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2 M. K INEGAWA AND S. MIYAMOTO AND Y. N ISHIZAWA

1. I NTRODUCTION

We assume that(an) is a sequence of the positive real number, then the arithmetic mean of
a1, a2, · · · , an is defined by

A(a1, a2, · · · , an) =
1

n

n∑
k=1

ak

and the geometric mean ofa1, a2, · · · , an is defined by

G(a1, a2, · · · , an) =

(
n∏

k=1

ak

) 1
n

.

It is known that McCartin [4] assertslimn→∞
A(1,2,··· ,n)
G(1,2,··· ,n)

= e
2

and Knopp [2] in Problem 96,

presentedlimn→∞
A(a1,a2,··· ,an)
G(a1,a2,··· ,an)

= e
2
, where the sequence(an) is the arithmetical progres-

sion with the positive equal difference. Recently, Hassani [6] proved that the rational expres-
sion A(1,2,··· ,n)

G(1,2,··· ,n)
is strictly increasing for the integern > 1, the inequalityA(1,2,··· ,n)

G(1,2,··· ,n)
< e

2
and

A(1,2,··· ,n)
G(1,2,··· ,n)

= e
2

+ O
(

ln n
n

)
hold for the integern ≥ 1. Moreover, Hassani [7] showed that

A(p1,p2,··· ,pn)
G(p1,p2,··· ,pn)

= e
2

+ O
(

1
ln n

)
, wherepn denotes thenth prime number. As mentioned above, the

rational expressionA(a1,a2,··· ,an)
G(a1,a2,··· ,an)

has interesting properties. In this paper, we consider the two

rational expressionsA(1p,2p,··· ,np)
G(1p,2p,··· ,np)

and A(a1,a2,··· ,an)
G(a1,a2,··· ,an)

, where the sequence(an) is the geometric
progression with the positive geometric ratio. Here, we have the following theorems.

Theorem 1.1.We have

lim
n→∞

An,p

Gn,p

=
ep

1 + p

for p > −1 and

lim
n→∞

An,p

Gn,p

= ∞

for p ≤ −1, whereAn,p = A(1p, 2p, · · · , np) andGn,p = G(1p, 2p, · · · , np).

Kubelka [3] proved thatlimn→∞
A(1p,2p,···np)
G(1p,2p,···np)

= ep

1+p
for p ≥ 0. From the Kubelka’s result,

Hassani [5] showed that there exists a real positive sequence(an) such thatlimn→∞
A(a1,a2,···an)
G(a1,a2,···an)

=

c for anyc ≥ 1. Since we consider the case of the any real numberp, Theorem 1.1 is an extended
the Kubelka’s result. From Theorem 1.1, we have the following corollary immediately.

Corollary 1.2. Letc be the real number withc > 1, then there exists two real positive sequences
(an) such thatlimn→∞

A(a1,a2,···an)
G(a1,a2,···an)

= c.

Theorem 1.3. Let n be the integer withn > 1, then the rational expressionAn,p

Gn,p
is strictly

increasing forp > 0, whereAn,p = A(1p, 2p, · · · , np) andGn,p = G(1p, 2p, · · · , np).

Theorem 1.4. Let the sequence(an) be the geometric progression with the geometric ratio
r > 0, then we have

r
n−1

2 nα <
A(a1, a2, · · · , an)

G(a1, a2, · · · , an)
< r

n−1
2 nβ

for r > 1 and

r
1−n

2 nα̃ <
A(a1, a2, · · · , an)

G(a1, a2, · · · , an)
< r

1−n
2 nβ̃
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for 0 < r < 1, whereα = α̃ = −1 andβ = β̃ = 0 are the best possible constants. Moreover
we have

lim
n→∞

A(a1, a2, · · · , an)

G(a1, a2, · · · , an)
= ∞

Theorem 1.5. Let the sequence(an) be the geometric progression with the positive geometric
ratio r 6= 1, then the rational expressionA(a1,a2,··· ,an)

G(a1,a2,··· ,an)
is strictly increasing for the integern > 1

and the convex sequence.

2. PROOF OF M AIN RESULTS

The following Lemma 2.1 is proved by Hummel in [1].

