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ABSTRACT. The coefficient of sine series from general monotone class has been generalized by
Bogdan Szal to the new class which is called class of general monotone orderr. This coefficient
class is more general than class of general monotone introduced by Tikhonov. By special case,
we study properties of cosine series with coefficient of sine series from the class of general
monotone orderr.
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1. I NTRODUCTION

One of the interesting problems in the Fourier sine series is the monotonicity of the coef-
ficients of the series that is decreasing monotone and converging to zero. The necessary and
sufficient condition of uniform convergence of sine series is

lim
n→∞

nan = 0,

if a = ai is decreasing monotone and tending to zero [1, 6]. The decreasing monotone coef-
ficients of sine series is written by MS and it has been extended to General Monotone written
GM [5]. If a = ai sequences of complex numbers, a sequence a is in general monotone (GM)
class, if there exists positive constantC, if inequality

2n−1∑
k=n

|ak − ak+1| ≤ C|an|,

holds for eachn ∈ N. This class has been extended by Tikonov [5] to Definition 1.1 as follows:

Definition 1.1. Let a = ai sequences of complex numbers andβ = βi is positive numbers. A
sequence(a, β) is in β general monotone, if there exists positive constantC, such that

2n−1∑
k=n

|ak − ak+1| ≤ Cβn,

holds for eachn ∈ N.

Later Bogdan Szal [2] extended to the class sequence number which is called class general
monotone orderr in Definition below.

Definition 1.2. Let a = ai complex sequence numbers andβ = βi is positive numbers. A
sequence(a, β) is in classβ general monotone orderr, written (a, β) ∈ GM(β, r), if there
exists constantC > 0, such that

2n−1∑
k=n

|ak − ak+r| ≤ Cβn,

holds for eachn ∈ N andr ∈ N.

For

β∗ = β∗(r) =
n+r−1∑
k=n

|ak|+
[cn]∑

k=[n
c ]

|ak|
k

with c > 1 and Definition 1.2 obtained some result at follows:

Theorem 1.1. If r1, r2 ∈ N andr1/r2, thenGM(β∗, r1) ( GM(β∗, r2).

Theorem 1.2. If non-negativea = ai in class ofGM(β∗, r) wherer ∈ N, r ≥ 1 and sine series
is converges uniformly to continuous function, thenlim

n→∞
nβn = 0.

Theorem 1.3. If a = ai is element class ofGM(β∗, r), wherer = 2 and lim
n→∞

n|an| = 0, then

sine series coverges uniformly.

In this paper, by idea definition of new class of general monotone [2] and uniform conver-
gence [3] and [4] in class of supremum bounded variation sequences, we will discuss properties
of coefficient from new class of general monotone sequences of orderr in cosine series.
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2. RESULTS

In this section, we will discuss some results about class of general monotone orderr associate
with uniform convergence of cosine series.

2.1. Some Properties Class of General monotone sequences orderr.

Theorem 2.1. If a = ai is element class ofGM(|a|, r) andn|an| decreasing monotone, then

(2.1)
n+r∑
s=n

|as − as+1| ≤ 4Can.

Proof. Let a = ai is element class ofGM(|a|, r)
∞∑

s=n

|as − as+1| =
∞∑

s=n

|as − as+1 − as+r + as+r − as+r+1 + as+r+1|

≤
∞∑

s=n

|as − as+r|+
∞∑

s=n

|as+1 − as+r+1|+
∞∑

s=n

|as+r − as+r+1|.

Then we have

n
∞∑

s=n

|as − as+1| ≤ n
∞∑

s=n

|as − as+r|+ n
∞∑

s=n

|as+1 − as+r+1|+ n
∞∑

s=n

|as+r − as+r+1|

≤ 2n
∞∑

s=n

|as − as+r|

= 2
∞∑

s=0

2s+1n−1∑
v=2sn

|av| = 2C
∞∑

s=0

2sn

2s
|a2sn| ≤ 4Cn|an|.

Then (2.1) is proved.

Theorem 2.2.If a = ai is element class ofGM(|a|, r), n|an| decreasing monotone andlim
n→∞

nan =

0 thena = ai is bounded variation.

Proof. Givenn ∈ N, by Theorem 2.1 we can write
n+r∑
s=n

|as − as+1| ≤ 4Can.

