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ABSTRACT. The coefficient of sine series from general monotone class has been generalized by
Bogdan Szal to the new class which is called class of general monotone-ofides coefficient

class is more general than class of general monotone introduced by Tikhonov. By special case,
we study properties of cosine series with coefficient of sine series from the class of general
monotone order.
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1. INTRODUCTION

One of the interesting problems in the Fourier sine series is the monotonicity of the coef-
ficients of the series that is decreasing monotone and converging to zero. The necessary and
sufficient condition of uniform convergence of sine series is

lim na, =0,

n—oo

if a = a; is decreasing monotone and tending to zerd [1, 6]. The decreasing monotone coef-
ficients of sine series is written by MS and it has been extended to General Monotone written
GM [5]. If a = a; sequences of complex numbers, a sequence a is in general monotone (GM)
class, if there exists positive constdntif inequality

2n—1

D lak = apa| < Clanl,

k=n
holds for eachn € N. This class has been extended by Tikoriov [5] to Definition 1.1 as follows:

Definition 1.1. Let a = a; sequences of complex numbers ghe- 3, is positive numbers. A
sequenceéa, J3) is in 5 general monotone, if there exists positive consésuch that

2n—1

Z |ak - ak+1| S Cﬁna
k=n

holds for eacm € N.

Later Bogdan Szal [2] extended to the class sequence number which is called class general
monotone order in Definition below.

Definition 1.2. Let a = a; complex sequence numbers atid= [, is positive numbers. A
sequencéa, 3) is in classg general monotone ordet written (a, 3) € GM (53, r), if there
exists constant’ > 0, such that

2n—1

Z |a’k’ - ak+7”| S Cﬁn)
k=n

holds for eaclm € N andr € N.

For
n+r—1 [C'fl]

. o |ax|
== lal+ Y ==
]
with ¢ > 1 and Definitiorl_1.P obtained some result at follows:
Theorem 1.1.1f r, 7, € Nandry /1o, thenGM (5%, 1m1) & GM (5", 13).

Theorem 1.2.1f non-negative: = a;, in class ofGM (3", r) wherer € N, > 1 and sine series
is converges uniformly to continuous function, thém 5, = 0.

Theorem 1.3.If a = q; is element class a& M (5", r), wherer = 2 and lim nla,| = 0, then
sine series coverges uniformly.
In this paper, by idea definition of new class of general monotone [2] and uniform conver-

gencel[3] and 4] in class of supremum bounded variation sequences, we will discuss properties
of coefficient from new class of general monotone sequences of orde&osine series.
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2. RESULTS

In this section, we will discuss some results about class of general monotone asseciate
with uniform convergence of cosine series.

2.1. Some Properties Class of General monotone sequences order

Theorem 2.1.1f a = a; is element class @M (|a|, ) andn|a, | decreasing monotone, then
n+r

(2.1) Z las — asyq| < 4Ca,,.

sS=n

Proof. Leta = a; is element class af M (|a|, r)

oo oo
§ |as - aerl‘ = E |as — Q531 — Qsip + Qs — Qsppr1 + as+7‘+1‘
sS=n sS=n

() 00 0o
S Z |as - 6Ls-l—r| + Z |as+1 - 6Ls—&-7‘—|—1| + Z |as+r = Qsqri1]
s=n s=n s=n

Then we have

0 0 e [
nz |as - as+1| S nz ’as - as+r| + nz |(IS+1 - a5+7‘+1| + nz |as+r = Qsyri1
S=n S=n s=n sS=n

00
S 2”2 |as - a/s«H“‘
s=n

oo 25tIn—1 00 95,
=23 > la| =20 T laza| < 40nfa,.
s=0 v=2%n s=0

Then [2.1) is proveds

Theorem 2.2.1f a = a; is element class &¥ M (|a|, ), n|a, | decreasing monotone andin na,, =
0 thena = a; is bounded variation.

Proof. Givenn € N, by Theorenj 2]1 we can write
n+r

Z las — asi1| < 4Cay,.

S=n

Since lim |a,| = 0 is convergence, them= «; is bounded variations
Theorem 2.3.1f a € GM (|a|,r) and lim nla,| = 0 then

(2.2) lim nz |ay, — ayir| = 0.

Proof. Let

P, = SUP VU |ay|
v>n

for eachn € Nanda € GM(|a|,r) by Theorenj 2]1 we have

o
nz |Gy — G| <y,
v=n
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So, we obtain

o
lim n E lay, — ayyr] < lim p,,.
n—oo n—oo
v=n

Since lim nla,| = 0, we have)|

2.2. Uniform Convergence of Cosine Seriesln this section, we discuss uniform convergence
of cosine series. Let the series

oo

(2.3) flx) = Zan cosnx

n=1
which a = a; is sequence of complex numbers with— 0 ask — oco. We define byf(x) the
sums of serieg (2.3) at the point where the series converges.

Theorem 2.4. Let non-negative: € GM(|al,r), lim n|a,| = 0 and lim |a,| = 0, cosine

series ) convergence uniformly pnz] if >~ a; converge.

k=1
|f<I> - Sm—l(f, .CE)‘ <M (am + 20am> )
whereC' non-negative constant only depending@n/(2), m > 2,z = 7 andx € (0, 7].
Proof. Let f(z) — Sp_1(f, ) with S,,(f,z) = i a; cos jx, we have

7j=1

[e.o]

f(x) = Sm-1(f,x) = Z ay cos kx

k—m

(2.4) = i AayDy(z) — @y Dp—1(x) = A+ B
k=m

k=m

with D,,,(z) = > cosjr, A= > AapDy(x),andB = —a,, Dp,—1(2).
j=1

|B| = |am D1 (2)] < mam| <m Y |Aay|.

By Theorem|[(Z.]L) we have
(2.5) 1Bl <m Y |Aay| = 4mC |ay,| .
To estimateA, then we splitA to
m+N—1 [e'¢)
A= Z Aay Dy, (x) + Z AapDpyyn(z) = P+ Q.
k=m k=m+N
Letz € (0, 7], for anyx we can findM € N such thatr € ({7, 77 Since
m i e _gipl
Dy () = Zcosvx _ sin(m + 2)9(:1 sin 5 <_ 11 < z)
— 2sin 5x singx @

then we have

o0

k=m+N

Z Aar Dy n (13)
k=m+N

QI =
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By using Theorer 2]1, we obtain

(2.6) Q| < 4MC|a,|.
Further
m+N—1 m+N—1
Pl=| Y AaDy(x)| < % Y A
By using Theorerm 2|1 againljﬂe have "
(2.7) |P| < 4MC |y, -
From, [2.6) and (2]7) , we get
(2.8) A=P+Q < Clay|+4MC|a,|.

From [2.5) and[(2]8), we have
|f(z) = Swm(f,2)] = A+ B < Clay| +4MC |a,| +4MC |ay,| .
Using Theorerh 2]2 and Theor¢m|2.3, then sefie$ (2.3) converges uniforrfilyzgn

Forz = 0, we have
F0) =) a.
k=1

Finally we have converges uniformly oo, 7|. u

Corolarry 2.1. Let non-negativee € GM (r) and lim n(a,) = 0, if cosine serie3) con-

n—oo

oo
vergence uniformly of0, 7], then > a; converge .
k=1

Proof. It is obvious, forz = 0 we have

f(O) :Zak

is convergesn

3. CONCLUSION

In this paper we have concluded that the cosine series with coefficient from new class of
general monotone orderis corveges uniformly i ",° | a; converges.
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