Lemma 2.1. We have

e
11
12
−nnn+ 1

2 < n! < e1−nnn+ 1
2

for the integern > 1.

Proof of Theorem 1.1.We have

An,p

Gn,p

=

∑n
k=1 kp

n · n!
p
n

.

First, we consider the case ofp > 0 and the integern > 1. From Lemma 2.1 and the inequality∫ n

1

xpdx + 1 <
n∑

k=1

kp <

∫ n+1

1

xpdx

holds forp > 0 and the integern > 1, we can get

An,p

Gn,p

<

∫ n+1

1
xpdx

n
(
e

11
12
−nnn+ 1

2

) p
n

=
ep

1 + p
·
(
1 + 1

n

)1+p − 1
n1+p

e
11p
12n n

p
2n

= F (n, p)

and

An,p

Gn,p

>

∫ n

1
xpdx + 1

n
(
e1−nnn+ 1

2

) p
n

=
ep

1 + p
·
1 + p

n1+p

e
p
n n

p
2n

= G(n, p)

for p > 0 and the integern > 1. Next, we consider the case ofp < 0 and the integern > 1.
From Lemma 2.1 and the inequality∫ n+1

1

xpdx <

n∑
k=1

kp <

∫ n

1

xpdx + 1

holds forp < 0 and the integern > 1, we can get

An,p

Gn,p

<

∫ n

1
xpdx + 1

n
(
e

11
12
−nnn+ 1

2

) p
n

= H(n, p) =


ep

1+p
· 1+ p

n1+p

e
11p
12n n

p
2n

(p 6= −1)

(ln n + 1) e
11
12n

−1n
1
2n (p = −1)

and

An,p

Gn,p

>

∫ n+1

1
xpdx

n
(
e1−nnn+ 1

2

) p
n

= I(n, p) =


ep

1+p
· (1+ 1

n)
1+p

− 1
n1+p

e
p
n n

p
2n

(p 6= −1)

(ln(1 + n)) e
1
n
−1n

1
2n (p = −1)
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for the integern > 1. By limn→∞ n
1
n = 1, we obtain

lim
n→∞

F (n, p) = lim
n→∞

G(n, p) =
ep

1 + p
for p > 0,

lim
n→∞

H(n, p) = lim
n→∞

I(n, p) =
ep

1 + p
for − 1 < p < 0,

lim
n→∞

H(n, p) = lim
n→∞

I(n, p) = ∞ for p < −1

and

lim
n→∞

H(n,−1) = lim
n→∞

I(n,−1) = ∞ .

If p = 0 then An,0

Gn,0
= 1 = e0

1+0
, hence we can provelimn→∞

An,p

Gn,p
= ep

1+p
for p > −1 and

limn→∞
An,p

Gn,p
= ∞ for p ≤ −1.

Proof of Corollary 1.2.We setF (p) = ep

1+p
and the derivative ofF (p) is F ′(p) = epp

(1+p)2
. If

−1 < p < 0 then F ′(p) < 0 and limp→−1+0 F (p) = ∞. If p > 0 then F ′(p) > 0 and
limp→∞ F (p) = ∞. Hence, for anyc > 1, we have the two real numberss andt with −1 <
s < 0 < t such thatF (s) = F (t) = c. Therefore we have

lim
n→∞

A(1s, 2s, · · · , ns)

G(1s, 2s, · · · , ns)
= lim

n→∞

A(1t, 2t, · · · , nt)

G(1t, 2t, · · · , nt)
= c

and the proof of Corollary 1.2 is complete.

Proof of Theorem 1.3.We setF (n, p) =
Pn

k=1 kp

n·n!
p
n

and the derivative ofF (n, p) is

∂F

∂p
(n, p) =

n
∑n

k=1 kpln k −
∑n

k=1 kp
∑n

k=1 ln k

n2n!
p
n

.

If p ≥ 0 then we have1p ≤ 2p ≤ · · · ≤ np and ln 1 < ln 2 < · · · < ln n. From Chebyshev
inequality, we can obtain

n
n∑

k=1

kpln k ≥
n∑

k=1

kp

n∑
k=1

ln k

with equality if and only ifp = 0. Therefore, we have∂F
∂p

(n, p) > 0 for p > 0 and An,p

Gn,p
is

strictly increasing forp > 0.