Since lim
n→∞

|an| = 0 is convergence, thena = ai is bounded variation.

Theorem 2.3. If a ∈ GM(|a|, r) and lim
n→∞

n|an| = 0 then

(2.2) lim
n→∞

n

∞∑
v=n

|av − av+r| = 0.

Proof. Let
ρn = sup

v≥n
v |av|

for eachn ∈ N anda ∈ GM(|a|, r) by Theorem 2.1 we have

n
∞∑

v=n

|av − av+r| ≤ ρn.
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So, we obtain

lim
n→∞

n
∞∑

v=n

|av − av+r| ≤ lim
n→∞

ρn.

Since lim
n→∞

n|an| = 0, we have (2.2).

2.2. Uniform Convergence of Cosine Series.In this section, we discuss uniform convergence
of cosine series. Let the series

(2.3) f(x) =
∞∑

n=1

an cos nx

whicha = ak is sequence of complex numbers withak → 0 ask →∞. We define byf(x) the
sums of series (2.3) at the point where the series converges.

Theorem 2.4. Let non-negativea ∈ GM(|a|, r), lim
n→∞

n|an| = 0 and lim
n→∞

|an| = 0, cosine

series (2.3) convergence uniformly on[0, π] if
∞∑

k=1

ak converge.

|f(x)− Sm−1(f, x)| ≤ M (am + 2Cam) ,

whereC non-negative constant only depending onGM(2), m ≥ 2, x = π
M

andx ∈ (0, π].

Proof. Let f(x)− Sm−1(f, x) with Sm(f, x) =
m∑

j=1

aj cos jx, we have

f(x)− Sm−1(f, x) =
∞∑

k−m

ak cos kx

=
∞∑

k=m

∆akDk(x)− amDm−1(x) = A + B(2.4)

with Dm(x) =
m∑

j=1

cos jx,A =
∞∑

k=m

∆akDk(x), andB = −amDm−1(x).

|B| = |amDm−1(x)| ≤ m |am| ≤ m
∞∑

v=m

|∆am|.

By Theorem (2.1) we have

(2.5) |B| ≤ m

∞∑
v=m

|∆am| = 4mC |am| .

To estimateA, then we splitA to

A =
m+N−1∑

k=m

∆akDm(x) +
∞∑

k=m+N

∆akDm+N(x) = P + Q.

Let x ∈ (0, π], for anyx we can findM ∈ N such thatx ∈ ( π
M

, π
M−1

]. Since

Dm(x) =

∣∣∣∣∣
m∑

v=1

cos vx

∣∣∣∣∣ =

∣∣∣∣sin(m + 1
2
)x− sin 1

2
x

2 sin 1
2
x

∣∣∣∣ ≤ 1

sin 1
2
x
≤ π

x
,

then we have

|Q| =

∣∣∣∣∣
∞∑

k=m+N

∆akDm+N(x)

∣∣∣∣∣ ≤ π

x

∞∑
k=m+N

|∆ak|.
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By using Theorem 2.1, we obtain

(2.6) |Q| ≤ 4MC |an| .
Further

|P | =

∣∣∣∣∣
m+N−1∑

k=m

∆akDk(x)

∣∣∣∣∣ ≤ π

x

m+N−1∑
k=m

|∆ak|.

By using Theorem 2.1 again, we have

(2.7) |P | ≤ 4MC |am| .
From, (2.6) and (2.7) , we get

(2.8) A = P + Q ≤ C |am|+ 4MC |an| .
From (2.5) and (2.8), we have

|f(x)− Sm(f, x)| = A + B ≤ C |am|+ 4MC |an|+ 4MC |am| .
Using Theorem 2.2 and Theorem 2.3, then series (2.3) converges uniformly on(0, π].
Forx = 0, we have

f(0) =
∞∑

k=1

ak.

Finally we have converges uniformly on[0, π].

Corolarry 2.1. Let non-negativea ∈ GM(r) and lim
n→∞

n(an) = 0, if cosine series (2.3) con-

vergence uniformly on[0, π], then
∞∑

k=1

ak converge .

Proof. It is obvious, forx = 0 we have

f(0) =
∞∑

k=1

ak

is converges.

3. CONCLUSION

In this paper we have concluded that the cosine series with coefficient from new class of
general monotone orderr is corveges uniformly if

∑∞
k=1 ak converges.
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