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ABSTRACT. In this paper we characterize the compactness of double difference of three non-
compact composition operators on Bloch space induced by three holomorphic self maps on the
unit disc.
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2 RINCHEN TUNDUP

1. INTRODUCTION

Let D be the open unit disc of the complex pladendoD be the boundary db. Consider
the algebraH (D) of all holomorphic functions with domaif® and letS(D) be the set of all
analytic self maps o). Now if ¢ is an analytic self map db, theny induces a composition
operatorC, defined by

Cof = fop,

for any analytic functiory : D — C. The study of composition operators on Bloch sp&and
little Bloch spaceB, began with the papelr [10] by Madigan and Matheson in which they have
characterized the necessary and sufficient condition for compactness of composition operator
on 5. In the last few decades the study of composition operator on various function spaces
have been an active area of research for mathematician all across the globe. However in the
last few years researchers have now started understanding the topological structure of the set
of composition operators acting on certain function spaces specially the holomorphic function
spaces. Berksonl[1] in 1891 first introduced the idea of studying the topological structure of the
sets of composition operator in the operator norm topology with his isolation results on Hardy
space. Shapiro and Sunderg![14] continues the work of Berkson and went on further to raise a
question on "when the difference of two composition operator on Hardy dipatecompact?"
Since then the compact differences of composition operator on various settings has been an
active area of research nowadays. While this question still remains unsolved for the Hardy space
H?, however various papers characterizing the compact differences of composition operators on
Bloch spaces, little Bloch spaces and Bergman spaces has appeared in recent years. Moorhous
[11] was the one who answered the question of when differences of two composition operator
on Bergman space$?, o > —1 is compact. Hosokawa and Ohnpl([5], [6]) initiated the study
of the topological structures of the sets of composition operators on Bloch sBarss little
Bloch spaces, in the unit disc and gave a characterization on the question of compact difference
of composition operator on these spaces. For more details on Bloch space and differences of
composition operator on Bloch spaces one can refer to [3], [71.[8].[9], [12],[15]and [16].
Notations:Throughout the paper we shall use the notatior B for nonnegative quantitied
and B to mean thatd < K B for some constank’ > 0 and the notatioml ~ B mean that both
A=< BandB < A.

2. PREMILINARIES

We recall that the classical Bloch space denotedslmonsists of all functiony € H(D)
such that

(2.1) supsen (1= [2]*) |£(2)] < oo.
and the little Bloch spacB, consists of allf € H (D) such that
(2.2) lim (1= [=) [£'()] = 0

The Bloch spac® becomes a Banach space under the norm defined as

(2.3) 1£l5 = |£O)] + sup.en (1 = |2%) [ f'(2)]

and the little Bloch spacB, is a closed subspace Bf We shall now review some basic prop-
erties of functions in the the Bloch spaBeand the little Bloch spacg,.
Let z,w € D, then the pseudo-hyperbolic distance between the two point is given by

(2.4) p(w, z) = ‘

w—z

1 —wz
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and the hyperbolic metric which is also called the Bergman metric is then given by

1+ p(w, 2)
1—- p(wv z)

As Hosokawa and Ohnol[5] has used the behavior of the Schwartz-Pick type dervate
the neighborhood ofD to study compact difference of composition operatorfrwe shall
continue using this behavior of* and results from Hosokawa and Ohno ( s€e [5] and [6]) to
study the double difference of composition operato3oand so we shall define the Schwartz-
Pick type derivative as follows.

For o € S(D), the Schwartz-Pick type derivatiye” of ¢ is defined as

(2.5) B(w, z) = %log

1 —[e(2)?
Further|go#(z)\ < 1 follows from the Schwartz-Pick lemma. We shall further use the estimate
1
2.7

given in [13] in the proof of our main results. Note that we also write

pi,j(z> =p (%‘(Z)a %(Z)) .

Let A denote the collection of all sequengg,} in the unit discD of C which converges to
some point on the boundary of the unit disc denotedBysuch that the sequende;(z,)},
{¥;(2n)} and{p;;(z,)} also converges for everyj. Now we shall further state the following
set which is defined in [4] as under

Hz,} = {i:{z}el}}
Ii{z} = {i:{z}eT},}

Iz} = {ii{z)ert}
I;{zn} = {2 {zn}efj}

where
i = {{zn} € Arlpi(za)] — 1}
7, = {{za}eA: pij(zn — 0}
¥ = {{zn} €T, ¥ (20) +>o}

* o * L7 # 1 #
Iy, = {{Zn} €7, limy o] (2n) = liMn_ootp] (zn)}

Thenitis clear thaF# CIy; €Iy CAandl; CTI7; C Ty € A Now if Card P# ¢, then
by Madigan and Matheson [10] Compactness crlter@p IS compact on the Bloch spade
The above construction induces a natural partition of thé &gt} into disjoint sets of the form
I;{2,} defined above which can further be partitioned into disjoint sets of the fofm, } as
follows

(2.8) I{zn} = Ui I {zn}
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for somejy, jo, - -+, j: € 1{z,} and
(2.9) Ii{zn} = Ugmi I {20}
for somesy, so, - -+, s, € Ij{z,}.