Proof of Theorem 1.4.We have

A(a1, a2, · · · , an)

G(a1, a2, · · · , an)
=

r
1−n

2 (−1 + rn)

n(−1 + r)
.

First, we consider the equation

r
1−n

2 (−1 + rn)

n(−1 + r)
= nF (n,r)r

n−1
2

for r > 1 and the integern > 1. The equation is equivalent to

F (n, r) =
(1− n)ln r + ln(−1 + rn)− ln n− ln(−1 + r)

ln n

and the derivative ofF (n, r) is

∂F

∂r
(n, r) =

1− n + nr − rn

(−1 + r)r(−1 + rn)ln n
=

G(n, r)

(−1 + r)r(−1 + rn)ln n
.
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The derivative ofG(n, r) is ∂G
∂r

(n, r) = n− nr−1+n < 0 for r > 1 and the integern > 1. Since
G(n, r) is strictly decreasing forr > 1, we haveG(n, r) < G(n, 1) = 0 for r > 1 and the
integern > 1 Thus,F (n, r) is strictly decreasing forr > 1 and we obtain

lim
r→∞

F (n, r) < F (n, r) < lim
r→1+0

F (n, r)

for the integern > 1. From

lim
r→∞

((1− n)ln r + ln(−1 + rn)− ln(−1 + r)) = lim
r→∞

ln
1− 1

rn

1− 1
r

= 0

and

lim
r→1

(ln(−1 + rn)− ln(−1 + r)) = lim
r→1

ln(1 + r + r2 + · · ·+ rn−1) = ln n,

we have

lim
r→∞

F (n, r) = −1 and lim
r→1+0

F (n, r) = 0.

Therefore we can get the best possible constantsα = −1 andβ = 0. Next, we consider the
equation

r
1−n

2 (−1 + rn)

n(−1 + r)
= nH(n,r)r

1−n
2

for 0 < r < 1 and the integern > 1. The equation is equivalent to

H(n, r) =
ln (1− rn)− ln n− ln (1− r)

ln n

and the derivative ofH(n, r) is

∂H

∂r
(n, r) =

r − nrn − r1+n + nr1+n

(−1 + r)r(−1 + rn)ln n
.

Since we have

r − nrn − r1+n + nr1+n = r
(
1− rn − nrn−1(1− r)

)
= r(1− r)

(
1 + r + · · ·+ rn−1 − nrn−1

)
> 0,

∂H
∂r

(n, r) > 0 for 0 < r < 1 and the integern > 1. SinceH(n, r) is strictly increasing for
0 < r < 1, we have

lim
r→0

H(n, r) = −1 and lim
r→1−0

H(n, r) = 0.

Therefore we can get the best possible constantsα̃ = −1 andβ̃ = 0. By l’Hopital’s rule, we
have

lim
n→∞

r
n−1

2

n
= lim

n→∞

r
n−1

2 ln r

2
= ∞

for r > 1 and

lim
n→∞

r
1−n

2

n
= lim

n→∞

−ln r

2r
n−1

2

= ∞

for 0 < r < 1. Therefore, we can getlimn→∞
A(a1,a2,··· ,an)
G(a1,a2,··· ,an)

= ∞ and the proof of Theorem 1.4
is complete.
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Proof of Theorem 1.5.We have

A(a1, a2, · · · , an+1)

G(a1, a2, · · · , an+1)
− A(a1, a2, · · · , an)

G(a1, a2, · · · , an)

=
r

1−(n+1)
2 (−1 + rn+1)

(n + 1)(−1 + r)
− r

1−n
2 (−1 + rn)

n(−1 + r)

=
−n + r

1
2 + nr

1
2 − r

1
2
+n − nr

1
2
+n + nr1+n

n(1 + n)(r − 1)r
n
2

=
F (n, r)

n(1 + n)(r − 1)r
n
2

and the derivative ofF (n, r) is

∂F

∂r
(n, r) =

(1 + n)(r
1
2 − r

1
2
+n − 2nr

1
2
+n + 2nr1+n)

2r
.

