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ABSTRACT. In this paper, we construct and study a new polyconvolutiofy g, i) (z) of func-
tions f, g, h. We will show that the polyconvolution satisfy the following factorization equality

Hy [x(f,9,1)] (y) = (Haf) (y) (Hig) (y) (H1h) (y), Yy € R.

We prove the existence of this polyconvolution in the spA¢R). As examples, applications
to solve an integral equation of polyconvolution type and two systems of integral equations of
polyconvolution type are presented.
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1. INTRODUCTION

The concept of polyconvolution was first proposed by Kakichev in 1997 ([5]). Accoding to
this definition, the polyconvolution for + 1 arbitrary integral transform&’, K1, K, ..., K,
with the weight functiony(x) of functions fi, fs, ..., f,, for which the factorization property
holds.

K« (fr, far - f)l(y) = (Kuf1) () (K2f2) (1) (Knfn) ()

In this paper, we construct and study a new polyconvolution for Hartley integral transforms. We
note that from the above factorization equality, the general definition of polyconvolution has the
form

«(f1, far oo fu) (@) = KTH[(KLf1) () (Bafa) () (K fa) (] (2)

With K~ being the inverse operator &f.
Although it looks quite simple, it is not easy to have an explicit form of polyconvolution when
applied to concrete integral transforms.

In this paper, we also apply the new polyconvolution to solve a class of integral equations
and system of integral equations. We note that for such integral equation and system of integral
equations, a representation of their solution in a closed form is an interesting and open problem

(41, [8)).

In this section, we recall some known convolutions, generalized convolutions.
The Hartley integral transforff,, H, was introduced in [3]

(H(l)f)(x) = \/% /o:o f(z) cas(£zxy)dy,x € R.

2

Herecas(+x) = cos z + sin z. The convolution for the Hartley integral transforh ([6], [7])

@) (£50) @0 == [ F@larw g+l - (- -l

satisfies the factorization property

1.2 i (f5.9) ) = (H) ) (H19) ).

The generalized convolution for the Hartley integral transform ([2])

(1.3)

(fhﬁ,lﬂ}kl,zar2 g) (z) = 2\/1% / fl+y) +fr—y) - f(—r+y) + f(—2—y)g(y)dy,
satisfies the factorization property

1.4 1 (£, 5 ,.9) ) = (D) 6) (Ha) ()
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2. POLYCONVOLUTION OF HARTLEY INTEGRAL TRANSFORMS Hy, Hy, H;

Definition 2.1. The polyconvolution for the Hartley integral transforms of the functigng
andh is defined by

21 +(f.g.h) / | fav-w)=fmo—vtw
(—z+v—w)— f(z+v+w)g)h(w)dvdw,z € R.
Theorem 2.1.Let f, g andh be functions ir.(R), then the polyconvolutiof (2.1) for the Hartley

integral transformdd,, H,, H; of the functiong, g andh belongs tad.(R) and the factorization
property holds

(2.2) Hy [« (f, 9, )] (y) = (Haf) (y) (H1g) (y) (H1h) (y), Yy € R.

Proof. First, we prove thak(f, g, h)(z) € L(R). Indeed,
| ron@lde < [Cg@ld [ m@lde [ 1@ - o= w)
Tl (e —vtw)+[f (mz—v+w)|+[f (@ +v+w)]de

It is easy to see that

o)

/_OO If (@ —v—w)| +|f (—z —v+w)|+|f(—2+v—w)
+|f(z+v+w)|]de =4 i |f (1)] dt.

Hence,

| ron@lae< s [“g@ld [~ i@l [ 7@l < .

Sox(f,g,h)(x) belongs tal(R).
Now we prove the factorization properfy (R.2).

Since

(Haf) (y) (Hig) (y) (Hih) (y) =

— o Von / / / cas (—yu) . cas (yv) . cas (yw) .f (u) g (v) h (w) dudvduw,
and

cas (—yu) . cas (yv) . cas (yw) :% [casly (u +v +w)] + cas —y (u +v — w)

+cas—y (u—v+w) —casy (u—v —w)].
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Thus
(H2f) (y) (Hig) (y) (Hih) (y) =

:47“1/%/00/00/00 [casy (u+v+w)] +cas—y (u+v —w)

+cas—y(u—v+w)—casy(u—v—w)|f(u)g)h(w)dudvdw

47“/%/ / / cas(yt) [f (t —v—w) — f(—t —v+w)+

—t+v—w)— f(t+v+w)g)h(w)dtdvdw

= / (o) () cos
:Hl [* (f797 h)] (y> 7vy eR.
The proof is completed.

Theorem 2.2. (Titchmarch-type Theorem)
Let f,g,h € L(R). If Vo € R,x(f,g,h) (z) = 0, then eitherf(z) = 0, or g(z) = 0, or
h(z) = 0,Vx € R.

