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1. INTRODUCTION

We assume that,) is a sequence of the positive real number, then the arithmetic mean of
ay,as, -+ ,ay, is defined by

1 n
A(a17a27 Tt 7a’n) - Ezak
k=1
and the geometric mean of, a,, - - - , a,, is defined by

G(al,a2,~~, = (H >n.

k=1
It is known that McCartin[[4] assert$m,, . % =

presentedim,, ., Alda2:an)  — e where the sequence:,) is the arithmetical progres-

G(a1,a2,,an) 27

sion with the positive equal difference. Recently, Hassani [6] proved that the rational expres-

sion % is strictly increasing for the integer > 1, the mequalltyéqg—’”’; < 5 and

%ﬂ; = £+ 0 (22) hold for the integem > 1. Moreover, Hassan[[7] showed that

W s+0 ( ) wherep,, denotes theith prime number. As mentioned above, the

rational expressio

5 and Knopp [[2] in Problem 96,

“1’“2’ ’“" has interesting properties. In this paper, we consider the two

az,:- 7n

rational expressionégp ;,;.j’zz) and 4¢ Zijz Z”) where the sequende,,) is the geometric

progression with the positive geometnc ratio. Here, we have the following theorems.

Theorem 1.1.We have
A, P
lim = — _©
n—oo Gmp 1 -+ P

forp > —1and

Ay
lim P —

n—oo Gn,p

forp < —1, whereA, , = A(1?,27 ... n?)andG, , = G(17,2P ... nP).
7 . A(1P 2P ..nP) P

Kubelka [3] proved thalim,, ... Zim5r ) = 15

G(1p72p’...np) A( )
a1,a2,:Gn) __

Hassani[5] showed that there exists a real positive sequeptsuch thatim,, ., Glarasma)
cforanyc > 1. Since we consider the case of the any real nurmpb&heoreni 11 is an extended
the Kubelka’s result. From Theorgm 1.1, we have the following corollary immediately.

Corollary 1.2. Letc be the real number with > 1, then there exists two real positive sequences
(a,) such thaflim,, % =c.
Theorem 1.3. Let n be the integer witm > 1, then the rational expressioéﬁ IS strictly
increasing forp > 0, where4,, , = A(1?,2P,... n?)andG,, = G(17,27,--- ' nP).

Theorem 1.4. Let the sequencé,,) be the geometric progression with the geometric ratio
r > 0, then we have

n—1 A a a A a n—1
P < ( 1, 2, ) n) <T‘TTL/8
G(al,CLQ,"‘ aan)
forr > 1 and
1-n 4 Aay,az, -+ ,a 1-n 3
'r’2nc“<(77 7")<7’2n5
G(CLl,GQ,"‘ 7an)
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for0 < r < 1, wherea = & = —1 and8 = 3 = 0 are the best possible constants. Moreover
we have
A n
llm (a17 Ay, , @ ) 50
n—0o0 G(ah a2, s a/n)

Theorem 1.5. Let the sequencg:,,) be the geometric progression with the positive geometric
ratio r # 1, then the rational expressioﬁ% is strictly increasing for the integet > 1
and the convex sequence.

2. PROOF OF MAIN RESULTS
The following Lemma 21 is proved by Hummel In [1].

Lemma 2.1. We have

1 1 1
e < pl < el

™
—
-

for the integem > 1.
Proof of Theorer 1}1We have

n

Anp _ D1 K
= -

Gn,p n- n'n

First, we consider the case pf> 0 and the integer. > 1. From Lemma 21 and the inequality

n n n+1
/ 2’dr +1 < Zk” < / xPdx
1 1

k=1
holds forp > 0 and the integen > 1, we can get
Anp flnH xPdx eP (1 + %)Hp — nl%p
G < 11 1 £:1+ ' 1lp p :F(n,p)
n,p n (eﬁ_” n+ )” P e1znn2n
and
A, " aPdr + 1 P 1+ -2
P fl € nl¥p G(?’L,p)

i TP P
Gn,p n (el_nnn+%>n 1 +p eénn2n

for p > 0 and the integen > 1. Next, we consider the case pf< 0 and the integen > 1.
From Lemma 2J1 and the inequality

