
h

)
> 1 for h > 0, h 6= 1. The function is

decreasing on(0, 1) and increasing on(1,∞) .
The following inequality provides a multiplicative reverse for Young’s inequality

(9.13)
(
a1−νbν ≤

)
(1− ν) a+ νb ≤ S

(a
b

)
a1−νbν ,

wherea, b > 0, ν ∈ [0, 1]. This inequality is due to Tominaga [130].

THEOREM 9.4 (Dragomir, 2015, [64]). LetC be an operator with the property that

(9.14) mI ≤ C ≤MI

for some constantsm, M withM > m > 0 andP ∈ B1 (H) , P ≥ 0 with tr (P ) > 0. Then for
anyp > 1 we have

(9.15)

(
tr (PCp)

tr (P )

)1/p

≤ S

((
M

m

)p)
tr (PC)

tr (P )
.
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In particular, we have

(9.16) tr
(
PC2

)
tr (P ) ≤ S2

((
M

m

)2
)

[tr (PC)]2 .

PROOF. Assume thatν ∈ (0, 1) . Let a, b ∈ [m,M ] ⊂ (0,∞), then m
M
≤ a

b
≤ M

m
with

m
M

< 1 < M
m
. If a

b
∈
[

m
M
, 1
)

thenS
(

a
b

)
≤ S

(
m
M

)
= S

(
M
m

)
. If a

b
∈
(
1, M

m

]
then also

S
(

a
b

)
≤ S

(
M
m

)
. Therefore for anya, b ∈ [m,M ] we have by Tominaga’s inequality (9.13) that

(9.17) (1− ν) a+ νb ≤ S

(
M

m

)
a1−νbν .

Now, if C is an operator withmI ≤ C ≤ MI then forp > 1 we havempI ≤ Cp ≤ MpI.
Using the functional calculus we get from (9.17) forν = 1

p
that(

1− 1

p

)
d+

1

p
Cp ≤ S

((
M

m

)p)
d1− 1

pC,

namely, the vector inequality,

(9.18)

(
1− 1

p

)
d 〈y, y〉+

1

p
〈Cpy, y〉 ≤ S

((
M

m

)p)
d1− 1

p 〈Cy, y〉 ,

for anyy ∈ H andd ∈ [mp,Mp] .
Now, lety = P 1/2e wheree ∈ H. Then by (9.18) we get(

1− 1

p

)
d 〈Pe, e〉+

1

p

〈
P 1/2CpP 1/2e, e

〉
(9.19)

≤ S

((
M

m

)p)
d1− 1

p
〈
P 1/2CP 1/2e, e

〉
,

for anye ∈ H.
Let {ei}i∈I be an orthonormal basis ofH. If we take in (9.19)e = ei, i ∈ I and summing

overi ∈ I, then we get(
1− 1

p

)
d
∑
i∈I

〈Pei, ei〉+
1

p

∑
i∈I

〈
P 1/2CpP 1/2ei, ei

〉
≤ S

((
M

m

)p)
d1− 1

p

∑
i∈I

〈
P 1/2CP 1/2ei, ei

〉
,

and by the properties of trace(
1− 1

p

)
d tr (P ) +

1

p
tr (PCp) ≤ S

((
M

m

)p)
d1− 1

p tr (PC) ,

for anyd ∈ [mp,Mp] .
This inequality can be written as

(9.20)

(
1− 1

p

)
d+

1

p

tr (PCp)

tr (P )
≤ S

((
M

m

)p)
d1− 1

p
tr (PC)

tr (P )
,

for anyd ∈ [mp,Mp] , that is of interest in itself.
Now, if we take in (9.20)d = tr(PCp)

tr(P )
∈ [mp,Mp] , then we get

tr (PCp)

tr (P )
≤ S

((
M

m

)p)(
tr (PCp)

tr (P )

)1− 1
p tr (PC)

tr (P )
,
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which is equivalent to (9.15).

COROLLARY 9.5. LetA andB be two positive invertible operators,p, q > 1 with 1
p
+ 1

q
= 1

andm, M > 0 such thatBq ∈ B1 (H) and

(9.21) mpBq ≤ Ap ≤MpBq.

Then

(9.22) [tr (Ap)]1/p [tr (Bq)]1/q ≤ S

((
M

m

)p)
tr
(
Bq]1/pA

p
)
.

PROOF. The inequality (9.15) can be written as

(9.23)
[
trP 1/2CpP 1/2

]1/p
[tr (P )]1/q ≤ S

((
M

m

)p)
tr
(
P 1/2CP 1/2

)
.

Now, from (9.21) by multiplying both sides withB− q
2 we havempI ≤ B− q

2ApB− q
2 ≤ MpI

and by taking the power1
p

we getmI ≤
(
B− q

2ApB− q
2

) 1
p ≤MI.

By writing the inequality (9.23) forC =
(
B− q

2ApB− q
2

) 1
p andP = Bq then we get[

tr

(
Bq/2

[(
B− q

2ApB− q
2

) 1
p

]p

Bq/2

)]1/p

[tr (Bq)]1/q

≤ S

((
M

m

)p)
tr

(
Bq/2

(
B− q

2ApB− q
2

) 1
p
Bq/2

)
,

i.e.,

[tr (Ap)]1/p [tr (Bq)]1/q ≤ S

((
M

m

)p)
tr

(
Bq/2

(
B− q

2ApB− q
2

) 1
p
Bq/2

)
,

and the inequality (9.22) is proved.

COROLLARY 9.6. LetA andB be two positive invertible operators andm, M > 0 such
thatB2 ∈ B1 (H) and

(9.24) m2B2 ≤ A2 ≤M2B2.

Then

(9.25) tr
(
A2
)
tr
(
B2
)
≤ S2

((
M

m

)2
)[

tr
(
B2]A2

)]2
.

REMARK 9.1. We remark that the condition (9.24) can be written as

(9.26) kB2 ≤ A2 ≤ KB2

where0 < k < K, then by (9.25) we have

(9.27) tr
(
A2
)
tr
(
B2
)
≤ S2

(
K

k

)[
tr
(
B2]A2

)]2
.
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9.3. Some Results Via Liao-Wu-Zhao.We consider theKantorovich’s constantdefined
by

(9.28) K (h) :=
(h+ 1)2

4h
, h > 0.

The functionK is decreasing on(0, 1) and increasing on[1,∞) , K (h) ≥ 1 for anyh > 0 and
K (h) = K

(
1
h

)
for anyh > 0.

The following multiplicative reverse of Young inequality in terms of Kantorovich’s constant
holds

(9.29)
(
a1−νbν ≤

)
(1− ν) a+ νb ≤ KR

(a
b

)
a1−νbν

wherea, b > 0, ν ∈ [0, 1] andR = max {1− ν, ν} .
This inequality was obtained by Liao et al. in [99].

THEOREM 9.7 (Dragomir, 2015, [64]). LetC be an operator with the property (9.14) for
some constantsm, M withM > m > 0 andP ∈ B1 (H) , P > 0. Then for anyp, q > 1 with
1
p

+ 1
q

= 1 we have

(9.30)

(
tr (PCp)

tr (P )

)1/p

≤ Kmax{ 1
p
, 1
q}
((

M

m

)p)
tr (PC)

tr (P )
.

In particular, we have

(9.31) tr
(
PC2

)
tr (P ) ≤ K

((
M

m

)2
)

[tr (PC)]2 .

PROOF. Assume thatν ∈ (0, 1) andR = max {1− ν, ν} . Let a, b ∈ [m,M ] ⊂ (0,∞),
then m

M
≤ a

b
≤ M

m
with m

M
< 1 < M

m
. If a

b
∈
[

m
M
, 1
)

thenKR
(

a
b

)
≤ KR

(
m
M

)
= KR

(
M
m

)
.

If a
b
∈
(
1, M

m

]
then alsoKR

(
a
b

)
≤ KR

(
M
m

)
. Therefore for anya, b ∈ [m,M ] we have by

inequality (9.29) that

(9.32) (1− ν) a+ νb ≤ KR

(
M

m

)
a1−νbν .

Now, if C is an operator withmI ≤ C ≤ MI then forp > 1 we havempI ≤ Cp ≤ MpI.
Using the functional calculus we get from (9.32) forν = 1

p
that(

1− 1

p

)
d+

1

p
Cp ≤ Kmax{ 1

p
, 1
q}
((

M

m

)p)
d1− 1

pC,

namely, the vector inequality,(
1− 1

p

)
d 〈y, y〉+

1

p
〈Cpy, y〉 ≤ Kmax{ 1

p
, 1
q}
((

M

m

)p)
d1− 1

p 〈Cy, y〉 ,

for anyy ∈ H andd ∈ [mp,Mp] .
Now, by employing a similar argument to the one in the proof of Theorem 9.4 we deduce

the desired result (9.30). The details are omitted.

We have:

COROLLARY 9.8. LetA andB be two positive invertible operators,p, q > 1 with 1
p
+ 1

q
= 1

andm, M > 0 such thatBq ∈ B1 (H) and the condition (9.21) holds. Then

(9.33) [tr (Ap)]1/p [tr (Bq)]1/q ≤ Kmax{ 1
p
, 1
q}
((

M

m

)p)
tr
(
Bq]1/pA

p
)
.
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If B2 ∈ B1 (H) and the condition (9.24) is valid, then

(9.34) tr
(
A2
)
tr
(
B2
)
≤ K

((
M

m

)2
)[

tr
(
B2]A2

)]2
.

9.4. Some Logarithmic Inequalities. In the recent paper [61] we obtained the following
logarithmic reverse of Young’s inequality:

(9.35) 0 ≤ (1− ν) a+ νb− a1−νbν ≤ ν (1− ν) (a− b) (ln a− ln b)

wherea, b > 0, ν ∈ [0, 1].

THEOREM 9.9 (Dragomir, 2015, [64]). Let C be a positive operator andP ∈ B1 (H) ,
P > 0. Then for anyν ∈ [0, 1] we have

0 ≤
[(

tr (PC)

tr (P )

)ν

− tr (PCν)

tr (P )

](
tr (PC)

tr (P )

)1−ν

(9.36)

≤ ν (1− ν)

[
tr (PC lnC)

tr (P )
− tr (PC)

tr (P )

tr (P lnC)

tr (P )

]
,

and, in particular

0 ≤

[(
tr (PC)

tr (P )

)1/2

−
tr
(
PC1/2

)
tr (P )

](
tr (PC)

tr (P )

)1/2

(9.37)

≤ 1

4

[
tr (PC lnC)

tr (P )
− tr (PC)

tr (P )

tr (P lnC)

tr (P )

]
.

PROOF. The inequality (9.35) may be written as

(9.38) 0 ≤ (1− ν) a+ νb− a1−νbν ≤ ν (1− ν) (a ln a+ b ln b− a ln b− b ln a)

for anya, b > 0, ν ∈ [0, 1].
Fix b > 0, ν ∈ [0, 1]. By using the functional calculus for the operatorC we have

0 ≤ (1− ν) 〈Cx, x〉+ νb 〈x, x〉 − bν
〈
C1−νx, x

〉
(9.39)

≤ ν (1− ν) (〈C lnCx, x〉+ b ln b 〈x, x〉 − ln b 〈Cx, x〉 − b 〈lnCx, x〉)

for anyb > 0, ν ∈ [0, 1] andx ∈ H.
Now, letx = P 1/2e wheree ∈ H. Then by (9.39) we get

0 ≤ (1− ν)
〈
P 1/2CP 1/2e, e

〉
+ νb 〈Pe, e〉 − bν

〈
P 1/2C1−νP 1/2e, e

〉
(9.40)

≤ ν (1− ν)
[〈
P 1/2 (C lnC)P 1/2e, e

〉
+ 〈Pe, e〉 b ln b

−
〈
P 1/2CP 1/2e, e

〉
ln b−

〈
P 1/2 (lnC)P 1/2e, e

〉
b
]

for anyb > 0, ν ∈ [0, 1] ande ∈ H.
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Let {ei}i∈I be an orthonormal basis ofH. If we take in (9.40)e = ei, i ∈ I and summing
overi ∈ I, then we get

0 ≤ (1− ν)
∑
i∈I

〈
P 1/2CP 1/2ei, ei

〉
+ νb

∑
i∈I

〈Pei, ei〉(9.41)

− bν
∑
i∈I

〈
P 1/2C1−νP 1/2ei, ei

〉
≤ ν (1− ν)

[∑
i∈I

〈
P 1/2 (C lnC)P 1/2ei, ei

〉
+ b ln b

∑
i∈I

〈Pei, ei〉

− ln b
∑
i∈I

〈
P 1/2CP 1/2ei, ei

〉
− b
∑
i∈I

〈
P 1/2 (lnC)P 1/2ei, ei

〉]
.

Using the properties of the trace, we have from (9.41) that

0 ≤ (1− ν) tr (PC) + νb tr (P )− bν tr
(
PC1−ν

)
≤ ν (1− ν) [tr (PC lnC) + b ln b tr (P )− ln b tr (PC)− b tr (P lnC)] ,

which by division withtr (P ) > 0 produces

0 ≤ (1− ν)
tr (PC)

tr (P )
+ νb− bν

tr (PC1−ν)

tr (P )
(9.42)

≤ ν (1− ν)

[
tr (PC lnC)

tr (P )
+ b ln b− ln b

tr (PC)

tr (P )
− b

tr (P lnC)

tr (P )

]
,

for anyb > 0, ν ∈ [0, 1].
This is an inequality of interest in itself.
Now, if we take in (9.42)b = tr(PC)

tr(P )
, then we get

0 ≤ tr (PC)

tr (P )
−
(

tr (PC)

tr (P )

)ν
tr (PC1−ν)

tr (P )

≤ ν (1− ν)

[
tr (PC lnC)

tr (P )
+

tr (PC)

tr (P )
ln

(
tr (PC)

tr (P )

)
−tr (PC)

tr (P )
ln

(
tr (PC)

tr (P )

)
− tr (PC)

tr (P )

tr (P lnC)

tr (P )

]
= ν (1− ν)

[
tr (PC lnC)

tr (P )
− tr (PC)

tr (P )

tr (P lnC)

tr (P )

]
,

which is equivalent to

0 ≤

[(
tr (PC)

tr (P )

)1−ν

− tr (PC1−ν)

tr (P )

](
tr (PC)

tr (P )

)ν

≤ ν (1− ν)

[
tr (PC lnC)

tr (P )
− tr (PC)

tr (P )

tr (P lnC)

tr (P )

]
,

for anyν ∈ [0, 1].
Now, by replacingν with 1− ν we get the desired result (9.36).

We say that the functionsf, g : [a, b] −→ R aresynchronous (asynchronous)on the interval
[a, b] if they satisfy the following condition:

(f (t)− f (s)) (g (t)− g (s)) ≥ (≤) 0 for eacht, s ∈ [a, b] .
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In recent paper [49] we obtained the following result: LetA be a selfadjoint operators on
the Hilbert spaceH with Sp (A) ⊆ J and assume that the continuous functionsf, g : J → R
are synchronous onJ. If P, Q ∈ B1 (H) with P, Q > 0, then

tr [Pf (A) g (A)]

tr (P )
+

tr [Qf (A) g (A)]

tr (Q)
(9.43)

≥ tr [Pf (A)]

tr (P )

tr [Qg (A)]

tr (Q)
+

tr [Pg (A)]

tr (P )

tr [Qf (A)]

tr (Q)

and, in particular

(9.44)
tr [Pf (A) g (A)]

tr (P )
≥ tr [Pf (A)]

tr (P )

tr [Pg (A)]

tr (P )
.

Now, if we take in (9.44)f (t) = t, g (t) = ln t, t > 0 andA = C > 0 then we get

(9.45) 0 ≤ tr (PC lnC)

tr (P )
− tr (PC)

tr (P )

tr (P lnC)

tr (P )

for P ∈ B1 (H) , P > 0.
Therefore, the inequalities (9.36) and (9.37) provide refinements for (9.45).
In [47] we obtained amongst other the following Grüss type trace inequality

(9.46)

∣∣∣∣tr (PAC)

tr (P )
− tr (PA)

tr (P )

tr (PC)

tr (P )

∣∣∣∣ ≤ 1

4
(M −m) (K − k)

provided thatk1H ≤ A ≤ K1H ,m1H ≤ C ≤M1H andP ∈ B1 (H) , P > 0.
Therefore, if we takeA = lnC, then we get from (9.46) that

(9.47)
tr (PC lnC)

tr (P )
− tr (P lnC)

tr (P )

tr (PC)

tr (P )
≤ 1

4
(M −m) (lnM − lnm)

provided that0 < m1H ≤ C ≤M1H andP ∈ B1 (H) , P > 0.

COROLLARY 9.10. LetC be an operator such thatm1H ≤ C ≤ M1H for some constants
0 < m < M andP ∈ B1 (H) , P > 0. Then for anyν ∈ [0, 1] we have

0 ≤ tr (PC)

tr (P )
− tr (PCν)

tr (P )

(
tr (PC)

tr (P )

)1−ν

(9.48)

≤ 1

4
ν (1− ν) (M −m) (lnM − lnm) ,

and, in particular

(9.49) 0 ≤ tr (PC)

tr (P )
−

tr
(
PC1/2

)
tr (P )

(
tr (PC)

tr (P )

)1/2

≤ 1

16
(M −m) (lnM − lnm) .

REMARK 9.2. The inequality (9.48) is equivalent to

0 ≤
(

tr (PC)

tr (P )

)ν

− tr (PCν)

tr (P )
(9.50)

≤ 1

4
ν (1− ν) (M −m) (lnM − lnm)

(
tr (P )

tr (PC)

)1−ν

.

Since tr(P )
tr(PC)

≤ 1
m
, then we get from (9.50) that

(9.51) 0 ≤
(

tr (PC)

tr (P )

)ν

− tr (PCν)

tr (P )
≤ 1

4
ν (1− ν)

(M −m) (lnM − lnm)

m1−ν
,
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and in particular

(9.52) 0 ≤
(

tr (PC)

tr (P )

)1/2

−
tr
(
PC1/2

)
tr (P )

≤ 1

16

(M −m) (lnM − lnm)

m1/2
,

provided thatm1H ≤ C ≤M1H for some constants0 < m < M andP ∈ B1 (H) , P > 0.

COROLLARY 9.11.LetA andB be two positive invertible operators,p, q > 1 with 1
p
+1

q
= 1

andm, M > 0 such thatBq ∈ B1 (H) and (9.21) is valid. Then

0 ≤ [tr (Ap)]1/p [tr (Bq)]1/q − tr
(
Bq]1/pA

p
)

(9.53)

≤ (Mp −mp) (lnM − lnm)

4qmp/q
tr (Bq) .

In particular, we have

0 ≤
[
tr
(
A2
)]1/2 [

tr
(
B2
)]1/2 − tr

(
B2]A2

)
(9.54)

≤ (M2 −m2) (lnM − lnm)

8m
tr
(
B2
)

provided the condition (9.24) is valid.

PROOF. From the inequality (9.50) we have

0 ≤

(
tr
(
P 1/2CP 1/2

)
tr (P )

)ν

−
tr
(
P 1/2CνP 1/2

)
tr (P )

(9.55)

≤ 1

4
ν (1− ν) (M −m) (lnM − lnm)

(
tr (P )

tr (P 1/2CP 1/2)

)1−ν

,

provided thatm1H ≤ C ≤M1H for some constants0 < m < M andP ∈ B1 (H) , P > 0.
Now, from (9.21) by multiplying both sides withB− q

2 we havempI ≤ B− q
2ApB− q

2 ≤MpI.
By writing the inequality (9.55) forC = B− q

2ApB− q
2 , P = Bq the boundsmp, Mp and

ν = 1
p
, then we get

0 ≤
(

tr (Ap)

tr (Bq)

) 1
p

−
tr
(
Bq]1/pA

p
)

tr (Bq)

≤ 1

4pq
(Mp −mp) (lnMp − lnmp)

(
tr (Bq)

tr (Ap)

) 1
q

.

By multiplying this withtr (Bq) > 0 we get

0 ≤ [tr (Ap)]
1
p tr (Bq)

1
q − tr

(
Bq]1/pA

p
)

(9.56)

≤ 1

4q
(Mp −mp) (lnM − lnm)

(
tr (Bq)

tr (Ap)

) 1
q

tr (Bq) .

Sincemp tr (Bq) ≤ tr (Ap) ≤ Mp tr (Bq) , then tr(Bq)
tr(Ap)

≤ 1
mp and by (9.56) we get the desired

result (9.53).
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9.5. Some Exponential Inequalities.In paper [61] we also obtained the following multi-
plicative reverse of Young’s inequality

(9.57) 1 ≤ (1− ν) a+ νb

a1−νbν
≤ exp

[
4ν (1− ν)

(
K
(a
b

)
− 1
)]
,

wherea, b > 0, ν ∈ [0, 1].
For a numerical comparison of the several bounds in the Young’s inequality, see
By using a similar argument to the one in the proof of Theorem 9.4 we can prove the

following result as well:

THEOREM 9.12 (Dragomir, 2015, [64]). LetC be an operator with the property (9.14) for
some constantsm, M with M > m > 0 andP ∈ B1 (H) , P ≥ 0 with tr (P ) > 0. Then for
anyp, q > 1 with 1

p
+ 1

q
= 1 we have

(9.58)

(
tr (PCp)

tr (P )

)1/p

≤ exp

[
4

pq

(
K

((
M

m

)p)
− 1

)]
tr (PC)

tr (P )
.

In particular, we have

(9.59) tr
(
PC2

)
tr (P ) ≤ exp

[
2

(
K

((
M

m

)2
)
− 1

)]
[tr (PC)]2 .

We also have:

COROLLARY 9.13.LetA andB be two positive invertible operators,p, q > 1 with 1
p
+1

q
= 1

andm, M > 0 such thatBq ∈ B1 (H) andmpBq ≤ Ap ≤MpBq. Then

(9.60) [tr (Ap)]1/p [tr (Bq)]1/q ≤ exp

[
4

pq

(
K

((
M

m

)p)
− 1

)]
tr
(
Bq]1/pA

p
)
.

In particular, ifm2B2 ≤ A2 ≤M2B2, then

(9.61) tr
(
A2
)
tr
(
B2
)
≤ exp

[
2

(
K

((
M

m

)2
)
− 1

)] [
tr
(
B2]A2

)]2
.

In [57] we obtained the following inequalities that improve the corresponding results of
Furuichi and Minculete from [84]:

(9.62) exp

[
1

2
ν (1− ν)

(
1− min {a, b}

max {a, b}

)2
]
≤ (1− ν) a+ νb

a1−νbν

≤ exp

[
1

2
ν (1− ν)

(
max {a, b}
min {a, b}

− 1

)2
]

for anya, b > 0 andν ∈ [0, 1].

THEOREM 9.14 (Dragomir, 2015, [64]). LetC be an operator with the property (9.14) for
some constantsm, M withM > m > 0 andP ∈ B1 (H) , P > 0. Then for anyp, q > 1 with
1
p

+ 1
q

= 1 we have

(9.63)

(
tr (PCp)

tr (P )

)1/p

≤ exp

[
1

2pq

((
M

m

)p

− 1

)2
]

tr (PC)

tr (P )
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and, in particular,

(9.64) tr
(
PC2

)
tr (P ) ≤ exp

[
1

pq

((
M

m

)p

− 1

)2
]

[tr (PC)]2 .

PROOF. If a, b ∈ [m,M ] ⊂ (0,∞) and since

0 <
max {a, b}
min {a, b}

− 1 ≤ M

m
− 1,

hence (
max {a, b}
min {a, b}

− 1

)2

≤
(
M

m
− 1

)2

.

Therefore, by (9.62) we get

(9.65) (1− ν) a+ νb ≤ a1−νbν exp

[
1

2
ν (1− ν)

(
M

m
− 1

)2
]
,

for anya, b ∈ [m,M ] andν ∈ (0, 1) .
Now, if C is an operator withmI ≤ C ≤ MI then forp > 1 we havempI ≤ Cp ≤ MpI.

Using the functional calculus we get from (9.65) forν = 1
p

that(
1− 1

p

)
d+

1

p
Cp ≤ exp

[
1

2pq

((
M

m

)p

− 1

)2
]
d1− 1

pC,

namely, the vector inequality,(
1− 1

p

)
d 〈y, y〉+

1

p
〈Cpy, y〉 ≤ exp

[
1

2pq

((
M

m

)p

− 1

)2
]
d1− 1

p 〈Cy, y〉 ,

for anyy ∈ H andd ∈ [mp,Mp] .
This is an inequality of interest in itself.
Now, by employing a similar argument to the one in the proof of Theorem 9.4 we deduce

the desired result (9.63). The details are omitted.

Finally, we have:

COROLLARY 9.15.LetA andB be two positive invertible operators,p, q > 1 with 1
p
+1

q
= 1

andm, M > 0 such thatBq ∈ B1 (H) andmpBq ≤ Ap ≤MpBq. Then

(9.66) [tr (Ap)]1/p [tr (Bq)]1/q ≤ exp

[
1

2pq

((
M

m

)p

− 1

)2
]

tr
(
Bq]1/pA

p
)
.

In particular, ifm2B2 ≤ A2 ≤M2B2, then

(9.67) tr
(
A2
)
tr
(
B2
)
≤ exp

1

4

((
M

m

)2

− 1

)2
 [tr (B2]A2

)]2
.
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10. ADDITIVE REVERSES

10.1. Operator Inequalities. We consider the functionfν : [0,∞) → [0,∞) defined for
ν ∈ (0, 1) by

(10.1) fν (x) = 1− ν + νx− xν .

The following lemma holds.

LEMMA 10.1 (Dragomir, 2015, [67]). For anyx ∈ [m,M ] ⊂ [0,∞) we have

(10.2) max
x∈[m,M ]

fν (x) = ∆ν (m,M) :=


fν (m) if M < 1,

max {fν (m) , fν (M)} if m ≤ 1 ≤M,

fν (M) if 1 < m

and

(10.3) min
x∈[m,M ]

fν (x) = δν (m,M) :=


fν (M) if M < 1,

0 if m ≤ 1 ≤M,

fν (m) if 1 < m.

PROOF. The functionfν is differentiable and

f ′ν (x) = ν
(
1− xν−1

)
= ν

x1−ν − 1

x1−ν
,

which shows that the functionfν is decreasing on[0, 1] and increasing on[1,∞), fν (0) = 1−ν,
fν (1) = 0 and the equationfν (x) = 1− ν for x > 0 has the unique solutionxν = ν

1
ν−1 > 1.

Therefore, by considering the3 possible situations for the location of the interval[m,M ]
and the number1 we get the desired bounds (10.2) and (10.3).

REMARK 10.1. We have the inequalities

0 ≤ fν (x) ≤ 1− ν for anyx ∈
[
0, ν

1
ν−1

]
and

1− ν ≤ fν (x) for anyx ∈
[
ν

1
ν−1 ,∞

)
.

THEOREM10.2 (Dragomir, 2015, [67]). Assume thatA, B are positive invertible operators
and the constantsM > m > 0 are such that

(10.4) mA ≤ B ≤MA.

Letν ∈ [0, 1] , then we have the inequalities

(10.5) δν (m,M)A ≤ A∇νB − A]νB ≤ ∆ν (m,M)A,

where∆ν (m,M) andδν (m,M) are defined by (10.2) and (10.3), respectively.

PROOF. From Lemma 10.1 we have the double inequality

(10.6) δν (m,M) ≤ 1− ν + νx− xν ≤ ∆ν (m,M)

for anyx ∈ [m,M ] .
If X is an operator such thatmI ≤ X ≤ MI, then by (10.6) and the continuous functional

calculus, we have

(10.7) δν (m,M) I ≤ (1− ν) I + νX −Xν ≤ ∆ν (m,M) I.
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If the condition (10.4) holds, then by multiplying in both sides withA−1/2 we getmI ≤
A−1/2BA−1/2 ≤MI and by takingX = A−1/2BA−1/2 in (10.8) we get

δν (m,M) I ≤ (1− ν) I + νA−1/2BA−1/2 −
(
A−1/2BA−1/2

)ν
(10.8)

≤ ∆ν (m,M) I.

Now, if we multiply (10.8) in both sides withA1/2 we get the desired result (10.5).

COROLLARY 10.3. For two positive operatorsA, B and positive real numbersm, m′, M,
M ′ puth = M

m
andh′ = M ′

m′ .
If

(i) 0 < mI ≤ A ≤ m′I < M ′I ≤ B ≤MI,
then

(10.9) fν (h′)A ≤ A∇νB − A]νB ≤ fν (h)A.

If
(ii) 0 < mI ≤ B ≤ m′I < M ′I ≤ A ≤MI,

then

(10.10) fν

(
(h′)

−1
)
A ≤ A∇νB − A]νB ≤ fν

(
h−1
)
A.

PROOF. If (i) is valid, then we have

A <
M ′

m′ A = h′A ≤ B ≤ hA =
M

m
A,

and by (10.5) we have for1 < h′ ≤ h

fν (h′)A ≤ A∇νB − A]νB ≤ fν (h)A,

and the inequality (10.9) is proved.
If (ii) is valid, then we have

1

h
A ≤ B ≤ 1

h′
A < A

and by (10.5) for1
h
≤ 1

h′
< 1 we also have

fν

(
1

h′

)
A ≤ A∇νB − A]νB ≤ fν

(
1

h

)
A,

and the inequality (10.10) is proved.

We have the following simpler bounds:
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COROLLARY 10.4. With the assumptions of Theorem 10.2 we have

r ×



(
1−

√
M
)2

A if M < 1,

0 if m ≤ 1 ≤M,

(
√
m− 1)

2
A if 1 < m,

(10.11)

≤ A∇νB − A]νB

≤ R×



(1−
√
m)

2
A if M < 1,

max

{
(1−

√
m)

2
,
(√

M − 1
)2
}
A if m ≤ 1 ≤M,

(√
M − 1

)2

A if 1 < m,

,

whereν ∈ [0, 1], r = min {1− ν, ν} andR = max {1− ν, ν} .

PROOF. From the inequality (8.1) we have forb = t anda = 1 that

r
(√

t− 1
)2

≤ fν (t) = 1− ν + νt− tν ≤ R
(√

t− 1
)2

for anyt ∈ [0, 1].
Then we have

∆ν (m,M) ≤ R×



(1−
√
m)

2 if M < 1,

max

{
(1−

√
m)

2
,
(√

M − 1
)2
}

if m ≤ 1 ≤M,

(√
M − 1

)2

if 1 < m

and

δν (m,M) ≥ r ×



(
1−

√
M
)2

if M < 1,

0 if m ≤ 1 ≤M,

(
√
m− 1)

2 if 1 < m,

which by Theorem 10.2 proves the corollary.

REMARK 10.2. With the assumptions of Corollary 10.3, we have, in the case (i), that

(10.12) r
(√

h′ − 1
)2

A ≤ A∇νB − A]νB ≤ R
(√

h− 1
)2

A,

and in the case (ii), that

(10.13) r

(
1−

√
h′
)2

h′
A ≤ A∇νB − A]νB ≤ R

(
1−

√
h
)2

h
A.
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The following bounds in terms of Specht’s ratio can be stated as well:

COROLLARY 10.5. With the assumptions of Theorem 10.2 we have
[S (M r)− 1]M νA if M < 1,

0 if m ≤ 1 ≤M,

[S (mr)− 1]mνA if 1 < m,

(10.14)

≤ A∇νB − A]νB

≤


[S (m)− 1]mνA if M < 1,

max {[S (m)− 1]mν , [S (M)− 1]M ν}A if m ≤ 1 ≤M,

[S (M)− 1]M νA if 1 < m.

PROOF. From the inequality (10.1) we have fora = 1 andb = t that

(10.15) S (tr) tν ≤ 1− ν + νt ≤ S (t) tν ,

wheret > 0, ν ∈ [0, 1], r = min {1− ν, ν}.
By subtractingtν in the inequality (10.15) we get

(10.16) (0 ≤) [S (tr)− 1] tν ≤ fν (t) ≤ [S (t)− 1] tν ,

for anyt > 0, ν ∈ [0, 1].
Then we have

∆ν (m,M) ≤


[S (m)− 1]mν if M < 1,

max {[S (m)− 1]mν , [S (M)− 1]M ν} if m ≤ 1 ≤M,

[S (M)− 1]M ν if 1 < m

and

δν (m,M) ≥


[S (M r)− 1]M ν if M < 1,

0 if m ≤ 1 ≤M,

[S (mr)− 1]mν if 1 < m,

which by Theorem 10.2 proves the corollary.

REMARK 10.3. With the assumptions of Corollary 10.3, we have in the case (i), that

(10.17)
[
S
(
(h′)

r)− 1
]
(h′)

ν
A ≤ A∇νB − A]νB ≤ [S (h)− 1]hνA,

and in the case (ii), that

(10.18)
S ((h′)r)− 1

(h′)r A ≤ A∇νB − A]νB ≤ S (h)− 1

hν
A.
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We have

(10.19) (0 <) [Kr (t)− 1] tν ≤ 1− ν + νt− tν ≤
[
KR (t)− 1

]
tν

wheret > 0, ν ∈ [0, 1], r = min {1− ν, ν} andR = max {1− ν, ν} .
We then have the following bounds in terms of Kantorovich’s constant:

COROLLARY 10.6. With the assumptions of Theorem 10.2 we have


[Kr (M)− 1]M νA if M < 1,

0 if m ≤ 1 ≤M,

[Kr (m)− 1]mνA if 1 < m,

(10.20)

≤ A∇νB − A]νB

≤



[
KR (m)− 1

]
mνA if M < 1,

max
{[
KR (m)− 1

]
mν ,

[
KR (M)− 1

]
M ν
}
A if m ≤ 1 ≤M,[

KR (M)− 1
]
M νA if 1 < m.

