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INEQUALITIES FOR DISCRETEF-DIVERGENCE MEASURES 1

1. INTRODUCTION

In this introductory chapter we present the definition and some fundamental results forf -
divergence measure. Certain examples that are useful in various applications including mathe-
matical statistics, information theory and signal processing are provided as well.

Given a convex functionf : R+ → R+, the f -divergence functional,or f -divergence
measure

(1.1) If (p, q) :=
n∑

i=1

qif

(
pi

qi

)
was introduced by Csiszár in [25], [23] as a generalized measure of information, a “distance
function” on the set of probability distributionsPn.

The restriction to discrete distributions is only for convenience, similar results hold for more
general distributions.

The definition (1.1) can be extended for nonconvex function, however in this case the posi-
tivity property ofIf (p, q) is not always assured.

As in Csiszár [23], we interpret the following, otherwise undefined expressions, as indi-
cated:

f (0) = lim
t→0+

f (t) , 0f

(
0

0

)
= 0,

0f
(a

0

)
= lim

ε→0+
f
(a

ε

)
= a lim

t→∞

f (t)

t
, a > 0.

The immediately following results were essentially given by Csiszár and Körner [26].

THEOREM 1.1 (Csiszár & Körner, 1981 [26]). If f : R+ → R is convex, thenIf (p, q) is
jointly convex inp andq.

The following lower bound for thef -divergence functional also holds.

THEOREM 1.2 (Csiszár & Körner, 1981 [26]). Let f : R+ → R+ be convex, then for every
p, q ∈ Rn

+, we have the inequality:

(1.2) If (p, q) ≥
n∑

i=1

qif

(∑n
i=1 pi∑n
i=1 qi

)
.

If f is strictly convex, equality holds in (1.2) iff

(1.3)
p1

q1

=
p2

q2

= · · · = pn

qn

.

COROLLARY 1.3. Letf : R+ → R be convex and normalized, i.e.,

(1.4) f (1) = 0,

then, for anyp, q ∈ Rn
+ with

(1.5)
n∑

i=1

pi =
n∑

i=1

qi,

we have the inequality,

(1.6) If (p, q) ≥ 0.

If f is strictly convex, equality holds in (1.6) iffpi = qi for all i ∈ {1, . . . , n}.
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In particular, ifp, q are probability vectors, then (1.5) is assured. Corollary 1.3 then shows
that, for strictly convex and normalizedf : R+ → R,

(1.7) If (p, q) ≥ 0 for all p, q ∈ Pn.

The equality holds in (1.7) iffp = q.
These are “distance properties”, however,If is not a metric since it violates the triangle

inequality, and is asymmetric, i.e, for generalp, q ∈ Rn
+, If (p, q) 6= If (q, p).

2. SOME EXAMPLES

In the examples below we obtain, for suitable choices of the kernelf , some of the best
known distance functionsIf used in mathematical statistics [85] – [87], information theory
[12], [119] and signal processing [79], [98].

EXAMPLE 2.1. (Kullback-Leibler) For

(2.1) f (t) := t log t, t > 0

thef -divergence is

(2.2) If (p, q) = KL (p, q) =
n∑

i=1

pi log

(
pi

qi

)
,

called the Kullback-Leibler distance[94]-[97].

EXAMPLE 2.2. (Hellinger) Let

(2.3) f (t) =
1

2

(
1−

√
t
)2

, t > 0.

ThenIf gives the Hellinger distance[100]

(2.4) If (p, q) = h2 (p, q) =
1

2

n∑
i=1

(
√

pi −
√

qi)
2 ,

which is symmetric.

EXAMPLE 2.3. (Renyi) Forα > 1, let

(2.5) f (t) = tα, t > 0.

Then

(2.6) If (p, q) = Dα (p, q) =
n∑

i=1

pα
i q1−α

i ,

which is theα-order entropy[117].