n+1 n n
/ :Epdx<2k:p</ 2Pdx + 1
1 1 1

holds forp < 0 and the integen > 1, we can get

» 1+L
Anp flnxpdx—l—l ﬁﬁ (7 —1)
G ’ 11 1 % - H(n’p> -
n,p n <6§7nnn+§> (lnn + 1) eﬁflni (p — _1)
and
eP <1+%)1+p 'n,ll+
np f1n+1 xPdx 1+p R 2 £ #F D
G : > ye = [(n7p) =
n,p n el—nnn-i-% " 1 4 1 _
(In(1 +n))en"'nza  (p=—1)
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for the integem > 1. By lim,, .. n» = 1, we obtain
€p

lim F(n,p) = hm G(n,p) =

n—00 1
P

for p>0,

lim H(n,p) = lim I(n,p) =

n—o0 n— oo 1 p

lim H(n,p) = lim I(n,p) =00 for p<—1

for —1<p<0,

and
lim H(n,—1) = lim I(n,—1) = c.
ifp=20 then% =1= 1+0, hence we can provém,, .. g"”’ = —1 and

lim,, o0 ézz =ooforp<—1.1

Proof of Corollary{T.2.We setF(p) = 1 (p)is F'(p) = (lff,’)z- If

-1 < p < 0thenF'(p) < 0 andlim, . 149 F(p) = oo. If p > 0 thenF'(p) > 0 and
lim, .., F(p) = oo. Hence, for any: > 1, we have the two real numbessand? with —1 <

s < 0 < t such thatF'(s) = F(t) = c. Therefore we have
s 9s .. s t ot ... t
lim A(15,2%, ,n)_hm A(14, 28 ,n):C

n—00 G(157 257 C. 7n5) Do G(]_ta 2t’ L ,nt)
and the proof of Corollary 1,2 is completg.

Proof of Theorem 1|3We setF'(n,p) = Zk 1 and the derivative of (1, p) is

oF n k’plnk‘ kP lnk
a_p(n’p) Zk 1 Zk 1 Zk; 1

n2nln
If p > 0thenwe havd? < 27 < ... <npPandlnl < In2 < --- < Inn. From Chebyshev
inequality, we can obtain

nZkPlnk> kaka;
k=1

with equality if and only ifp = 0. Therefore, we hav%; (n,p) > 0forp > 0 andé%i is
strictly increasing fop > 0. & ’

Proof of Theorer 1}4wWe have

Alar,ag,- -+ ,a,) Tl_Tn(—l + ")

G(ai,as, -+ ,a,)  n(—1+7)
First, we consider the equation

TT<_1 + T ) _ nF(n’T)r%
n(—1+r)
for r > 1 and the integen > 1. The equation is equivalent to
(1—n)lnr+In(—1+4+7") —Inn —In(—1+r)
Inn

F(n,r) =

and the derivative of'(n,r) is

OF l—n+nr—or" G(n,r)

E(n’ﬂ B (=14+r)r(=1+7r")nn - (=1+7r)r(=14+r")lnn
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The derivative of(n, r) is % (n,7) = n —nr~'*" < 0 forr > 1 and the integen > 1. Since
G(n,r) is strictly decreasing for > 1, we haveG(n,r) < G(n,1) = 0 for » > 1 and the
integern > 1 Thus,F(n, ) is strictly decreasing for > 1 and we obtain

lim F(n,r) < F(n,r) < liglro F(n,r)

r—00

for the integem > 1. From

1— 1
lim ((1 —n)lnr+1In(=1+7") —In(=1+r)) = lim In—=5 =0
and
lim (In(—=147") = In(-1+7r)) = lin% In(l+r+r°+---+r" Y =1Inn,
we have

lim F(n,r)=—-1 and lim F(n,r)=0.

r—00 r—14+0
Therefore we can get the best possible constants —1 and = 0. Next, we consider the
equation
TFTTL(—l +Tn) _ H(nr) 52
n(—=1+r)
for 0 < r < 1 and the integen > 1. The equation is equivalent to
In(l—7")—Inn—In(1l—-r)
Inn

H(n,r) =

and the derivative off (n,r) is

OH r—nr® — it 4 opplte

E(n,r) (=1+7r)r(=1+r")Inn

Since we have
r—nr" =t et = (1= " =" (1 = 1))
=r(l=r)(L+r+- 4" =" ") >0,

9 (n,r) > 0for 0 < r < 1 and the integen > 1. SinceH (n,r) is strictly increasing for

0 <r <1, wehave
limH(n,r) =—1 and lim H(n,r)=0.