We have the following equivalent condition for an operafdo be compact on the Bloch Space
B due to [4].

Theorem 2.1. Lety,, ¢,, - - - ,,, be any analytic self-maps of the unit diBcLet
(2.10) T=> \C,,
=1

be an operator on the Bloch spatewhere), \s - - - , \,,, are nonzero complex scalars. Then
the following condition are equivalent

(1) T is compact.

(2) Zigj#{zﬂ/}Ai =0forall {z,} € A, j € I{z,}.

(3) Sicrs(zyhi = 0forall {z,} € A, j € I{z,} with o7 (z,) - 0.

In [5] Hosokawa and Ohno further proved the following theorem.

Theorem 2.2. Let ¢ and+ be any analytic self maps of the unit diBc Suppose that neither
C,, nor Cy is compact or3. Then the differenc€’, — C,, is compact on Bloch spadeif and
only if

(1) @#(Zn)p (¢(zn); ¥(2n)) — 0 wheneverp(z,)| — 1.
2) 1/)#(Zn)p (¢(2n), ¥(2,)) — 0 whenevery(z,)| — 1 and
(3) |¢#(2n) — ¥ (2,) | — 0 whenevetp(z,)| — 1 and|¢(z,)| — 1.

3. MAIN RESUT

We shall first prove for Bloch space a result similarito [2, Theorem 1.1] proved for Bergman
spaces.

Theorem 3.1. Let ¢,,pp, and ¢, be an analytic self map of the unit disc ang A, and \; be
three non zero complex number. Suppose that each as not compact on the Bloch spae
fori=1,2,3. FT = M\C,, + \C,, + A3C,, is compact orB, Then the following holds.

A

Q)T =N (Og, Cp, — C@k> where(i, j, k) is some permutation of the sgt, 2, 3}.

(2) T = A (CW2 - C1801) + A3 (CS% - 0901)

Proof. SinceT is compact implies that for each sequekeg} € A and for allj € I{z,}, we
have from Theorem 2.1, that

(3.1) 5 A = 0.

Also we see from equatiod (3.1) thétard I7{z,} # 1, since we have\; # 0 for all
i = 1,2,3. Thus we see that for each sequefeg} € A and for any;j € I{z,}, we have
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Card Ij#{zn} = {0,2,3}. Thus we have the following cases

Case I: We first suppose thatard I]#{zn} = 0 for some sequencéz,} € A and some
j € I{z,}. This implies that for eachc 1{z,}, eitherp, ;(z,) - 0 or o {z,} — 0.

Subcase I: prl#(zn) — 0fori € I{z,}, then by Madigan and Mathesdn [10] compactness crite-
rion, C,,, is compact which is not true.

Subcase II: Ifp; ;(2,) - 0 implies thati € I{z,} buti ¢ I;{z,}. However sincel{z,} =
UL_,I; {z,} for somejy, jo,-- - j, implies thati € I; {z,} for somek = 1,2,---1.
Thusi € I7{z,} which is a contradiction to the fact thétard I7{z,} = 0 for all
sequencédz,} € A and for eacly € I{z,}. ThusCard ]j#{zn} = 0 is not possible.

Case II: IfCard I7{z,} = 2. Suppose we assume thiat{z, } = {1,2}. Then we have
(3.2) A+ A = 0.

Since3 ¢ I7{z,} implies that eitherp} (z,) — 0 0r py;(z,) - 0. If F (2,) — 0
as |¢3(z,)| — 1 implies thatC,,, is compact which is not true. Thus we must have
ps j(zn) = 0 which further implies thas ¢ I;{z,}. Butsince3 € I{z,} andl{z,} =
UL I; {z,} for somejy, jo---ji: € I{2,}. Thus3 € I, {z,} for somes = 1,2-- 1.
Thus we haved € I7{z,} and since we are assuming ti@trd I} {z,} = 2 for all
sequencéz, } € A and for eachy € /{z,}. Thus we must have eithéf{zn} ={3,1}

# _
or I7{z,} = {3,2}. Thus we have
(33) )\1+)\3200r/\2+)\3:0

Solving equation[(3]2) andl (3.3) we gét= \,(C,, — C,,, — C,,) or T = X\(C,,, —

C,, — C,,). Similarly we can get the other permutation(in.

Case Ill: We suppose thétard I]#{zn} = 3 for some sequencéz,} and;j € I{z,}. Then
]J#{zn} = {1, 2, 3} which further implies thai; + X, + A3 = 0. Solving this we find
the required result (2).

In the next result we shall prove the necessary and sufficient condition for the double differ-
ence of composition operators to be compact constructed using three non compact composition
operators.

Theorem 3.2.Leta,b € C\ {0} anda + b # 0. Assume thal’,. is not compact o for
eachi = 1,2,3. ThenT' = a(C,, — C,,) +b(C,, — C,,) is compact on Bloch spadgiff both
C,, — C,, andC,,, — C,, are compact orB.