EXAMPLE 2.4. (χ2-distance) Let

(2.7) f (t) = (t− 1)2 , t > 0.
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INEQUALITIES FOR DISCRETEF-DIVERGENCE MEASURES 3

Then

If (p, q) = Dχ2 (p, q) =
n∑

i=1

(pi − qi)
2

qi

(2.8)

=
n∑

i=1

p2
i

qi

− 2Pn + Qn(
=

n∑
i=1

p2
i − q2

i

qi

if Pn = Qn

)
is theχ2-distance betweenp andq, wherePn =

∑n
i=1 pi andQn =

∑n
i=1 qi.

Finally, we have

EXAMPLE 2.5. (Variation distance). Letf (t) = |t− 1| , t > 0. The correspondingf -
divergence, called the variation distance, is symmetric,

V (p, q) =
n∑

i=1

|pi − qi| .

For other examples of divergence measures, see the paper [88] by J. N. Kapur, where further
references are given.

For other examples of divergence measures and further references, see [88].
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CHAPTER 1

Inequalities for f -Divergence

In this chapter we present some Jensen type inequalities with emphasis on some reverses
and apply them for the general case off -divergence measure. We make use of Grüss type
inequalities to provide simpler upper bounds and apply the general results for some particular
divergence measures of interest.

1. JENSEN’ S TYPE I NEQUALITIES

We start with the following general result:

THEOREM 1.1 (Dragomir, 2003 [43]). Let f : R+ → R be differentiable convex, then for
all p, q ∈ Rn

+,

(1.1) f ′ (1) (Pn −Qn) ≤ If (p, q)−Qnf (1) ≤ If ′

(
p2

q
, p

)
− If ′ (p, q) ,

wherePn :=
n∑

i=1

pi > 0, Qn :=
n∑

i=1

qi > 0 andf ′ : (0,∞) → R is the derivative off .

If f is strictly convex andpi, qi > 0 (i = 1, . . . , n), then equality holds in (1.1) iffp = q.

PROOF. We follow the proof in [43].
As f is differentiable convex onR+, then we have the inequality,

(1.2) f ′ (y) (y − x) ≥ f (y)− f (x) ≥ f ′ (x) (y − x)

for all x, y ∈ R+.
Choosey = pi

qi
andx = 1 in (1.2), to obtain,

(1.3) f ′
(

pi

qi

)(
pi

qi

− 1

)
≥ f

(
pi

qi

)
− f (1) ≥ f ′ (1)

(
pi

qi

− 1

)
for all i ∈ {1, . . . , n}.

Now, if we multiply (1.3) byqi ≥ 0 (i = 1, . . . , n) and sum overi from 1 to n, we deduce,
n∑

i=1

(pi − qi) f ′
(

pi

qi

)
≥ If (p, q)−Qnf (1) ≥ f ′ (1) (Pn −Qn)

and as
n∑

i=1

(pi − qi) f ′
(

pi

qi

)
= If ′

(
p2

q
, p

)
− If ′ (p, q) ,

the inequality in (1.1) is obtained.
The case of equality holds in (1.2) for a strictly convex mapping iffx = y and so the equality

holds in (1.1) iff pi

qi
= 1 for all i ∈ {1, . . . , n}, and the theorem is proved.

REMARK 1.1. In the above theorem, if the differentiability condition is dropped, we can
choose instead off ′ (x) , any numberl = l (x) ∈

[
f ′− (x) , f ′+ (x)

]
and the inequality is still

valid. This follows by the fact that for the convex mappingf : R+ → R+,

l2 (x) (x− y) ≥ f (x)− f (y) ≥ l1 (y) (x− y) , x, y ∈ (0,∞) ;

4



INEQUALITIES FOR DISCRETEF-DIVERGENCE MEASURES 5

wherel1 (y) ∈
[
f ′− (y) , f ′+ (y)

]
andl2 (x) ∈

[
f ′− (x) , f ′+ (x)

]
.

The following corollary is a natural consequence of the above theorem.