REMARK 10.4. With the assumptions of Corollary 10.3, we have in the case (i), that

(10.21) [Kr (h′)− 1] (h′)
ν
A ≤ A∇νB − A]νB ≤

[
KR (h)− 1

]
hνA,

and in the case (ii), that

(10.22)
Kr (h′)− 1

(h′)r A ≤ A∇νB − A]νB ≤ KR (h)− 1

hν
A.

Let p, q > 1 with 1
p

+ 1
q

= 1. Assume that the positive invertible operatorsA, B satisfy the
condition

(10.23) mAp ≤ Bq ≤MAp.

Then by replacingA with Ap, B with Bq andν = 1
q

in (10.5) we have

(10.24) δ 1
q
(m,M)Ap ≤ 1

p
Ap +

1

q
Bq − Ap] 1

q
Bq ≤ ∆ 1

q
(m,M)Ap,

where∆ 1
q
(m,M) andδ 1

q
(m,M) are defined by (10.2) and (10.3) respectively.
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If the positive invertible operatorsA, B satisfy the condition (10.23), then from (10.11) we
get for

rp,q ×



(
1−

√
M
)2

Ap if M < 1,

0 if m ≤ 1 ≤M,

(
√
m− 1)

2
Ap if 1 < m

(10.25)

≤ 1

p
Ap +

1

q
Bq − Ap] 1

q
Bq

≤ Rp,q ×



(1−
√
m)

2
Ap if M < 1,

max

{
(1−

√
m)

2
,
(√

M − 1
)2
}
Ap if m ≤ 1 ≤M,

(√
M − 1

)2

Ap if 1 < m,

,

from (10.14) we get


[S (M rp,q)− 1]M νAp if M < 1,

0 if m ≤ 1 ≤M,

[S (mrp,q)− 1]mνAp if 1 < m

(10.26)

≤ 1

p
Ap +

1

q
Bq − Ap] 1

q
Bq

≤


[S (m)− 1]mνAp if M < 1,

max {[S (m)− 1]mν , [S (M)− 1]M ν}Ap if m ≤ 1 ≤M,

[S (M)− 1]M νAp if 1 < m,
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while from (10.20) we get
[Krp,q (M)− 1]M νAp if M < 1,

0 if m ≤ 1 ≤M,

[Krp,q (m)− 1]mνAp if 1 < m

(10.27)

≤ 1

p
Ap +

1

q
Bq − Ap] 1

q
Bq

≤



[
KRp,q (m)− 1

]
mνAp if M < 1,

max
{[
KRp,q (m)− 1

]
mν ,

[
KRp,q (M)− 1

]
M ν
}
Ap if m ≤ 1 ≤M,[

KRp,q (M)− 1
]
M νAp if 1 < m,

whererp,q = min
{

1
p
, 1

q

}
andRp,q = max

{
1
p
, 1

q

}
.

If p = q = 2 and if we assume that

(10.28) mA2 ≤ B2 ≤MA2,

then by (10.24) we get

(10.29) δ 1
2
(m,M)A2 ≤ 1

2

(
A2 +B2

)
− A2]B2 ≤ ∆ 1

2
(m,M)A2.

Assume thatA andB satisfy the conditions

(10.30) m1I ≤ A ≤M1I, m2I ≤ B ≤M2I

for some0 < m1 < M1 and0 < m2 < M2. We have from (10.30) that

mp
1I ≤ Ap ≤Mp

1 I.

Then by (10.30) we also have

mp
1M

−q
2 I ≤ mp

1B
−q ≤ B− q

2ApB− q
2 ≤Mp

1B
−q ≤Mp

1m
−q
2 I,

which implies that

m1M
− q

p

2 I ≤
(
B− q

2ApB− q
2

) 1
p ≤M1m

− q
p

2 I.

Now, on using the inequality (10.24) form = m1M
− q

p

2 andM = M1m
− q

p

2 , we get

δν

(
m1M

− q
p

2 ,M1m
− q

p

2

)
Ap ≤ 1

p
Ap +

1

q
Bq − Ap] 1

q
Bq(10.31)

≤ ∆ν

(
m1M

− q
p

2 ,M1m
− q

p

2

)
Ap,

wherep, q > 1 with 1
p

+ 1
q

= 1.
In particular, we have

δ 1
2

(
m1M

−1
2 ,M1m

−1
2

)
A2 ≤ 1

2

(
A2 +B2

)
− A2]B2(10.32)

≤ ∆ 1
2

(
m1M

−1
2 ,M1m

−1
2

)
A2,

provided thatA andB satisfy the conditions (10.30).
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Further inequalities in terms of Specht’s ratio and Kantorovich’s constant may be obtained
by using (10.26) and (10.27) respectively, however the details are not presented here.

10.2. Inequalities Related to McCarthy’s. By the use of the spectral resolution ofP ≥ 0
and the Hölder inequality, C. A. McCarthy [109] proved that

(10.33) 〈Px, x〉p ≤ 〈P px, x〉 , p ∈ (1,∞)

and

(10.34) 〈P px, x〉 ≤ 〈Px, x〉p , p ∈ (0, 1)

for anyx ∈ H with ‖x‖ = 1.
From the previous section, for positive numbersa, b with b

a
∈ [m,M ] ⊂ (0,∞) andν ∈

[0, 1] we can state the following scalar inequalities

(10.35) δν (m,M) a ≤ (1− ν) a+ νb− a1−νbν ≤ ∆ν (m,M) a,

where∆ν (m,M) andδν (m,M) are defined by (10.2) and (10.3) respectively.
We also have the scalar inequalities

r ×



(
1−

√
M
)2

a if M < 1,

0 if m ≤ 1 ≤M,

(
√
m− 1)

2
a if 1 < m,

(10.36)

≤ (1− ν) a+ νb− a1−νbν

≤ R×



(1−
√
m)

2
a if M < 1,

max

{
(1−

√
m)

2
,
(√

M − 1
)2
}
a if m ≤ 1 ≤M,

(√
M − 1

)2

a if 1 < m,

,


[S (M r)− 1]M νa if M < 1,

0 if m ≤ 1 ≤M,

[S (mr)− 1]mνa if 1 < m

(10.37)

≤ (1− ν) a+ νb− a1−νbν

≤


[S (m)− 1]mνa if M < 1,

max {[S (m)− 1]mν , [S (M)− 1]M ν} a if m ≤ 1 ≤M,

[S (M)− 1]M νa if 1 < m
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and 
[Kr (M)− 1]M νa if M < 1,

0 if m ≤ 1 ≤M,

[Kr (m)− 1]mνa if 1 < m

(10.38)

≤ (1− ν) a+ νb− a1−νbν

≤



[
KR (m)− 1

]
mνa if M < 1,

max
{[
KR (m)− 1

]
mν ,

[
KR (M)− 1

]
M ν
}
a if m ≤ 1 ≤M,[

KR (M)− 1
]
M νa if 1 < m,

wherer = min {1− ν, ν} andR = max {1− ν, ν} .

THEOREM 10.7 (Dragomir, 2015, [67]). LetP and operator such that

(10.39) zI ≤ P ≤ ZI

for some constantsZ > z > 0.
Then for anyx ∈ H with ‖x‖ = 1 we have

(10.40) 0 ≤ 1−
〈
P λx, x

〉
〈Px, x〉λ

≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
,

whereλ ∈ [0, 1] and the functionfλ : [0,∞) → [0,∞) is defined by

(10.41) fλ (t) = 1− λ+ λt− tλ.

PROOF. If u, v ∈ [z, Z] then u
v
∈
[

z
Z
, Z

z

]
and by (10.35) we have

0 ≤ (1− λ) v + λu− v1−λuλ ≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
v

for anyλ ∈ [0, 1] .
Fix v ∈ [z, Z] , then by using the functional calculus for the operatorP with zI ≤ P ≤ ZI

we have

(10.42) 0 ≤ (1− λ) vI + λP − v1−λP λ ≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
v

for anyλ ∈ [0, 1] .
The inequality (10.42) implies that

(10.43) 0 ≤ (1− λ) v + λ 〈Px, x〉 − v1−λ
〈
P λx, x

〉
≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
v,

for anyx ∈ H with ‖x‖ = 1, for anyλ ∈ [0, 1] and for anyv ∈ [z, Z] .
If we take in (10.43)v = 〈Px, x〉 ∈ [z, Z] , for x ∈ H with ‖x‖ = 1, then we have

0 ≤ 〈Px, x〉 − 〈Px, x〉1−λ 〈P λx, x
〉
≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
〈Px, x〉 ,
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which, by division with〈Px, x〉1−λ > 0 produces

0 ≤ 〈Px, x〉λ −
〈
P λx, x

〉
≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
〈Px, x〉λ

that is equivalent to the desired result (10.40).

REMARK 10.5. If 1 < Z
z
≤ λ

1
λ−1 with λ ∈ (0, 1) then by Remark 10.1 we have that

max
{
fλ

(
z
Z

)
, fλ

(
Z
z

)}
≤ 1− λ and by (10.40) we get

(10.44) λ 〈Px, x〉λ ≤
〈
P λx, x

〉 (
≤ 〈Px, x〉λ

)
for anyx ∈ H with ‖x‖ = 1.

COROLLARY 10.8. With the assumptions of Theorem 10.7 and ifT = max {λ, 1− λ} for
λ ∈ (0, 1) , then we have

0 ≤ 1−
〈
P λx, x

〉
〈Px, x〉λ

≤



T
(√

Z
z
− 1
)2

,

[
S
(

Z
z

)
− 1
] (

Z
z

)λ
,[

KT
(

Z
z

)
− 1
] (

Z
z

)λ
for anyx ∈ H with ‖x‖ = 1.

We have:

THEOREM 10.9 (Dragomir, 2015, [67]). LetA andB be two positive invertible operators,
p, q > 1 with 1

p
+ 1

q
= 1 andm, M > 0 such that

(10.45) mpBq ≤ Ap ≤MpBq.

Then we have

(10.46) 0 ≤ 1−
〈
Bq]1/pA

px, x
〉

〈Apx, x〉1/p 〈Bqx, x〉1/q
≤ max

{
f 1

p

((m
M

)p)
, f 1

p

((
M

m

)p)}
,

where the functionf 1
p

: [0,∞) → [0,∞) is defined by (10.41) forλ = 1
p
.

PROOF. From the inequality (10.40) forx = y
‖y‖ , y 6= 0 we have

(10.47) 0 ≤ 1−
〈
P λy, y

〉
〈y, y〉1−λ 〈Py, y〉λ

≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
,

provided thatP satisfy the condition (10.39).
Now, from (10.45) by multiplying both sides withB− q

2 we havempI ≤ B− q
2ApB− q

2 ≤
MpI.

By writing the inequality (10.47) forP = B− q
2ApB− q

2 , z = mp, Z = Mp, λ = 1
p

and

y = B
q
2x, with x ∈ H, x 6= 0, we have

0 ≤ 1−

〈(
B− q

2ApB− q
2

) 1
p B

q
2x,B

q
2x
〉

〈
B

q
2x,B

q
2x
〉 1

q
〈(
B− q

2ApB− q
2

)
B

q
2x,B

q
2x
〉 1

p

≤ max

{
f 1

p

((m
M

)p)
, f 1

p

((
M

m

)p)}
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that is equivalent to

0 ≤ 1−

〈
B

q
2

(
B− q

2ApB− q
2

) 1
p B

q
2x, x

〉
〈Bqx, x〉

1
q 〈Apx, x〉

1
p

≤ max

{
f 1

p

((m
M

)p)
, f 1

p

((
M

m

)p)}
with x ∈ H, x 6= 0.

This is equivalent to the desired result (10.46).

COROLLARY 10.10. With the assumptions of Theorem 10.9 we have forx ∈ H, x 6= 0, that

0 ≤ 1−
〈
Bq]1/pA

px, x
〉

〈Apx, x〉1/p 〈Bqx, x〉1/q
≤


Tp,q

((
M
m

) p
2 − 1

)2

,

[
S
((

M
m

)p)− 1
]

M
m
,[

KTp,q
((

M
m

)p)− 1
]

M
m
,

whereTp,q = max
{

1
p
, 1

q

}
.

10.3. Trace Inequalities.We have the following trace inequality:

THEOREM 10.11 (Dragomir, 2015, [67]). LetC be an operator with the property that

(10.48) zI ≤ C ≤ ZI

for some constantsz, Z with Z > z > 0 andP ∈ B1 (H) , P ≥ 0 with tr (P ) > 0. Then for
anyλ ∈ [0, 1] we have

(10.49) 0 ≤ 1−
tr
(
PCλ

)
tr1−λ (P ) trλ (PC)

≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
and the functionfλ is defined by (10.41).

PROOF. As in the proof of Theorem 10.7, we have

0 ≤ (1− λ) vI + λC − v1−λCλ ≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
v

for anyλ ∈ [0, 1] .
This inequality implies that

0 ≤ (1− λ) v 〈x, x〉+ λ 〈Cx, x〉 − v1−λ
〈
Cλx, x

〉
(10.50)

≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
v 〈x, x〉 ,

for anyx ∈ H, for anyλ ∈ [0, 1] and for anyv ∈ [z, Z] .
Now, if we take in (10.50)x = P 1/2e, wheree ∈ H, then

0 ≤ (1− λ) v 〈Pe, e〉+ λ
〈
P 1/2CP 1/2e, e

〉
− v1−λ

〈
P 1/2CλP 1/2e, e

〉
(10.51)

≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
v 〈Pe, e〉 ,

for anye ∈ H.
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Let {ei}i∈I be an orthonormal basis ofH. If we take in (10.51)e = ei, i ∈ I and by
summing overi ∈ I, then we get

0 ≤ (1− λ) v
∑
i∈I

〈Pei, ei〉+ λ
∑
i∈I

〈
P 1/2CP 1/2ei, ei

〉
(10.52)

− v1−λ
∑
i∈I

〈
P 1/2CλP 1/2ei, ei

〉
≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
v
∑
i∈I

〈Pei, ei〉 ,

and by the properties of trace we have

0 ≤ (1− λ) v tr (P ) + λ tr (PC)− v1−λ tr
(
PCλ

)
≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
v tr (P ) ,

for anyλ ∈ [0, 1] and for anyv ∈ [z, Z] .
This inequality can be written as

0 ≤ (1− λ) v + λ
tr (PC)

tr (P )
− v1−λ tr

(
PCλ

)
tr (P )

(10.53)

≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
v,

for anyλ ∈ [0, 1] and for anyv ∈ [z, Z] .

Now, if we take in (10.53)v = tr(PC)
tr(P )

∈ [z, Z] , then we get

0 ≤ (1− λ)
tr (PC)

tr (P )
+ λ

tr (PC)

tr (P )
−
(

tr (PC)

tr (P )

)1−λ tr
(
PCλ

)
tr (P )

≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
tr (PC)

tr (P )
,

namely

0 ≤ tr (PC)

tr (P )
−
(

tr (PC)

tr (P )

)1−λ tr
(
PCλ

)
tr (P )

≤ max

{
fλ

( z
Z

)
, fλ

(
Z

z

)}
tr (PC)

tr (P )
,

and by multiplying with tr(P )
tr(PC)

> 0 we get the desired result (10.49).

In particular, we have:

COROLLARY 10.12. With the assumptions of Theorem 10.11 and ifT = max {λ, 1− λ}
for λ ∈ (0, 1) , then we have

(10.54) 0 ≤ 1−
tr
(
PCλ

)
tr1−λ (P ) trλ (PC)

≤



T
(√

Z
z
− 1
)2

,

[
S
(

Z
z

)
− 1
] (

Z
z

)λ
,[

KT
(

Z
z

)
− 1
] (

Z
z

)λ
.

The following reverse of Hölder’s trace inequality may be stated:
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THEOREM10.13 (Dragomir, 2015, [67]). LetA andB be two positive invertible operators,
p, q > 1 with 1

p
+ 1

q
= 1 andm, M > 0 such that

(10.55) mpBq ≤ Ap ≤MpBq.

If Bq ∈ B1 (H) , then

(10.56) 0 ≤ 1−
tr
(
Bq]1/pA

p
)

tr1/p (Ap) tr1/q (Bq)
≤ max

{
f 1

p

((m
M

)p)
, f 1

p

((
M

m

)p)}
.

PROOF. Now, from (10.55) by multiplying both sides withB− q
2 we havempI ≤ B− q

2ApB− q
2 ≤

MpI. By writing the inequality (10.49) forC = B− q
2ApB− q

2 , z = mp, Z = Mp, λ = 1
p

and
P = Bq we get the desired result (10.56).

Finally, we have

COROLLARY 10.14. With the assumptions of Theorem 10.13 and ifTp,q = max
{

1
p
, 1

q

}
,

then we have

(10.57) 0 ≤ 1−
tr
(
Bq]1/pA

p
)

tr1/p (Ap) tr1/q (Bq)
≤


Tp,q

((
M
m

) p
2 − 1

)2

,

[
S
((

M
m

)p)− 1
]

M
m
,[

KTp,q
((

M
m

)p)− 1
]

M
m
.

10.4. Other Upper and Lower Bounds. In [57] we proved the following reverses of
Young’s inequality

(10.58) 0 ≤ (1− ν) a+ νb− a1−νbν ≤ ν (1− ν) (a− b) (ln a− ln b)

and

(10.59) 1 ≤ (1− ν) a+ νb

a1−νbν
≤ exp

[
4ν (1− ν)

(
K
(a
b

)
− 1
)]
,

for anya, b > 0 andν ∈ [0, 1] , whereK is Kantorovich’s constant.
The inequality (10.59) is equivalent to

0 ≤ (1− ν) a+ νb− a1−νbν(10.60)

≤
(
exp

[
4ν (1− ν)

(
K
(a
b

)
− 1
)]
− 1
)
a1−νbν

for anya, b > 0 andν ∈ [0, 1] .
Therefore, by (10.2), (10.58) and (10.60) we have

∆ν (m,M) =


fν (m) if M < 1,

max {fν (m) , fν (M)} if m ≤ 1 ≤M,

fν (M) if 1 < m

(10.61)

≤ ν (1− ν)×


(m− 1) lnm if M < 1,

max {(m− 1) lnm, (M − 1) lnM} if m ≤ 1 ≤M,

(M − 1) lnM if 1 < m,
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and

(10.62) ∆ν (m,M) ≤



(exp [4ν (1− ν) (K (m)− 1)]− 1)mν if M < 1,

max {(exp [4ν (1− ν) (K (m)− 1)]− 1)mν ,
(exp [4ν (1− ν) (K (M)− 1)]− 1)M ν} if m ≤ 1 ≤M,

(exp [4ν (1− ν) (K (M)− 1)]− 1)M ν if 1 < m.

In [61] we also obtained the following refinements and reverses of Young’s inequality

1

2
ν (1− ν) (ln a− ln b)2 min {a, b} ≤ (1− ν) a+ νb− a1−νbν(10.63)

≤ 1

2
ν (1− ν) (ln a− ln b)2 max {a, b}

and

exp

[
1

2
ν (1− ν)

(
1− min {a, b}

max {a, b}

)2
]

(10.64)

≤ (1− ν) a+ νb

a1−νbν

≤ exp

[
1

2
ν (1− ν)

(
max {a, b}
min {a, b}

− 1

)2
]

for anya, b > 0 andν ∈ [0, 1] .
The inequality (10.64) is equivalent to(

exp

[
1

2
ν (1− ν)

(
1− min {a, b}

max {a, b}

)2
]
− 1

)
a1−νbν(10.65)

≤ (1− ν) a+ νb− a1−νbν

≤

(
exp

[
1

2
ν (1− ν)

(
max {a, b}
min {a, b}

− 1

)2
]
− 1

)
a1−νbν

for anya, b > 0 andν ∈ [0, 1] .
Therefore, by (10.63) and (10.65) we have the upper bounds

(10.66) ∆ν (m,M) ≤ 1

2
ν (1− ν)


(lnm)2 if M < 1,

max
{
(lnm)2 , (lnM)2M

}
if m ≤ 1 ≤M,

(lnM)2M if 1 < m

and

(10.67) ∆ν (m,M) ≤



(
exp

[
1
2
ν (1− ν)

(
1
m
− 1
)2]− 1

)
mν if M < 1,

max
{(

exp
[

1
2
ν (1− ν)

(
1
m
− 1
)2]− 1

)
mν ,(

exp
[

1
2
ν (1− ν) (M − 1)2]− 1

)
M ν
}

if m ≤ 1 ≤M,(
exp

[
1
2
ν (1− ν) (M − 1)2]− 1

)
M ν if 1 < m.
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From (10.3), (10.63) and (10.65) we have the lower bounds

δν (m,M) :=


fν (M) if M < 1,

0 if m ≤ 1 ≤M,

fν (m) if 1 < m.

(10.68)

≥ 1

2
ν (1− ν)×


(lnM)2M if M < 1,

0 if m ≤ 1 ≤M,

(lnm)2 if 1 < m

and

(10.69) δν (m,M) ≥



(
exp

[
1
2
ν (1− ν) (1−M)2]− 1

)
M ν if M < 1,

0 if m ≤ 1 ≤M,(
exp

[
1
2
ν (1− ν)

(
1− 1

m

)2]− 1
)
mν if 1 < m.

Assume thatA, B are positive invertible operators and the constantsM > m > 0 are such
thatmA ≤ B ≤ MA. If we use the second inequality in (10.5), then we have the following
upper bounds for the differenceA∇νB − A]νB:

A∇νB − A]νB(10.70)

≤ ν (1− ν)×



[(m− 1) lnm]A if M < 1,

max {(m− 1) lnm, (M − 1) lnM}A
if m ≤ 1 ≤M,

[(M − 1) lnM ]A if 1 < m,

A∇νB − A]νB(10.71)

≤



(exp [4ν (1− ν) (K (m)− 1)]− 1)Amν if M < 1,

max {(exp [4ν (1− ν) (K (m)− 1)]− 1)mν ,
(exp [4ν (1− ν) (K (M)− 1)]− 1)M ν}A if m ≤ 1 ≤M,

(exp [4ν (1− ν) (K (M)− 1)]− 1)AM ν if 1 < m,

A∇νB − A]νB(10.72)

≤ 1

2
ν (1− ν)



[
(lnm)2]A if M < 1,

max
{
(lnm)2 , (lnM)2M

}
A if m ≤ 1 ≤M,[

(lnM)2M
]
A if 1 < m
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and

A∇νB − A]νB(10.73)

≤



(
exp

[
1
2
ν (1− ν)

(
1
m
− 1
)2]− 1

)
Amν if M < 1,

max
{(

exp
[

1
2
ν (1− ν)

(
1
m
− 1
)2]− 1

)
mν ,(

exp
[

1
2
ν (1− ν) (M − 1)2]− 1

)
M ν
}
A if m ≤ 1 ≤M,(

exp
[

1
2
ν (1− ν) (M − 1)2]− 1

)
AM ν if 1 < m.

If we use the first inequality in (10.5), then we have the following lower bounds for the
differenceA∇νB − A]νB:

A∇νB − A]νB(10.74)

≥ 1

2
ν (1− ν)×



[
(lnM)2M

]
Aif M < 1,

0 if m ≤ 1 ≤M,[
(lnm)2]A if 1 < m

and

A∇νB − A]νB(10.75)

≥



(
exp

[
1
2
ν (1− ν) (1−M)2]− 1

)
AM ν if M < 1,

0 if m ≤ 1 ≤M,(
exp

[
1
2
ν (1− ν)

(
1− 1

m

)2]− 1
)
Amν if 1 < m.

The interested reader may state other inequalities by using Theorems 10.7-10.13, however
the details are nor presented here.

11. MULTIPLICATIVE REVERSES

In [57] we proved the following multiplicative reverse of Young’s inequality

(11.1) 1 ≤ (1− ν) a+ νb

a1−νbν
≤ exp

[
4ν (1− ν)

(
K
(a
b

)
− 1
)]
,

for anya, b > 0 andν ∈ [0, 1] , whereK is Kantorovich’s constant.
In [61] we also obtained the following multiplicative refinement and reverse of Young’s

inequality

exp

[
1

2
ν (1− ν)

(
1− min {a, b}

max {a, b}

)2
]

(11.2)

≤ (1− ν) a+ νb

a1−νbν

≤ exp

[
1

2
ν (1− ν)

(
max {a, b}
min {a, b}

− 1

)2
]

for anya, b > 0 andν ∈ [0, 1] .
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11.1. Multiplicative Reverses.We consider the functiongν : (0,∞) → (0,∞) defined
for ν ∈ (0, 1) by

(11.3) gν (x) =
1− ν + νx

xν
= (1− ν)x−ν + νx1−ν .

For [m,M ] ⊂ (0,∞) define the quantities

Γν (m,M) :=


gν (m) if M < 1,

max {gν (m) , gν (M)} if m ≤ 1 ≤M,

gν (M) if 1 < m

(11.4)

=



(1− ν)m−ν + νm1−ν if M < 1,

max {(1− ν)m−ν + νm1−ν , (1− ν)M−ν + νM1−ν}
if m ≤ 1 ≤M,

(1− ν)M−ν + νM1−ν if 1 < m

and

γν (m,M) :=


gν (M) if M < 1,

1 if m ≤ 1 ≤M,

gν (m) if 1 < m.

(11.5)

=


(1− ν)M−ν + νM1−ν if M < 1,

1 if m ≤ 1 ≤M,

(1− ν)m−ν + νm1−ν if 1 < m.

The following lemma holds.

LEMMA 11.1 (Dragomir, 2015, [48]). For anyx ∈ [m,M ] ⊂ (0,∞) we have

(11.6) max
x∈[m,M ]

gν (x) = Γν (m,M)

and

(11.7) min
x∈[m,M ]

gν (x) = γν (m,M) .

PROOF. The functiongν is differentiable and

g′ν (x) = (1− ν) νx−ν−1 (x− 1) ,

which shows that the functiongν is decreasing on(0, 1) and increasing on[1,∞) . We have
gν (1) = 1, limx→0+gν (x) = +∞, limx→∞gν (x) = +∞ andgν

(
1
x

)
= g1−ν (x) for anyx > 0

andν ∈ (0, 1) .
Therefore, by considering the3 possible situations for the location of the interval[m,M ]

and the number1 we get the desired bounds (11.6) and (11.7).
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The following result provides a multiplicative refinement and reverse for the operator Young’s
inequality:

THEOREM11.2 (Dragomir, 2015, [48]). Assume thatA, B are positive invertible operators
and the constantsM > m > 0 are such that

(11.8) mA ≤ B ≤MA.

Letν ∈ [0, 1] , then we have the inequalities

(11.9) γν (m,M)A]νB ≤ A∇νB ≤ Γν (m,M)A]νB,

whereΓν (m,M) andγν (m,M) are defined by (11.4) and (11.5), respectively.

PROOF. From Lemma 11.1 we have the double inequality

(11.10) γν (m,M)xν ≤ 1− ν + νx ≤ Γν (m,M)xν

for anyx ∈ [m,M ] .
If X is an operator such thatmI ≤ X ≤MI, then by (11.10) and the continuous functional

calculus, we have

(11.11) γν (m,M)Xν ≤ (1− ν) I + νX ≤ Γν (m,M)Xν .

If the condition (11.8) holds, then by multiplying in both sides withA−1/2 we getmI ≤
A−1/2BA−1/2 ≤MI and by takingX = A−1/2BA−1/2 in (11.11) we get

γν (m,M)
(
A−1/2BA−1/2

)ν ≤ (1− ν) I + νA−1/2BA−1/2(11.12)

≤ Γν (m,M)
(
A−1/2BA−1/2

)ν
.

Now, if we multiply (11.12) in both sides withA1/2 we get the desired result (11.9).

COROLLARY 11.3. For two positive operatorsA, B and positive real numbersm, m′, M,
M ′ puth = M

m
andh′ = M ′

m′ . Letν ∈ (0, 1) .
If

(i) 0 < mI ≤ A ≤ m′I < M ′I ≤ B ≤MI,
then

(11.13) gν (h′)A]νB ≤ A∇νB ≤ gν (h)A]νB.

If
(ii) 0 < mI ≤ B ≤ m′I < M ′I ≤ A ≤MI,

then

(11.14) g1−ν (h′)A]νB ≤ A∇νB ≤ g1−ν (h)A]νB.

PROOF. If (i) is valid, then we have

A <
M ′

m′ A = h′A ≤ B ≤ hA =
M

m
A,

and by (11.6) for1 < h′ ≤ h we have

gν (h′)A]νB ≤ A∇νB ≤ gν (h)A]νB,

and the inequality (11.13) is proved.
If (ii) is valid, then we have

1

h
A ≤ B ≤ 1

h′
A < A
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and by (11.13) for1
h
≤ 1

h′
< 1 we also have

gν

(
1

h′

)
A]νB ≤ A∇νB ≤ gν

(
1

h

)
A]νB,

and since

gν

(
1

h

)
= g1−ν (h) , gν

(
1

h′

)
= g1−ν (h′) ,

the inequality (11.14) is proved.

REMARK 11.1. By making use of (11.9) we have the following upper and lower bounds in
terms of Specht’s ratioS

S (M r)A]νB if M < 1,

A]νB if m ≤ 1 ≤M,

S (mr)A]νB if 1 < m.

(11.15)

≤ A∇νB

≤


S (m)A]νB if M < 1,

max {S (m) , S (M)}A]νB if m ≤ 1 ≤M,

S (M)A]νB if 1 < m

,

whereν ∈ [0, 1], r = min {1− ν, ν} .
With the assumptions of Corollary 11.3, we have, either in the case (i) or in the case (ii) that

(11.16) S
(
(h′)

r)
A]νB ≤ A∇νB ≤ S (h)A]νB

whereν ∈ [0, 1], r = min {1− ν, ν} .

REMARK 11.2. By making use of (11.9) we have the following upper and lower bounds in
terms of Kantorovich’s constantK

Kr (M)A]νB if M < 1,

A]νB if m ≤ 1 ≤M,

Kr (m)A]νB if 1 < m.

(11.17)

≤ A∇νB

≤


KR (m)A]νB if M < 1,

max
{
KR (m) , KR (M)

}
A]νB if m ≤ 1 ≤M,

KR (M)A]νB if 1 < m,

,

whereν ∈ [0, 1], r = min {1− ν, ν} andR = max {1− ν, ν} .
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With the assumptions of Corollary 11.3, we have, either in the case (i) or in the case (ii) that

(11.18) Kr (h′)A]νB ≤ A∇νB ≤ KR (h)A]νB,

whereν ∈ [0, 1], r = min {1− ν, ν} andR = max {1− ν, ν} .

REMARK 11.3. By making use of (11.9) and (11.1) we have the following exponential upper
bound

(11.19) A∇νB ≤



exp [4ν (1− ν) (K (m)− 1)]A]νB if M < 1,

max {exp [4ν (1− ν) (K (m)− 1)] ,
exp [4ν (1− ν) (K (M)− 1)]}A]νB if m ≤ 1 ≤M,

exp [4ν (1− ν) (K (M)− 1)]A]νB if 1 < m.

With the assumptions of Corollary 11.3, we have either in the case (i) or in the case (ii) that

A∇νB ≤ exp [4ν (1− ν) (K (h)− 1)]A]νB,

whereν ∈ [0, 1].

REMARK 11.4. By making use of (11.9) and (11.1) we have the following exponential lower
and upper bounds

exp
[

1
2
ν (1− ν) (1−M)2]A]νB if M < 1,

A]νB if m ≤ 1 ≤M,

exp
[

1
2
ν (1− ν)

(
1− 1

m

)2]
A]νB if 1 < m.

(11.20)

≤ A∇νB

≤



exp
[

1
2
ν (1− ν)

(
1
M
− 1
)2]

A]νB if M < 1,

max
{
exp

[
1
2
ν (1− ν) (m− 1)2] ,

exp
[

1
2
ν (1− ν)

(
1
M
− 1
)2]}

A]νB if m ≤ 1 ≤M,

exp
[

1
2
ν (1− ν) (m− 1)2]A]νB if 1 < m.

With the assumptions of Corollary 11.3, we have either in the case (i) or in the case (ii) that

exp

[
1

2
ν (1− ν)

(
h′ − 1

h′

)2
]
A]νB(11.21)

≤ A∇νB ≤ exp

[
1

2
ν (1− ν) (h− 1)2

]
A]νB,

whereν ∈ [0, 1].

Let p, q > 1 with 1
p

+ 1
q

= 1. Assume that the positive invertible operatorsA, B satisfy the
condition

(11.22) mAp ≤ Bq ≤MAp.
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Then by replacingA with Ap, B with Bq andν = 1
q

in (11.9) we have

(11.23) γ 1
q
(m,M)Ap] 1

q
Bq ≤ 1

p
Ap +

1

q
Bq ≤ Γ 1

q
(m,M)Ap] 1

q
Bq,

whereΓ 1
q
(m,M) andγ 1

q
(m,M) are defined by (11.4) and (11.5), respectively.