Proof. The sufficiency condition is trivial. So we suppose that a(C,,—C,,, )+b(Cy, —C,,)

is compact. We need to prove th@t, — C,, andC,, — C,, are both compact.

Suppose on the contrary that,, — C,, is not compact for instance. Then by Theo@ 2.2,
there exist some > 0 and some sequenge,,} € A such that

(3.4) 0F (20)p(1(20), a(20)) > € OF |05 (20) — ¢ (2)] > €

whenevelp,(z,)| — 1 fori =1,2.
We first suppose thdt? (z,) — ¢7 (z,)| > ¢ whenevery,(z,)| — 1fori = 1,2. Thenitis

AJMAA Vol. 17(2020), No. 1, Art. 12, 8 pp. AIMAA


https://ajmaa.org

6 RINCHEN TUNDUP

clearthatl,2 € I{z,}. SinceT is compact implies that
(3.5) Yier{zyNi = 0

for all {z,} € A, j € I{z,} with ¢¥(z,) - 0 where\; = —(a +b),As = a andX; = b.
Now sincel € I{z,} and clearlyy} (z,) - 0 for otherwiseC,, is compact which is not
true. Now consider the séf{z,}. Then clearly2 ¢ I;{z,} because of our assumption. Thus
Card I§{z,} = 1 or 2,sothatl{{z,} = {1,3} or [{{z,} = {1} or I {z,} = {3}.

Case I: IfI}{z,} = {1,3}. Then we have

Yieri{zayNi = 0
So that—a = 0 a contradiction.
Case I: If[;{z,} = {1} implies thata + b = 0 a contradiction.
Case lll IfI7{z,} = {3} implies thath = 0 again a contradiction.
Similarly we will again arrive at a contradiction when we consi2ler 7{z, }. Next we suppose
thate? (2,)p(¢1(2n), 0o (2n)) > € say fori = 1. Then we must have

11— n2 n) n
P andpy (o) = P10 = Eal)

W - 1 — ¢1(2n)$2(2n)

for somee; smaller there. This implies thatl — |2,|*> > €11 — |p,(2,)[>. Thus we see that
1— |z, & 1 — |, (2.)]*. Now we shall consider the sequence of test function

1
e = oy

(3.6)

We have from our estimate that

[Fa(@1(20))] 2 M fnllslog

2
(1= l1(zn)[?)

So that

1 2
3.7 nllglo
(3.7) =T = Mellslos =1y
Also

2

38 n{Zn ) n 1 1 . 19\
(3.8) (o) = T fulllog =

From equation (3]7) and (3.8) we have
2

T log 7=
(3.9) (1= g1 (e) PVHIT fo(zn)| < ISl 08 Toery
[ falle log

Further since

2 2
(3.10) log ~ log :
(1= Jey (z0)?) (1= [zn]?)
We have
T
(3.11) (1= loy () YT fu(z0)] < 1Tl
1 falls
Now let us construct a sequence as follows.
1

(312) Sjin

- 14 1 (2n)vj(2n)
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whereq;(z,) = % andj = 1,2,3. Theitis clear from equation (3.12), tHah sup,, |52, <

1, otherwise there is a subsequence ay.} € A such thaty;(z,;) — 0 which implies that

1 — |1 (2|
1 — 1 (2nk) P2 (2nk)
a contradiction to equatiofi (3.6). Now from equatipn (B.11)

— 0

Pra(2nk) = laj(znr)]

1T falls
= (1= o1 a) PYMIT fu(2)]
1 fnllB
1= fpu()2 " CACO IR
>~ )\1+)\2< _ [P11n ) +>\3< — %1\ >
1- Wl(zn)QOQ(Zn) L—¢ (Zn)go3(zn)
A2 A3
t 1+ )\—1515771 + )\_185’”
where\; = —(a + b), \y = a and 3 = b. SinceT is compact and so we hay fﬁ”; — 0 as
n — oo implies that
A A
(3.13) 1+ 2268+ 226k 0.
)\1 ’ )\1 ’

Also sincelim sup,_..|52,] < 1 and so equati03) is possible onlyif = —1, so that
0 = a a contradiction. Thus in each case we get a contradiction. Thus we must have both
C,, — C,, andC,, — C, compact.y

Corollary 3.3. Lety, fori = 1,2, 3 be three distinct holomorphic self maps of the unit disc and
C,. is not compact oif8 for eachi = 1,2, 3. ThenT = (C,, — C,,) + (C,, — C,,) is compact
on Bloch space iff bothC,, — C, andC,, — C, are compact orb.

3_

4., CONCLUSION

Applying the behavior of the Schwartz Pick type derivative near the boundary of the unit
discID,we have concluded the necessary and sufficient conditions for double difference of three
non-compact composition operators on Bloch spgate be compact. These results will further
help researchers in understanding the topological structure of the set of composition operators
on Bloch spacé.
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