Proof. The hypothesis(f, g, h)(x) = 0 implies that

H[x(f,g.h)] (y) =0,Vy € R.
Due to Theorerh 211 we have

(2.3) (Haf) (y) (Hig) (y) (H1h) (y) = 0,Vy € R.

As (H>f) (y), (Hig) (y), (Hih) (y) are analytie’y € R so from [2.8) we haveH, f) = 0,Vy €
R, or (Hyg) =0,Yy € R,or (H,h) = 0,Yy € R.

It follows that eitherf(z) = 0,Vz € R, org(x) = 0,Vz € R, orh(z) = 0,Vx € R.

The theorem is proved.

In the sequel, for simplicity, we define the norm in the spA@R) b

1 [ee]
1l = %/_Oo|f(x)|dx

Theorem 2.3.1f f, g, h belong toL(RR), then the following inequality holds

I (F. g, < I Nlgll - 1A
Proof. From the proof of Theorem 3.1, we obtain

/_Z\*(fag,h)(:v)!dx< 1/_ ,f()|dt/oo\g( )ydU/OO, (w)| duw
\/—/ (t)| dt.—= /|g ) dv.—= / w)| dw.

[l (Fs g, WIE< LA Nlgll - 1Rl

Thus

The proof is completed.
Corollary 2.1. In the space.(R) the polyconvolutior| (2]1) has following inequality
«(f.9,h) (x) = (f, h, g) (x).
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Proof. Indeed,

Hy [x(f,9,h)] (v) = (Hof) (y) (H1g) (y) (H1h) (y) = (Hag) (y) (H1h) (y) (H1g) (y),
implies that

*(f,9,h) () =+ (f, h, ) (2),

3. APPLICATION TO SOLVING AN INTEGRAL EQUATION AND A SYSTEM OF INTEGRAL
EQUATIONS

3.1. Consider the integral equations.

+—/ / (x—v—w)—g(—x—v+w)—g(—r+v—w)
(3.1) r+v+w)| f(v)h(w)dvdw =k (z),xz €R.
Hereg, h andk are functions oiL( ), f is unknown function.

Theorem 3.1. Let f, g, h be given. Equatior (3/1) has an unique solutionZifR) if 1 +
H, (h .. g) (y) # 0,Yy € R. The solution off () is defined by

Hy

F(a) = k(z) — (k x z> ().

Here,l € L(R) and it is determined by the equation

(H\1) (y) = Hl (h Hy Hh H 9) (v)

1+ H, (h * 9) (Z/)'

Hy,Hy,Ho

Proof. The equation (3]1) can be rewriten in the form

f(@) + [x (g, f, h)] (z) = k().
Due to Theorerfi 211

(Hif) (y) + (H2g) (y) (Hif) (y) (H1h) (y) = (Hik) (y), Yy € R.
It follows that

(3.2) (Hif) (y) 1 + (Hag) (y) (Hih) (y)] = (Hik) (y).
From (1.3) and[(1]4) we get

) [ (e 0) 0] = 0 )

Hq,Hq1,Ho

With the conditionl + H; (h g) (y) # 0, we obtain

H,y (h Hl,;‘;hHZ 9) (v)

1+ H, (h ; g) (v)

*
Hy,Hy,Ho

(Hif) (y) = (Hik) (y) |1 —
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Furthermore, according to the Wiener-Levy’'s theorem_in [1], [9], there exists a functon
L(R) such that

It follows that
Thus

The theorem is proved.

3.2. Consider the system of integral equations with only one polyconvolution.

4 1

F@)+—= [ % [pla—v—w)—p(~z—v+w) —p(—2+v—w)

(3:3) | —p(@+v+w)]g ()¢ (w)dvdw = h(z)

s S @@ ) e =) 4 p (o) —p(-x =) de
+g(z) =k(z),z € R.

\

Whereyp, 1, p, h, k are given functions ir.(R), and f, g are the unknown functions.
Theorem 3.2. With the conditionl — H; [ (¢, %, p)] (y) # 0,Vy € R, there exists a unique
solution inL(R) of (3.3) which is defined by

P =)+ (1) (@) = (0] ) - |40 1) 1] (@) € L)

g(x)=k(z)+ (k;l l> (z) — (h;lp) (z) — [(h;1p> X l} (x),€ L(R).
Herel € L(R) and defined by the equation

B H, [*(807 ¢7p)] (y)
(Hl) (y) = 1 — Hy [x(p, v, ¥)] (y)

Proof. System|(3.B) can be written in the form
f(@) + (e, 9,¢)(x) = h(z)
(f P p) () + 9(z) = h(a

(x),z € R.
Using the factorization property of the polyconvolutipn {2.1) and the convoldtion (1.1) we ob-
tain the linear system of algebraic equations with respectivelyitdg)(y) and(Hg)(y):

(Hif) (y) + (Hap) (y) (H1g) (y) (H1v) (y) = (H1ih) (v),
(H1f) (y) (Hip) (y) + (Hi9) (y) = (Hik) (v),y € R.