Assume thatA andB satisfy the conditions

(11.24) m1I ≤ A ≤M1I, m2I ≤ B ≤M2I

for some0 < m1 < M1 and0 < m2 < M2. We have from (11.24) that

mp
1I ≤ Ap ≤Mp

1 I.

Then by (11.24) we also have

mp
1M

−q
2 I ≤ mp

1B
−q ≤ B− q

2ApB− q
2 ≤Mp

1B
−q ≤Mp

1m
−q
2 I,

which implies that

m1M
− q

p

2 I ≤
(
B− q

2ApB− q
2

) 1
p ≤M1m

− q
p

2 I.

Now, on using the inequality (11.23) form = m1M
− q

p

2 andM = M1m
− q

p

2 , we get

γ 1
q

(
m1M

− q
p

2 ,M1m
− q

p

2

)
Ap] 1

q
Bq(11.25)

≤ 1

p
Ap +

1

q
Bq

≤ Γ 1
q

(
m1M

− q
p

2 ,M1m
− q

p

2

)
Ap] 1

q
Bq,

whereΓ 1
q
(·, ·) andγ 1

q
(·, ·) are defined by (11.4) and (11.5), respectively.

Further bounds may be stated as in Remarks 11.1-11.4, however the details are not provided
here.

11.2. Inequalities Related to McCarthy’s. By the use of the spectral resolution ofP ≥ 0
and the Hölder inequality, C. A. McCarthy [109] proved that

(11.26) 〈Px, x〉p ≤ 〈P px, x〉 , p ∈ (1,∞)

and

(11.27) 〈P px, x〉 ≤ 〈Px, x〉p , p ∈ (0, 1)

for anyx ∈ H with ‖x‖ = 1.
From the previous section, for positive numbersa, b with b

a
∈ [m,M ] ⊂ (0,∞) andν ∈

[0, 1] we can state the following scalar inequalities

(11.28) γν (m,M) a1−νbν ≤ (1− ν) a+ νb ≤ Γν (m,M) a1−νbν ,

whereγν (m,M) andΓν (m,M) are defined by (11.4) and (11.5), respectively.
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This inequality can be written explicitly as
gν (M) a1−νbν if M < 1,

a1−νbν if m ≤ 1 ≤M,

gν (m) a1−νbν if 1 < m.

(11.29)

≤ (1− ν) a+ νb

≤


gν (m) a1−νbν if M < 1,

max {gν (m) , gν (M)} a1−νbν if m ≤ 1 ≤M,

gν (M) a1−νbν if 1 < m,

,

where

(11.30) gν (x) =
1− ν + νx

xν
= (1− ν)x−ν + νx1−ν , x > 0.

We have the following reverse of McCarthy’s inequality:

THEOREM 11.4 (Dragomir, 2015, [48]). LetP and operator such that

(11.31) zI ≤ P ≤ ZI

for some constantsZ > z > 0.
Then for anyx ∈ H with ‖x‖ = 1 we have

(11.32) (1 ≤)
〈Px, x〉λ

〈P λx, x〉
≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
,

whereλ ∈ [0, 1] and the functiongλ : (0,∞) → (0,∞) is defined by (11.30).

PROOF. If u, v ∈ [z, Z] then u
v
∈
[

z
Z
, Z

z

]
and by (11.29) we have(

v1−λuλ ≤
)
(1− λ) v + λu ≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
v1−λuλ

for anyλ ∈ [0, 1] .
Fix v ∈ [z, Z] , then by using the functional calculus for the operatorP with zI ≤ P ≤ ZI

we have

(11.33) (1− λ) vI + λP ≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
v1−λP λ

for anyλ ∈ [0, 1] .
The inequality (11.33) implies that

(11.34) (1− λ) vI + λ 〈Px, x〉 ≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
v1−λ

〈
P λx, x

〉
for anyx ∈ H with ‖x‖ = 1, for anyλ ∈ [0, 1] and for anyv ∈ [z, Z] .

If we take in (11.34)v = 〈Px, x〉 ∈ [z, Z] , for x ∈ H with ‖x‖ = 1, then we have

〈Px, x〉 ≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
〈Px, x〉1−λ 〈P λx, x

〉
,
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which, by division with〈Px, x〉1−λ > 0 produces the desired result (11.32).

COROLLARY 11.5. With the assumptions of Theorem 11.4 and ifT = max {λ, 1− λ} for
λ ∈ (0, 1) , then we have

(1 ≤)
〈Px, x〉λ

〈P λx, x〉
≤



S
(

Z
z

)
,

KT
(

Z
z

)
,

exp
[
4λ (1− λ)

(
K
(

Z
z

)
− 1
)]
,

exp
[

1
2
λ (1− λ)

(
Z
z
− 1
)2]

for anyx ∈ H with ‖x‖ = 1.

We have:

THEOREM 11.6 (Dragomir, 2015, [48]). LetA andB be two positive invertible operators,
p, q > 1 with 1

p
+ 1

q
= 1 andm, M > 0 such that

(11.35) mpBq ≤ Ap ≤MpBq.

Then we have

(11.36) (1 ≤)
〈Apx, x〉1/p 〈Bqx, x〉1/q〈

Bq]1/pApx, x
〉 ≤ max

{
g 1

q

((
M

m

)p)
, g 1

p

((
M

m

)p)}
,

where the functiongλ : (0,∞) → (0,∞) is defined by (11.30).

PROOF. From the inequality (11.32) forx = y
‖y‖ , y 6= 0 we have

(11.37) (1 ≤)
〈y, y〉1−λ 〈Py, y〉λ

〈P λy, y〉
≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
,

provided thatP satisfy the condition (11.31).
Now, from (11.35) by multiplying both sides withB− q

2 we havempI ≤ B− q
2ApB− q

2 ≤
MpI. By writing the inequality (11.37) forP = B− q

2ApB− q
2 , z = mp, Z = Mp, λ = 1

p
and

y = B
q
2x, with x ∈ H, x 6= 0, we have

(1 ≤)

〈
B

q
2x,B

q
2x
〉 1

q
〈(
B− q

2ApB− q
2

)
B

q
2x,B

q
2x
〉 1

p〈(
B− q

2ApB− q
2

) 1
p B

q
2x,B

q
2x
〉

≤ max

{
g 1

q

((
M

m

)p)
, g 1

p

((
M

m

)p)}
that is equivalent to

(1 ≤)
〈Bqx, x〉

1
q 〈Apx, x〉

1
p〈

B
q
2

(
B− q

2ApB− q
2

) 1
p B

q
2x, x

〉 ≤ max

{
g 1

q

((
M

m

)p)
, g 1

p

((
M

m

)p)}

with x ∈ H, x 6= 0.
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COROLLARY 11.7. With the assumptions of Theorem 11.6 we have forx ∈ H, x 6= 0, that

(1 ≤)
〈Apx, x〉1/p 〈Bqx, x〉1/q〈

Bq]1/pApx, x
〉 ≤



S
((

M
m

)p)
,

KTp,q
((

M
m

)p)
,

exp
[

4
pq

(
K
((

M
m

)p)− 1
)]
,

exp
[

1
2pq

((
M
m

)p − 1
)2]

,

whereTp,q = max
{

1
p
, 1

q

}
.

11.3. Trace Inequalities.We have the following trace inequality:

THEOREM 11.8 (Dragomir, 2015, [48]). LetC be an operator with the property that

(11.38) zI ≤ C ≤ ZI

for some constantsz, Z with Z > z > 0 andP ∈ B1 (H) , P ≥ 0 with tr (P ) > 0. Then for
anyλ ∈ [0, 1] we have

(11.39) (1 ≤)
tr1−λ (P ) trλ (PC)

tr (PCλ)
≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
and the functiongλ is defined by (11.30).

PROOF. From the proof of Theorem 11.4 we have

(1− λ) vI + λ 〈Cx, x〉 ≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
v1−λ

〈
Cλx, x

〉
for anyx ∈ H with ‖x‖ = 1, for anyλ ∈ [0, 1] and for anyv ∈ [z, Z] .

This inequality implies that

(11.40) (1− λ) v 〈x, x〉+ λ 〈Cx, x〉 ≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
v1−λ

〈
Cλx, x

〉
for anyx ∈ H, for anyλ ∈ [0, 1] and for anyv ∈ [z, Z] .

Now, if we take in (11.40)x = P 1/2e, wheree ∈ H, then

(1− λ) v 〈Pe, e〉+ λ
〈
P 1/2CP 1/2e, e

〉
(11.41)

≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
v1−λ

〈
P 1/2CλP 1/2e, e

〉
for anye ∈ H.

Let {ei}i∈I be an orthonormal basis ofH. If we take in (11.41)e = ei, i ∈ I and by
summing overi ∈ I, then we get

(1− λ) v
∑
i∈I

〈Pei, ei〉+ λ
∑
i∈I

〈
P 1/2CP 1/2ei, ei

〉
(11.42)

≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
v1−λ

∑
i∈I

〈
P 1/2CλP 1/2ei, ei

〉
,

and by the properties of trace we have

(1− λ) v tr (P ) + λ tr (PC) ≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
v1−λ tr

(
PCλ

)
,
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for anyλ ∈ [0, 1] and for anyv ∈ [z, Z] .
This inequality can be written as

(11.43) (1− λ) v + λ
tr (PC)

tr (P )
≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}
v1−λ tr

(
PCλ

)
tr (P )

,

for anyλ ∈ [0, 1] and for anyv ∈ [z, Z] .

Now, if we take in (11.43)v = tr(PC)
tr(P )

∈ [z, Z] , then we get

tr (PC)

tr (P )
≤ max

{
g1−λ

(
Z

z

)
, gλ

(
Z

z

)}(
tr (PC)

tr (P )

)1−λ tr
(
PCλ

)
tr (P )

,

that is equivalent to the desired result (11.39).

In particular, we have:

COROLLARY 11.9. With the assumptions of Theorem 11.8 and ifT = max {λ, 1− λ} for
λ ∈ (0, 1) , then we have

(1 ≤)
tr1−λ (P ) trλ (PC)

tr (PCλ)
≤



S
(

Z
z

)
,

KT
(

Z
z

)
,

exp
[
4λ (1− λ)

(
K
(

Z
z

)
− 1
)]
,

exp
[

1
2
λ (1− λ)

(
Z
z
− 1
)2]

.

The following reverse of Hölder’s trace inequality may be stated:

THEOREM11.10 (Dragomir, 2015, [48]). LetA andB be two positive invertible operators,
p, q > 1 with 1

p
+ 1

q
= 1 andm, M > 0 such that

(11.44) mpBq ≤ Ap ≤MpBq.

If Bq ∈ B1 (H) , then

(11.45) (1 ≤)
tr1/p (Ap) tr1/q (Bq)

tr
(
Bq]1/pAp

) ≤ max

{
g 1

q

((
M

m

)p)
, g 1

p

((
M

m

)p)}
.

PROOF. Now, from (11.44) by multiplying both sides withB− q
2 we havempI ≤ B− q

2ApB− q
2 ≤

MpI. By writing the inequality (11.39) forC = B− q
2ApB− q

2 , z = mp, Z = Mp, λ = 1
p

and
P = Bq we get the desired result (11.45).

Finally, we have:

COROLLARY 11.11. With the assumptions of Theorem 11.10 and ifTp,q = max
{

1
p
, 1

q

}
,

then we have

(11.46) (1 ≤)
tr1/p (Ap) tr1/q (Bq)

tr
(
Bq]1/pAp

) ≤



S
((

M
m

)p)
,

KTp,q
((

M
m

)p)
,

exp
[

4
pq

(
K
((

M
m

)p)− 1
)]
,

exp
[

1
2pq

((
M
m

)p − 1
)2]

.
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12. HERMITE -HADAMARD TYPE I NEQUALITIES

12.1. Some Basic Facts.The following inequality holds for any convex functionf defined
onR

(12.1) (b− a)f

(
a+ b

2

)
≤
∫ b

a

f(x)dx ≤ (b− a)
f(a) + f(b)

2
, a, b ∈ R, a < b.

It was firstly discovered by Ch. Hermite in 1881 in the journalMathesis(see [110]). But
this result was nowhere mentioned in the mathematical literature and was not widely known as
Hermite’s result.

E. F. Beckenbach, a leading expert on the history and the theory of convex functions, wrote
that this inequality was proven by J. Hadamard in 1893 [6]. In 1974, D. S. Mitrinovíc found
Hermite’s note inMathesis[110]. Since (12.1) was known as Hadamard’s inequality, the in-
equality is now commonly referred as the Hermite-Hadamard inequality.

Let X be a vector space over the real or complex number fieldK andx, y ∈ X, x 6= y.
Define the segment

[x, y] := {(1− t)x+ ty, t ∈ [0, 1]}.
We consider the functionf : [x, y] → R and the associated function

g(x, y) : [0, 1] → R, g(x, y)(t) := f [(1− t)x+ ty], t ∈ [0, 1].

Note thatf is convex on[x, y] if and only if g(x, y) is convex on[0, 1].
For any convex function defined on a segment[x, y] ⊂ X, we have theHermite-Hadamard

integral inequality(see [30, p. 2], [31, p. 2])

(12.2) f

(
x+ y

2

)
≤
∫ 1

0

f [(1− t)x+ ty]dt ≤ f(x) + f(y)

2
,

which can be derived from the classical Hermite-Hadamard inequality (12.1) for the convex
functiong(x, y) : [0, 1] → R.

Sincef(x) = ‖x‖p (x ∈ X and1 ≤ p < ∞) is a convex function, then for anyx, y ∈ X
we have the following norm inequality from (12.2) (see [118, p. 106])

(12.3)

∥∥∥∥x+ y

2

∥∥∥∥p

≤
∫ 1

0

‖(1− t)x+ ty‖pdt ≤ ‖x‖p + ‖y‖p

2
.

A real valued continuous functionf on an intervalI is said to beoperator convex (operator
concave)if

(OC) f ((1− λ)A+ λB) ≤ (≥) (1− λ) f (A) + λf (B)

in the operator order, for allλ ∈ [0, 1] and for every selfadjoint operatorA andB on a Hilbert
spaceH whose spectra are contained inI. Notice that a functionf is operator concave if−f is
operator convex.

A real valued continuous functionf on an intervalI is said to beoperator monotoneif it
is monotone with respect to the operator order, i.e.10.,A ≤ B with Sp (A) , Sp (B) ⊂ I imply
f (A) ≤ f (B) .

For some fundamental results on operator convex (operator concave) and operator monotone
functions, see [88] and the references therein.

As examples of such functions, we note thatf (t) = tr is operator monotone on[0,∞) if and
only if 0 ≤ r ≤ 1. The functionf (t) = tr is operator convex on(0,∞) if either 1 ≤ r ≤ 2 or
−1 ≤ r ≤ 0 and is operator concave on(0,∞) if 0 ≤ r ≤ 1. The logarithmic functionf (t) =
ln t is operator monotone and operator concave on(0,∞). The entropy functionf (t) = −t ln t
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is operator concave on(0,∞). The exponential functionf (t) = et is neither operator convex
nor operator monotone.

For a recent monograph devoted to various inequalities for functions of selfadjoint operators,
see [88] and the references therein.

We recall the following result concerning a Hermite-Hadamard type inequality for operator
convex functions [43] (see also [44, p. 60]):

THEOREM 12.1. Let f : I → R be an operator convex function on the intervalI. Then
for any selfadjoint operatorsA andB with spectra inI we have the inequality in the operator
order

f

(
A+B

2

)
≤ 1

2

[
f

(
3A+B

4

)
+ f

(
A+ 3B

4

)]
(12.4)

≤
∫ 1

0

f ((1− t)A+ tB) dt

≤ 1

2

[
f

(
A+B

2

)
+
f (A) + f (B)

2

]
≤ f (A) + f (B)

2
.

12.2. Inequalities for Operator Convex Functions.The following representation result
holds.

LEMMA 12.2 (Dragomir, 2014, [62]). Let f : I → R be a continuous function on the
interval I. Then for any selfadjoint operatorsA andB with spectra inI and for anyλ ∈ [0, 1]
we have the equality∫ 1

0

f [(1− t)A+ tB] dt = (1− λ)

∫ 1

0

f [(1− t) ((1− λ)A+ λB) + tB] dt(12.5)

+ λ

∫ 1

0

f [(1− t)A+ t ((1− λ)A+ λB)] dt.

PROOF. Forλ = 0 andλ = 1 the equality (12.5) is obvious.
Let λ ∈ (0, 1) . Observe that∫ 1

0

f [(1− t) (λB + (1− λ)A) + tB] dt =

∫ 1

0

f [((1− t)λ+ t)B + (1− t) (1− λ)A] dt

and ∫ 1

0

f [t (λB + (1− λ)A) + (1− t)A] dt =

∫ 1

0

f [tλB + (1− λt)A] dt.

If we make the change of variableu := (1− t)λ+ t then we have1− u = (1− t) (1− λ)
anddu = (1− λ) du. Then∫ 1

0

f [((1− t)λ+ t)B + (1− t) (1− λ)A] dt =
1

1− λ

∫ 1

λ

f [uB + (1− u)A] du.

If we make the change of variableu := λt then we havedu = λdt and∫ 1

0

f [tλB + (1− λt)A] dt =
1

λ

∫ λ

0

f [uB + (1− u)A] du.
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Therefore

(1− λ)

∫ 1

0

f [(1− t) (λB + (1− λ)A) + tB] dt

+ λ

∫ 1

0

f [t (λB + (1− λ)A) + (1− t)A] dt

=

∫ 1

λ

f [uB + (1− u)A] du+

∫ λ

0

f [uB + (1− u)A] du

=

∫ 1

0

f [uB + (1− u)A] du

and the identity (12.5) is proved.

THEOREM 12.3 (Dragomir, 2014, [62]). Let f : I → R be an operator convex function
on the intervalI. Then for any selfadjoint operatorsA andB with spectra inI and for any
λ ∈ [0, 1] we have the inequalities

f

(
A+B

2

)
≤ (1− λ) f

[
(1− λ)A+ (λ+ 1)B

2

]
+ λf

[
(2− λ)A+ λB

2

]
(12.6)

≤
∫ 1

0

f [(1− t)A+ tB] dt

≤ 1

2
[f ((1− λ)A+ λB) + (1− λ) f (B) + λf (A)]

≤ f (A) + f (B)

2
.

PROOF. Sincef : I → R is an operator convex function on the intervalI, then by Theorem
12.1 we have

f

[
(1− λ)A+ (λ+ 1)B

2

]
≤
∫ 1

0

f [(1− t) ((1− λ)A+ λB) + tB] dt(12.7)

≤ 1

2
[f ((1− λ)A+ λB) + f (B)]

and

f

[
(2− λ)A+ λB

2

]
≤
∫ 1

0

f [(1− t)A+ t ((1− λ)A+ λB)] dt(12.8)

≤ 1

2
[f (A) + f ((1− λ)A+ λB)]

∫ 1

0

h (t) dt.
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Now, if we multiply the inequality (12.7) by1−λ ≥ 0 and (12.8) byλ ≥ 0 and add the obtained
inequalities, then we get

(1− λ) f

[
(1− λ)A+ (λ+ 1)B

2

]
+ λf

[
(2− λ)A+ λB

2

]
(12.9)

≤ (1− λ)

∫ 1

0

f [(1− t) ((1− λ)A+ λB) + tB] dt

+ λ

∫ 1

0

f [(1− t)A+ t ((1− λ)A+ λB)] dt

≤ 1

2
(1− λ) [f ((1− λ)A+ λB) + f (B)]

+
1

2
λ [f (A) + f ((1− λ)A+ λB)]

=
1

2
[f ((1− λ)A+ λB) + (1− λ) f (B) + λf (A)]

and by (12.5) we obtain the second and the third inequalities in (12.6).
The first and the last inequality in (12.6) are obvious by operator convexity off .

REMARK 12.1. If we takeλ = 1
2
, then we get from (12.6) the inequality (12.4).

Some examples are as follows:

REMARK 12.2. Utilising different instances of operator convex or concave functions, we
can provide inequalities of interest.

If r ∈ [−1, 0] ∪ [1, 2] then we have the inequalities for powers of operators(
A+B

2

)r

≤ (1− λ)

[
(1− λ)A+ (λ+ 1)B

2

]r

+ λf

[
(2− λ)A+ λB

2

]r

(12.10)

≤
∫ 1

0

((1− t)A+ tB)r dt

≤ 1

2
[((1− λ)A+ λB)r + (1− λ)Br + λAr]

≤ Ar +Br

2
for any two selfadjoint operatorsA andB with spectra in(0,∞) andλ ∈ [0, 1] .

If r ∈ (0, 1) the inequalities in (12.10) hold with” ≥ ” instead of” ≤ ”.
We also have the following inequalities for logarithm

ln

(
A+B

2

)
(12.11)

≥ (1− λ) ln

[
(1− λ)A+ (λ+ 1)B

2

]
+ λ ln

[
(2− λ)A+ λB

2

]
≥
∫ 1

0

ln ((1− t)A+ tB) dt

≥ 1

2
[ln ((1− λ)A+ λB) + (1− λ) lnB + λ lnA]

≥ ln (A) + ln (B)

2
for any two selfadjoint operatorsA andB with spectra in(0,∞) andλ ∈ [0, 1] .
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If A andB are selfadjoint operators withA ≤ B andP ∈ B1 (H) with P ≥ 0, then

(12.12) tr (PA) ≤ tr (PB) .

Now, if A is a selfadjoint operator, then we know that

|〈Ax, x〉| ≤ 〈|A|x, x〉 for anyx ∈ H.
This inequality follows by Jensen’s inequality for the convex functionf (t) = |t| defined on a
closed interval containing the spectrum ofA.

If {ei}i∈I is an orthonormal basis ofH, then

|tr (PA)| =

∣∣∣∣∣∑
i∈I

〈
AP 1/2ei, P

1/2ei

〉∣∣∣∣∣ ≤∑
i∈I

∣∣〈AP 1/2ei, P
1/2ei

〉∣∣(12.13)

≤
∑
i∈I

〈
|A|P 1/2ei, P

1/2ei

〉
= tr (P |A|) ,

for anyA a selfadjoint operator andP ∈ B1 (H) with P ≥ 0.

COROLLARY 12.4. Let f : I → R be an operator convex function on the intervalI. Then
for any selfadjoint operatorsA andB with spectra inI, for anyP ∈ B1 (H) with P ≥ 0,
tr (P ) = 1 and for anyλ ∈ [0, 1] we have the inequalities

tr

[
Pf

(
A+B

2

)]
(12.14)

≤ (1− λ) tr

(
Pf

[
(1− λ)A+ (λ+ 1)B

2

])
+ λ tr

(
Pf

[
(2− λ)A+ λB

2

])
≤
∫ 1

0

tr (Pf [(1− t)A+ tB]) dt

≤ 1

2
[tr [Pf ((1− λ)A+ λB)] + (1− λ) tr [Pf (B)] + λ tr [Pf (A)]]

≤ 1

2
(tr [Pf (A)] + tr [Pf (B)]) .

The proof follows by the property (12.12) and the inequality (12.6).
Similar particular inequalities of interest may be stated if one chooses various operator

convex functions. However the details are not presented here.

12.3. Inequalities for Matrices and Convex Functions.LetMn denote the space ofn×n
matrices with complex elements. LetHn denote then × n Hermitian matrices, i.e. the subset
of Mn consisting of all matricesA ∈ Hn such thatA∗ = A. There is a natural partial order on
Hn : a matrixA ∈ Hn is said to bepositive semi-definitein case

(12.15) 〈v, Av〉 ≥ 0 for all v ∈ Cn,

in which case we writeA ≥ 0. A is said to bepositive definitein case the inequality (12.15) is
strict for all v 6= 0 in Cn, in which case we writeA > 0. Notice that in the finite-dimensional
case we haveA > 0 if and only ifA ≥ 0 andA is invertible. LetH+

n denote then× n positive
definite matrices.

A function f : (0,∞) → R is said to beoperator monotonein case when whenever for all
n and allA,B ∈ H+

n

A ≥ B ⇒ f (A) ≥ f (B) .
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The following result is well know.

THEOREM 12.5. Let f : R (R+)→ R be continuous and letn be a natural number. If
f is monotone increasing, so isA 7→ tr [f (A)] onHn (H+

n ) . Likewise, iff is convex, so is
A 7→ tr [f (A)] onHn (H+

n ) , and strictly so iff is strictly convex.

The following Hermite-Hadamard type trace inequality holds.

THEOREM 12.6 (Dragomir, 2014, [62]). Let f : R (R+)→ R be continuous convex. Then
for anyA,B ∈ Hn (H+

n ) we have the inequality

tr

[
f

(
A+B

2

)]
≤
∫ 1

0

tr (f [(1− t)A+ tB]) dt(12.16)

≤ 1

2
(tr [f (A)] + tr [f (B)]) .

The proof follows by the Hermite-Hadamard type inequality (12.2) applied for the convex
functionA 7→ tr [f (A)] defined onHn (H+

n ) .
We can prove the following improvement of (12.16).

THEOREM 12.7 (Dragomir, 2014, [62]). Let f : R (R+)→ R be continuous convex. Then
for anyA,B ∈ Hn (H+

n ) andλ ∈ [0, 1] we have the inequality

tr

[
f

(
A+B

2

)]
(12.17)

≤ (1− λ) tr

(
f

[
(1− λ)A+ (λ+ 1)B

2

])
+ λ tr

(
f

[
(2− λ)A+ λB

2

])
≤
∫ 1

0

tr (f [(1− t)A+ tB]) dt

≤ 1

2
[tr [f ((1− λ)A+ λB)] + (1− λ) tr [f (B)] + λ tr [f (A)]]

≤ 1

2
(tr [f (A)] + tr [f (B)]) .

PROOF. Utilising Lemma 12.2 we have the equality∫ 1

0

tr (f [(1− t)A+ tB]) dt(12.18)

= (1− λ)

∫ 1

0

tr (f [(1− t) ((1− λ)A+ λB) + tB]) dt

+ λ

∫ 1

0

tr (f [(1− t)A+ t ((1− λ)A+ λB)]) dt

for anyA,B ∈ Hn (H+
n ) andλ ∈ [0, 1].

Utilizing a similar argument to the one in the proof of Theorem 12.3 we obtain the desired
result (12.17). We omit the details.

It is known that ifA andB arecommuting, i.e. AB = BA, then the exponential function
satisfies the property

exp (A) exp (B) = exp (B) exp (A) = exp (A+B) .

Also, if X is invertible anda, b ∈ R with a < b then∫ b

a

exp (tX) dt = X−1 [exp (bX)− exp (aX)] .
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Moreover, ifA andB are commuting andB − A is invertible, then∫ 1

0

exp ((1− s)A+ sB) ds =

∫ 1

0

exp (s (B − A)) exp (A) ds

=

(∫ 1

0

exp (s (B − A)) ds

)
exp (A)

= (B − A)−1 [exp (B − A)− In] exp (A)

= (B − A)−1 [exp (B)− exp (A)] .

If we write the inequality (12.17) for the convex functionf (t) = exp t, then for any commuting
A,B ∈ Hn with B − A is invertible we have

tr

[
exp

(
A+B

2

)]
(12.19)

≤ (1− λ) tr

(
exp

[
(1− λ)A+ (λ+ 1)B

2

])
+ λ tr

(
exp

[
(2− λ)A+ λB

2

])
≤ tr

(
(B − A)−1 [exp (B)− exp (A)]

)
≤ 1

2
[tr [exp ((1− λ)A+ λB)] + (1− λ) tr [exp (B)] + λ tr [exp (A)]]

≤ 1

2
(tr [exp (A)] + tr [exp (B)]) ,

for anyλ ∈ [0, 1] .
If we apply the inequality (12.17) for the convex functionf (t) = tr, r ∈ (−∞, 0) ∪ [1,∞)

then we have the matrix power trace inequalities

tr

[(
A+B

2

)r]
(12.20)

≤ (1− λ) tr

([
(1− λ)A+ (λ+ 1)B

2

]r)
+ λ tr

([
(2− λ)A+ λB

2

]r)
≤
∫ 1

0

tr ([(1− t)A+ tB]r) dt

≤ 1

2
[tr [((1− λ)A+ λB)r] + (1− λ) tr (Br) + λ tr (Ar)]

≤ 1

2
(tr (Ar) + tr (Br)) ,

for anyA,B ∈ H+
n and for anyλ ∈ [0, 1]

If r ∈ (0, 1) then the inequalities in (12.20) reverse.
If we choose in (12.20)r = 2 and take into account that∫ 1

0

tr
(
[(1− t)A+ tB]2

)
dt =

1

3
tr
(
A2 + AB +B2

)
,
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then from (12.20) we have the quadratic inequality

tr

[(
A+B

2

)2
]

(12.21)

≤ (1− λ) tr

([
(1− λ)A+ (λ+ 1)B

2

]2
)

+ λ tr

([
(2− λ)A+ λB

2

]2
)

≤ 1

3
tr
(
A2 + AB +B2

)
≤ 1

2

[
tr
[
((1− λ)A+ λB)2]+ (1− λ) tr

(
B2
)

+ λ tr
(
A2
)]

≤ 1

2

(
tr
(
A2
)

+ tr
(
B2
))
,

for anyA,B ∈ Hn and for anyλ ∈ [0, 1] .

12.4. Some Quasilinearity Properties.Considerf : R (R+)→ R and continuous convex
function andA,B ∈ Hn (H+

n ). We denote by[A,B] the closed matrix segment defined by the
family of matrices{(1− t)A+ tB, t ∈ [0, 1]} . We also define the trace functional

(12.22) Υf (A,B; t) := (1− t) tr [f (A)] + t tr [f (B)]− tr [f ((1− t)A+ tB)] ≥ 0

for anyt ∈ [0, 1] .
The following result concerning a trace quasilinearity property for the functionalΥf (·, ·; t)

may be stated:

THEOREM 12.8 (Dragomir, 2014, [62]). Letf : R (R+)→ R be a continuous convex func-
tion andA,B ∈ Hn (H+

n ). Then for anyC ∈ [A,B] we have

(12.23) 0 ≤ Υf (A,C; t) + Υf (C,B; t) ≤ Υf (A,B; t)

for eacht ∈ [0, 1] , i.e., the functionalΥf (·, ·; t) is superadditive as a function of matrix interval.
If [C,D] ⊂ [A,B] , then

(12.24) 0 ≤ Υf (C,D; t) ≤ Υf (A,B; t)

for eacht ∈ [0, 1] , i.e., the functionalΥf (·, ·; t) is operator nondecreasing as a function of
matrix interval.

PROOF. LetC = (1− s)A+ sB with s ∈ (0, 1) . For t ∈ (0, 1) we have

Υf (C,B; t) = (1− t) tr [f ((1− s)A+ sB)] + t tr [f (B)]

− tr [f ((1− t) [(1− s)A+ sB] + tB)]

and

Υf (A,C; t) = (1− t) tr [f (A)] + t tr [f ((1− s)A+ sB)]

− tr [f ((1− t)A+ t [(1− s)A+ sB])]

giving that

Υf (A,C; t) + Υf (C,B; t)−Υf (A,B; t)(12.25)

= tr [f ((1− s)A+ sB)] + tr [f ((1− t)A+ tB)]

− tr [f ((1− t) (1− s)A+ [(1− t) s+ t]B)]− tr [f ((1− ts)A+ tsB)] .
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Now, for a convex functionϕ : I ⊂ R → R, whereI is an interval, and any real numbers
t1, t2, s1 ands2 from I and with the properties thatt1 ≤ s1 andt2 ≤ s2 we have that

(12.26)
ϕ (t1)− ϕ (t2)

t1 − t2
≤ ϕ (s1)− ϕ (s2)

s1 − s2

.

Indeed, sinceϕ is convex onI then for anya ∈ I the functionψ : I\ {a} → R

ψ (t) :=
ϕ (t)− ϕ (a)

t− a

is monotonic nondecreasing onI\ {a}. Utilising this property repeatedly we have

ϕ (t1)− ϕ (t2)

t1 − t2
≤ ϕ (s1)− ϕ (t2)

s1 − t2
=
ϕ (t2)− ϕ (s1)

t2 − s1

≤ ϕ (s2)− ϕ (s1)

s2 − s1

=
ϕ (s1)− ϕ (s2)

s1 − s2

,

which proves the inequality (12.26).
Consider the functionϕ : [0, 1] → R given byϕ (t) := tr [f ((1− t)A+ tB)] . Sincef is

convex onI it follows thatϕ is convex on[0, 1] . Now, if we consider, for givent, s ∈ (0, 1) ,
t1 := ts < s =: s1 andt2 := t < t + (1− t) s =: s2, thenϕ (t1) = tr [f ((1− ts)A+ tsB)]
andϕ (t2) = tr [f ((1− t)A+ tB)] giving that

ϕ (t1)− ϕ (t2)

t1 − t2
= tr

[
f ((1− ts)A+ tsB)− f ((1− t)A+ tB)

t (s− 1)

]
.

Also

ϕ (s1) = tr [f ((1− s)A+ sB)]

and

ϕ (s2) = tr [f ((1− t) (1− s)A+ [(1− t) s+ t]B)]

giving that

ϕ (s1)− ϕ (s2)

s1 − s2

= tr

[
f ((1− s)A+ sB)− f ((1− t) (1− s)A+ [(1− t) s+ t]B)

t (s− 1)

]
.