COROLLARY 1.2 (Dragomir, 2003 [43]). fLet f : R+ → R+ be convex and normalized. If
f ′ (1) (Pn −Qn) ≥ 0, then we have the positivity inequality,

(1.4) 0 ≤ If (p, q) ≤ If ′

(
p2

q
, p

)
− If ′ (p, q) .

The equality holds in (1.4) for a strictly convex mappingf iff p = q.

THEOREM 1.3 (Dragomir, 2003 [43]). Assume thatf is differentiable convex on(0,∞). If
p(j), q(j) (j = 1, 2) are probability distributions, then for allλ ∈ [0, 1],

0 ≤ λIf

(
p(1), q(1)

)
+ (1− λ) If

(
p(2), q(2)

)
(1.5)

− If

(
λp(1) + (1− λ) q(1), λp(2) + (1− λ) q(2)

)

≤ λ (1− λ)
n∑

i=1

∣∣∣∣∣ p
(1)
i p

(2)
i

q
(1)
i q

(2)
i

∣∣∣∣∣
λq

(1)
i + (1− λ) q

(2)
i

[
f ′

(
p

(1)
i

q
(1)
i

)
− f ′

(
p

(2)
i

q
(2)
i

)]
,

wheref ′ is the derivative off .

PROOF. We follow the proof of [43].
Using (1.2),

f ′

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(1)
i

q
(1)
i

)
(1.6)

≥ f

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)
− f

(
p

(1)
i

q
(1)
i

)

≥ f ′

(
p

(1)
i

q
(1)
i

)(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(1)
i

q
(1)
i

)

and

f ′

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(2)
i

q
(2)
i

)
(1.7)

≥ f

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)
− f

(
p

(2)
i

q
(2)
i

)

≥ f ′

(
p

(2)
i

q
(2)
i

)(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(2)
i

q
(2)
i

)
.
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6 S. S. DRAGOMIR

Multiplying (1.6) byλq
(1)
i , (1.7) by(1− λ) q

(2)
i and adding gives:-

n∑
i=1

f ′

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)[
λq

(1)
i

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(1)
i

q
(1)
i

)
(1.8)

+ (1− λ) q
(2)
i

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(2)
i

q
(2)
i

)]
≥ If

(
λp(1) + (1− λ) p(2), λq(1) + (1− λ) q(2)

)
− λIf

(
p(1), q(1)

)
− (1− λ) If

(
p(2), q(2)

)
≥

n∑
i=1

[
λq

(1)
i f ′

(
p

(1)
i

q
(1)
i

)(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(1)
i

q
(1)
i

)

+ (1− λ) q
(2)
i f ′

(
p

(2)
i

q
(2)
i

)(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(2)
i

q
(2)
i

)]
.

However,

λq
(1)
i

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(1)
i

q
(1)
i

)

+ (1− λ) q
(2)
i

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(2)
i

q
(2)
i

)

= −
λ (1− λ)

∣∣∣∣∣ p
(1)
i p

(2)
i

q
(1)
i q

(2)
i

∣∣∣∣∣
λq

(1)
i + (1− λ) q

(2)
i

+

λ (1− λ)

∣∣∣∣∣ p
(1)
i p

(2)
i

q
(1)
i q

(2)
i

∣∣∣∣∣
λq

(1)
i + (1− λ) q

(2)
i

= 0,

which shows that the first term in (1.8) is zero.
In addition,

λq
(1)
i

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(1)
i

q
(1)
i

)
= −

λ (1− λ)

∣∣∣∣∣ p
(1)
i p

(2)
i

q
(1)
i q

(2)
i

∣∣∣∣∣
λq

(1)
i + (1− λ) q

(2)
i

,

and

(1− λ) q
(2)
i

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(2)
i

q
(2)
i

)
= −

λ (1− λ)

∣∣∣∣∣ p
(1)
i p

(2)
i

q
(1)
i q

(2)
i

∣∣∣∣∣
λq

(1)
i + (1− λ) q

(2)
i

,

and so the second term in (1.4) is,

−λ (1− λ)
n∑

i=1

∣∣∣∣∣ p
(1)
i p

(2)
i

q
(1)
i q

(2)
i

∣∣∣∣∣
λq

(1)
i + (1− λ) q

(2)
i

[
f ′

(
p

(1)
i

q
(1)
i

)
− f ′

(
p

(2)
i

q
(2)
i

)]
,

which proves the theorem.