We setG(n, r) = ln(2nr1+n + r
1
2 )− ln(2nr

1
2
+n + r

1
2
+n) and the derivative ofG(n, r) is

∂G

∂r
(n, r) =

n(−r + r
3
2
+n)

r2(1 + 2nr
1
2
+n)

.

From−r + r
3
2 < 0 for 0 < r < 1 and−r + r

3
2 > 0 for r > 1, G(r) is strictly decreasing for

0 < r < 1 and strictly increasing forr > 1. Hence, we haveG(n, r) > G(n, 1) = 0 for r > 0
andn > 1. Hence, we have∂F

∂r
(n, r) > 0 for r > 0 andF (n, r) is strictly increasing forr > 0.

By F (n, 1) = 0, we haveF (n, r) < 0 for 0 < r < 1 andF (n, r) > 0 for r > 1. Therefore, we
can get

A(a1, a2, · · · , an+1)

G(a1, a2, · · · , an+1)
>

A(a1, a2, · · · , an)

G(a1, a2, · · · , an)

for the positiver 6= 1 and the integern > 1. We have

ln

(
A(a1, a2, · · · , an+2)

G(a1, a2, · · · , an+2)
+

A(a1, a2, · · · , an)

G(a1, a2, · · · , an)

)
− ln

(
2
A(a1, a2, · · · , an+1)

G(a1, a2, · · · , an+1)

)
=

H(n, r)

2
,

where

H(n, r) = −2ln 2− 2ln n + 2ln(1 + n)− 2ln(2 + n)− ln r − 2ln(−1 + r1+n)

+ 2ln(−n− 2r − nr + 2r1+n + nr1+n + nr2+n)

for r > 1 and

H(n, r) = −2ln 2− 2ln n + 2ln(1 + n)− 2ln(2 + n)− ln r − 2ln(1− r1+n)

+ 2ln(n + 2r + nr − 2r1+n − nr1+n − nr2+n)

for 0 < r < 1. The derivative ofH(n, r) is

∂H

∂r
(n, r) =

(1 + r1+n)I(n, r)

2r(−1 + r1+n)(−n− 2r − nr + 2r1+n + nr1+n + nr2+n)
,
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whereI(n, r) = −n + 2r + nr − 2r1+n − nr1+n + nr2+n. The derivative ofI(n, r) is

∂I

∂r
(n, r) = (2 + n)(1− rn − nrn + nr1+n)

= (2 + n)(1− r)
(
1 + r + r2 + · · ·+ rn−1 − nrn

)
.

From ∂I
∂r

(n, r) > 0 for 0 < r < 1 andr > 1, I(n, r) is strictly increasing forr > 0. By
I(n, 1) = 0, we haveI(n, r) < 0 for 0 < r < 1 andI(n, r) > 0 for r > 1. Thus, we can
get ∂H

∂r
(n, r) < 0 for 0 < r < 1 and ∂H

∂r
(n, r) > 0 for r > 1. Therefore,H(n, r) is strictly

decreasing for0 < r < 1 andH(n, r) is strictly increasing forr > 1. By l’Hopital’s rule, we
have

lim
r→1

−n− 2r − nr + 2r1+n + nr1+n + nr2+n

−1 + r1+n

= lim
r→1

−2− n + 2(1 + n)rn + n(1 + n)rn + n(2 + n)r1+n

(1 + n)rn
=

2n(2 + n)

1 + n
.

Hence, we obtainH(n, r) > limr→1 H(n, r) = 0 and

A(a1, a2, · · · , an+2)

G(a1, a2, · · · , an+2)
+

A(a1, a2, · · · , an)

G(a1, a2, · · · , an)
> 2

A(a1, a2, · · · , an+1)

G(a1, a2, · · · , an+1)

for the positiver 6= 1 and the integern > 1, so the proof of Theorem 1.5 is complete.

Finally, we propose an open problem.

Problem 1. Let p be the real number withp > −1, then the rational expressionAn,p

Gn,p
is strictly

increasing for the integern > 1, whereAn,p = A(1p, 2p, · · · , np) andGn,p = A(1p, 2p, · · · , np).
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