Utilising the inequality (12.26) and multiplying witht (s− 1) < 0 we deduce the following
inequality

tr [f ((1− ts)A+ tsB)]− tr [f ((1− t)A+ tB)](12.27)

≥ tr [f ((1− s)A+ sB)]− tr [f ((1− t) (1− s)A+ [(1− t) s+ t]B)] .

Finally, by (12.25) and (12.27) we get the desired result (12.23).
Applying repeatedly the superadditivity property we have for[C,D] ⊂ [A,B] that

Υf (A,C; t) + Υf (C,D; t) + Υf (D,B; t) ≤ Υf (A,B; t)

giving that

0 ≤ Υf (A,C; t) + Υf (D,B; t) ≤ Υf (A,B; t)−Υf (C,D; t) ,

which proves (12.24).
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For t = 1
2

we consider the functional

Υf (A,B) := Υf

(
A,B;

1

2

)
=

tr [f (A)] + tr [f (B)]

2
− tr

[
f

(
A+B

2

)]
≥ 0,

which obviously inherits the superadditivity and monotonicity properties of the functionalΥf (·, ·; t) .
We are able then to state the following

COROLLARY 12.9. Let f : R (R+)→ R be a continuous convex function andA,B ∈ Hn

(H+
n ). Then we have the following bounds

(12.28) inf
C∈[A,B]

[
tr

[
f

(
A+ C

2

)]
+ tr

[
f

(
C +B

2

)]
− tr [f (C)]

]
= tr

[
f

(
A+B

2

)]
and

sup
C,D∈[A,B]

[
tr [f (C)] + tr [f (D)]

2
− tr

[
f

(
C +D

2

)]]
(12.29)

=
tr [f (A)] + tr [f (B)]

2
− tr

[
f

(
A+B

2

)]
.

PROOF. By the superadditivity of the functionalΥf (·, ·) we have for eachC ∈ [A,B] that

tr [f (A)] + tr [f (B)]

2
− tr

[
f

(
A+B

2

)]
≥ tr [f (A)] + tr [f (C)]

2
− tr

[
f

(
A+ C

2

)]
+

tr [f (C)] + tr [f (B)]

2
− tr

[
f

(
C +B

2

)]
,

which is equivalent with

(12.30) tr

[
f

(
A+ C

2

)]
+ tr

[
f

(
C +B

2

)]
− tr [f (C)] ≥ tr

[
f

(
A+B

2

)]
.

Since the equality case in (12.30) is realized for eitherC = A or C = B we get the desired
bound (12.28).

The bound (12.29) is obvious by the monotonicity of the functionalΥf (·, ·) as a function
of matrix interval.

Consider now the following functional

Ωf (A,B; t) := tr [f (A)] + tr [f (B)]− tr [f ((1− t)A+ tB)]− tr [f ((1− t)B + tA)] ,

where, as above,f : R (R+)→ R is a continuous convex function andA,B ∈ Hn (H+
n ) while

t ∈ [0, 1] .
We notice that

Ωf (A,B; t) = Ωf (B,A; t) = Ωf (A,B; 1− t)

and
Ωf (A,B; t) = Υf (A,B; t) + Υf (A,B; 1− t) ≥ 0

for anyA,B ∈ Hn (H+
n ) andt ∈ [0, 1] .
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Therefore, we can state the following result as well:

COROLLARY 12.10. Let f : R (R+)→ R be a continuous convex function andA,B ∈ Hn

(H+
n ). The functionalΩf (·, ·; t) is superadditive and nondecreasing as a function of matrix

interval.

In particular, ifC ∈ [A,B] then we have the inequality

1

2
[tr [f ((1− t)A+ tB)] + tr [f ((1− t)B + tA)]](12.31)

≤ 1

2
[tr [f ((1− t)A+ tC)] + tr [f ((1− t)C + tA)]]

+
1

2
[tr [f ((1− t)C + tB)] + tr [f ((1− t)B + tC)]]− tr [f (C)] .

Also, if C,D ∈ [A,B] then we have the inequality

tr [f (A)] + tr [f (B)]− tr [f ((1− t)A+ tB)]− tr [f ((1− t)B + tA)](12.32)

≥ tr [f (C)] + tr [f (D)]− tr [f ((1− t)C + tD)]− tr [f ((1− t)C + tD)]

for anyt ∈ [0, 1] .
Perhaps the most interesting functional we can consider is the following one:

(12.33) Φf (A,B) =
tr [f (A)] + tr [f (B)]

2
−
∫ 1

0

tr [f ((1− t)A+ tB)] dt.

Notice that, by the second Hermite-Hadamard trace inequality for convex functions we have
thatΦf (A,B) ≥ 0.

We also observe that

(12.34) Φf (A,B) =

∫ 1

0

Υf (A,B; t) dt =

∫ 1

0

Υf (A,B; 1− t) dt.

Utilising this representation, we can state the following result as well:

COROLLARY 12.11. Let f : R (R+)→ R be a continuous convex function andA,B ∈
Hn (H+

n ). The functionalΦf (·, ·) is superadditive and nondecreasing as a function of matrix
interval. Moreover, we have the bounds

(12.35) inf
C∈[A,B]

[∫ 1

0

[tr [f ((1− t)A+ tC)] + tr [f ((1− t)C + tB)]] dt− tr [f (C)]

]
=

∫ 1

0

tr [f ((1− t)A+ tB)] dt

and

sup
C,D∈[A,B]

[
tr [f (C)] + tr [f (D)]

2
−
∫ 1

0

tr [f ((1− t)C + tD)] dt

]
(12.36)

=
tr [f (A)] + tr [f (B)]

2
−
∫ 1

0

tr [f ((1− t)A+ tB)] dt.

REMARK 12.3. The above inequalities can be applied to various concrete convex functions
of interest.
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If we use the inequality (12.29), then we have

sup
C,D∈[A,B]

[
tr (Cr) + tr (Dr)

2
− tr

[(
C +D

2

)r]]
(12.37)

=
tr (Ar) + tr (Br)

2
− tr

[(
A+B

2

)r]
,

wherer ∈ (−∞, 0) ∪ [1,∞) andA,B ∈ H+
n .

If r ∈ (0, 1) , then

sup
C,D∈[A,B]

[
tr

[(
C +D

2

)r]
− tr (Cr) + tr (Dr)

2

]
(12.38)

= tr

[(
A+B

2

)r]
− tr (Ar) + tr (Br)

2
,

for anyA,B ∈ H+
n .

We have the logarithmic bounds

sup
C,D∈[A,B]

[
tr

[
ln

(
C +D

2

)]
− tr [ln (C)] + tr [ln (D)]

2

]
(12.39)

= tr

[
ln

(
A+B

2

)]
− tr [ln (A)] + tr [ln (B)]

2

for anyA,B ∈ H+
n .

The following bound for the exponential also holds

sup
C,D∈[A,B]

[
tr [exp (C)] + tr [exp (D)]

2
− tr

[
exp

(
C +D

2

)]]
(12.40)

=
tr [exp (A)] + tr [exp (B)]

2
− tr

[
exp

(
A+B

2

)]
.

for anyA,B ∈ Hn.
If we use the inequality (12.36), then we get the following bounds

sup
C,D∈[A,B]

[
tr (Cr) + tr (Dr)

2
−
∫ 1

0

tr [((1− t)C + tD)r] dt

]
(12.41)

=
tr (Ar) + tr (Br)

2
−
∫ 1

0

tr [((1− t)A+ tB)r] dt,

wherer ∈ (−∞, 0) ∪ [1,∞) andA,B ∈ H+
n .

If r ∈ (0, 1) , then

sup
C,D∈[A,B]

[∫ 1

0

tr [((1− t)C + tD)r] dt− tr (Cr) + tr (Dr)

2

]
(12.42)

=

∫ 1

0

tr [((1− t)A+ tB)r] dt− tr (Ar) + tr (Br)

2
,

for anyA,B ∈ H+
n .
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We also have the bound for the logarithm

sup
C,D∈[A,B]

[∫ 1

0

tr [ln ((1− t)C + tD)] dt− tr [ln (C)] + tr [ln (D)]

2

]
(12.43)

=

∫ 1

0

tr [ln ((1− t)A+ tB)] dt− tr [ln (A)] + tr [ln (B)]

2
,

for anyA,B ∈ H+
n .

The following bound for the exponential also holds

sup
C,D∈[A,B]

[
tr [exp (C)] + tr [exp (D)]

2
−
∫ 1

0

tr [exp ((1− t)C + tD)] dt

]
(12.44)

=
tr [exp (A)] + tr [exp (B)]

2
−
∫ 1

0

tr [exp ((1− t)A+ tB)] dt,

for anyA,B ∈ Hn.

13. JENSEN TYPE I NEQUALITIES FOR CONVEX FUNCTIONS

13.1. Some Preliminary Facts.Let A be a selfadjoint operator on the complex Hilbert
space(H, 〈., .〉) with the spectrumSp (A) included in the interval[m,M ] for some real numbers
m < M and let{Eλ}λ be itsspectral family. Then for any continuous functionf : [m,M ] → R,
it is well known that we have the followingspectral representation in terms of the Riemann-
Stieltjes integral(see for instance [91, p. 257]):

(13.1) 〈f (A)x, y〉 =

∫ M

m−0

f (λ) d (〈Eλx, y〉) ,

and

(13.2) ‖f (A)x‖2 =

∫ M

m−0

|f (λ)|2 d ‖Eλx‖2 ,

for anyx, y ∈ H.
The functiongx,y (λ) := 〈Eλx, y〉 is of bounded variationon the interval[m,M ] and

gx,y (m− 0) = 0 while gx,y (M) = 〈x, y〉
for anyx, y ∈ H. It is also well known thatgx (λ) := 〈Eλx, x〉 is monotonic nondecreasingand
right continuouson [m,M ] for anyx ∈ H.

The following result that provides an operator version for the Jensen inequality may be
found for instance in Mond & Pěcaríc [112] (see also [88, p. 5]):

THEOREM 13.1. LetA be a selfadjoint operator on the Hilbert spaceH and assume that
Sp (A) ⊆ [m,M ] for some scalarsm, M with m < M. If h is a convex function on[m,M ] ,
then

(MP) h (〈Ax, x〉) ≤ 〈h (A)x, x〉
for eachx ∈ H with ‖x‖ = 1.

As a special case of Theorem 13.1 we have the following Hölder-McCarthy inequality:

THEOREM 13.2 (Hölder-McCarthy, 1967, [109]). LetA be a selfadjoint positive operator
on a Hilbert spaceH. Then for allx ∈ H with ‖x‖ = 1,

(i) 〈Arx, x〉 ≥ 〈Ax, x〉r for all r > 1;
(ii) 〈Arx, x〉 ≤ 〈Ax, x〉r for all 0 < r < 1;
(iii) If A is invertible, then〈Arx, x〉 ≥ 〈Ax, x〉r for all r < 0.

AJMAA, Vol. 19 (2022), No. 1, Art. 1, 202 pp. AJMAA

https://ajmaa.org


136 SILVESTRU SEVER DRAGOMIR

The following reverse for (MP) that generalizes the scalar Lah-Ribarić inequality for convex
functions is well known, see for instance [88, p. 57]:

THEOREM 13.3. LetA be a selfadjoint operator on the Hilbert spaceH and assume that
Sp (A) ⊆ [m,M ] for some scalarsm, M with m < M. If h is a convex function on[m,M ] ,
then

(LR) 〈h (A)x, x〉 ≤ M − 〈Ax, x〉
M −m

h (m) +
〈Ax, x〉 −m

M −m
h (M)

for eachx ∈ H with ‖x‖ = 1.

13.2. Some Trace Inequalities for Convex Functions.Consider the orthonormal basis
E := {ei}i∈I in the complex Hilbert space(H, 〈·, ·〉) and for a nonzero operatorB ∈ B2 (H) let
introduce the subset of indices fromI defined by

IE ,B := {i ∈ I : Bei 6= 0} .
We observe thatIE ,B is non-empty for any nonzero operatorB and if ker (B) = 0, i.e. B is
injective, thenIE ,B = I. We also have forB ∈ B2 (H) that

tr
(
|B|2

)
= tr (B∗B) =

∑
i∈I

〈B∗Bei, ei〉 =
∑
i∈I

‖Bei‖2 =
∑

i∈IE,B

‖Bei‖2 .

THEOREM 13.4 (Dragomir, 2014, [52]). Let A be a selfadjoint operator on the Hilbert
spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with m < M. If f is
a continuous convex function on[m,M ] , E := {ei}i∈I is an orthonormal basis inH and

B ∈ B2 (H) \ {0} , then
tr(|B|2A)
tr(|B|2)

∈ [m,M ] and

f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) tr
(
|B|2

)
(13.3)

≤ JE (f ;A,B) ≤ tr
(
|B|2 f (A)

)
≤ 1

M −m

(
f (m) tr

[
|B|2 (M1H − A)

]
+ f (M) tr

[
|B|2 (A−m1H)

])
,

where

(13.4) JE (f ;A,B) :=
∑

i∈IE,B

f

(
〈B∗ABei, ei〉
‖Bei‖2

)
‖Bei‖2 .

PROOF. SinceSp (A) ⊆ [m,M ] , thenm ‖y‖2 ≤ 〈Ay, y〉 ≤ M ‖y‖2 for any y ∈ H.
Therefore

m ‖Bei‖2 ≤ 〈ABei, Bei〉 ≤M ‖Bei‖2 ,

for anyi ∈ I, which implies that

m
∑
i∈I

‖Bei‖2 ≤
∑
i∈I

〈ABei, Bei〉 ≤M
∑
i∈I

‖Bei‖2

and we conclude that
tr(|B|2A)
tr(|B|2)

∈ [m,M ] .

By Jensen’s inequality (MP) we have

(13.5) f

(
〈Ay, y〉
‖y‖2

)
≤ 〈f (A) y, y〉

‖y‖2

for anyy ∈ H \ {0} .
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Let F be a finite part ofIE ,B. Then for anyi ∈ F we have from (13.5) that

f

(
〈ABei, Bei〉
‖Bei‖2

)
≤ 〈f (A)Bei, Bei〉

‖Bei‖2 ,

which is equivalent to

(13.6) f

(
〈B∗ABei, ei〉
‖Bei‖2

)
‖Bei‖2 ≤ 〈B∗f (A)Bei, ei〉 .

Summing overi ∈ F we get

(13.7)
∑
i∈F

f

(
〈B∗ABei, ei〉
‖Bei‖2

)
‖Bei‖2 ≤

∑
i∈F

〈B∗f (A)Bei, ei〉 .

Using Jensen’s discrete inequality for finite sums and for the positive weightswi

f

(∑
i∈F wiui∑
i∈F wi

)
≤
∑

i∈F wif (ui)∑
i∈F wi

,

we have

f

∑i∈F
〈B∗ABei,ei〉

‖Bei‖2
‖Bei‖2∑

i∈F ‖Bei‖2

 ≤

∑
i∈F f

(
〈B∗ABei,ei〉

‖Bei‖2

)
‖Bei‖2∑

i∈F ‖Bei‖2 ,

which is equivalent to

(13.8) f

(∑
i∈F 〈B∗ABei, ei〉∑

i∈F ‖Bei‖2

)∑
i∈F

‖Bei‖2 ≤
∑
i∈F

f

(
〈B∗ABei, ei〉
‖Bei‖2

)
‖Bei‖2 .

Therefore, for anyF a finite part ofIE ,B we have from (13.7) that

f

(∑
i∈F 〈B∗ABei, ei〉∑

i∈F ‖Bei‖2

)∑
i∈F

‖Bei‖2 ≤
∑
i∈F

f

(
〈B∗ABei, ei〉
‖Bei‖2

)
‖Bei‖2(13.9)

≤
∑
i∈F

〈B∗f (A)Bei, ei〉 .

By the continuity off we then have from (13.9) that

f

(∑
i∈IE,B

〈B∗ABei, ei〉∑
i∈IE,B

‖Bei‖2

) ∑
i∈IE,B

‖Bei‖2(13.10)

≤
∑

i∈IE,B

f

(
〈B∗ABei, ei〉
‖Bei‖2

)
‖Bei‖2 ≤

∑
i∈IE,B

〈B∗f (A)Bei, ei〉

and sinceB ∈ B2 (H) \ {0} , then also∑
i∈IE,B

‖Bei‖2 =
∑
i∈I

‖Bei‖2 = tr
(
|B|2

)
,

∑
i∈IE,B

〈B∗ABei, ei〉 =
∑
i∈I

〈B∗ABei, ei〉 = tr
(
|B|2A

)
and ∑

i∈IE,B

〈B∗f (A)Bei, ei〉 =
∑
i∈I

〈B∗f (A)Bei, ei〉 = tr
(
|B|2 f (A)

)
.

From (13.10) we then get the first and the second inequality in (13.3).
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From (LR) we also have

(13.11) 〈f (A) y, y〉 ≤ 1

M −m
[〈(M1H − A) y, y〉 f (m) + 〈(A−m1H) y, y〉 f (M)]

for anyy ∈ H.
This implies that

〈f (A)Bei, Bei〉(13.12)

≤ 1

M −m
[〈(M1H − A)Bei, Bei〉 f (m) + 〈(A−m1H)Bei, Bei〉 f (M)]

for anyi ∈ I.
By summation we have∑

i∈I

〈f (A)Bei, Bei〉

≤ 1

M −m

[
f (m)

∑
i∈I

〈(M1H − A)Bei, Bei〉+ f (M)
∑
i∈I

〈(A−m1H)Bei, Bei〉

]
and the last part of (13.3) is proved.

REMARK 13.1. We observe that the quantities

Js (f ;A,B) = sup
E

JE (f ;A,B) andJi (f ;A,B) = inf
E
JE (f ;A,B)

are finite and satisfy the bounds

f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) tr
(
|B|2

)
≤ Ji (f ;A,B)(13.13)

≤ Js (f ;A,B) ≤ tr
(
|B|2 f (A)

)
.

We have the following version for nonnegative operatorsP ≥ 0, i.e. P satisfies the condi-
tion 〈Px, x〉 ≥ 0 for anyx ∈ H.

COROLLARY 13.5. LetA be a selfadjoint operator on the Hilbert spaceH and assume that
Sp (A) ⊆ [m,M ] for some scalarsm, M with m < M. If f is a continuous convex function
on [m,M ] , E := {ei}i∈I is an orthonormal basis inH andP ∈ B1 (H) \ {0} , P ≥ 0 then
tr(PA)
tr(P )

∈ [m,M ] and

f

(
tr (PA)

tr (P )

)
tr (P )(13.14)

≤ KE (f ;A,P ) ≤ tr (Pf (A))

≤ 1

M −m
(f (m) tr [P (M1H − A)] + f (M) tr [P (A−m1H)]) ,

where

KE (f ;A,P ) :=
∑

i∈IE,P

f

(〈
P 1/2AP 1/2ei, ei

〉
〈Pei, ei〉

)
〈Pei, ei〉

and
IE ,P :=

{
i ∈ I : P 1/2ei 6= 0

}
Moreover, the quantities

Ki (f ;A,P ) := inf
E
KE (f ;A,P ) andKs (f ;A,P ) := sup

E

KE (f ;A,P )
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are finite and satisfy the bounds

(13.15) f

(
tr (PA)

tr (P )

)
tr (P ) ≤ Ki (f ;A,P ) ≤ Ks (f ;A,P ) ≤ tr (Pf (A)) .

The finite dimensional case is of interest.
LetMn (C) be the space of all square matrices of ordern with complex elements.

COROLLARY 13.6. Let A ∈ Mn (C) be a Hermitian matrix and assume thatSp (A) ⊆
[m,M ] for some scalarsm, M withm < M. If f is a continuous convex function on[m,M ] ,
E := {ei}i∈{1,...,n} is an orthonormal basis inCn, then 1

n
tr (A) ∈ [m,M ] and

nf

(
tr (A)

n

)
≤ JE (f ;A) ≤ tr (f (A))(13.16)

≤ 1

M −m
[f (m) tr (MIn − A) + f (M) tr (A−mIn)] ,

where

JE (f ;A) :=
n∑

i=1

f (〈Aei, ei〉) ,

andIn is the identity matrix inMn (C) .

REMARK 13.2. The second inequality in (13.16), namely
n∑

i=1

f (〈Aei, ei〉) ≤ tr (f (A))

for any{ei}i∈{1,...,n} an orthonormal basis inCn, is known in literature as Peierls Inequality. For
a different proof and some applications, see, for instance [12].

13.3. Some Functional Properties.If we denote byB+
1 (H) the convex cone of nonneg-

ative operators fromB1 (H) we can consider the functionalσf,A : B+
1 (H) \ {0} → [0,∞)

defined by

(13.17) σf,A (P ) := tr (Pf (A))− tr (P ) f

(
tr (PA)

tr (P )

)
≥ 0,

whereA is a selfadjoint operator on the Hilbert spaceH with Sp (A) ⊆ [m,M ] for some scalars
m, M (m < M) andf is a continuous convex function on[m,M ] .

One can easily observe that, iff is a continuous strictly convex function on[m,M ] , then
the inequality is strict in (13.17).

THEOREM 13.7 (Dragomir, 2014, [52]). Let A be a selfadjoint operator on the Hilbert
spaceH with Sp (A) ⊆ [m,M ] for some scalarsm, M with m < M andf is a continuous
convex function on[m,M ] .

(i) For anyP, Q ∈ B+
1 (H) \ {0} we have

(13.18) σf,A (P +Q) ≥ σf,A (P ) + σf,A (Q) (≥ 0) ,

i.e. σf,A (·) is a superadditive functional onB+
1 (H) \ {0} ;

(ii) For any P, Q ∈ B+
1 (H) \ {0} with P ≥ Q we have

(13.19) σf,A (P ) ≥ σf,A (Q) (≥ 0) ,

i.e. σf,A (·) is a monotonic nondecreasing functional onB+
1 (H) \ {0} ;
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(iii) If there exists the real numbersγ, Γ > 0 such thatΓQ ≥ P ≥ γQ with P, Q ∈
B+

1 (H) \ {0} , then

(13.20) Γσf,A (Q) ≥ σf,A (P ) ≥ γσf,A (Q) (≥ 0) .

PROOF. (i) Let P, Q ∈ B+
1 (H) \ {0} . Then we have

σf,A (P +Q) = tr ((P +Q) f (A))− tr (P +Q) f

(
tr ((P +Q)A)

tr (P +Q)

)
(13.21)

= tr (Pf (A)) + tr (Pf (A))

− [tr (P ) + tr (Q)] f

(
tr (PA) + tr (QA)

tr (P ) + tr (Q)

)
.

By the convexity off we have

f

(
tr (PA) + tr (QA)

tr (P ) + tr (Q)

)
= f

(
tr (P ) tr(PA)

tr(P )
+ tr (Q) tr(QA)

tr(Q)

tr (P ) + tr (Q)

)
(13.22)

≤
tr (P ) f

(
tr(PA)
tr(P )

)
+ tr (Q) f

(
tr(QA)
tr(Q)

)
tr (P ) + tr (Q)

.

Making use of (13.21) and (13.22) we have

σf,A (P +Q) ≥ tr (Pf (A)) + tr (Pf (A))

− [tr (P ) + tr (Q)]
tr (P ) f

(
tr(PA)
tr(P )

)
+ tr (Q) f

(
tr(QA)
tr(Q)

)
tr (P ) + tr (Q)

= tr (Pf (A)) + tr (Pf (A))

− tr (P ) f

(
tr (PA)

tr (P )

)
− tr (Q) f

(
tr (QA)

tr (Q)

)
= σf,A (P ) + σf,A (Q)

and the inequality (13.18) is proved.
(ii) Let P, Q ∈ B+

1 (H) \ {0} with P ≥ Q. Then on applying the superadditivity property
of σf,A for P −Q ≥ 0 andQ ≥ 0 we have

σf,A (P ) = σf,A (P −Q+Q) ≥ σf,A (P −Q) + σf,A (Q) ≥ σf,A (Q)

and the inequality (13.19) is proved.
(iii) If P ≥ γQ, then by the monotonicity property ofσf,A we have

σf,A (P ) ≥ σf,A (γQ) = γσf,A (Q)

and a similar inequality forΓ.

We have the following particular case of interest:

COROLLARY 13.8. Let A ∈ Mn (C) be a Hermitian matrix and assume thatSp (A) ⊆
[m,M ] for some scalarsm, M withm < M. If f is a continuous convex function on[m,M ] ,
there exists the real numbersγ, Γ > 0 such thatΓIn ≥ P ≥ γIn withP positive definite, where

AJMAA, Vol. 19 (2022), No. 1, Art. 1, 202 pp. AJMAA

https://ajmaa.org


TRACE INEQUALITIES FOROPERATORS INHILBERT SPACESSURVEY 141

In is the identity matrix, then

Γ

[
tr (f (A))− nf

(
tr (A)

n

)]
≥ tr (Pf (A))− tr (P ) f

(
tr (PA)

tr (P )

)
(13.23)

≥ γ

[
tr (f (A))− nf

(
tr (A)

n

)]
(≥ 0) .

The following result also holds:

THEOREM 13.9 (Dragomir, 2014, [52]). Let A be a selfadjoint operator on the Hilbert
spaceH with Sp (A) ⊆ [m,M ] for some scalarsm, M with m < M andf is a continuous
convex function on[m,M ] . For p ≥ 1, the functionalψp,f,A : B+

1 (H) \ {0} → [0,∞) defined
by

ψp,f,A (P ) := [tr (P )]1−
1
p σf,A (P )

is superadditive onB+
1 (H) \ {0} .

PROOF. First of all we observe that the following elementary inequality holds:

(13.24) (α+ β)p ≥ (≤)αp + βp

for anyα, β ≥ 0 andp ≥ 1 (0 < p < 1) .
Indeed, if we consider the functionfp : [0,∞) → R, fp (t) = (t+ 1)p − tp we have

f ′p (t) = p
[
(t+ 1)p−1 − tp−1

]
. Observe that forp > 1 and t > 0 we have thatf ′p (t) > 0

showing thatfp is strictly increasing on the interval[0,∞). Now for t = α
β

(β > 0, α ≥ 0) we

havefp (t) > fp (0) giving that
(

α
β

+ 1
)p

−
(

α
β

)p

> 1, i.e., the desired inequality (13.24).

Forp ∈ (0, 1) we have thatfp is strictly decreasing on[0,∞) which proves the second case
in (13.24).

Now, sinceσf,A (·) is superadditive onB+
1 (H) \ {0} andp ≥ 1 then by (13.24) we have

(13.25) σp
f,A (P +Q) ≥ [σf,A (P ) + σf,A (Q)]p ≥ σp

f,A (P ) + σp
f,A (Q)

for anyP, Q ∈ B+
1 (H) \ {0} .

Utilising (13.25) and the additivity property oftr (·) onB+
1 (H) \ {0} we have

σp
f,A (P +Q)

tr (P +Q)
≥
σp

f,A (P ) + σp
f,A (Q)

tr (P ) + tr (Q)
(13.26)

=
tr (P )

σp
f,A(P )

tr(P )
+ tr (Q)

σp
f,A(Q)

tr(Q)

tr (P ) + tr (Q)

=
tr (P )

(
σf,A(P )

tr1/p(P )

)p

+ tr (Q)
(

σf,A(Q)

tr1/q(Q)

)p

tr (P ) + tr (Q)
=: I,

for anyP,Q ∈ B+
1 (H) \ {0} .

Since forp ≥ 1 the power functiong (t) = tp is convex, then

I ≥

tr (P )
σf,A(P )

tr1/p(P )
+ tr (Q)

σf,A(Q)

tr1/q(Q)

tr (P ) + tr (Q)

p

(13.27)

=

(
tr1−1/p (P )σf,A (P ) + tr1−1/q (Q)σf,A (Q)

tr (P +Q)

)p

for anyP, Q ∈ B+
1 (H) \ {0} .
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By combining (13.26) with (13.27) we get

σp
f,A (P +Q)

tr (P +Q)
≥
(

tr1−1/p (P )σf,A (P ) + tr1−1/q (Q)σf,A (Q)

tr (P +Q)

)p

,

which is equivalent to

(13.28)
σf,A (P +Q)

tr1/p (P +Q)
≥ tr1−1/p (P )σf,A (P ) + tr1−1/q (Q)σf,A (Q)

tr (P +Q)
,

for anyP, Q ∈ B+
1 (H) \ {0} .

Finally, if we multiply (13.28) bytr (P +Q) > 0 we get

ψp,f,A (P +Q) ≥ ψp,f,A (P ) + ψp,f,A (Q)

for anyP, Q ∈ B+
1 (H) \ {0} and the proof is complete.

COROLLARY 13.10. With the assumptions of Theorem 13.9, the two parametersp, q ≥ 1
functionalψp,q,f,A : B+

1 (H) \ {0} → [0,∞) defined by

ψp,q,f,A (P ) := [tr (P )]q(1− 1
p) σq

f,A (P )

is superadditive onB+
1 (H) \ {0} .

PROOF. Observe thatψp,q,f,A (P ) =
[
ψp,f,A (P )

]q
for P ∈ B+

1 (H) \ {0} . Therefore, by
Theorem 13.9 and the inequality (13.24) forq ≥ 1 we have that

ψp,q,f,A (P +Q) =
[
ψp,f,A (P +Q)

]q
≥

[
ψp,f,A (P ) + ψp,f,A (Q)

]q
≥

[
ψp,f,A (P )

]q
+
[
ψp,f,A (Q)

]q
= ψp,q,f,A (P ) + ψp,q,f,A (Q)

for anyP, Q ∈ B+
1 (H) \ {0} and the statement is proved.

REMARK 13.3. If we consider the functional

ψ̃p,f,A (P ) := [tr (P )]p−1 σp
f,A (P )

then, forp ≥ 1, ψ̃p,f,A (·) is superadditive onB+
1 (H) \ {0} .

COROLLARY 13.11. With the assumptions of Theorem 13.9 and for parameterp ≥ 1, if
there exists the real numbersγ, Γ > 0 such thatΓQ ≥ P ≥ γQ with P,Q ∈ B+

1 (H) \ {0} ,
then

Γ2− 1
p [tr (Q)]1−

1
p σf,A (Q) ≥ [tr (P )]1−

1
p σf,A (P )(13.29)

≥ γ2− 1
p [tr (Q)]1−

1
p σf,A (Q) (≥ 0) .

The case of finite-dimensional spaces is as follows:

COROLLARY 13.12. LetA ∈ Mn (C) be a Hermitian matrix and assume thatSp (A) ⊆
[m,M ] for some scalarsm, M withm < M. If f is a continuous convex function on[m,M ] ,
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there exists the real numbersγ, Γ > 0 such thatΓIn ≥ P ≥ γIn with P positive definite, then

Γ2− 1
pn1− 1

p

[
tr (f (A))− nf

(
tr (A)

n

)]
(13.30)

≥ [tr (P )]1−
1
p

[
tr (Pf (A))− tr (P ) f

(
tr (PA)

tr (P )

)]
≥ γ2− 1

pn1− 1
p

[
tr (f (A))− nf

(
tr (A)

n

)]
(≥ 0)

for anyp ≥ 1.

The following result also holds:

THEOREM 13.13 (Dragomir, 2014, [52]). Let A be a selfadjoint operator on the Hilbert
spaceH with Sp (A) ⊆ [m,M ] for some scalarsm, M with m < M andf is a continuous
strictly convex function on[m,M ] . For p ∈ (0, 1), the functionalχp,f,A : B+

1 (H) \ {0} →
[0,∞) defined by

χp,f,A (P ) :=
[tr (P )]1−

1
p

σf,A (P )

is subadditive onB+
1 (H) \ {0} .

PROOF. Let s := −p ∈ (−1, 0) . For s < 0 we have the following inequality

(13.31) (α+ β)s ≤ αs + βs

for anyα, β > 0.
Indeed, by the convexity of the functionfs (t) = ts on (0,∞) with s < 0 we have that

(α+ β)s ≤ 2s−1 (αs + βs)

for anyα, β > 0 and since, obviously,2s−1 (αs + βs) ≤ αs + βs, then (13.31) holds true.
Taking into account thatσf,A (·) is superadditive ands ∈ (−1, 0) we have

(13.32) σs
f,A (P +Q) ≤ [σf,A (P ) + σf,A (Q)]s ≤ σs

f,A (P ) + σs
f,A (Q)

for anyP, Q ∈ B+
1 (H) \ {0} .

Sincetr (·) is additive onB+
1 (H) \ {0} , then by (13.33) we have

σs
f,A (P +Q)

tr (P +Q)
≤
σs

f,A (P ) + σs
f,A (Q)

tr (P ) + tr (Q)
(13.33)

=
tr (P )

(
σf,A(P )

tr1/s(P )

)s

+ tr (Q)
(

σf,A(Q)

tr1/s(Q)

)s

tr (P ) + tr (Q)

=
tr (P )

(
tr1/s(P )
σf,A(P )

)−s

+ tr (Q)
(

tr1/s(Q)
σf,A(Q)

)−s

tr (P ) + tr (Q)
=: J

for anyP, Q ∈ B+
1 (H) \ {0} .