REMARK 1.2. The first inequality in (1.5) is actually the joint convexity property ofIf (·, ·)
which has been proven here in a different manner from that in [26].
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We have the following reverse of Jensen’s discrete inequality established in 1994 in [62] by
Dragomir and Ionescu.

LEMMA 1.4 (Dragomir & Ionescu, 1994 [62]). Letf : I ⊆ R → R be a differentiable con-
vex mapping onI. If xi ∈ I̊, the interior ofI, ti ≥ 0 with Tn :=

∑n
i=1 ti > 0 (i = 1, . . . , n) ,

then we have the inequality,

0 ≤ 1

Tn

n∑
i=1

tif (xi)− f

(
1

Tn

n∑
i=1

tixi

)
(1.9)

≤ 1

Tn

n∑
i=1

tixif
′ (xi)−

1

Tn

n∑
i=1

tixi ·
1

Tn

n∑
i=1

tif
′ (xi) ;

wheref ′ : I̊ → R is the derivative off on I̊.
If ti > 0 (i = 1, . . . , n) and the mappingf is strictly convex on̊I, then the case of equality
holds in (1.9) iffx1 = x2 = · · · = xn.

PROOF. For the sake of completeness, we provide here a short proof.
As f : I → R is convex on̊I, then we have,

(1.10) f (x)− f (y) ≥ f ′ (y) (x− y) for all x, y ∈ I̊.

In (1.10), choosex = 1
Tn

n∑
i=1

tixi ∈ I̊, y = xj, j = 1, . . . ., n to obtain,

(1.11) f

(
1

Tn

n∑
i=1

tixi

)
− f (xj) ≥ f ′ (xj)

(
1

Tn

n∑
i=1

tixi − xj

)
for all j ∈ {1, . . . , n} .

Multiplying (1.11) bytj ≥ 0 and summing overj from 0 to n, gives

(1.12)
n∑

j=1

tj

[
f

(
1

Tn

n∑
i=1

tixi

)
− f (xj)

]

≥
n∑

j=1

tjf
′ (xj)

(
1

Tn

n∑
i=1

tixi − xj

)
.

A simple calculation shows that,
n∑

j=1

tj

[
f

(
1

Tn

n∑
i=1

tixi

)
− f (xj)

]
= Tnf

(
1

Tn

n∑
i=1

tixi

)
−

n∑
i=1

tif (xi)

and
n∑

j=1

tjf
′ (xj)

(
1

Tn

n∑
i=1

tixi − xj

)
=

1

Tn

n∑
i=1

tixi

n∑
i=1

tif
′ (xi)−

n∑
i=1

tixif
′ (xi)

and then, by (1.12),

Tnf

(
1

Tn

n∑
i=1

tixi

)
−

n∑
i=1

tif (xi) ≥
1

Tn

n∑
i=1

tixi

n∑
i=1

tif
′ (xi)−

n∑
i=1

tixif
′ (xi) .

Dividing by Tn > 0, we obtain the second inequality in (1.9).
If f is strictly convex, then the equality holds in (1.10) iffx = y. Using this and an obvious

argument, the equality holds in (1.9) iffx1 = · · · = xn.
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REMARK 1.3. If, in the above lemma we drop the differentiability condition, and choose,
instead off ′ (xi) , any numberl = l (xi) ∈

[
f ′− (xi) , f ′+ (xi)

]
, the inequality still remains valid.