r—0 r—1—

Therefore we can get the best possible constants —1 and3 = 0. By I'Hopital’s rule, we
have

n—1 n—1
.or 2 . rz lnr
lim = lim =00
n—oo N n—oo
forr > 1 and
1—n
. 2 . —Inr
lim = lim —— =00
n—oo n n—oo 27r45*

for 0 < r < 1. Therefore, we can géim,, . % — oo and the proof of Theore@A
is complete s
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Proof of Theorerp I|5We have

A(a17a27.'.7a/n/+1>_A<a17a27..'7an)
G(a17a27...7an+1> G(al,a2""’an>
1—(n+1) nal 1-n n

e R I = R
(n+1)(=1+7) n(—1+r)

T rs -t et gl
B n(l+n)(r—1)r:

B F(n,r)

n(l4n)(r—1)r2

and the derivative of'(n, ) is

oF (14 n)(rz — r2tm — 2ppztn 4 2ppltn)
—(n,r) = :
or 2r

We setG(n,r) = In(2nr'™ + r2) — In(2nr2 ™ + r2t) and the derivative of(n, r) is

oG _on(-r+ ratm)
r2(1 4 2nrztn)’

From—r +7r2 < 0for0 <r < land—r +r2 > 0forr > 1, G(r) is strictly decreasing for
0 < r < 1 and strictly increasing for > 1. Hence, we havé&/(n,r) > G(n,1) = 0forr > 0
andn > 1. Hence, we havéX (n,r) > 0 for r > 0 and F'(n, r) is strictly increasing for > 0.
By F(n,1) =0, we haveF'(n,r) < 0for0 < r < landF(n,r) > 0forr > 1. Therefore, we
can get

A(al,G/Q"" 7an+1) A(a17a27." 7an)
G(a/17a27..' 7a/n+1) G(a17a27..' 7a/n)

for the positiver # 1 and the integen > 1. We have
n (A(Ch, ag, - 7an+2) A(ah g, - 7an)> —In (22(6117 ag, - 7an+1)>

G(alua%"' 7an+2) G(a17a27"' ’a’n> (a17a27”' 7an+1)
H(n,r)
= 5 ,

where
H(n,r) = —2In2 — 2lnn + 2In(1 +n) — 2In(2 +n) — Inr — 2In(—1 + r'*")
+2In(—n — 2r — nr + 21" £ oppt T 4o et
forr > 1 and
H(n,r) = —2In2 —2lnn + 2In(1 +n) — 2In(2 +n) — Inr — 2In(1 — r**")
+ 2In(n 4 2r + nr — 2rt" — ppltt et
for 0 < r < 1. The derivative of (n, r) is

8H< ) (I+7r"*")I(n,r)
—(n,r) =
or "’ 2r(—=1 4 rtn)(—n — 2r — nr + 2rttn 4 prltn 4 pr24n)’
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wherel(n,r) = —n + 2r + nr — 2r'*" — nr!*" 4+ nr2*, The derivative off (n, r) is

%(n, r)=2+n)(1—7r"—nr" +nr't"

=2+n)1—r)(I+r+r’+-+r"" =",

From %(n,r) > (0for0 < r < 1landr > 1, I(n,r) is strictly increasing forr > 0. By
I(n,1) = 0, we havel(n,r) < 0for0 < r < landI(n,r) > 0 forr > 1. Thus, we can
get2l(n,r) < 0for0 < r < 1and%(n,r) > 0forr > 1. ThereforeH(n,r) is strictly
decreasing fof < r < 1 andH (n,r) is strictly increasing for > 1. By I'Hopital’s rule, we
have

—n — 2r — nr 4 2rt" 4 prltn 4opp2te

71}3% —1 4 rltn
 lim —2—n+21+n)r" +nl+n)r" +n2+n)rt" _2n(2+ n)
r1 (1+n)rm 1+n
Hence, we obtait#/ (n,r) > lim,_,; H(n,r) = 0 and
Alay,ag, -+ ,anie)  Ala,ag, -, ay) - 2A(a1, ag, -+ 5 Apat)
G(ay,ag, - ,an12)  Glay,ag, - ,ay,) G(ay,ag, -+, ape1)

for the positiver # 1 and the integen > 1, so the proof of Theorein 1.5 is complege.
Finally, we propose an open problem.
Problem 1. Letp be the real number with > —1, then the rational expressiogﬁ is strictly
increasing for the integet > 1, whereA,, , = A(17,27,--- n?)andG,,, = A(17,2P,--- ,nP).
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