By the concavity of the functiong (t) = t−s with s ∈ (−1, 0) we also have

(13.34) J ≤

tr (P ) tr1/s(P )
σf,A(P )

+ tr (Q) tr1/s(Q)
σf,A(Q)

tr (P ) + tr (Q)

−s

for anyP, Q ∈ B+
1 (H) \ {0} .
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Making use of (13.33) and (13.34) we get

σs
f,A (P +Q)

tr (P +Q)
≤

tr (P ) tr1/s(P )
σf,A(P )

+ tr (Q) tr1/s(Q)
σf,A(Q)

tr (P ) + tr (Q)

−s

for anyP, Q ∈ B+
1 (H) \ {0} , and by taking the power−1/s > 0 we get

σ−1
f,A (P +Q)

tr−1/s (P +Q)
≤

tr1+1/s(P )
σf,A(P )

+ tr1+1/s(Q)
σf,A(Q)

tr (P ) + tr (Q)
,

which is equivalent to

tr1+1/s (P +Q)

σf,A (P +Q)
≤ tr1+1/s (P )

σf,A (P )
+

tr1+1/s (Q)

σf,A (Q)

for anyP, Q ∈ B+
1 (H) \ {0} .

This completes the proof.

The following result may be stated as well:

COROLLARY 13.14. With the assumptions of Theorem 13.13, the two parameters0 < p,
q < 1 functionalχp,q,f,A : B+

1 (H) \ {0} → [0,∞) defined by

χp,q,f,A (P ) =
trq(1− 1

p) (P )

σq
f,A (P )

is subadditive onB+
1 (H) \ {0} .

REMARK 13.4. If we consider the functional̃χp,f,A (P ) = trp−1(P )
σp

f,A(P )
for 0 < p < 1, then

χ̃p,f,A (·) is also subadditive onB+
1 (H) \ {0} .

13.4. Some Examples.We consider the power functionf : (0,∞) → (0,∞) , f (t) = tr

with t ∈ R\ {0} . For r ∈ (−∞, 0) ∪ [1,∞), f is convex while forr ∈ (0, 1), f is concave.
Let r ≥ 1 andA be a selfadjoint operator on the Hilbert spaceH and assume thatSp (A) ⊆

[m,M ] for some scalarsm, M with 0 ≤ m < M. If E := {ei}i∈I is an orthonormal basis inH
andP ∈ B+

1 (H) \ {0} then

[tr (PA)]r [tr (P )]1−r(13.35)

≤ KE (r;A,P ) ≤ tr (PAr)

≤ 1

M −m
(mr tr [P (M1H − A)] +M r tr [P (A−m1H)]) ,

where
KE (r;A,P ) :=

∑
i∈IE,P

〈
P 1/2AP 1/2ei, ei

〉r 〈Pei, ei〉1−r .

Moreover, the quantities

Ki (r;A,P ) := inf
E
KE (r;A,P ) andKs (r;A,P ) := sup

E

KE (r;A,P )

are finite and satisfy the bounds

(13.36) [tr (PA)]r [tr (P )]1−r ≤ Ki (r;A,P ) ≤ Ks (r;A,P ) ≤ tr (PAr) .

Now, if we takeA = P, P ∈ B+
1 (H) \ {0}, then by (13.35) we have

(13.37)
[
tr
(
P 2
)]r

[tr (P )]1−r ≤ KE (r;P ) ≤ tr
(
P r+1

)
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where
KE (r;P ) :=

∑
i∈IE,P

〈
P 2ei, ei

〉r 〈Pei, ei〉1−r .

If we consider the functionalσr,A : B+
1 (H) \ {0} → [0,∞) defined by

(13.38) σr,A (P ) := tr (PAr)− [tr (PA)]r [tr (P )]1−r ≥ 0,

whereA is a selfadjoint operator on the Hilbert spaceH with Sp (A) ⊆ [m,M ] ⊂ [0,∞), then
σr,A (·) is superadditive, monotonic nondecreasing and if there exists the real numbersγ, Γ > 0
such thatΓQ ≥ P ≥ γQ with P, Q ∈ B+

1 (H) \ {0} , then

(13.39) Γσr,A (Q) ≥ σr,A (P ) ≥ γσr,A (Q) (≥ 0) .

Consider the convex functionf : (0,∞) → (0,∞) , f (t) = − ln t and letA be a selfadjoint
operator on the Hilbert spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with
0 < m < M. If E := {ei}i∈I is an orthonormal basis inH andP ∈ B+

1 (H) \ {0} then(
tr (PA)

tr (P )

)tr(P )

≥ LE (A,P ) ≥ exp [tr (P lnA)](13.40)

≥ m
tr[P(M1H−A)]

M−m M
tr[P(A−m1H)]

M−m ,

where

LE (A,P ) :=
∏

i∈IE,P

(〈
P 1/2AP 1/2ei, ei

〉
〈Pei, ei〉

)〈Pei,ei〉

.

Moreover, the quantities

Li (A,P ) := inf
E
LE (A,P ) andLs (A,P ) := sup

E

LE (A,P )

are finite and satisfy the bounds

(13.41)

(
tr (PA)

tr (P )

)tr(P )

≥ Ls (A,P ) ≥ Li (A,P ) ≥ exp [tr (P lnA)] .

Now, if we takeA = P, P ∈ B+
1 (H) \ {0}, then by (13.40) we get

(13.42)

(
tr (P 2)

tr (P )

)tr(P )

≥ LE (P ) ≥ exp [tr (P lnP )]

where

LE (P ) :=
∏

i∈IE,P

(
〈P 2ei, ei〉
〈Pei, ei〉

)〈Pei,ei〉

.

Consider the functionalδA : B+
1 (H) \ {0} → (0,∞) defined by

δA (P ) :=

(
tr(PA)
tr(P )

)tr(P )

exp (tr (P lnA))
≥ 1,

whereA is a selfadjoint operator on the Hilbert spaceH and such thatSp (A) ⊆ [m,M ] for
some scalarsm, M with 0 < m < M.

Observe that

σ− ln,A (P ) := ln

(
tr (PA)

tr (P )

)tr(P )

− ln [exp (tr (P lnA))] = ln [δA (P )]

for P ∈ B+
1 (H) \ {0} .
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Utilising the properties ofσ− ln,A (·) we conclude thatδA (·) is supermultiplicative, i.e.

δA (P +Q) ≥ δA (P ) δA (Q) ≥ 1

for anyP,Q ∈ B+
1 (H)\{0} . The functionalδA (·) is also monotonic nondecreasing onB1 (H)\

{0} .
Consider the convex functionf (t) = t ln t and letA be a selfadjoint operator on the Hilbert

spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with 0 < m < M. If
E := {ei}i∈I is an orthonormal basis inH andP ∈ B+

1 (H) \ {0} then(
tr (PA)

tr (P )

)tr(PA)

≤ IE (A,P ) ≤ exp [tr (PA lnA)](13.43)

≤ m
m tr[P(M1H−A)]

M−m M
M tr[P(A−m1H)]

M−m ,

where

IE (A,P ) :=
∏

i∈IE,P

(〈
P 1/2AP 1/2ei, ei

〉
〈Pei, ei〉

)〈P 1/2AP 1/2ei,ei〉
.

Moreover, the quantities

Ii (A,P ) := inf
E
IE (A,P ) andIs (A,P ) := sup

E

IE (A,P )

are finite and satisfy the bounds

(13.44)

(
tr (PA)

tr (P )

)tr(PA)

≤ Ii (A,P ) ≤ Is (A,P ) ≤ exp [tr (PA lnA)] .

Now, if we takeA = P, P ∈ B+
1 (H) \ {0}, then by (13.43) we get

(13.45)

(
tr (P 2)

tr (P )

)tr(P 2)
≤ IE (P ) ≤ exp

[
tr
(
P 2 lnP

)]
where

IE (P ) :=
∏

i∈IE,P

(
〈P 2ei, ei〉
〈Pei, ei〉

)〈P 2ei,ei〉
.

Observe that forf (t) = t ln t we have

σ(·) ln(·),A (P ) = tr (PA lnA)− tr (PA) ln

(
tr (PA)

tr (P )

)

= ln

exp [tr (PA lnA)](
tr(PA)
tr(P )

)tr(PA)


for anyP ∈ B+

1 (H) \ {0} .
Consider the functionalλA : B+

1 (H) \ {0} → (0,∞) defined by

λA (P ) :=
exp [tr (PA lnA)](

tr(PA)
tr(P )

)tr(PA)
≥ 1.

Utilising the properties ofσ(·) ln(·),A (·) we can conclude thatλA (·) is supermultiplicative and
monotonic nondecreasing onB+

1 (H) \ {0} .
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14. REVERSES OF JENSEN’ S I NEQUALITY

14.1. New Inequalities for Convex Functions.We recall thegradient inequalityfor the
convex functionf : [m,M ] → R, namely

(14.1) f (ς)− f (τ) ≥ δf (τ) (ς − τ)

for any ς, τ ∈ [m,M ] whereδf (τ) ∈
[
f ′− (τ) , f ′+ (τ)

]
, (for τ = m we takeδf (τ) = f ′+ (m)

and forτ = M we takeδf (τ) = f ′− (M)). Heref ′+ (m) andf ′− (M) are the lateral derivatives
of the convex functionf.

The following result holds:

THEOREM 14.1 (Dragomir, 2014, [55]). Let A be a selfadjoint operator on the Hilbert
spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with m < M. If f is a

continuous convex function on[m,M ] andB ∈ B2 (H)\{0} , then we have
tr(|B|2A)
tr(|B|2)

∈ [m,M ],

δf

(
tr
(
|B|2A

)
tr
(
|B|2

) ) tr
(
|B∗|2A

)
− tr

(
|B|2A

)
tr
(
|B|2

)(14.2)

≤
tr
(
|B∗|2 f (A)

)
tr
(
|B|2

) − f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) ,
where

δf

(
tr
(
|B|2A

)
tr
(
|B|2

) ) ∈

[
f ′−

(
tr
(
|B|2A

)
tr
(
|B|2

) ) , f ′+
(

tr
(
|B|2A

)
tr
(
|B|2

) )]
and the Jensen’s inequality

(14.3) f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) ≤
tr
(
|B|2 f (A)

)
tr
(
|B|2

) .

PROOF. Let E := {ei}i∈I be an orthonormal basis inH.
Utilising the gradient inequality (14.1) we get

(14.4) f (ς)− f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) ≥ δf

(
tr
(
|B|2A

)
tr
(
|B|2

) )(ς − tr
(
|B|2A

)
tr
(
|B|2

) )
for anyς ∈ [m,M ] , since obviously, bySp (A) ⊆ [m,M ] we have

m ‖Bei‖2 ≤ 〈ABei, Bei〉 ≤M ‖Bei‖2 ,

for i ∈ I, which, by summation shows that

tr
(
|B|2A

)
tr
(
|B|2

) ∈ [m,M ] .

The inequality (14.4) implies in the operator order ofB (H) that

(14.5) f (A)− f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) 1H ≥ δf

(
tr
(
|B|2A

)
tr
(
|B|2

) )(A− tr
(
|B|2A

)
tr
(
|B|2

) 1H

)
,
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which can be written as

〈f (A) y, y〉 − f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) 〈y, y〉(14.6)

≥ δf

(
tr
(
|B|2A

)
tr
(
|B|2

) )(〈Ay, y〉 − tr
(
|B|2A

)
tr
(
|B|2

) 〈y, y〉

)
,

for anyy ∈ H. This inequality is also of interest in itself.
Taking in (14.6)y = Bei we get

〈f (A)Bei, Bei〉 − f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) 〈Bei, Bei〉

≥ δf

(
tr
(
|B|2A

)
tr
(
|B|2

) )(〈ABei, Bei〉 −
tr
(
|B|2A

)
tr
(
|B|2

) 〈Bei, Bei〉

)
,

which is equivalent to

〈B∗f (A)Bei, ei〉 − f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) 〈|B|2 ei, ei

〉
(14.7)

≥ δf

(
tr
(
|B|2A

)
tr
(
|B|2

) )(〈B∗ABei, ei〉 −
tr
(
|B|2A

)
tr
(
|B|2

) 〈|B|2 ei, ei

〉)
,

for anyi ∈ I.
Summing in (14.7) we get∑

i∈I

〈B∗f (A)Bei, ei〉 − f

(
tr
(
|B|2A

)
tr
(
|B|2

) )∑
i∈I

〈
|B|2 ei, ei

〉
(14.8)

≥ δf

(
tr
(
|B|2A

)
tr
(
|B|2

) )(∑
i∈I

〈B∗ABei, ei〉 −
tr
(
|B|2A

)
tr
(
|B|2

) ∑
i∈I

〈
|B|2 ei, ei

〉)
.

However ∑
i∈I

〈B∗f (A)Bei, ei〉 =
∑
i∈I

〈BB∗f (A) ei, ei〉

=
∑
i∈I

〈
|B∗|2 f (A) ei, ei

〉
= tr

(
|B∗|2 f (A)

)
and ∑

i∈I

〈B∗ABei, ei〉 =
∑
i∈I

〈BB∗Aei, ei〉 = tr
(
|B∗|2A

)
.

By (14.8) we get

tr
(
|B∗|2 f (A)

)
− f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) tr
(
|B|2

)
(14.9)

≥ δf

(
tr
(
|B|2A

)
tr
(
|B|2

) ) (tr (|B∗|2A
)
− tr

(
|B|2A

))
,

and the inequality (14.2) is thus proved.
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Taking in (14.6)y = B∗ei we also get

〈f (A)B∗ei, B
∗ei〉 − f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) 〈B∗ei, B
∗ei〉

≥ δf

(
tr
(
|B|2A

)
tr
(
|B|2

) )(〈AB∗ei, B
∗ei〉 −

tr
(
|B|2A

)
tr
(
|B|2

) 〈B∗ei, B
∗ei〉

)
,

which is equivalent to

〈Bf (A)B∗ei, ei〉 − f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) 〈BB∗ei, ei〉(14.10)

≥ δf

(
tr
(
|B|2A

)
tr
(
|B|2

) )(〈BAB∗ei, ei〉 −
tr
(
|B|2A

)
tr
(
|B|2

) 〈BB∗ei, ei〉

)
,

for anyi ∈ I.
Summing in (14.10) we get∑

i∈I

〈Bf (A)B∗ei, ei〉 − f

(
tr
(
|B|2A

)
tr
(
|B|2

) )∑
i∈I

〈BB∗ei, ei〉(14.11)

≥ δf

(
tr
(
|B|2A

)
tr
(
|B|2

) )(∑
i∈I

〈BAB∗ei, ei〉 −
tr
(
|B|2A

)
tr
(
|B|2

) ∑
i∈I

〈BB∗ei, ei〉

)
.

Since ∑
i∈I

〈Bf (A)B∗ei, ei〉 = tr (Bf (A)B∗) = tr (B∗Bf (A)) = tr
(
|B|2 f (A)

)
,

∑
i∈I

〈BB∗ei, ei〉 = tr (BB∗) = tr (B∗B) = tr
(
|B|2

)
and ∑

i∈I

〈BAB∗ei, ei〉 = tr (BAB∗) = tr (B∗BA) = tr
(
|B|2A

)
,

then by (14.11) we get

tr
(
|B|2 f (A)

)
− f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) tr
(
|B|2

)
≥ 0

and the inequality (14.3) is obtained.

COROLLARY 14.2. LetA be a selfadjoint operator on the Hilbert spaceH and assume that
Sp (A) ⊆ [m,M ] for some scalarsm, M withm < M. If f is a continuous convex function on
[m,M ] andP ∈ B1 (H) \ {0} , P ≥ 0 then tr(PA)

tr(P )
∈ [m,M ] and

(14.12) f

(
tr (PA)

tr (P )

)
≤ tr (Pf (A))

tr (P )
.

The proof follows by either (14.2) or (14.3) on choosingB = P 1/2, P ∈ B1 (H) \ {0} ,
P ≥ 0.

The following lemma is of interest in itself:
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LEMMA 14.3 (Dragomir, 2014, [55]). LetS be a selfadjoint operator such thatγ1H ≤ S ≤
Γ1H for some real constantsΓ ≥ γ. Then for anyB ∈ B2 (H) \ {0} we have

0 ≤
tr
(
|B|2 S2

)
tr
(
|B|2

) −

(
tr
(
|B|2 S

)
tr
(
|B|2

) )2

(14.13)

≤ 1

2
(Γ− γ)

1

tr
(
|B|2

) tr

(
|B|2

∣∣∣∣∣S − tr
(
|B|2 S

)
tr
(
|B|2

) 1H

∣∣∣∣∣
)

≤ 1

2
(Γ− γ)

tr
(
|B|2 S2

)
tr
(
|B|2

) −

(
tr
(
|B|2 S

)
tr
(
|B|2

) )2
1/2

≤ 1

4
(Γ− γ)2 .

PROOF. The first inequality follows by Jensen’s inequality (14.3) for the convex function
f (t) = t2.

Now, observe that

1

tr
(
|B|2

) tr

(
|B|2

(
S − Γ + γ

2
1H

)(
S −

tr
(
|B|2 S

)
tr
(
|B|2

) 1H

))
(14.14)

=
1

tr
(
|B|2

) tr

(
|B|2 S

(
S −

tr
(
|B|2 S

)
tr
(
|B|2

) 1H

))

− Γ + γ

2

1

tr
(
|B|2

) tr

(
|B|2

(
S −

tr
(
|B|2 S

)
tr
(
|B|2

) 1H

))

=
tr
(
|B|2 S2

)
tr
(
|B|2

) −

(
tr
(
|B|2 S

)
tr
(
|B|2

) )2

since, obviously

tr

(
|B|2

(
S −

tr
(
|B|2 S

)
tr
(
|B|2

) 1H

))
= 0.

Now, sinceγ1H ≤ S ≤ Γ1H then∣∣∣∣S − Γ + γ

2
1H

∣∣∣∣ ≤ 1

2
(Γ− γ) .

Taking the modulus in (14.14) and using the properties of trace, we have

tr
(
|B|2 S2

)
tr
(
|B|2

) −

(
tr
(
|B|2 S

)
tr
(
|B|2

) )2

(14.15)

=
1

tr
(
|B|2

) ∣∣∣∣∣tr
(
|B|2

(
S − Γ + γ

2
1H

)(
S −

tr
(
|B|2 S

)
tr
(
|B|2

) 1H

))∣∣∣∣∣
≤ 1

tr
(
|B|2

) tr

(
|B|2

∣∣∣∣∣
(
S − Γ + γ

2
1H

)(
S −

tr
(
|B|2 S

)
tr
(
|B|2

) 1H

)∣∣∣∣∣
)

≤ 1

2
(Γ− γ)

1

tr
(
|B|2

) tr

(
|B|2

∣∣∣∣∣S − tr
(
|B|2 S

)
tr
(
|B|2

) 1H

∣∣∣∣∣
)
,

which proves the first part of (14.13).
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By Schwarz inequality for trace we also have

1

tr
(
|B|2

) tr

(
|B|2

∣∣∣∣∣S − tr
(
|B|2 S

)
tr
(
|B|2

) 1H

∣∣∣∣∣
)

(14.16)

≤

 1

tr
(
|B|2

) tr

|B|2(S − tr
(
|B|2 S

)
tr
(
|B|2

) 1H

)2
1/2

=

tr
(
|B|2 S2

)
tr
(
|B|2

) −

(
tr
(
|B|2 S

)
tr
(
|B|2

) )2
1/2

.

From (14.15) and (14.16) we get

tr
(
|B|2 S2

)
tr
(
|B|2

) −

(
tr
(
|B|2 S

)
tr
(
|B|2

) )2

≤ 1

2
(Γ− γ)

tr
(
|B|2 S2

)
tr
(
|B|2

) −

(
tr
(
|B|2 S

)
tr
(
|B|2

) )2
1/2

,

which implies that tr
(
|B|2 S2

)
tr
(
|B|2

) −

(
tr
(
|B|2 S

)
tr
(
|B|2

) )2
1/2

≤ 1

2
(Γ− γ) .

By (14.16) we then obtain

1

tr
(
|B|2

) tr

(
|B|2

∣∣∣∣∣S − tr
(
|B|2 S

)
tr
(
|B|2

) 1H

∣∣∣∣∣
)

≤

tr
(
|B|2 S2

)
tr
(
|B|2

) −

(
tr
(
|B|2 S

)
tr
(
|B|2

) )2
1/2

≤ 1

2
(Γ− γ)

that proves the last part of (14.13).

REMARK 14.1. LetS be a selfadjoint operator such thatγ1H ≤ S ≤ Γ1H for some real
constantsΓ ≥ γ. Then for anyP ∈ B1 (H) \ {0} , P ≥ 0 we have

0 ≤ tr (PS2)

tr (P )
−
(

tr (PS)

tr (P )

)2

(14.17)

≤ 1

2
(Γ− γ)

1

tr (P )
tr

(
P

∣∣∣∣S − tr (PS)

tr (P )
1H

∣∣∣∣)

≤ 1

2
(Γ− γ)

[
tr (PS2)

tr (P )
−
(

tr (PS)

tr (P )

)2
]1/2

≤ 1

4
(Γ− γ)2 .

The following result provides reverses for the inequalities (14.2) and (14.3) above:

THEOREM 14.4 (Dragomir, 2014, [55]). Let A be a selfadjoint operator on the Hilbert
spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with m < M. If f is a
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continuously differentiable convex function on[m,M ] andB ∈ B2 (H) \ {0} , then we have

tr
(
|B∗|2 f (A)

)
tr
(
|B|2

) − f

(
tr
(
|B|2A

)
tr
(
|B|2

) )(14.18)

≤
tr
(
|B∗|2 f ′ (A)A

)
tr
(
|B|2

) −
tr
(
|B|2A

)
tr
(
|B|2

) ·
tr
(
|B∗|2 f ′ (A)

)
tr
(
|B|2

)
and

0 ≤
tr
(
|B|2 f (A)

)
tr
(
|B|2

) − f

(
tr
(
|B|2A

)
tr
(
|B|2

) )(14.19)

≤
tr
(
|B|2 f ′ (A)A

)
tr
(
|B|2

) −
tr
(
|B|2A

)
tr
(
|B|2

) ·
tr
(
|B|2 f ′ (A)

)
tr
(
|B|2

) =: K (f ′, B,A) .

Moreover, we have

K (f ′, B,A)(14.20)

≤


1
2
[f ′ (M)− f ′ (m)]

tr

 
|B|2

�����A−
tr(|B|2A)
tr(|B|2)

1H

�����
!

tr(|B|2)

1
2
(M −m)

tr

 
|B|2

�����f ′(A)−
tr(|B|2f ′(A))

tr(|B|2)
1H

�����
!

tr(|B|2)

≤



1
2
[f ′ (M)− f ′ (m)]

[
tr(|B|2A2)
tr(|B|2)

−
(

tr(|B|2A)
tr(|B|2)

)2
]1/2

1
2
(M −m)

[
tr(|B|2[f ′(A)]2)

tr(|B|2)
−
(

tr(|B|2f ′(A))
tr(|B|2)

)2
]1/2

≤ 1

4
[f ′ (M)− f ′ (m)] (M −m) .

PROOF. By the gradient inequality we have

(14.21) f (τ)− f (ς) ≤ f ′ (τ) (τ − ς)

for anyτ , ς ∈ [m,M ] .
This inequality implies in the operator order

f (A)− f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) 1H ≤ f ′ (A)

(
A−

tr
(
|B|2A

)
tr
(
|B|2

) 1H

)
that is equivalent to

〈f (A) y, y〉 − f

(
tr
(
|B|2A

)
tr
(
|B|2

) ) 〈y, y〉(14.22)

≤ 〈f ′ (A)Ay, y〉 −
tr
(
|B|2A

)
tr
(
|B|2

) 〈f ′ (A) y, y〉

for anyy ∈ H, which is of interest in itself as well.
Let E := {ei}i∈I be an orthonormal basis inH.
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If we take in (14.22)y = Bei and sum, then we get

∑
i∈I

〈f (A)Bei, Bei〉 − f

(
tr
(
|B|2A

)
tr
(
|B|2

) )∑
i∈I

〈Bei, Bei〉

≤
∑
i∈I

〈f ′ (A)ABei, Bei〉 −
tr
(
|B|2A

)
tr
(
|B|2

) ∑
i∈I

〈f ′ (A)Bei, Bei〉 ,

which is equivalent to

∑
i∈I

〈B∗f (A)Bei, ei〉 − f

(
tr
(
|B|2A

)
tr
(
|B|2

) )∑
i∈I

〈B∗Bei, ei〉

≤
∑
i∈I

〈B∗f ′ (A)ABei, ei〉 −
tr
(
|B|2A

)
tr
(
|B|2

) ∑
i∈I

〈B∗f ′ (A)Bei, ei〉

and the inequality (14.18) is obtained.
If we take in (14.22)y = B∗ei and sum, then we get

∑
i∈I

〈f (A)B∗ei, B
∗ei〉 − f

(
tr
(
|B|2A

)
tr
(
|B|2

) )∑
i∈I

〈B∗ei, B
∗ei〉

≤
∑
i∈I

〈f ′ (A)AB∗ei, B
∗ei〉 −

tr
(
|B|2A

)
tr
(
|B|2

) ∑
i∈I

〈f ′ (A)B∗ei, B
∗ei〉

that is equivalent to

∑
i∈I

〈Bf (A)B∗ei, ei〉 − f

(
tr
(
|B|2A

)
tr
(
|B|2

) )∑
i∈I

〈BB∗ei, ei〉(14.23)

≤
∑
i∈I

〈Bf ′ (A)AB∗ei, ei〉 −
tr
(
|B|2A

)
tr
(
|B|2

) ∑
i∈I

〈Bf ′ (A)B∗ei, ei〉

and the inequality (14.19) is obtained.
Now, sincef is continuously convex on[m,M ] , thenf ′ is monotonic nondecreasing on

[m,M ] andf ′ (m) ≤ f ′ (t) ≤ f ′ (M) for anyt ∈ [m,M ] . We also observe that

1

tr
(
|B|2

) tr

(
|B|2

[
f ′ (A)− f ′ (m) + f ′ (M)

2
1H

][
A−

tr
(
|B|2A

)
tr
(
|B|2

) 1H

])
(14.24)

=
1

tr
(
|B|2

) tr

(
|B|2 f ′ (A)

[
A−

tr
(
|B|2A

)
tr
(
|B|2

) 1H

])

− f ′ (m) + f ′ (M)

2

1

tr
(
|B|2

) tr

(
|B|2

[
A−

tr
(
|B|2A

)
tr
(
|B|2

) 1H

])
= K (f ′, B,A) .

Since ∣∣∣∣f ′ (A)− f ′ (m) + f ′ (M)

2
1H

∣∣∣∣ ≤ 1

2
[f ′ (M)− f ′ (m)] 1H ,
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then by taking the modulus in (14.24) and utilizing the properties of trace we have

0 ≤ K (f ′, B,A)(14.25)

≤ 1

tr
(
|B|2

)
× tr

(
|B|2

∣∣∣∣∣
[
f ′ (A)− f ′ (m) + f ′ (M)

2
1H

][
A−

tr
(
|B|2A

)
tr
(
|B|2

) 1H

]∣∣∣∣∣
)

≤ 1

2
[f ′ (M)− f ′ (m)]

1

tr
(
|B|2

) tr

(
|B|2

∣∣∣∣∣A− tr
(
|B|2A

)
tr
(
|B|2

) 1H

∣∣∣∣∣
)
,

and the first inequality in the first branch of (14.20) is proved.
We havem1H ≤ A ≤M1H and by applying Lemma 14.3 we can state that

1

tr
(
|B|2

) tr

(
|B|2

∣∣∣∣∣A− tr
(
|B|2A

)
tr
(
|B|2

) 1H

∣∣∣∣∣
)

(14.26)

≤

tr
(
|B|2A2

)
tr
(
|B|2

) −

(
tr
(
|B|2A

)
tr
(
|B|2

) )2
1/2

≤ 1

2
(M −m) .

Making use of (14.25) and (14.26) we deduce the second and the third inequalities in the first
branch of (14.20).

We observe thatK (f ′, B,A) can be also represented as

K (f ′, B,A)

=
1

tr
(
|B|2

) tr

(
|B|2

[
f ′ (A)−

tr
(
|B|2 f ′ (A)

)
tr
(
|B|2

) 1H

](
A− m+M

2
1H

))
.

Applying a similar argument as above for this representation, we get the second branch of
the inequality (14.20).

The proof is complete.

COROLLARY 14.5. LetA be a selfadjoint operator on the Hilbert spaceH and assume that
Sp (A) ⊆ [m,M ] for some scalarsm, M with m < M. If f is a continuously differentiable
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convex function on[m,M ] andP ∈ B1 (H) \ {0} , P ≥ 0, then we have

0 ≤ tr (Pf (A))

tr (P )
− f

(
tr (PA)

tr (P )

)
(14.27)

≤ tr (Pf ′ (A)A)

tr (P )
− tr (PA)

tr (P )
· tr (Pf ′ (A))

tr (P )

≤


1
2
[f ′ (M)− f ′ (m)]

tr(P |A− tr(PA)
tr(P )

1H|)
tr(P )

1
2
(M −m)

tr

�
P

����f ′(A)− tr(Pf ′(A))
tr(P )

1H

����
�

tr(P )

≤


1
2
[f ′ (M)− f ′ (m)]

[
tr(PA2)

tr(P )
−
(

tr(PA)
tr(P )

)2
]1/2

1
2
(M −m)

[
tr(P [f ′(A)]2)

tr(P )
−
(

tr(Pf ′(A))
tr(P )

)2
]1/2

≤ 1

4
[f ′ (M)− f ′ (m)] (M −m) .

REMARK 14.2. LetMn (C) be the space of all square matrices of ordern with complex
elements andA ∈ Mn (C) be a Hermitian matrix such thatSp (A) ⊆ [m,M ] for some scalars
m, M with m < M. If f is a continuously differentiable convex function on[m,M ] , then by
takingP = In, the identity matrix, in (14.27) we get

0 ≤ tr (f (A))

n
− f

(
tr (A)

n

)
(14.28)

≤ tr (f ′ (A)A)

n
− tr (A)

n
· tr (f ′ (A))

n

≤


1
2
[f ′ (M)− f ′ (m)]

tr(|A− tr(A)
n

In|)
n

1
2
(M −m)

tr

�����f ′(A)− tr(f ′(A))
n

In

����
�

n

≤


1
2
[f ′ (M)− f ′ (m)]

[
tr(A2)

n
−
(

tr(A)
n

)2
]1/2

1
2
(M −m)

[
tr([f ′(A)]2)

n
−
(

tr(f ′(A))
n

)2
]1/2

≤ 1

4
[f ′ (M)− f ′ (m)] (M −m) .

14.2. Some Examples.We consider the power functionf : (0,∞) → (0,∞) , f (t) = tr

with t ∈ R\ {0} . For r ∈ (−∞, 0) ∪ [1,∞), f is convex while forr ∈ (0, 1), f is concave.
DenoteB+

1 (H) := {P with P ∈ B1 (H) andP ≥ 0} .
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Let r ≥ 1 andA be a selfadjoint operator on the Hilbert spaceH and assume thatSp (A) ⊆
[m,M ] for some scalarsm, M with 0 ≤ m < M. If P ∈ B+

1 (H) \ {0} , then

0 ≤ tr (PAr)

tr (P )
−
(

tr (PA)

tr (P )

)r

(14.29)

≤ r

[
tr (PAr)

tr (P )
− tr (PA)

tr (P )
· tr (PAr−1)

tr (P )

]

≤


1
2
r (M r−1 −mr−1)

tr(P |A− tr(PA)
tr(P )

1H|)
tr(P )

1
2
r (M −m)

tr

 
P

�����Ar−1−
tr(PAr−1)

tr(P )
1H

�����
!

tr(P )

≤



1
2
r (M r−1 −mr−1)

[
tr(PA2)

tr(P )
−
(

tr(PA)
tr(P )

)2
]1/2

1
2
r (M −m)

[
tr(PA2(r−1))

tr(P )
−
(

tr(PAr−1)
tr(P )

)2
]1/2

≤ 1

4
r
(
M r−1 −mr−1

)
(M −m) .

Consider the convex functionf : (0,∞) → (0,∞) , f (t) = − ln t and letA be a selfadjoint
operator on the Hilbert spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with
0 < m < M. If P ∈ B+

1 (H) \ {0} , then

0 ≤ ln

(
tr (PA)

tr (P )

)
− tr (P lnA)

tr (P )
(14.30)

≤ tr (PA)

tr (P )
· tr (PA−1)

tr (P )
− 1

≤


M−m
2mM

tr(P |A− tr(PA)
tr(P )

1H|)
tr(P )

1
2
(M −m)

tr

 
P

�����A−1−
tr(PA−1)

tr(P )
1H

�����
!

tr(P )

≤



M−m
2mM

[
tr(PA2)

tr(P )
−
(

tr(PA)
tr(P )

)2
]1/2

1
2
(M −m)

[
tr(PA−2)

tr(P )
−
(

tr(PA−1)
tr(P )

)2
]1/2

≤ (M −m)2

4mM
.