Formally, we have

1 (Hap) (y) (1) (W) | _ | _ Hy [*(,9,p)] (y) .-

A=) ) 1
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8= gy ) (e )] = (00— i (1) )

Sincel — H, [« (p,%,p)] (y) # 0,

(E0) (5) = (1) ) ~ s (v ) 0} {14 2 o0

Due to Wiener-Levy’s theorem|[1],[9] there exists a function L(R) such that

Hy [ (¢, 9, p)] (v)

W) = i oo @)
It follows that
(HLf) () = {(FLh) () — Hy [+ (0,6, )] )} {1 + (D) ()}
_m, <h*z ~ b (0.0 0) — {0 1} )
h) (y)

Thus,

Similarly we obtain

(#19) ) = { (1) ) — 12 (g 0) (0} 0+ (2100 )
=) )+ 12 (k1) ) = 1 | (1) 1] 0

Hy
— H, (hﬁip) (y) -
It follows that

g(x)=k(x)+ (k;l l) (z) — (h;1p> (z) — Khﬁklp> k4 l} (z),€ L(R).
The proof is completed.

3.3. Consider the system of integral equations with polyconvolutions.

Lemma 3.1. The polyconvolution for the Hartley integral transform, H,, H, of the func-
tions f, g andh is defined by

(3.4) f,g, 47r/ / —r+v—w)+ f(r+v+w)
+fz—v—w)+ f(—z—v+w)lg(v)h(w)dvdw,z € R.
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Let f, g and h be functions inZ(R), then the polyconvolutior (3.4) for the Hartley integral
transformsH, H,, H, of the functionsf, g and h belongs tol(R) and the factorization prop-
erty holds

(3:5) Hy [ (£.9,0)] () = (1)) () (Hg) (9) (Hah) (1), Yy € R.

Now, we consider the following systems

(P e e v —w) — o (v ) — o (- )

. —p(x+v+w)g )y (w)dvdw = h(x)

Effoooffooof(v)[—f(—+—U—w)+f($+v+w)+f(x—v—w)
+f(—x—v+w)]p©W)qw)dvdw + g (z) =k (x),z € R.

(3.6)

\

Wherep, q, ¢, 1, p, h, k are given functions ir.(R), and f, g are the unknown functions.

Theorem 3.3. With the conditionl — H; {[* (p, o, )] . m} (y) # 0,Yy € R, there

exists a unique solution ifi(R) of (3.3) which is defined by
P =@+ (1) @ = et ] @) - {0l s 1} 0 € LR,
9@) = k@) + (K 1) (@) = b ] @) = { b e 1 (0) € LR
Herel € L(R) and defined by the equation

bl 5, mbo)

(H1l) (y) = '
=t o], b

Proof. System|(3.6) can be written in the form

f(@) + (g, 0,¢)(x) = h(x)
«(f,p,q)(x) + g(x) = k(z),z €R.

Using the factorization property of the polyconvolutions|2.1) (3.4) we get

{ (Hif) (y) + (Hig) (y). (Hap) (y) (H1) (y) = (H1h) (y),
(H1f) (y) (Hip) (y) (H2q) (y) + (Hig) (y) = (Hik) (y),y € R.

Formally, we have

_ 1 (Hap) (y) (H) (y)| _ .
A= ) ) 1) 0 1 =1 [ 0] ) () ().

So,
A=1-H, {[* . Q} (Y).

_[RR ) Ha) ) ) 0] _ o
A= [ (YO t10) () ko) 0.
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1 (Hih) (y)

B = ‘(Hlp) (y) (Haq) (y) (H:ik) (y)‘ = (H1ik) (y) — Hi[* (¢, p, h)] () -

Sincel — H; {[ (p, o, )] } (y) # 0,Vy € R we have

(H1f) (y)

Hy, H1 H>

H, {[* A Q} ()
=i o), af

Due to Wiener-Levy's theorem([1], [9]), there exists a functian L(R) such that

H, {[ (p, 0, 9)] HlHlHQCJ}(?J)
1—H1{[ o)y 1)

= {(H:h) (y) — Hi [* (k,0,9)] ()} 1+

(Hul) (y) =

It follows that

(L) () = ((Hh) () — H [ (k5. 990) (0} 11+ (L) ()
(h*z ~ e (b 0] )~ H { B ()] 1 0)

h) (y)

7@ =)+ (i 1) @) = bt @) = { e (0] 5 1] ) € LER)
Similarly we obtain

(Hig) (5) = {(Hk) (5) — Hu [ (a.p. 1)) ()} {1+ (FRD) ()}
(m ! )~ i { b api] g 1

k) (v)
It follows that

o(a) = b0+ (k1) () [ (0] 0) = { [ (0] 1 1 (0) € L)
The proof is completed.
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