Consider the convex functionf (t) = t ln t and letA be a selfadjoint operator on the Hilbert
spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with 0 < m < M. If
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P ∈ B+
1 (H) \ {0} , then

0 ≤ tr (PA lnA)

tr (P )
− tr (PA)

tr (P )
ln

(
tr (PA)

tr (P )

)
(14.31)

≤ tr (PA ln (eA))

tr (P )
− tr (PA)

tr (P )
· tr (P ln (eA))

tr (P )

≤


1
2
ln
(

M
m

) tr(P |A− tr(PA)
tr(P )

1H|)
tr(P )

1
2
(M −m)

tr(P |ln(eA)− tr(P ln(eA))
tr(P )

1H|)
tr(P )

≤


1
2
ln
(

M
m

) [ tr(PA2)
tr(P )

−
(

tr(PA)
tr(P )

)2
]1/2

1
2
(M −m)

[
tr(P [ln(eA)]2)

tr(P )
−
(

tr(P ln(eA))
tr(P )

)2
]1/2

≤ 1

4
(M −m) ln

(
M

m

)
.

15. OTHER REVERSE I NEQUALITIES FOR CONVEX FUNCTIONS

15.1. General Results.We recall thegradient inequalityfor the convex functionf : [m,M ] →
R, namely

(15.1) f (ς)− f (τ) ≥ δf (τ) (ς − τ)

for any ς, τ ∈ [m,M ] whereδf (τ) ∈
[
f ′− (τ) , f ′+ (τ)

]
, (for τ = m we takeδf (τ) = f ′+ (m)

and forτ = M we takeδf (τ) = f ′− (M)). Heref ′+ (m) andf ′− (M) are the lateral derivatives
of the convex functionf.

The following result holds:

THEOREM 15.1 (Dragomir, 2014, [53]). Let A be a selfadjoint operator on the Hilbert
spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with m < M. If f is a
continuos convex function on[m,M ] andP ∈ B1 (H) \ {0} , P ≥ 0 is such thattr(PA)

tr(P )
∈

(m,M) then we have

0 ≤ tr (Pf (A))

tr (P )
− f

(
tr (PA)

tr (P )

)
(15.2)

≤

(
M − tr(PA)

tr(P )

)(
tr(PA)
tr(P )

−m
)

M −m
Ψf

(
tr (PA)

tr (P )
;m,M

)

≤

(
M − tr(PA)

tr(P )

)(
tr(PA)
tr(P )

−m
)

M −m
sup

t∈(m,M)

Ψf (t;m,M)

≤
(
M − tr (PA)

tr (P )

)(
tr (PA)

tr (P )
−m

)
f ′− (M)− f ′+ (m)

M −m

≤ 1

4
(M −m)

[
f ′− (M)− f ′+ (m)

]
,
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whereΨf (·;m,M) : (m,M) → R is defined by

Ψf (t;m,M) =
f (M)− f (t)

M − t
− f (t)− f (m)

t−m
.

We also have

0 ≤ tr (Pf (A))

tr (P )
− f

(
tr (PA)

tr (P )

)
(15.3)

≤

(
M − tr(PA)

tr(P )

)(
tr(PA)
tr(P )

−m
)

M −m
Ψf

(
tr (PA)

tr (P )
;m,M

)
≤ 1

4
(M −m) Ψf

(
tr (PA)

tr (P )
;m,M

)
≤ 1

4
(M −m) sup

t∈(m,M)

Ψf (t;m,M)

≤ 1

4
(M −m)

[
f ′− (M)− f ′+ (m)

]
,

for anyP ∈ B1 (H) \ {0} , P ≥ 0 such thattr(PA)
tr(P )

∈ (m,M) .

PROOF. Sincef is convex, then we have

f (t) = f

(
m (M − t) +M (t−m)

M −m

)
≤ (M − t) f (m) + (t−m) f (M)

M −m

for anyt ∈ [m,M ] .
This scalar inequality implies, by utilizing the spectral representation of continuous func-

tions of selfadjoint operators, the following inequality

(15.4) f (A) ≤ f (m) (M1M − A) + f (M) (A−m1H)

M −m

in the operator order ofB (H).
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Utilising the properties of the trace and the inequality (15.4), we have

tr (Pf (A))

tr (P )
− f

(
tr (PA)

tr (P )

)
(15.5)

=
tr (Pf (A))

tr (P )
− f

tr
(
P m(M1H−A)+M(A−1Hm)

M−m

)
tr (P )


≤

tr
(
P f(m)(M1M−A)+f(M)(A−m1H)

M−m

)
tr (P )

− f

tr
(
P m(M1H−A)+M(A−1Hm)

M−m

)
tr (P )


=

(
M − tr(PA)

tr(P )

)
f (m) +

(
tr(PA)
tr(P )

−m
)
f (M)

M −m

− f


(
M − tr(PA)

tr(P )

)
m+

(
tr(PA)
tr(P )

−m
)
M

M −m


=: B (f, P,A,m,M)

for anyP ∈ B1 (H) \ {0} , P ≥ 0.
By denoting

∆f (t;m,M) :=
(t−m) f (M) + (M − t) f (m)

M −m
− f (t) , t ∈ [m,M ]

we have

∆f (t;m,M) =
(t−m) f (M) + (M − t) f (m)− (M −m) f (t)

M −m
(15.6)

=
(t−m) f (M) + (M − t) f (m)− (M − t+ t−m) f (t)

M −m

=
(t−m) [f (M)− f (t)]− (M − t) [f (t)− f (m)]

M −m

=
(M − t) (t−m)

M −m
Ψf (t;m,M)

for anyt ∈ (m,M) .
Therefore

(15.7) B (f, P,A,m,M) =

(
M − tr(PA)

tr(P )

)(
tr(PA)
tr(P )

−m
)

M −m
Ψf

(
tr (PA)

tr (P )
;m,M

)
,

provided thattr(PA)
tr(P )

∈ (m,M) .
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If tr(PA)
tr(P )

∈ (m,M) , then

Ψf

(
tr (PA)

tr (P )
;m,M

)
(15.8)

≤ sup
t∈(m,M)

Ψf (t;m,M)

= sup
t∈(m,M)

[
f (M)− f (t)

M − t
− f (t)− f (m)

t−m

]
≤ sup

t∈(m,M)

[
f (M)− f (t)

M − t

]
+ sup

t∈(m,M)

[
−f (t)− f (m)

t−m

]
= sup

t∈(m,M)

[
f (M)− f (t)

M − t

]
− inf

t∈(m,M)

[
f (t)− f (m)

t−m

]
= f ′− (M)− f ′+ (m) ,

which by (15.5) and (15.7) produces the second, third and fourth inequalities in (15.2).
Since, obviously

1

M −m

(
M − tr (PA)

tr (P )

)(
tr (PA)

tr (P )
−m

)
≤ 1

4
(M −m) ,

then the last part of (15.2) also holds.
The second part of the theorem is clear and the details are omitted.

The following result also holds:

THEOREM 15.2 (Dragomir, 2014, [53]). Let A be a selfadjoint operator on the Hilbert
spaceH and assume thatSp (A) ⊆ [m,M ] for some scalarsm, M with m < M. If f is a
continuos convex function on[m,M ] then for all P ∈ B1 (H) \ {0} , P ≥ 0 we have that
tr(PA)
tr(P )

∈ [m,M ] and

0 ≤ tr (Pf (A))

tr (P )
− f

(
tr (PA)

tr (P )

)
(15.9)

≤ 2 max

{
M − tr(PA)

tr(P )

M −m
,

tr(PA)
tr(P )

−m

M −m

}[
f (m) + f (M)

2
− f

(
m+M

2

)]
≤ 2

[
f (m) + f (M)

2
− f

(
m+M

2

)]
.

PROOF. Sincem1H ≤ A ≤ M1H , it follows thatm tr (P ) ≤ tr (PA) ≤ M tr (P ) for any
P ∈ B1 (H) \ {0} , P ≥ 0, which shows thattr(PA)

tr(P )
∈ [m,M ] .

Further on, we recall the following result (see for instance [37]) that provides a refinement
and a reverse for the weighted Jensen’s discrete inequality:

n min
i∈{1,...,n}

{pi}

[
1

n

n∑
i=1

f (xi)− f

(
1

n

n∑
i=1

xi

)]
(15.10)

≤ 1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)

≤ n max
i∈{1,...,n}

{pi}

[
1

n

n∑
i=1

f (xi)− f

(
1

n

n∑
i=1

xi

)]
,
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wheref : C → R is a convex function defined on the convex subsetC of the linear spaceX,
{xi}i∈{1,...,n} ⊂ C are vectors and{pi}i∈{1,...,n} are nonnegative numbers withPn :=

∑n
i=1 pi >

0.
Forn = 2 we deduce from (15.10) that

2 min {t, 1− t}
[
f (x) + f (y)

2
− f

(
x+ y

2

)]
(15.11)

≤ tf (x) + (1− t) f (y)− f (tx+ (1− t) y)

≤ 2 max {t, 1− t}
[
f (x) + f (y)

2
− f

(
x+ y

2

)]
for anyx, y ∈ C andt ∈ [0, 1] .

If we use the second inequality in (15.11) for the convex functionf : I → R wherem,

M ∈ R,m < M with [m,M ] = I, we have forx = m, y = M andt =
M− tr(PA)

tr(P )

M−m
that

B (f, P,A,m,M) =

(
M − tr(PA)

tr(P )

)
f (m) +

(
tr(PA)
tr(P )

−m
)
f (M)

M −m

− f

m
(
M − tr(PA)

tr(P )

)
+M

(
tr(PA)
tr(P )

−m
)

M −m


≤ 2 max

{
M − tr(PA)

tr(P )

M −m
,

tr(PA)
tr(P )

−m

M −m

}

×
[
f (m) + f (M)

2
− f

(
m+M

2

)]
.

Making use of (15.5) we deduce the first inequality in (15.9).
Since

max

{
M − tr(PA)

tr(P )

M −m
,

tr(PA)
tr(P )

−m

M −m

}
≤ 1,

the last part of (15.9) is also proved.

15.2. Some Examples.For p > 1 and0 < m < M < ∞ consider the convex function
f (t) = tp defined on[m,M ] . ThenΨp (·;m,M) : (m,M) → R is defined by

Ψp (t;m,M) =
Mp − tp

M − t
− tp −mp

t−m

=
t (Mp −mp)− tp (M −m)−mM (Mp−1 −mp−1)

(M − t) (t−m)
.

Let A be a nonnegative selfadjoint operator on the Hilbert spaceH and assume thatSp (A) ⊆
[m,M ] for some scalarsm, M with 0 ≤ m < M. If P ∈ B1 (H) \ {0} , P ≥ 0 such that
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tr(PA)
tr(P )

∈ (m,M) , then we have from (15.2) that

0 ≤ tr (PAp)

tr (P )
−
(

tr (PA)

tr (P )

)p

(15.12)

≤

(
M − tr(PA)

tr(P )

)(
tr(PA)
tr(P )

−m
)

M −m
Ψp

(
tr (PA)

tr (P )
;m,M

)

≤

(
M − tr(PA)

tr(P )

)(
tr(PA)
tr(P )

−m
)

M −m
sup

t∈(m,M)

Ψp (t;m,M)

≤
(
M − tr (PA)

tr (P )

)(
tr (PA)

tr (P )
−m

)
Mp −mp

M −m

≤ 1

4
p (M −m)

(
Mp−1 −mp−1

)
and from (15.3) that

0 ≤ tr (PAp)

tr (P )
−
(

tr (PA)

tr (P )

)p

(15.13)

≤

(
M − tr(PA)

tr(P )

)(
tr(PA)
tr(P )

−m
)

M −m
Ψp

(
tr (PA)

tr (P )
;m,M

)
≤ 1

4
(M −m) Ψp

(
tr (PA)

tr (P )
;m,M

)
≤ 1

4
(M −m) sup

t∈(m,M)

Ψp (t;m,M)

≤ 1

4
p (M −m)

(
Mp−1 −mp−1

)
.

Forp = 2, we have

Ψ2 (t;m,M) =
M2 − t2

M − t
− t2 −m2

t−m
= M −m

and by (15.12) we get

0 ≤ tr (PA2)

tr (P )
−
(

tr (PA)

tr (P )

)2

≤
(
M − tr (PA)

tr (P )

)(
tr (PA)

tr (P )
−m

)
(15.14)

≤ 1

4
(M −m)2

for anyP ∈ B1 (H) \ {0} , P ≥ 0.
Making use of the inequality (15.9) we have

0 ≤ tr (PAp)

tr (P )
−
(

tr (PA)

tr (P )

)p

(15.15)

≤ 2 max

{
M − tr(PA)

tr(P )

M −m
,

tr(PA)
tr(P )

−m

M −m

}[
mp +Mp

2
−
(
m+M

2

)p]
≤ 2

[
mp +Mp

2
−
(
m+M

2

)p]
,

for any positive operatorA with Sp (A) ⊆ [m,M ] and for anyP ∈ B1 (H) \ {0} , P ≥ 0.
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In particular, forp = 2 we get

0 ≤ tr (PA2)

tr (P )
−
(

tr (PA)

tr (P )

)2

(15.16)

≤ 1

2
(M −m) max

{
M − tr (PA)

tr (P )
,
tr (PA)

tr (P )
−m

}
≤ 1

2
(M −m)2 .

Since

max

{
M − tr (PA)

tr (P )
,
tr (PA)

tr (P )
−m

}
=

1

2
(M −m) +

∣∣∣∣tr (PA)

tr (P )
− 1

2
(m+M)

∣∣∣∣ ,
then the second inequality in (15.16) is not as good as the second inequality in (15.14).

For p = −1 and0 < m < M < ∞ consider the convex functionf (t) = t−1 defined on
[m,M ] . ThenΨ−1 (·;m,M) : (m,M) → R is defined by

Ψ−1 (t;m,M) =
M−1 − t−1

M − t
− t−1 −m−1

t−m
=
M −m

mMt
.

The definition ofΨ−1 (·;m,M) can be extended to the closed interval[m,M ] . We also have
that

sup
t∈(m,M)

Ψ−1 (t;m,M) =
M −m

m2M
.

From the inequality (15.2) we get

0 ≤ tr (PA−1)

tr (P )
− tr (P )

tr (PA)
(15.17)

≤

(
M − tr(PA)

tr(P )

)(
tr(PA)
tr(P )

−m
)

mM

tr (P )

tr (PA)

≤ 1

m2M

(
M − tr (PA)

tr (P )

)(
tr (PA)

tr (P )
−m

)
≤ 1

4

(M −m)2 (M +m)

m2M2
,

while from (15.3) we get

0 ≤ tr (PA−1)

tr (P )
− tr (P )

tr (PA)
(15.18)

≤

(
M − tr(PA)

tr(P )

)(
tr(PA)
tr(P )

−m
)

mM

tr (P )

tr (PA)

≤ 1

4

(M −m)2

mM

tr (P )

tr (PA)
≤ 1

4

(M −m)2

m2M
.

for any positive definite operatorA with Sp (A) ⊆ [m,M ] andP ∈ B1 (H) \ {0} , P ≥ 0.
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From the inequality (15.9) we have

0 ≤ tr (PA−1)

tr (P )
− tr (P )

tr (PA)
(15.19)

≤ (M −m)2

mM (m+M)
max

{
M − tr(PA)

tr(P )

M −m
,

tr(PA)
tr(P )

−m

M −m

}

≤ (M −m)2

mM (m+M)
,

for any positive definite operatorA with Sp (A) ⊆ [m,M ] and anyP ∈ B1 (H) \ {0} , P ≥ 0.
In order to compare the upper bounds provided by (15.18) and (15.19) consider the differ-

ence

∆ (m,M) :=
1

4

(M −m)2

m2M
− (M −m)2

mM (m+M)

=
(M −m)2

mM

(
1

4m
− 1

m+M

)
=

(M −m)2 (M − 3m)

4m2M (m+M)
,

where0 < m < M.
We observe that ifM < 3m, then the upper bound provided by (15.18) is better than the

bound provided by (15.19). The conclusion is the other way around ifM ≥ 3m.
If we consider the convex functionf (t) = − ln t defined on[m,M ] ⊂ (0,∞) , then

Ψ− ln (·;m,M) : (m,M) → R is defined by

Ψ− ln (t;m,M) =
− lnM + ln t

M − t
− − ln t+ lnm

t−m

=
(M −m) ln t− (M − t) lnm− (t−m) lnM

(M − t) (t−m)

= ln

(
tM−m

mM−tM t−m

) 1
(M−t)(t−m)

.

Utilising the inequality (15.2) we have

0 ≤ ln

(
tr (PA)

tr (P )

)
− tr (P lnA)

tr (P )
(15.20)

≤ 1

M −m
ln


(

tr(PA)
tr(P )

)M−m

mM− tr(PA)
tr(P ) M

tr(PA)
tr(P )

−m


≤

(
M − tr(PA)

tr(P )

)(
tr(PA)
tr(P )

−m
)

M −m
sup

t∈(m,M)

Ψ− ln (t;m,M)

≤ 1

Mm

(
M − tr (PA)

tr (P )

)(
tr (PA)

tr (P )
−m

)
≤ (M −m)2

4mM
,

for any positive definite operatorA with Sp (A) ⊆ [m,M ] andP ∈ B1 (H) \ {0} , P ≥ 0.
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From (15.3) we have

0 ≤ ln

(
tr (PA)

tr (P )

)
− tr (P lnA)

tr (P )
(15.21)

≤ 1

M −m
ln


(

tr(PA)
tr(P )

)M−m

mM− tr(PA)
tr(P ) M

tr(PA)
tr(P )

−m


≤ 1

4

(M −m)(
M − tr(PA)

tr(P )

)(
tr(PA)
tr(P )

−m
) ln


(

tr(PA)
tr(P )

)M−m

mM− tr(PA)
tr(P ) M

tr(PA)
tr(P )

−m


≤ 1

4
(M −m) sup

t∈(m,M)

Ψ− ln (t;m,M)

≤ (M −m)2

4mM
,

for any positive definite operatorA with Sp (A) ⊆ [m,M ] andP ∈ B1 (H) \ {0} , P ≥ 0.
From the inequality (15.9) we get

0 ≤ ln

(
tr (PA)

tr (P )

)
− tr (P lnA)

tr (P )
(15.22)

≤ max

{
M − tr(PA)

tr(P )

M −m
,

tr(PA)
tr(P )

−m

M −m

}
ln

((
m+M

2

)2
mM

)

≤ ln

((
m+M

2

)2
mM

)
,

for any positive definite operatorA with Sp (A) ⊆ [m,M ] andP ∈ B1 (H) \ {0} , P ≥ 0.
We observe that, sincelnx ≤ x− 1 for anyx > 0, then

ln

((
m+M

2

)2
mM

)
≤
(

m+M
2

)2
mM

− 1 =
(M −m)2

4mM
,

which shows that the absolute upper bound for

ln

(
tr (PA)

tr (P )

)
− tr (P lnA)

tr (P )

provided by the inequality (15.22) is better than the one provided by (15.21).

15.3. Reverses of Hölder’s Inequality.We have the following result:

THEOREM 15.3 (Dragomir, 2014, [53]). Assume thatp, q > 1 with 1
p

+ 1
q

= 1. LetS be a
positive operator that commutes withQ, a positive definite operator and such that there exists
the constantsk, K > 0 with

(15.23) k1H ≤ SQ1−q ≤ K1H .

If Sp, Qq ∈ B1 (H) , then we have

(15.24) 0 ≤ [tr (Sp)]1/p [tr (Qq)]1/q − tr (SQ) ≤ Bp (k,K) tr (Qq) ,
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where

(15.25) Bp (k,K) =


1

41/pp
1/p (K − k)1/p (Kp−1 − kp−1)

1/p

21/p
[

kp+Kp

2
−
(

k+K
2

)p]1/p
.

PROOF. If we write the inequality

(15.26) 0 ≤ tr (PAp)

tr (P )
−
(

tr (PA)

tr (P )

)p

≤ 1

4
p (M −m)

(
Mp−1 −mp−1

)
for the operatorsP = Qq andA = SQ1−q then we get

0 ≤
tr
(
Qq (SQ1−q)

p)
tr (Qq)

−
(

tr (QqSQ1−q)

tr (Qq)

)p

(15.27)

≤ 1

4
p (K − k)

(
Kp−1 − kp−1

)
.

Observe that, by the properties of trace we have

tr
(
QqSQ1−q

)
= tr

(
SQ1−qQq

)
= tr (SQ) .

It is known, see for instance [121, p. 356-358], that ifA andB are twocommuting bounded
selfadjoint operatorson the complex Hilbert spaceH, then there exists a bounded selfadjoint
operatorT onH and two bounded functionsϕ andψ such thatA = ϕ (T ) andB = ψ (T ) .
Moreover, if{Eλ} is the spectral family over the closed interval[0, 1] for the selfadjoint operator
T , thenT =

∫ 1

0− λdEλ, where the integral is taken in the Riemann-Stieltjes sense, the functions
ϕ andψ are summable with respect with{Eλ} on [0, 1] and

A = ϕ (T ) =

∫ 1

0−
ϕ (λ) dEλ andB = ψ (T ) =

∫ 1

0−
ψ (λ) dEλ.

Now, if A andB are as above withSp (A) , Sp (B) ⊆ J an interval of real numbers, then for
any continuous functionsf, g : J → C we have the representations

f (A) =

∫ 1

0−
(f ◦ ϕ) (λ) dEλ andg (B) =

∫ 1

0−
(g ◦ ψ) (λ) dEλ.

If we apply the above property to the commuting selfadjoint operatorsS andQ, then we
have two positive functionsϕ andψ such thatS = ϕ (T ) andQ = ψ (T ) . Moreover, using the
integral representation for functions of selfadjoint operators, we have

Qq
(
SQ1−q

)p
= [ψ (T )]q

(
ϕ (T ) [ψ (T )]1−q)p

=

∫ 1

0−
[ψ (λ)]q

(
ϕ (λ) [ψ (λ)]1−q)p dEλ

=

∫ 1

0−
[ψ (λ)]q [ϕ (λ)]p [ψ (λ)](1−q)p dEλ

=

∫ 1

0−
[ϕ (λ)]p [ψ (λ)]q+p−qp dEλ =

∫ 1

0−
[ϕ (λ)]p dEλ = Sp.

Therefore, the inequality (15.27) is equivalent to

(15.28) 0 ≤ tr (Sp)

tr (Qq)
−
(

tr (SQ)

tr (Qq)

)p

≤ 1

4
p (K − k)

(
Kp−1 − kp−1

)
,

which is of interest in itself.
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From this inequality we have

tr (Sp) [tr (Qq)]p−1 ≤ (tr (SQ))p +
1

4
p (K − k)

(
Kp−1 − kp−1

)
[tr (Qq)]p .

Taking the power1/p ∈ (0, 1) and using the property that

(α+ β)r ≤ αr + βr, whereα, β ≥ 0 andr ∈ (0, 1) ,

we get

[tr (Sp)]1/p [tr (Qq)](p−1)/p

≤
[
(tr (SQ))p +

1

4
p (K − k)

(
Kp−1 − kp−1

)
[tr (Qq)]p

]1/p

≤ tr (SQ) +
1

41/p
p1/p (K − k)1/p (Kp−1 − kp−1

)1/p
[tr (Qq)] ,

i.e.

[tr (Sp)]1/p [tr (Qq)]1/q − tr (SQ)

≤ 1

41/p
p1/p (K − k)1/p (Kp−1 − kp−1

)1/p
[tr (Qq)]

The second part follows from the inequality

0 ≤ tr (PAp)

tr (P )
−
(

tr (PA)

tr (P )

)p

≤ 2

[
mp +Mp

2
−
(
m+M

2

)p]
,

and the details are omitted.

REMARK 15.1. We observe that under the previous assumptions, from any upper bound for
the difference

0 ≤ tr (PAp)

tr (P )
−
(

tr (PA)

tr (P )

)p

we can deduce in a similar way an upper bound for the Hölder’s difference

0 ≤ [tr (Sp)]1/p [tr (Qq)]1/q − tr (SQ) .

Also, if the commutativity property of the operatorsS andQ is dropped, then we can prove that

(15.29) 0 ≤
[
tr
(
Qq
(
SQ1−q

)p)]1/p
[tr (Qq)]1/q − tr (SQ) ≤ Bp (k,K) tr (Qq)

with the sameBp (k,K) .However, the noncommutative case of the second inequality in (15.24)
is an open question for the author.

The following reverse of Schwarz inequality holds:

COROLLARY 15.4. LetS be a positive operator that commutes withQ, a positive definite
operator and such that there exists the constantsk, K > 0 with

(15.30) k1H ≤ SQ−1 ≤ K1H .

If S2, Q2 ∈ B1 (H) , then we have

(15.31) 0 ≤
[
tr
(
S2
)]1/2 [

tr
(
Q2
)]1/2 − tr (SQ) ≤

√
2

2
(K − k) tr

(
Q2
)
.
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REMARK 15.2. If we takep = q = 2 in (15.29) and drop the commutativity assumption,
then we get

0 ≤
[
tr
(
QSQ−1S

)]1/2 [
tr
(
Q2
)]1/2 − tr (SQ) ≤

√
2

2
(K − k) tr

(
Q2
)
,

provided that (15.30) holds true.
Also, if we use the inequality (15.14), then we have

0 ≤ tr
(
QSQ−1S

)
tr
(
Q2
)
− [tr (SQ)]2(15.32)

≤
(
K tr

(
Q2
)
− tr (SQ)

) (
tr (SQ)− k tr

(
Q2
))
≤ 1

4
(K − k)2 [tr (Q2

)]2
provided that (15.30) holds true.

16. SLATER ’ S TYPE I NEQUALITIES

16.1. Some Preliminary Facts.Suppose thatI is an interval of real numbers with interior
I̊ andf : I → R is a convex function onI. Thenf is continuous on̊I and has finite left and
right derivatives at each point of̊I. Moreover, ifx, y ∈ I̊ andx < y, thenf ′− (x) ≤ f ′+ (x) ≤
f ′− (y) ≤ f ′+ (y) which shows that bothf ′− andf ′+ are nondecreasing function on̊I. It is also
known that a convex function must be differentiable except for at most countably many points.

For a convex functionf : I → R, the subdifferential off denoted by∂f is the set of all

functionsϕ : I → [−∞,∞] such thatϕ
(
I̊
)
⊂ R and

f (x) ≥ f (a) + (x− a)ϕ (a) for anyx, a ∈ I.

It is also well known that iff is convex onI, then∂f is nonempty,f ′−, f ′+ ∈ ∂f and if
ϕ ∈ ∂f , then

f ′− (x) ≤ ϕ (x) ≤ f ′+ (x) for anyx ∈ I̊.

In particular,ϕ is a nondecreasing function.
If f is differentiable and convex on̊I, then∂f = {f ′} .
The following result is well known in the literature asSlater inequality:

THEOREM 16.1 (Slater, 1981, [127]). If f : I → R is a nonincreasing (nondecreasing)
convex function,xi ∈ I, pi ≥ 0 withPn :=

∑n
i=1 pi > 0 and

∑n
i=1 piϕ (xi) 6= 0, whereϕ ∈ ∂f,

then

(16.1)
1

Pn

n∑
i=1

pif (xi) ≤ f

(∑n
i=1 pixiϕ (xi)∑n
i=1 piϕ (xi)

)
.

As pointed out in [35, p. 208], the monotonicity assumption for the derivativeϕ can be
replaced with the condition

(16.2)

∑n
i=1 pixiϕ (xi)∑n
i=1 piϕ (xi)

∈ I,

which is more general and can hold for suitable points inI and for not necessarily monotonic
functions.

The following result that provides a reverse of the Jensen inequality has been obtained in
[39]:
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THEOREM 16.2 (Dragomir, 2008, [39]). Let I be an interval andf : I → R be a convex
and differentiable function on̊I (the interior ofI) whose derivativef ′ is continuous on̊I . If A
is a selfadjoint operators on the Hilbert spaceH with Sp (A) ⊆ [m,M ] ⊂ I̊ , then

(16.3) (0 ≤) 〈f (A)x, x〉 − f (〈Ax, x〉) ≤ 〈f ′ (A)Ax, x〉 − 〈Ax, x〉 〈f ′ (A)x, x〉 ,

for anyx ∈ H with ‖x‖ = 1.

Perhaps more convenient reverses of (16.3) are the following inequalities that have been
obtained in the same paper [39]:

THEOREM 16.3 (Dragomir, 2008, [39]). Let I be an interval andf : I → R be a convex
and differentiable function on̊I (the interior ofI) whose derivativef ′ is continuous on̊I . If A
is a selfadjoint operators on the Hilbert spaceH with Sp (A) ⊆ [m,M ] ⊂ I̊ , then

(0 ≤) 〈f (A)x, x〉 − f (〈Ax, x〉)(16.4)

≤


1
2
(M −m)

[
‖f ′ (A)x‖2 − 〈f ′ (A)x, x〉2

]1/2

1
2
(f ′ (M)− f ′ (m))

[
‖Ax‖2 − 〈Ax, x〉2

]1/2

≤ 1

4
(M −m) (f ′ (M)− f ′ (m)) ,

for anyx ∈ H with ‖x‖ = 1.
We also have the inequality

(0 ≤) 〈f (A)x, x〉 − f (〈Ax, x〉)(16.5)

≤ 1

4
(M −m) (f ′ (M)− f ′ (m))

−


[〈Mx− Ax,Ax−mx〉 〈f ′ (M)x− f ′ (A)x, f ′ (A)x− f ′ (m)x〉]

1
2 ,∣∣〈Ax, x〉 − M+m

2

∣∣ ∣∣∣〈f ′ (A)x, x〉 − f ′(M)+f ′(m)
2

∣∣∣
≤ 1

4
(M −m) (f ′ (M)− f ′ (m)) ,

for anyx ∈ H with ‖x‖ = 1.
Moreover, ifm > 0 andf ′ (m) > 0, then we also have

(0 ≤) 〈f (A)x, x〉 − f (〈Ax, x〉)(16.6)

≤


1
4

(M−m)(f ′(M)−f ′(m))√
Mmf ′(M)f ′(m)

〈Ax, x〉 〈f ′ (A)x, x〉 ,

(√
M −

√
m
)(√

f ′ (M)−
√
f ′ (m)

)
[〈Ax, x〉 〈f ′ (A)x, x〉]

1
2 ,

for anyx ∈ H with ‖x‖ = 1.

In [41] we obtained the following operator version for Slater’s inequality as well as a reverse
of it:

THEOREM 16.4 (Dragomir, 2008, [41]). Let I be an interval andf : I → R be a convex
and differentiable function on̊I (the interior ofI) whose derivativef ′ is continuous on̊I. If A
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is a selfadjoint operator on the Hilbert spaceH with Sp (A) ⊆ [m,M ] ⊂ I̊ and f ′ (A) is a
positive invertible operator onH then

0 ≤ f

(
〈Af ′ (A)x, x〉
〈f ′ (A)x, x〉

)
− 〈f (A)x, x〉(16.7)

≤ f ′
(
〈Af ′ (A)x, x〉
〈f ′ (A)x, x〉

)[
〈Af ′ (A)x, x〉 − 〈Ax, x〉 〈f ′ (A)x, x〉

〈f ′ (A)x, x〉

]
,

for anyx ∈ H with ‖x‖ = 1.

For other similar results, see [41].

16.2. Slater Type Trace Inequalities.We denote by

B+
1 (H) := {P : P ∈ B1 (H) andP ≥ 0} .

The following result holds:

THEOREM16.5. LetI be an interval andf : I → R be a convex and differentiable function
on I̊ (the interior ofI) whose derivativef ′ is continuous on̊I. If A is a selfadjoint operator on
the Hilbert spaceH with Sp (A) ⊆ [m,M ] ⊂ I̊ andf ′ (A) is a positive invertible operator on
H, then

0 ≤ f

(
tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
− tr [Pf (A)]

tr (P )
(16.8)

≤ f ′
(

tr [PAf ′ (A)]

tr [Pf ′ (A)]

)(
tr [PAf ′ (A)]

tr [Pf ′ (A)]
− tr (PA)

tr (P )

)
,

for anyP ∈ B+
1 (H) \ {0} .

PROOF. Sincef is convex and differentiable on̊I, then we have

(16.9) f ′ (s) (t− s) ≤ f (t)− f (s) ≤ f ′ (t) (t− s)

for anyt, s ∈ [m,M ] .
Now, if we fix t ∈ [m,M ], then we have

(16.10) tf ′ (A)− Af ′ (A) ≤ f (t) · 1H − f (A) ≤ f ′ (t) t · 1H − f ′ (t)A

for anyt ∈ [m,M ].
Using the inequality (16.10), then we have

t tr [Pf ′ (A)]− tr [PAf ′ (A)] ≤ f (t) tr (P )− tr [Pf (A)](16.11)

≤ f ′ (t) t tr (P )− f ′ (t) tr (PA)

for anyP ∈ B+
1 (H) \ {0} .

Now, sinceA is selfadjoint withm1H ≤ A ≤M1H andf ′ (A) is positive, then

mf ′ (A) ≤ Af ′ (A) ≤Mf ′ (A) .

By taking the trace, then we get

m tr [Pf ′ (A)] ≤ tr [PAf ′ (A)] ≤M tr [Pf ′ (A)] ,

which shows that

t0 :=
tr [PAf ′ (A)]

tr [Pf ′ (A)]
∈ [m,M ] .

Observe that sincef ′ (A) is a positive invertible operator onH, thentr [Pf ′ (A)] > 0 for any
P ∈ B+

1 (H) \ {0} .
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Finally, if we putt = t0 in the equation (16.11), then we get

tr [PAf ′ (A)]

tr [Pf ′ (A)]
tr [Pf ′ (A)]− tr [PAf ′ (A)](16.12)

≤ f

(
tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
tr (P )− tr [Pf (A)]

≤ f ′
(

tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
tr [PAf ′ (A)]

tr [Pf ′ (A)]
tr (P )

− f ′
(

tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
tr (PA) ,

which is equivalent to the desired result (16.8).

REMARK 16.1. It is important to observe that, the condition thatf ′ (A) is a positive invert-
ible operator onH can be replaced with the more general assumption that

(16.13)
tr [PAf ′ (A)]

tr [Pf ′ (A)]
∈ I̊ and tr [Pf ′ (A)] 6= 0

for anyP ∈ B+
1 (H) \ {0} , which may be easily verified for particular convex functionsf in

various examples as follows.
Also, as pointed out by the referee, if〈f ′ (A)x, x〉 > 0 for any x ∈ H, x 6= 0, then

tr [Pf ′ (A)] > 0 for anyP ∈ B+
1 (H) \ {0} and the inequality (16.8) is valid as well.

REMARK 16.2. Now, if the function is concave on̊I and the condition (16.13) holds, then
we have the inequalities

0 ≤ tr [Pf (A)]

tr (P )
− f

(
tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
(16.14)

≤ f ′
(

tr [PAf ′ (A)]

tr [Pf ′ (A)]

)(
tr (PA)

tr (P )
− tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
,

for anyP ∈ B+
1 (H) \ {0} .

Utilising the inequality (16.14) for the concave functionf : (0,∞) → R, f (t) = ln t, then
we can state that

(16.15) 0 ≤ tr (P lnA)

tr (P )
− ln

(
tr (P )

tr (PA−1)

)
≤ tr (PA−1)

tr (P )

tr (PA)

tr (P )
− 1

for any positive invertible operatorA andP with P ∈ B+
1 (H) \ {0} .

Utilising the inequality (16.8) for the convex functionf : (0,∞) → R, f (t) = t−1, then
we can state that

(16.16) 0 ≤ tr (PA−2)

tr (PA−1)
− tr (PA−1)

tr (P )
≤ tr (PA)

tr (P )

tr (PA−2)

tr (PA−1)
− tr (PA−1)

tr (PA−2)
,

for any positive invertible operatorAandP with P ∈ B+
1 (H) \ {0} .

If we takeB = A−1 in (16.16), then we get the equivalent inequality

(16.17) 0 ≤ tr (PB2)

tr (PB)
− tr (PB)

tr (P )
≤ tr (PB2)

tr (PB)

tr (PB−1)

tr (P )
− tr (PB)

tr (PB2)
,

for any positive invertible operatorB andP with P ∈ B1 (H) \ {0} .
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If we write the inequality (16.8) for the convex functionf (t) = exp (αt) with α ∈ R\{0} ,
then we get

0 ≤ exp

(
α

tr [PA exp (αA)]

tr [P exp (αA)]

)
− tr [P exp (αA)]

tr (P )
(16.18)

≤ α exp

(
α

tr [PA exp (αA)]

tr [P exp (αA)]

)(
tr [PA exp (αA)]

tr [P exp (αA)]
− tr (PA)

tr (P )

)
,

for any selfadjoint operatorA andP ∈ B+
1 (H) \ {0} .

16.3. Further Reverses.We use the following Grüss’ type inequalities [51]:

LEMMA 16.6. LetS be a selfadjoint operator withm1H ≤ S ≤M1H andf : [m,M ] → C
a continuous function of bounded variation on[m,M ]. For anyC ∈ B (H) andP ∈ B+

1 (H) \
{0} we have the inequality∣∣∣∣tr (Pf (S)C)

tr (P )
− tr (Pf (S))

tr (P )

tr (PC)

tr (P )

∣∣∣∣(16.19)

≤ 1

2

M∨
m

(f)
1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)

≤ 1

2

M∨
m

(f)

[
tr
(
P |C|2

)
tr (P )

−
∣∣∣∣tr (PC)

tr (P )

∣∣∣∣2
]1/2

,

where
M∨
m

(f) is the total variation off on the interval.

If the functionf : [m,M ] → C is Lipschitzian with the constantL > 0 on [m,M ] , i.e.

|f (t)− f (s)| ≤ L |t− s|

for anyt, s ∈ [m,M ] , then∣∣∣∣tr (Pf (S)C)

tr (P )
− tr (Pf (S))

tr (P )

tr (PC)

tr (P )

∣∣∣∣(16.20)

≤ L

∥∥∥∥S − tr (PS)

tr (P )
1H

∥∥∥∥ 1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)

≤ L

∥∥∥∥S − tr (PS)

tr (P )
1H

∥∥∥∥
[

tr
(
P |C|2

)
tr (P )

−
∣∣∣∣tr (PC)

tr (P )

∣∣∣∣2
]1/2

for anyC ∈ B (H) andP ∈ B+
1 (H) \ {0}.

PROOF. For the sake of completeness we give here a simple proof.
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We observe that, for anyλ ∈ C we have

1

tr (P )
tr

[
P (A− λ1H)

(
C − tr (PC)

tr (P )
1H

)]
(16.21)

=
1

tr (P )
tr

[
PA

(
C − tr (PC)

tr (P )
1H

)]
− λ

tr (P )
tr

[
P

(
C − tr (PC)

tr (P )
1H

)]
=

tr (PAC)

tr (P )
− tr (PA)

tr (P )

tr (PC)

tr (P )
.

Taking the modulus in (16.21) and utilising the properties of the trace, we have∣∣∣∣tr (PAC)

tr (P )
− tr (PA)

tr (P )

tr (PC)

tr (P )

∣∣∣∣(16.22)

=
1

tr (P )

∣∣∣∣tr [P (A− λ1H)

(
C − tr (PC)

tr (P )
1H

)]∣∣∣∣
=

1

tr (P )

∣∣∣∣tr [(A− λ1H)

(
C − tr (PC)

tr (P )
1H

)
P

]∣∣∣∣
≤ ‖A− λ1H‖

1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)
for anyλ ∈ C.

From the inequality (16.22) we have∣∣∣∣tr (Pf (S)C)

tr (P )
− tr (Pf (S))

tr (P )

tr (PC)

tr (P )

∣∣∣∣(16.23)

≤ ‖f (S)− λ1H‖
1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)
for anyλ ∈ C.

From (16.23) we get∣∣∣∣tr (Pf (S)C)

tr (P )
− tr (Pf (S))

tr (P )

tr (PC)

tr (P )

∣∣∣∣(16.24)

≤
∥∥∥∥f (S)− f (m) + f (M)

2
1H

∥∥∥∥ 1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣) .
Sincef is of bounded variation on[m,M ] , then we have∣∣∣∣f (t)− f (m) + f (M)

2

∣∣∣∣ =

∣∣∣∣f (t)− f (m) + f (t)− f (M)

2

∣∣∣∣(16.25)

≤ 1

2
[|f (t)− f (m)|+ |f (M)− f (t)|] ≤ 1

2

M∨
m

(f)

for anyt ∈ [m,M ] .
From (16.25) we get in the orderB (H) that∣∣∣∣f (S)− f (m) + f (M)

2
1H

∣∣∣∣ ≤ 1

2

M∨
m

(f) 1H ,
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which implies that

(16.26)

∥∥∥∥f (S)− f (m) + f (M)

2
1H

∥∥∥∥ ≤ 1

2

M∨
m

(f) .

Making use of (16.25) and (16.26) we get the first inequality in (16.19).
The second part is obvious by the Schwarz inequality for traces

tr
(∣∣∣(C − tr(PC)

tr(P )
1H

)
P
∣∣∣)

tr (P )
≤

tr

(∣∣∣(C − tr(PC)
tr(P )

1H

)
P 1/2

∣∣∣2)
tr (P )


1/2

,

and by noticing that

(16.27)
tr

(∣∣∣(C − tr(PC)
tr(P )

1H

)
P 1/2

∣∣∣2)
tr (P )

=
tr
(
P |C|2

)
tr (P )

−
∣∣∣∣tr (PC)

tr (P )

∣∣∣∣2
for anyC ∈ B (H) andP ∈ B+

1 (H) \ {0} .
From (16.23) we also have∣∣∣∣tr (Pf (S)C)

tr (P )
− tr (Pf (S))

tr (P )

tr (PC)

tr (P )

∣∣∣∣(16.28)

≤
∥∥∥∥f (S)− f

(
tr (SP )

tr (P )

)
1H

∥∥∥∥ 1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)
anyC ∈ B (H) andP ∈ B+

1 (H) \ {0} .
Since

|f (t)− f (s)| ≤ L |t− s|

for anyt, s ∈ [m,M ] , then we have in the orderB (H) that

|f (S)− f (s) 1H | ≤ L |S − s1H |

for anys ∈ [m,M ] . In particular, we have∣∣∣∣f (S)− f

(
tr (SP )

tr (P )

)
1H

∣∣∣∣ ≤ L

∣∣∣∣S − tr (SP )

tr (P )
1H

∣∣∣∣ ,
which implies that ∥∥∥∥f (S)− f

(
tr (SP )

tr (P )

)
1H

∥∥∥∥ ≤ L

∥∥∥∥S − tr (SP )

tr (P )
1H

∥∥∥∥
and by (16.28) we get the first inequality in (16.20).

The second part is obvious.

We also have the following reverse of Schwarz inequality [51]:
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LEMMA 16.7. If C is a selfadjoint operator withk1H ≤ C ≤ K1H for some real numbers
k < K, then

0 ≤ tr (PC2)

tr (P )
−
(

tr (PC)

tr (P )

)2

(16.29)

≤ 1

2
(K − k)

1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)

≤ 1

2
(K − k)

[
tr (PC2)

tr (P )
−
(

tr (PC)

tr (P )

)2
]1/2

≤ 1

4
(K − k)2 ,

for anyP ∈ B+
1 (H) \ {0} .

PROOF. If we take in (16.19)f (t) = t andS = C we get∣∣∣∣∣tr (PC2)

tr (P )
−
(

tr (PC)

tr (P )

)2
∣∣∣∣∣(16.30)

≤ 1

2
(K − k)

1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)

≤ 1

2
(K − k)

[
tr (PC2)

tr (P )
−
(

tr (PC)

tr (P )

)2
]1/2

.

Since by (16.27) we have

tr (PC2)

tr (P )
−
(

tr (PC)

tr (P )

)2

≥ 0,

then by (16.30) we get

0 ≤ tr (PC2)

tr (P )
−
(

tr (PC)

tr (P )

)2

(16.31)

≤ 1

2
(K − k)

1

tr (P )
tr

(∣∣∣∣(C − tr (PC)

tr (P )
1H

)
P

∣∣∣∣)

≤ 1

2
(K − k)

[
tr (PC2)

tr (P )
−
(

tr (PC)

tr (P )

)2
]1/2

.

Utilising the inequality between the first and last term in (16.31) we also have[
tr (PC2)

tr (P )
−
(

tr (PC)

tr (P )

)2
]1/2

≤ 1

2
(K − k) ,

which proves the last part of (16.29).

THEOREM16.8. LetI be an interval andf : I → R be a convex and differentiable function
on I̊ whose derivativef ′ is continuous on̊I. If A is a selfadjoint operator on the Hilbert space
H with Sp (A) ⊆ [m,M ] ⊂ I̊ andf ′ (A) is a positive invertible operator onH, or

tr [PAf ′ (A)]

tr [Pf ′ (A)]
∈ I̊ , tr [Pf ′ (A)] 6= 0
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for anyP ∈ B+
1 (H) \ {0} , then

0 ≤ f

(
tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
− tr [Pf (A)]

tr (P )
(16.32)

≤ tr (P )

tr [Pf ′ (A)]
f ′
(

tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
L (P,A, f ′ (A)) ,

for anyP ∈ B+
1 (H) \ {0} , where

L (P,A, f ′ (A)) :=
tr [PAf ′ (A)]

tr (P )
− tr (PA)

tr (P )

tr [Pf ′ (A)]

tr (P )

≤


1
2
(f ′ (M)− f ′ (m)) 1

tr(P )
tr
(∣∣∣(A− tr(PA)

tr(P )
1H

)
P
∣∣∣)

1
2
(M −m) 1

tr(P )
tr
(∣∣∣(f ′ (A)− tr(Pf ′(A))

tr(P )
1H

)
P
∣∣∣)

≤


1
2
(f ′ (M)− f ′ (m))

[
tr(PA2)

tr(P )
−
(

tr(PA)
tr(P )

)2
]1/2

1
2
(M −m)

[
tr(P [f ′(A)]2)

tr(P )
−
(

tr(Pf ′(A))
tr(P )

)2
]1/2

≤ 1

4
(f ′ (M)− f ′ (m)) (M −m) .

PROOF. Utilising Lemma 16.6 and Lemma 16.7 we have

0 ≤ tr (Pf ′ (A)A)

tr (P )
− tr (Pf ′ (A))

tr (P )

tr (PA)

tr (P )
(16.33)

≤ 1

2
(f ′ (M)− f ′ (m))

1

tr (P )
tr

(∣∣∣∣(A− tr (PA)

tr (P )
1H

)
P

∣∣∣∣)

≤ 1

2
(f ′ (M)− f ′ (m))

[
tr (PA2)

tr (P )
−
(

tr (PA)

tr (P )

)2
]1/2

≤ 1

4
(f ′ (M)− f ′ (m)) (M −m)

and

0 ≤ tr (Pf ′ (A)A)

tr (P )
− tr (Pf ′ (A))

tr (P )

tr (PA)

tr (P )
(16.34)

≤ 1

2
(M −m)

1

tr (P )
tr

(∣∣∣∣(f ′ (A)− tr (Pf ′ (A))

tr (P )
1H

)
P

∣∣∣∣)

≤ 1

2
(M −m)

[
tr
(
P [f ′ (A)]2

)
tr (P )

−
(

tr (Pf ′ (A))

tr (P )

)2
]1/2

≤ 1

4
(f ′ (M)− f ′ (m)) (M −m)

for anyP ∈ B+
1 (H) \ {0} .

The positivity of
tr (Pf ′ (A)A)

tr (P )
− tr (Pf ′ (A))

tr (P )

tr (PA)

tr (P )
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follows by Čebyšev’s trace inequality for synchronous functions of selfadjoint operators, see
[49].

The case of convex and monotonic functions is as follows:

COROLLARY 16.9. Let I be an interval andf : I → R be a convex and differentiable
function onI̊ whose derivativef ′ is continuous on̊I. If A is a selfadjoint operator on the
Hilbert spaceH with Sp (A) ⊆ [m,M ] ⊂ I̊ andf ′ (m) > 0, then

(16.35) 0 ≤ f

(
tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
− tr [Pf (A)]

tr (P )
≤ f ′ (M)

f ′ (m)
L (P,A, f ′ (A)) ,

for anyP ∈ B+
1 (H) \ {0} .

The proof follows by (16.32) observing that

0 ≤ tr (P )

tr [Pf ′ (A)]
f ′
(

tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
≤ f ′ (M)

f ′ (m)

for anyP ∈ B+
1 (H) \ {0} .

If we consider the monotonic nondecreasing convex functionf (t) = tp with p ≥ 1 and
t ≥ 0, then by (16.35) we have the sequence of inequalities

0 ≤
(

tr (PAp)

tr (PAp−1)

)p

− tr (PAp)

tr (P )
(16.36)

≤ p

(
M

m

)p−1(
tr (PAp)

tr (P )
− tr (PA)

tr (P )

tr (PAp−1)

tr (P )

)
≤ 1

2
p2

(
M

m

)p−1

×


(Mp−1 −mp−1) 1

tr(P )
tr
(∣∣∣(A− tr(PA)

tr(P )
1H

)
P
∣∣∣)

(M −m) 1
tr(P )

tr

(∣∣∣∣(Ap−1 − tr(PAp−1)
tr(P )

1H

)
P

∣∣∣∣)
≤ 1

2
p2

(
M

m

)p−1

×


(Mp−1 −mp−1)

[
tr(PA2)

tr(P )
−
(

tr(PA)
tr(P )

)2
]1/2

(M −m)

[
tr(PA2(p−1))

tr(P )
−
(

tr(PAp−1)
tr(P )

)2
]1/2

≤ 1

4
p2

(
M

m

)p−1 (
Mp−1 −mp−1

)
(M −m)

for anyP ∈ B+
1 (H) \ {0} andA with Sp (A) ⊆ [m,M ] ⊂ (0,∞) .

THEOREM 16.10. Let I be an interval andf : I → R be a convex and twice differentiable
function onI̊ whose second derivativef ′′ is bounded on̊I, i.e. there is a positive constantK
such that0 ≤ f ′′ (t) ≤ K for any t ∈ I̊ . If A is a selfadjoint operator on the Hilbert spaceH
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with Sp (A) ⊆ [m,M ] ⊂ I̊ andf ′ (A) is a positive invertible operator onH, or

tr [PAf ′ (A)]

tr [Pf ′ (A)]
∈ I̊ , tr [Pf ′ (A)] 6= 0

for anyP ∈ B+
1 (H) \ {0} , then

0 ≤ f

(
tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
− tr [Pf (A)]

tr (P )
(16.37)

≤ K

∥∥∥∥A− tr (PA)

tr (P )
1H

∥∥∥∥ 1

tr (P )
tr

(∣∣∣∣(A− tr (PA)

tr (P )
1H

)
P

∣∣∣∣)
× tr (P )

tr [Pf ′ (A)]
f ′
(

tr [PAf ′ (A)]

tr [Pf ′ (A)]

)

≤ K

∥∥∥∥A− tr (PA)

tr (P )
1H

∥∥∥∥
[

tr (PA2)

tr (P )
−
(

tr (PA)

tr (P )

)2
]1/2

× tr (P )

tr [Pf ′ (A)]
f ′
(

tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
≤ 1

2
(M −m)K

∥∥∥∥A− tr (PA)

tr (P )
1H

∥∥∥∥ tr (P )

tr [Pf ′ (A)]
f ′
(

tr [PAf ′ (A)]

tr [Pf ′ (A)]

)

for anyP ∈ B+
1 (H) \ {0} .

PROOF. From (16.32) we have

0 ≤ f

(
tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
− tr [Pf (A)]

tr (P )
(16.38)

≤ tr (P )

tr [Pf ′ (A)]
f ′
(

tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
L (P,A, f ′ (A)) ,

for anyP ∈ B+
1 (H) \ {0} .

From (16.20) we also have

(0 ≤)L (P,A, f ′ (A))(16.39)

≤ K

∥∥∥∥A− tr (PA)

tr (P )
1H

∥∥∥∥ 1

tr (P )
tr

(∣∣∣∣(A− tr (PA)

tr (P )
1H

)
P

∣∣∣∣)

≤ K

∥∥∥∥A− tr (PA)

tr (P )
1H

∥∥∥∥
[

tr (PA2)

tr (P )
−
(

tr (PA)

tr (P )

)2
]1/2

for anyP ∈ B+
1 (H) \ {0} .
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Therefore, by (16.38) and (16.39) we get

0 ≤ f

(
tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
− tr [Pf (A)]

tr (P )

≤ K

∥∥∥∥A− tr (PA)

tr (P )
1H

∥∥∥∥ 1

tr (P )
tr

(∣∣∣∣(A− tr (PA)

tr (P )
1H

)
P

∣∣∣∣)
× tr (P )

tr [Pf ′ (A)]
f ′
(

tr [PAf ′ (A)]

tr [Pf ′ (A)]

)

≤ K

∥∥∥∥A− tr (PA)

tr (P )
1H

∥∥∥∥
[

tr (PA2)

tr (P )
−
(

tr (PA)

tr (P )

)2
]1/2

× tr (P )

tr [Pf ′ (A)]
f ′
(

tr [PAf ′ (A)]

tr [Pf ′ (A)]

)
that proves the second and third inequalities in (16.37).

The last part follows by Lemma 16.7.

The inequality (16.37) can be also written for the convex functionf (t) = tp with p ≥ 1 and
t ≥ 0, however the details are not presented here.

17. LIPSCHITZ TYPE I NEQUALITIES

17.1. Some Basic Facts.One of the central problems in perturbation theory is to find
bounds for

‖f (A)− f (B)‖

in terms of‖A−B‖ for different classes of measurable functionsf for which the function of
operator can be defined.

By the help of power seriesf (z) =
∑∞

n=0 anz
n we can naturally construct another power

series which will have as coefficients the absolute values of the coefficient of the original series,
namely,fa (z) :=

∑∞
n=0 |an| zn. It is obvious that this new power series will have the same

radius of convergence as the original series. We also notice that if all coefficientsan ≥ 0, then
fa = f.

We notice that if

f (z) =
∞∑

n=1

(−1)n

n
zn = ln

1

1 + z
, z ∈ D (0, 1) ;(17.1)

g (z) =
∞∑

n=0

(−1)n

(2n)!
z2n = cos z, z ∈ C;

h (z) =
∞∑

n=0

(−1)n

(2n+ 1)!
z2n+1 = sin z, z ∈ C;

l (z) =
∞∑

n=0

(−1)n zn =
1

1 + z
, z ∈ D (0, 1) ;
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whereD (0, 1) is the open disk centered in0 and of radius1, then the corresponding functions
constructed by the use of the absolute values of the coefficients are

fa (z) =
∞∑

n=1

1

n!
zn = ln

1

1− z
, z ∈ D (0, 1) ;(17.2)

ga (z) =
∞∑

n=0

1

(2n)!
z2n = cosh z, z ∈ C;

ha (z) =
∞∑

n=0

1

(2n+ 1)!
z2n+1 = sinh z, z ∈ C;

la (z) =
∞∑

n=0

zn =
1

1− z
, z ∈ D (0, 1) .

Other important examples of functions as power series representations with nonnegative
coefficients are:

exp (z) =
∞∑

n=0

1

n!
zn, z ∈ C;(17.3)

1

2
ln

(
1 + z

1− z

)
=

∞∑
n=1

1

2n− 1
z2n−1, z ∈ D (0, 1) ;

sin−1 (z) =
∞∑

n=0

Γ
(
n+ 1

2

)
√
π (2n+ 1)n!

z2n+1, z ∈ D (0, 1) ;

tanh−1 (z) =
∞∑

n=1

1

2n− 1
z2n−1, z ∈ D (0, 1) ;

2F1 (α, β, γ, z) =
∞∑

n=0

Γ (n+ α) Γ (n+ β) Γ (γ)

n!Γ (α) Γ (β) Γ (n+ γ)
zn, α, β, γ > 0,

z ∈ D (0, 1) ;

whereΓ is Gamma function.
We recall the following result that provides a quasi-Lipschitzian condition for functions

defined by power series and operator norm‖·‖ [45]:

THEOREM 17.1. Let f (z) :=
∑∞

n=0 anz
n be a power series with complex coefficients and

convergent on the open diskD (0, R) , R > 0. If T, V ∈ B (H) are such that‖T‖ , ‖V ‖ < R,
then

(17.4) ‖f (T )− f (V )‖ ≤ f ′a (max {‖T‖ , ‖V ‖}) ‖T − V ‖ .

If ‖T‖ , ‖V ‖ ≤M < R, then from (17.4) we have the simpler inequality

(17.5) ‖f (T )− f (V )‖ ≤ f ′a (M) ‖T − V ‖
In the recent paper [46] we improved the inequality (17.4) as follows:

THEOREM 17.2. Let f (z) :=
∑∞

n=0 anz
n be a power series with complex coefficients and

convergent on the open diskD (0, R) , R > 0. If T, V ∈ B (H) are such that‖T‖ , ‖V ‖ < R,
then

(17.6) ‖f (T )− f (V )‖ ≤ ‖T − V ‖
∫ 1

0

f ′a (‖(1− t)T + tV ‖) dt.
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In order to obtain similar results for the trace of bounded linear operators on complex infinite
dimensional Hilbert spaces we need some preparations as follows.

17.2. Trace Inequalities.We have the following representation result:

THEOREM 17.3 (Dragomir, 2014, [63]). Let f (z) :=
∑∞

n=0 anz
n be a power series with

complex coefficients and convergent on the open diskD (0, R) , R > 0. If T, V ∈ B1 (H) are
such thattr (|T |) , tr (|V |) < R, then f (V ) , f (T ) , f ′ ((1− t)T + tV ) ∈ B1 (H) for any
t ∈ [0, 1] and

(17.7) tr [f (V )]− tr [f (T )] =

∫ 1

0

tr ((V − T ) f ′ ((1− t)T + tV )) dt.

PROOF. We use the identity

(17.8) An −Bn =
n−1∑
j=0

An−1−j (A−B)Bj

that holds for anyA,B ∈ B (H) andn ≥ 1.
For T, V ∈ B (H) we consider the functionϕ : [0, 1] → B (H) defined byϕ (t) =

[(1− t)T + tV ]n . For t ∈ (0, 1) andε 6= 0 with t+ ε ∈ (0, 1) we have from (17.8) that

ϕ (t+ ε)− ϕ (t)

= [(1− t− ε)T + (t+ ε)V ]n − [(1− t)T + tV ]n

= ε
n−1∑
j=0

[(1− t− ε)T + (t+ ε)V ]n−1−j (V − T ) [(1− t)T + tV ]j .

Dividing with ε 6= 0 and taking the limit overε→ 0 we have in the norm topology ofB that

ϕ′ (t) = lim
ε→0

1

ε
[ϕ (t+ ε)− ϕ (t)](17.9)

=
n−1∑
j=0

[(1− t)T + tV ]n−1−j (V − T ) [(1− t)T + tV ]j .

Integrating on[0, 1] we get from (17.9) that∫ 1

0

ϕ′ (t) dt =
n−1∑
j=0

∫ 1

0

[(1− t)T + tV ]n−1−j (V − T ) [(1− t)T + tV ]j dt

and since ∫ 1

0

ϕ′ (t) dt = ϕ (1)− ϕ (0) = V n − T n

then we get the following equality of interest in itself

(17.10) V n − T n =
n−1∑
j=0

∫ 1

0

[(1− t)T + tV ]n−1−j (V − T ) [(1− t)T + tV ]j dt,

for anyT, V ∈ B (H) andn ≥ 1.
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If T, V ∈ B1 (H) and we take the trace in (17.10) we get

tr (V n)− tr (T n)(17.11)

=
n−1∑
j=0

∫ 1

0

tr
(
[(1− t)T + tV ]n−1−j (V − T ) [(1− t)T + tV ]j

)
dt

=
n−1∑
j=0

∫ 1

0

tr
(
[(1− t)T + tV ]n−1 (V − T )

)
dt

= n

∫ 1

0

tr
(
[(1− t)T + tV ]n−1 (V − T )

)
dt

= n

∫ 1

0

tr
(
(V − T ) [(1− t)T + tV ]n−1) dt

for anyn ≥ 1.
Letm ≥ 1. Then by (17.11) we have have

tr

(
m∑

n=0

anV
n

)
− tr

(
m∑

n=0

anT
n

)
(17.12)

=
m∑

n=0

an [tr (V n)− tr (T n)]

=
m∑

n=1

an [tr (V n)− tr (T n)]

=
m∑

n=1

nan

∫ 1

0

tr
(
(V − T ) [(1− t)T + tV ]n−1) dt

=

∫ 1

0

tr

(
(V − T )

m∑
n=1

nan [(1− t)T + tV ]n−1

)
dt

for anyT, V ∈ B1 (H) .
Sincetr (|T |) , tr (|V |) < R with T, V ∈ B1 (H) then the series

∑∞
n=0 anV

n,
∑∞

n=0 anT
n

and
∑∞

n=1 nan [(1− t)T + tV ]n−1 are convergent inB1 (H) and
∞∑

n=0

anV
n = f (V ) ,

∞∑
n=0

anT
n = f (T )

and
∞∑

n=1

nan [(1− t)T + tV ]n−1 = f ′ ((1− t)T + tV )

wheret ∈ [0, 1] . Moreover, we have

f (V ) , f (T ) , f ′ ((1− t)T + tV ) ∈ B1 (H)

for anyt ∈ [0, 1] .
By taking the limit overm→∞ in (17.12) we get the desired result (17.7).

In addition to the power identity (17.11) we have other equalities as follows

(17.13) tr [exp (V )]− tr [exp (T )] =

∫ 1

0

tr ((V − T ) exp ((1− t)T + tV )) dt,
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(17.14) tr [sin (V )]− tr [sin (T )] =

∫ 1

0

tr ((V − T ) cos ((1− t)T + tV )) dt,

and

(17.15) tr [sinh (V )]− tr [sinh (T )] =

∫ 1

0

tr ((V − T ) cosh ((1− t)T + tV )) dt.

for anyT, V ∈ B1 (H).
If T, V ∈ B1 (H) with tr (|T |) , tr (|V |) < 1 then

tr
[
(1H − V )−1]− tr

[
(1H − T )−1](17.16)

=

∫ 1

0

tr
(
(V − T ) (1H − (1− t)T − tV )−2) dt,

and

tr
[
ln (1H − V )−1]− tr

[
ln (1H − T )−1](17.17)

=

∫ 1

0

tr
(
(V − T ) (1H − (1− t)T − tV )−1) dt.

We have the following result:

COROLLARY 17.4. With the assumptions in Theorem 17.3 we have the inequalities

|tr [f (V )]− tr [f (T )]|(17.18)

≤ min

{
‖V − T‖

∫ 1

0

‖f ′ ((1− t)T + tV )‖1 dt,

‖V − T‖1

∫ 1

0

‖f ′ ((1− t)T + tV )‖ dt
}

≤ min

{
‖V − T‖

∫ 1

0

f ′a (‖(1− t)T + tV ‖1) dt,

‖V − T‖1

∫ 1

0

f ′a (‖(1− t)T + tV ‖) dt
}
,

where‖·‖ is the operator norm and‖·‖1 is the1-norm introduced for trace class operators.

PROOF. From (17.7), we have by taking the modulus

(17.19) |tr [f (V )]− tr [f (T )]| ≤
∫ 1

0

|tr ((V − T ) f ′ ((1− t)T + tV ))| dt.

Utilising the properties of trace, we get

|tr ((V − T ) f ′ ((1− t)T + tV ))| ≤ ‖V − T‖ ‖f ′ ((1− t)T + tV )‖1

and

|tr ((V − T ) f ′ ((1− t)T + tV ))| ≤ ‖V − T‖1 ‖f
′ ((1− t)T + tV )‖

for anyt ∈ [0, 1] .
By integrating these inequalities, we get the first part of (17.18).
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We have, by the use of‖·‖1 properties that

‖f ′ ((1− t)T + tV )‖1 =

∥∥∥∥∥
∞∑

n=1

nan [(1− t)T + tV ]n−1

∥∥∥∥∥
1

≤
∞∑

n=1

n |an|
∥∥[(1− t)T + tV ]n−1

∥∥
1

≤
∞∑

n=1

n |an| ‖(1− t)T + tV ‖n−1
1

= f ′a (‖(1− t)T + tV ‖1)

for anyT, V ∈ B1 (H) with ‖T‖1 , ‖V ‖1 < R.
This proves the first part of the second inequality.
Since‖X‖ ≤ ‖X‖1 for anyX ∈ B1 (H) then‖(1− t)T + tV ‖ < R for anyT, V ∈ B1 (H)

with ‖T‖1 , ‖V ‖1 < R which shows thatf ′a (‖(1− t)T + tV ‖) is well defined.
The second part of the second inequality follows in a similar way and the details are omit-

ted.

REMARK 17.1. We observe thatf ′a is monotonic nondecreasing and convex on the interval
[0, R) and since the functionψ (t) := ‖(1− t)T + tV ‖ is convex on[0, 1] we have thatf ′a ◦ ψ
is also convex on[0, 1] . Utilising the Hermite-Hadamard inequality for convex functions (see
for instance [70, p. 2]) we have the sequence of inequalities∫ 1

0

f ′a (‖(1− t)T + tV ‖) dt(17.20)

≤ 1

2

[
f ′a

(∥∥∥∥T + V

2

∥∥∥∥)+
f ′a (‖T‖) + f ′a (‖V ‖)

2

]
≤ 1

2
[f ′a (‖T‖) + f ′a (‖V ‖)] ≤ max {f ′a (‖T‖) , f ′a (‖V ‖)} .

We also have ∫ 1

0

f ′a (‖(1− t)T + tV ‖) dt(17.21)

≤
∫ 1

0

f ′a ((1− t) ‖T‖+ t ‖V ‖) dt

≤ 1

2

[
f ′a

(
‖T‖+ ‖V ‖

2

)
+
f ′a (‖T‖) + f ′a (‖V ‖)

2

]
≤ 1

2
[f ′a (‖T‖) + f ′a (‖V ‖)] ≤ max {f ′a (‖T‖) , f ′a (‖V ‖)} .

We observe that if‖V ‖ 6= ‖T‖ , then by the change of variables = (1− t) ‖T‖ + t ‖V ‖ we
have ∫ 1

0

f ′a ((1− t) ‖T‖+ t ‖V ‖) dt =
1

‖V ‖ − ‖T‖

∫ ‖V ‖

‖T‖
f ′a (s) ds

=
fa (‖V ‖)− fa (‖T‖)

‖V ‖ − ‖T‖
.
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If ‖V ‖ = ‖T‖ , then

∫ 1

0

f ′a ((1− t) ‖T‖+ t ‖V ‖) dt = f ′a (‖T‖) .

Utilising these observations we then get the following divided difference inequality forT 6= V

(17.22)
∫ 1

0

f ′a (‖(1− t)T + tV ‖) dt ≤


fa(‖V ‖)−fa(‖T‖)

‖V ‖−‖T‖ if ‖V ‖ 6= ‖T‖ ,

f ′a (‖T‖) if ‖V ‖ = ‖T‖ .

Similar comments apply for the1-norm‖·‖1 whenT, V ∈ B1 (H) .
If we use the first part in the inequalities (17.18) and the above remarks, then we get the

following string of inequalities

|tr [f (V )]− tr [f (T )]|(17.23)

≤ ‖V − T‖
∫ 1

0

‖f ′ ((1− t)T + tV )‖1 dt

≤ ‖V − T‖
∫ 1

0

f ′a (‖(1− t)T + tV ‖1) dt

≤ ‖V − T‖ ×



1
2

[
f ′a
(∥∥T+V

2

∥∥
1

)
+

f ′a(‖T‖1)+f ′a(‖V ‖1)
2

]
,


fa(‖V ‖1)−fa(‖T‖1)

‖V ‖1−‖T‖1
if ‖V ‖1 6= ‖T‖1 ,

f ′a (‖T‖1) if ‖V ‖1 = ‖T‖1 ,

≤ 1

2
‖V − T‖ [f ′a (‖T‖1) + f ′a (‖V ‖1)]

≤ ‖V − T‖max {f ′a (‖T‖1) , f
′
a (‖V ‖1)}

providedT, V ∈ B1 (H) with ‖T‖1 , ‖V ‖1 < R.
If ‖T‖1 , ‖V ‖1 ≤M < R, then we have from (17.23) the simple inequality

|tr [f (V )]− tr [f (T )]| ≤ ‖V − T‖ f ′a (M) .

A similar sequence of inequalities can also be stated by swapping the norm‖·‖ with ‖·‖1 in
(17.23). We omit the details.
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If we use the inequality (17.23) for the exponential function, then we have the inequalities

|tr [exp (V )]− tr [exp (T )]|(17.24)

≤ ‖V − T‖
∫ 1

0

‖exp ((1− t)T + tV )‖1 dt

≤ ‖V − T‖
∫ 1

0

exp (‖(1− t)T + tV ‖1) dt

≤ ‖V − T‖ ×



1
2

[
exp

(∥∥T+V
2

∥∥
1

)
+

exp(‖T‖1)+exp(‖V ‖1)
2

]
,


exp(‖V ‖1)−exp(‖T‖1)

‖V ‖1−‖T‖1
if ‖V ‖1 6= ‖T‖1 ,

exp (‖T‖1) if ‖V ‖1 = ‖T‖1 ,

≤ 1

2
‖V − T‖ [exp (‖T‖1) + exp (‖V ‖1)]

≤ ‖V − T‖max {exp (‖T‖1) , exp (‖V ‖1)}

for anyT, V ∈ B1 (H) .
If ‖T‖1 , ‖V ‖1 < 1, then we have the inequalities∣∣tr [ln (1H − V )−1]− tr

[
ln (1H − T )−1]∣∣(17.25)

≤ ‖V − T‖
∫ 1

0

∥∥(1H − (1− t)T − tV )−1
∥∥

1
dt

≤ ‖V − T‖
∫ 1

0

(1− ‖(1− t)T + tV ‖1)
−1 dt

≤ ‖V − T‖ ×



1
2

[(
1−

∥∥T+V
2

∥∥
1

)−1
+

(1−‖T‖1)
−1

+(1−‖V ‖1)
−1

2

]
,


ln(1−‖V ‖1)

−1
−ln(1−‖T‖1)

−1

‖V ‖1−‖T‖1
if ‖V ‖1 6= ‖T‖1 ,

(1− ‖T‖1)
−1 if ‖V ‖1 = ‖T‖1 ,

≤ 1

2
‖V − T‖

[
(1− ‖T‖1)

−1 + (1− ‖V ‖1)
−1]

≤ ‖V − T‖max
{
(1− ‖T‖1)

−1 , (1− ‖V ‖1)
−1} .

The following result for the Hilbert-Schmidt norm‖·‖2 also holds:

THEOREM 17.5 (Dragomir, 2014, [63]). Let f (z) :=
∑∞

n=0 anz
n be a power series with

complex coefficients and convergent on the open diskD (0, R) , R > 0. If T, V ∈ B2 (H) are
such thattr

(
|T |2

)
, tr
(
|V |2

)
< R2, thenf (V ) , f (T ) , f ′ ((1− t)T + tV ) ∈ B2 (H) for any

t ∈ [0, 1] and

(17.26) tr [f (V )]− tr [f (T )] =

∫ 1

0

tr ((V − T ) f ′ ((1− t)T + tV )) dt.
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Moreover, we have the inequalities

|tr [f (V )]− tr [f (T )]|(17.27)

≤ ‖V − T‖2

∫ 1

0

‖f ′ ((1− t)T + tV )‖2 dt,

≤ ‖V − T‖2

∫ 1

0

f ′a (‖(1− t)T + tV ‖2) dt

≤ ‖V − T‖2 ×



1
2

[
f ′a
(∥∥T+V

2

∥∥
2

)
+

f ′a(‖T‖2)+f ′a(‖V ‖2)
2

]
,


fa(‖V ‖2)−fa(‖T‖2)

‖V ‖2−‖T‖2
if ‖V ‖2 6= ‖T‖2 ,

f ′a (‖T‖2) if ‖V ‖2 = ‖T‖2 ,

≤ 1

2
‖V − T‖2 [f ′a (‖T‖2) + f ′a (‖V ‖2)]

≤ ‖V − T‖2 max {f ′a (‖T‖2) , f
′
a (‖V ‖2)} .

PROOF. The proof of the first part of the theorem follows in a similar manner to the one
from Theorem 17.3.

Taking the modulus in (17.26) and using the Schwarz inequality for trace we have

|tr [f (V )]− tr [f (T )]| ≤
∫ 1

0

|tr ((V − T ) f ′ ((1− t)T + tV ))| dt(17.28)

≤
∫ 1

0

‖V − T‖2 ‖f
′ ((1− t)T + tV )‖2 dt.

The rest follows in a similar manner as in the case of1-norm and the details are omitted.

We notice that similar examples to (17.24) and (17.25) may be stated where both norms‖·‖
and‖·‖1 are replaced by‖·‖2 .

We also observe that, ifT, V ∈ B2 (H) with ‖T‖2 , ‖V ‖2 ≤ K < R, then we have from
(17.23) the simple inequality

|tr [f (V )]− tr [f (T )]| ≤ ‖V − T‖2 f
′
a (K) .

17.3. Norm Inequalities. We have the following norm inequalities:

THEOREM 17.6 (Dragomir, 2014, [63]). Let f (z) :=
∑∞

n=0 anz
n be a power series with

complex coefficients and convergent on the open diskD (0, R) , R > 0.
(i) If T, V ∈ B1 (H) are such thattr (|T |) , tr (|V |) < R, then we have the norm inequalities

(17.29) ‖f (V )− f (T )‖1 ≤

 ‖V − T‖1

∫ 1

0
f ′a (‖(1− t)T + tV ‖) dt,

‖V − T‖
∫ 1

0
f ′a (‖(1− t)T + tV ‖1) dt.

(ii) If T, V ∈ B2 (H) are such thattr
(
|T |2

)
, tr
(
|V |2

)
< R2, then we also have the norm

inequalities

(17.30) ‖f (V )− f (T )‖2 ≤

 ‖V − T‖2

∫ 1

0
f ′a (‖(1− t)T + tV ‖) dt,

‖V − T‖
∫ 1

0
f ′a (‖(1− t)T + tV ‖2) dt.
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PROOF. We use the equality

(17.31) V n − T n =
n−1∑
j=0

∫ 1

0

[(1− t)T + tV ]n−1−j (V − T ) [(1− t)T + tV ]j dt,

for anyT, V ∈ B (H) andn ≥ 1.
(i) If T, V ∈ B1 (H) are such thattr (|T |) , tr (|V |) < R, then by taking the‖·‖1 norm and

using its properties we have successively

‖V n − T n‖1(17.32)

≤
n−1∑
j=0

∫ 1

0

∥∥∥[(1− t)T + tV ]n−1−j (V − T ) [(1− t)T + tV ]j
∥∥∥

1
dt

≤
n−1∑
j=0

∫ 1

0

∥∥∥[(1− t)T + tV ]n−1−j (V − T )
∥∥∥

1

∥∥∥[(1− t)T + tV ]j
∥∥∥ dt

≤
n−1∑
j=0

∫ 1

0

‖V − T‖1

∥∥∥[(1− t)T + tV ]n−1−j
∥∥∥∥∥∥[(1− t)T + tV ]j

∥∥∥ dt
≤ ‖V − T‖1

n−1∑
j=0

‖(1− t)T + tV ‖n−1−j ‖(1− t)T + tV ‖j dt

= n ‖V − T‖1

∫ 1

0

‖(1− t)T + tV ‖n−1 dt

for anyn ≥ 1.
Letm ≥ 1. By (17.32) we have∥∥∥∥∥

m∑
n=0

anV
n −

m∑
n=0

anT
n

∥∥∥∥∥
1

(17.33)

=

∥∥∥∥∥
m∑

n=1

an (V n − T n)

∥∥∥∥∥
1

≤
m∑

n=1

|an| ‖V n − T n‖1

≤ ‖V − T‖1

m∑
n=1

|an|n
∫ 1

0

‖(1− t)T + tV ‖n−1 dt

= ‖V − T‖1

∫ 1

0

(
m∑

n=1

n |an| ‖(1− t)T + tV ‖n−1

)
dt.

Also, we observe that

‖(1− t)T + tV ‖ ≤ ‖(1− t)T + tV ‖1 ≤ (1− t) ‖T‖1 + t ‖V ‖1 < R

for anyt ∈ [0, 1] , which implies that the series
∑∞

n=1 n |an| ‖(1− t)T + tV ‖n−1 is convergent
and

∞∑
n=1

n |an| ‖(1− t)T + tV ‖n−1 = f ′a (‖(1− t)T + tV ‖)

for anyt ∈ [0, 1] .

AJMAA, Vol. 19 (2022), No. 1, Art. 1, 202 pp. AJMAA

https://ajmaa.org


TRACE INEQUALITIES FOROPERATORS INHILBERT SPACESSURVEY 189

Since the series
∑∞

n=0 anV
n and

∑∞
n=0 anT

n are convergent in(B1 (H) , ‖·‖1) , then by
lettingm→∞ in the inequality (17.33) we get the first inequality in (17.29).

We also have

‖V n − T n‖1

≤
n−1∑
j=0

∫ 1

0

∥∥∥[(1− t)T + tV ]n−1−j (V − T ) [(1− t)T + tV ]j
∥∥∥

1
dt

≤
n−1∑
j=0

∫ 1

0

∥∥∥[(1− t)T + tV ]n−1−j (V − T )
∥∥∥∥∥∥[(1− t)T + tV ]j

∥∥∥
1
dt

≤
n−1∑
j=0

∫ 1

0

‖V − T‖
∥∥∥[(1− t)T + tV ]n−1−j

∥∥∥∥∥∥[(1− t)T + tV ]j
∥∥∥

1
dt

≤ ‖V − T‖
n−1∑
j=0

‖(1− t)T + tV ‖n−1−j ‖(1− t)T + tV ‖j
1 dt

≤ ‖V − T‖
n−1∑
j=0

‖(1− t)T + tV ‖n−1−j
1 ‖(1− t)T + tV ‖j

1 dt

= n ‖V − T‖
∫ 1

0

‖(1− t)T + tV ‖n−1
1 dt

for anyn ≥ 1, which by a similar argument produces the second inequality in (17.29).
(ii) Follows in a similar way by utilizing the inequality‖TA‖2 ≤ ‖T‖ ‖A‖2 that holds for

T ∈ B (H) andA ∈ B2 (H). The details are omitted.

REMARK 17.2. From the first inequality in (17.29) we have the sequence of inequalities

‖f (V )− f (T )‖1(17.34)

≤ ‖V − T‖1

∫ 1

0

f ′a (‖(1− t)T + tV ‖) dt

≤ ‖V − T‖1 ×



1
2

[
f ′a
(∥∥T+V

2

∥∥)+ f ′a(‖T‖)+f ′a(‖V ‖)
2

]
,


fa(‖V ‖)−fa(‖T‖)

‖V ‖−‖T‖ if ‖V ‖ 6= ‖T‖ ,

f ′a (‖T‖) if ‖V ‖ = ‖T‖ ,

≤ 1

2
‖V − T‖1 [f ′a (‖T‖) + f ′a (‖V ‖)]

≤ ‖V − T‖1 max {f ′a (‖T‖) , f ′a (‖V ‖)}

for T, V ∈ B1 (H) such thattr (|T |) , tr (|V |) < R and a similar result by swapping in the right
hand side of (17.34) the norm‖·‖ with ‖·‖1 .

In particular, iftr (|T |) , tr (|V |) ≤M < R, then we have the simpler inequality

(17.35) ‖f (V )− f (T )‖1 ≤ f ′a (M) ‖V − T‖1 .
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If T, V ∈ B2 (H) are such thattr
(
|T |2

)
, tr
(
|V |2

)
< R2, then we have the norm inequalities

‖f (V )− f (T )‖2(17.36)

≤ ‖V − T‖2

∫ 1

0

f ′a (‖(1− t)T + tV ‖) dt

≤ ‖V − T‖2 ×



1
2

[
f ′a
(∥∥T+V

2

∥∥)+ f ′a(‖T‖)+f ′a(‖V ‖)
2

]
,


fa(‖V ‖)−fa(‖T‖)

‖V ‖−‖T‖ if ‖V ‖ 6= ‖T‖ ,

f ′a (‖T‖) if ‖V ‖ = ‖T‖ ,

≤ 1

2
‖V − T‖2 [f ′a (‖T‖) + f ′a (‖V ‖)]

≤ ‖V − T‖2 max {f ′a (‖T‖) , f ′a (‖V ‖)}

and a similar result by swapping in the right hand side of (17.34) the norm‖·‖ with ‖·‖2 .

In particular, iftr
(
|T |2

)
, tr
(
|V |2

)
≤ K2 < R2, then we have the simpler inequality

(17.37) ‖f (V )− f (T )‖2 ≤ f ′a (K) ‖V − T‖2 .

17.4. Applications for Jensen’s Difference.We have the following representation:

LEMMA 17.7 (Dragomir, 2014, [63]). Let f (z) :=
∑∞

n=0 anz
n be a power series with

complex coefficients and convergent on the open diskD (0, R) , R > 0. If eitherT, V ∈ B1 (H)
with‖T‖1 , ‖V ‖1 < R, or T, V ∈ B2 (H) with‖T‖2 , ‖V ‖2 < R thenf (V ) , f (T ) , f

(
V +T

2

)
∈

B1 (H) or f (V ) , f (T ) , f
(

V +T
2

)
∈ B2 (H) , respectively and

(17.38)
tr [f (V )] + tr [f (T )]

2
− tr

[
f

(
V + T

2

)]
=

1

4

∫ 1

0

tr

(
(V − T )

[
f ′
(

(1− t)
V + T

2
+ tV

)
− f ′

(
(1− t)

V + T

2
+ tT

)])
dt.

PROOF. The first part of the theorem follows by Theorem 17.3.
From the identity (17.7) we have

tr [f (V )]− tr

[
f

(
V + T

2

)]
(17.39)

=

∫ 1

0

tr

((
V − V + T

2

)
f ′
(

(1− t)
V + T

2
+ tV

))
dt

=
1

2

∫ 1

0

tr

(
(V − T ) f ′

(
(1− t)

V + T

2
+ tV

))
dt
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and

tr [f (T )]− tr

[
f

(
V + T

2

)]
(17.40)

=

∫ 1

0

tr

((
T − V + T

2

)
f ′
(

(1− t)
V + T

2
+ tT

))
dt

=
1

2

∫ 1

0

tr

(
(T − V ) f ′

(
(1− t)

V + T

2
+ tT

))
dt

= −1

2

∫ 1

0

tr

(
(V − T ) f ′

(
(1− t)

V + T

2
+ tT

))
dt

for T, V ∈ B1 (H) with ‖T‖1 , ‖V ‖1 < R.
If we add the above inequalities (17.39) and (17.40) and divide by2 we get the desired result

(17.38).

THEOREM 17.8 (Dragomir, 2014, [63]). Let f (z) :=
∑∞

n=0 anz
n be a power series with

complex coefficients and convergent on the open diskD (0, R) , R > 0. If T, V ∈ B1 (H) with
‖T‖1 , ‖V ‖1 < R, then∣∣∣∣tr [f (V )] + tr [f (T )]

2
− tr

[
f

(
V + T

2

)]∣∣∣∣(17.41)

≤ 1

2
‖V − T‖2

∫ 1

0

∣∣∣∣t− 1

2

∣∣∣∣ f ′′a (‖(1− t)T + tV ‖1) dt

≤ 1

24
‖V − T‖2

[
f ′′a

(∥∥∥∥V + T

2

∥∥∥∥
1

)
+
f ′′a (‖V ‖1) + f ′′a (‖T‖1)

2

]
≤ 1

12
‖V − T‖2 [f ′′a (‖V ‖1) + f ′′a (‖T‖1)]

≤ 1

6
‖V − T‖2 max {f ′′a (‖V ‖1) , f

′′
a (‖T‖1)} .

PROOF. Taking the modulus in (17.38), we have

(17.42)

∣∣∣∣tr [f (V )] + tr [f (T )]

2
− tr

[
f

(
V + T

2

)]∣∣∣∣
≤ 1

4

∫ 1

0

∣∣∣∣tr((V − T )

[
f ′
(

(1− t)
V + T

2
+ tV

)
− f ′

(
(1− t)

V + T

2
+ tT

)])∣∣∣∣ dt
for T, V ∈ B1 (H) with ‖T‖1 , ‖V ‖1 < R.

Using the properties of trace we have∣∣∣∣tr((V − T )

[
f ′
(

(1− t)
V + T

2
+ tV

)
− f ′

(
(1− t)

V + T

2
+ tT

)])∣∣∣∣(17.43)

≤ ‖V − T‖
∥∥∥∥[f ′((1− t)

V + T

2
+ tV

)
− f ′

(
(1− t)

V + T

2
+ tT

)]∥∥∥∥
1

for T, V ∈ B1 (H) with ‖T‖1 , ‖V ‖1 < R andt ∈ [0, 1] .
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From (17.29) we have

‖f (A)− f (B)‖1(17.44)

≤ ‖A−B‖
∫ 1

0

f ′a (‖(1− t)B + tA‖1) dt

≤ 1

2
‖A−B‖

[
f ′a

(∥∥∥∥A+B

2

∥∥∥∥
1

)
+
f ′a (‖A‖1) + f ′a (‖B‖1)

2

]
≤ 1

2
‖A−B‖ [f ′a (‖A‖1) + f ′a (‖B‖1)]

≤ ‖A−B‖max {f ′a (‖A‖1) , f
′
a (‖B‖1)}

for A,B ∈ B1 (H) with ‖A‖1 , ‖B‖1 < R.
Applying the second and third inequalities in (17.44) forf ′ andA = (1− t) V +T

2
+ tV,

B = (1− t) V +T
2

+ tT we get∥∥∥∥[f ′((1− t)
V + T

2
+ tV

)
− f ′

(
(1− t)

V + T

2
+ tT

)]∥∥∥∥
1

(17.45)

≤ 1

2
t ‖V − T‖

[
f ′′a

(∥∥∥∥V + T

2

∥∥∥∥
1

)
+
f ′′a
(∥∥(1− t) V +T

2
+ tV

∥∥
1

)
+ f ′′a

(∥∥(1− t) V +T
2

+ tT
∥∥

1

)
2

]
≤ 1

2
t ‖V − T‖

×
[
f ′′a

(∥∥∥∥(1− t)
V + T

2
+ tV

∥∥∥∥
1

)
+ f ′′a

(∥∥∥∥(1− t)
V + T

2
+ tT

∥∥∥∥
1

)]
for T, V ∈ B1 (H) with ‖T‖1 , ‖V ‖1 < R andt ∈ [0, 1] .

Sincef ′′a is convex and monotonic nondecreasing and‖·‖1 is convex, then

f ′′a
(∥∥(1− t) V +T

2
+ tV

∥∥
1

)
+ f ′′a

(∥∥(1− t) V +T
2

+ tT
∥∥

1

)
2

(17.46)

≤ (1− t) f ′′a

(∥∥∥∥V + T

2

∥∥∥∥
1

)
+ t

f ′′a (‖V ‖1) + f ′′a (‖T‖1)

2

for T, V ∈ B1 (H) with ‖T‖1 , ‖V ‖1 < R andt ∈ [0, 1] .
From (17.45) and (17.46) we get∥∥∥∥[f ′((1− t)

V + T

2
+ tV

)
− f ′

(
(1− t)

V + T

2
+ tT

)]∥∥∥∥
1

(17.47)

≤ 1

2
t ‖V − T‖

×
[
f ′′a

(∥∥∥∥(1− t)
V + T

2
+ tV

∥∥∥∥
1

)
+ f ′′a

(∥∥∥∥(1− t)
V + T

2
+ tT

∥∥∥∥
1

)]
≤ t ‖V − T‖

[
(1− t) f ′′a

(∥∥∥∥V + T

2

∥∥∥∥
1

)
+ t

f ′′a (‖V ‖1) + f ′′a (‖T‖1)

2

]
for T, V ∈ B1 (H) with ‖T‖1 , ‖V ‖1 < R andt ∈ [0, 1] .
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Integrating (17.47) overt on [0, 1] we get∫ 1

0

∥∥∥∥[f ′((1− t)
V + T

2
+ tV

)
− f ′

(
(1− t)

V + T

2
+ tT

)]∥∥∥∥
1

dt

≤ 1

2
‖V − T‖

×
[∫ 1

0

tf ′′a

(∥∥∥∥(1− t)
V + T

2
+ tV

∥∥∥∥
1

)
dt+

∫ 1

0

tf ′′a

(∥∥∥∥(1− t)
V + T

2
+ tT

∥∥∥∥
1

dt

)]
≤ ‖V − T‖

[
f ′′a

(∥∥∥∥V + T

2

∥∥∥∥
1

)∫ 1

0

t (1− t) dt+
f ′′a (‖V ‖1) + f ′′a (‖T‖1)

2

∫ 1

0

t2dt

]
=

1

6
‖V − T‖

[
f ′′a

(∥∥∥∥V + T

2

∥∥∥∥
1

)
+
f ′′a (‖V ‖1) + f ′′a (‖T‖1)

2

]
,

which together with (17.42) and (17.43) produce the inequality

(17.48)

∣∣∣∣tr [f (V )] + tr [f (T )]

2
− tr

[
f

(
V + T

2

)]∣∣∣∣
≤ 1

8
‖V − T‖2

×
[∫ 1

0

tf ′′a

(∥∥∥∥(1− t)
V + T

2
+ tV

∥∥∥∥
1

)
dt+

∫ 1

0

tf ′′a

(∥∥∥∥(1− t)
V + T

2
+ tT

∥∥∥∥
1

dt

)]
≤ 1

24
‖V − T‖2

[
f ′′a

(∥∥∥∥V + T

2

∥∥∥∥
1

)
+
f ′′a (‖V ‖1) + f ′′a (‖T‖1)

2

]
.

Now, observe that

(17.49)
∫ 1

0

tf ′′a

(∥∥∥∥(1− t)
V + T

2
+ tV

∥∥∥∥
1

)
dt =

∫ 1

0

tf ′′a

(∥∥∥∥1− t

2
T +

1 + t

2
V

∥∥∥∥
1

)
dt

and

(17.50)
∫ 1

0

tf ′′a

(∥∥∥∥(1− t)
V + T

2
+ tT

∥∥∥∥
1

dt

)
=

∫ 1

0

tf ′′a

(∥∥∥∥1− t

2
V +

1 + t

2
T

∥∥∥∥
1

dt

)
.

Using the change of variableu = 1+t
2
, then we get∫ 1

0

tf ′′a

(∥∥∥∥1− t

2
T +

1 + t

2
V

∥∥∥∥
1

)
dt(17.51)

= 2

∫ 1

1
2

(2u− 1) f ′′a (‖(1− u)T + uV ‖) du.

Also, by changing the variablev = 1−t
2
, we get∫ 1

0

tf ′′a

(∥∥∥∥1− t

2
V +

1 + t

2
T

∥∥∥∥
1

dt

)
(17.52)

= 2

∫ 1
2

0

(1− 2v) f ′′a (‖(1− v)T + vV ‖) dv.
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Utilising the equalities (17.49)-(17.52) we obtain

∫ 1

0

tf ′′a

(∥∥∥∥(1− t)
V + T

2
+ tV

∥∥∥∥
1

)
dt+

∫ 1

0

tf ′′a

(∥∥∥∥(1− t)
V + T

2
+ tT

∥∥∥∥
1

dt

)
= 2

∫ 1

1
2

(2t− 1) f ′′a (‖(1− t)T + tV ‖) dt

+ 2

∫ 1
2

0

(1− 2t) f ′′a (‖(1− t)T + tV ‖) dt

= 2

∫ 1

0

|2t− 1| f ′′a (‖(1− t)T + tV ‖) dt

= 4

∫ 1

0

∣∣∣∣t− 1

2

∣∣∣∣ f ′′a (‖(1− t)T + tV ‖) dt

for T, V ∈ B1 (H) with ‖T‖1 , ‖V ‖1 < R.
Making use of (17.48) we deduce the first two inequalities in (17.41).
The rest is obvious.

COROLLARY 17.9.Letf (z) :=
∑∞

n=0 anz
n be a power series with complex coefficients and

convergent on the open diskD (0, R) , R > 0. If T, V ∈ B1 (H) with ‖T‖1 , ‖V ‖1 ≤ M < R,
then

(17.53)

∣∣∣∣tr [f (V )] + tr [f (T )]

2
− tr

[
f

(
V + T

2

)]∣∣∣∣ ≤ 1

8
‖V − T‖2 f ′′a (M) .

The constant1
8

is best possible in (17.53).

PROOF. From the first inequality in (17.41) we have

∣∣∣∣tr [f (V )] + tr [f (T )]

2
− tr

[
f

(
V + T

2

)]∣∣∣∣
≤ 1

2
‖V − T‖2

∫ 1

0

∣∣∣∣t− 1

2

∣∣∣∣ f ′′a (‖(1− t)T + tV ‖1) dt

≤ 1

2
‖V − T‖2 f ′′a (M)

∫ 1

0

∣∣∣∣t− 1

2

∣∣∣∣ dt =
1

8
‖V − T‖2 f ′′a (M)

for T, V ∈ B1 (H) with ‖T‖1 , ‖V ‖1 ≤M < R, and the inequality is proved.
If we consider the scalar case and takef (z) = z2, V = a, T = b with a, b ∈ R then we get

in both sides of (17.53) the same quantity1
4
(b− a)2 .

REMARK 17.3. A similar result holds by swapping the norm‖·‖ with ‖·‖1 in the right hand
side of (17.41). The case of Hilbert-Schmidt norm may also be stated, however the details are
not presented here.
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If we write the inequality (17.41) for the exponential function, then we get∣∣∣∣tr [exp (V )] + tr [exp (T )]

2
− tr

[
exp

(
V + T

2

)]∣∣∣∣(17.54)

≤ 1

2
‖V − T‖2

∫ 1

0

∣∣∣∣t− 1

2

∣∣∣∣ exp (‖(1− t)T + tV ‖1) dt

≤ 1

24
‖V − T‖2

[
exp

(∥∥∥∥V + T

2

∥∥∥∥
1

)
+

exp (‖V ‖1) + exp (‖T‖1)

2

]
≤ 1

12
‖V − T‖2 [exp (‖V ‖1) + exp (‖T‖1)]

≤ 1

6
‖V − T‖2 max {exp (‖V ‖1) , exp (‖T‖1)} .

for any forT, V ∈ B1 (H) .
If T, V ∈ B1 (H) with ‖V ‖1 , ‖T‖1 ≤M, then

(17.55)

∣∣∣∣tr [exp (V )] + tr [exp (T )]

2
− tr

[
exp

(
V + T

2

)]∣∣∣∣ ≤ 1

8
‖V − T‖2 exp (M) .

If we write the inequality (17.41) for the functionf (z) = (1− z)−1, then we get∣∣∣∣∣tr
[
(1H − V )−1]+ tr

[
(1H − T )−1]

2
− tr

[(
1H −

V + T

2

)−1
]∣∣∣∣∣(17.56)

≤ ‖V − T‖2

∫ 1

0

∣∣∣∣t− 1

2

∣∣∣∣ (1− ‖(1− t)T + tV ‖1)
−3 dt

≤ 1

12
‖V − T‖2

×

[(
1−

∥∥∥∥V + T

2

∥∥∥∥
1

)−3

+
(1− ‖V ‖1)

−3 + (1− ‖T‖1)
−3

2

]
≤ 1

6
‖V − T‖2 [(1− ‖V ‖1)

−3 + (1− ‖T‖1)
−3]

≤ 1

3
‖V − T‖2 max

{
(1− ‖V ‖1)

−3 , (1− ‖T‖1)
−3} ,

for any forT, V ∈ B1 (H) with ‖V ‖1 , ‖T‖1 < 1.
Moreover, if‖V ‖1 , ‖T‖1 ≤M < 1, then∣∣∣∣∣tr

[
(1H − V )−1]+ tr

[
(1H − T )−1]

2
− tr

[(
1H −

V + T

2

)−1
]∣∣∣∣∣(17.57)

≤ 1

4
‖V − T‖2 (1−M)−3 .

The interested reader may choose other examples of power series to get similar results.
However, the details are not presented here.
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the estimation of p-moments of guessing mappings,Mathematical Communications,5 (2000),
117-126.

[29] S. S. DRAGOMIR, A Grüss type integral inequality for mappings ofr-Hölder’s type and applica-
tions for trapezoid formula,Tamkang J. of Math., 31(1) (2000), 43-47.

[30] S. S. DRAGOMIR, An inequality improving the first Hermite-Hadamard inequality for convex
functions defined on linear spaces and applications for semi-inner products,J. Inequal. Pure Appl.
Math.,3 (2002), No. 2, Article 31.

[31] S. S. DRAGOMIR, An inequality improving the second Hermite-Hadamard inequality for convex
functions defined on linear spaces and applications for semi-inner products,J. Inequal. Pure Appl.
Math.,3 (2002), No. 3, Article 35.

[32] S. S. DRAGOMIR, Some Grüss type inequalities in inner product spaces,J. Inequal. Pure & Appl.
Math., 4(2003), No. 2, Article 42.

[33] S. S. DRAGOMIR,A Survey on Cauchy-Bunyakovsky-Schwarz Type Discrete Inequalities, J. In-
equal. Pure Appl. Math.,4 (2003), no. 3, Article 63, 142 pp.

[34] S. S . DRAGOMIR, A counterpart of Schwarz’s inequality in inner product spaces,East Asian
Math. J., 20(1) (2004), 1-10. Zbl 1094.26017. PreprintRGMIA Res. Rep. Coll., 6(2003), Supple-
ment, Article 18.[ https://rgmia.org/v6(E).html].

[35] S. S. DRAGOMIR,Discrete Inequalities of the Cauchy-Bunyakovsky-Schwarz Type, Nova Sci-
ence Publishers, NY, 2004.

[36] S. S. DRAGOMIR,Advances in Inequalities of the Schwarz, Grüss and Bessel Type in Inner
Product Spaces, Nova Science Publishers Inc., New York, 2005, x+249 pp.

[37] S. S. DRAGOMIR, Bounds for the normalized Jensen functional,Bull. Austral. Math. Soc.,74(3)
(2006), 417-478.

[38] S. S. DRAGOMIR, New inequalities of the Kantorovich type for bounded linear operators in
Hilbert spaces,Linear Algebra Appl.428(2008), no. 11-12, 2750–2760.

[39] S. S. DRAGOMIR, Some Reverses of the Jensen inequality for functions of selfadjoint operators
in Hilbert spaces,J. Inequal. Appl.,2010, Art. ID 496821, 15 pp. PreprintRGMIA Res. Rep. Coll.,
11(e) (2008), Art. 15.[ https://rgmia.org/papers/v11e/RevJensenOp.pdf].
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[112] B. MOND and J. PĚCARIĆ, Convex inequalities in Hilbert space,Houston J. Math., 19(1993),
405-420.

[113] M. S. MOSLEHIAN, R. NAKAMOTO and Y. SEO, A Diaz-Metcalf type inequality for positive
linear maps and its applications,Electron. J. Linear Algebra,22 (2011), 179–190.

[114] H. NEUDECKER, A matrix trace inequality,J. Math. Anal. Appl.,166(1992) 302–303.

[115] L. NIKOLOVA and S. VAROŠANEC, Chebyshev and Grüss type inequalities involving two linear
functionals and applications,Math. Inequal. Appl.,19 (2016), no. 1, 127–143.

[116] N. OZEKI, On the estimation of the inequality by the maximum,J. College Arts, Chiba Univ.,
5(2) (1968), 199-203.

AJMAA, Vol. 19 (2022), No. 1, Art. 1, 202 pp. AJMAA

https://ajmaa.org


202 SILVESTRU SEVER DRAGOMIR

[117] B. G. PACHPATTE, A note on Grüss type inequalities via Cauchy’s mean value theorem,Math.
Inequal. Appl.,11 (2008), no. 1, 75–80.
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