This follows by virtue of the fact that for a convex mappingf : R+ → R+, we have,

f (x)− f (y) ≥ l (y) (x− y) for x, y ∈ R+,

wherel (y) ∈
[
f ′− (y) , f ′+ (y)

]
.

REMARK 1.4. For an extension of this theorem to convex mappings of several variables
see [70] by Dragomir and Goh where further applications in Information Theory for Shannon’s
Entropy, Mutual Information, Conditional Entropy, etc. are given. An integral version of this
result can be found in [74] by Dragomir and Goh where further applications for the continuous
case of Shannon’s Entropy have been given. Extensions of the above results for convex map-
pings defined on convex sets in linear spaces, and particularly in normed spaces, can be found
in the Ph.D. dissertation [103] by M. Matić where other applications in Information Theory for
Shannon’s Entropy have been considered.

The following reverse inequality for thef -divergence also holds [43].

THEOREM 1.5 (Dragomir, 2003 [43]). Let f , p andq be as in Theorem 1.1, then we have
the inequality:

(1.13) 0 ≤ If (p, q)−Qnf

(
Pn

Qn

)
≤ If ′

(
p2

q
, p

)
− Pn

Qn

If ′ (p, q) ,

whereQn :=
∑n

i=1 qi > 0, Pn :=
∑n

i=1 pi > 0. If f is strictly convex, andpi, qi > 0,
(i = 1, . . . , n), then the equality holds in (1.13) iffp1

q1
= · · · = pn

qn
.

PROOF. In Lemma 1.4 choosef = f, ti := qi andxi = pi

qi
to obtain,

0 ≤ 1

Qn

n∑
i=1

qif

(
pi

qi

)
− f

(
Pn

Qn

)

≤ 1

Qn

n∑
i=1

piIf ′

(
pi

qi

)
− 1

Qn

n∑
i=1

pi ·
1

Qn

n∑
i=1

qiIf ′

(
pi

qi

)
,

which is equivalent to (1.13). The case of equality is obvious.

The corollary below follows as a natural consequence.

COROLLARY 1.6. Let f : R+ → R be differentiable convex and normalized. For any
p, q ∈ Rn

+ with Pn = Qn, we have then the reverse of the positivity inequality (1.7),

(1.14) 0 ≤ If (p, q) ≤ If ′

(
p2

q
, p

)
− If ′ (p, q) .

The equality holds in (1.14) for a strictly convex mappingf iff p = q.

2. APPLICATIONS FOR SOME PARTICULAR f -DIVERGENCES

Consider the convex functionf (t) = − log t, t > 0. For this function we have thef -
divergence,

(2.1) If (p, q) =
n∑

i=1

qi

[
− log

(
pi

qi

)]
=

n∑
i=1

qi log

(
qi

pi

)
= KL (q, p) .
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PROPOSITION2.1. Letp, q ∈ Rn, then,

(2.2) Qn − Pn ≤ KL (q, p) ≤
n∑

i=1

q2
i

pi

−Qn.

The case of equality holds iffp = q.

PROOF. Sincef (t) = − log t, thenf ′ (t) = −1
t
, t > 0. We have,

If ′

(
p2

q
, p

)
=

n∑
i=1

pi ·

− 1(
p2

i

qi

)
· 1

pi

 = −Qn,

If ′ (p, q) =
n∑

i=1

qi ·

[
− 1

pi

qi

]
= −

n∑
i=1

q2
i

pi

,

and then, from (1.1), we obtain,

− (Pn −Qn) ≤ KL (q, p) ≤ −Qn +
n∑

i=1

q2
i

pi

,

which is the desired inequality (2.2).
The case of equality is obvious, taking into account that− log is a strictly convex mapping

on (0,∞).

The following result for the Kullback-Leibler distance also holds.

PROPOSITION2.2. Letp, q ∈ Rn, then,

(2.3) Pn −Qn ≤ KL (p, q) ≤ Pn −Qn + KL (q, p)−KL

(
p,

p2

q

)
.

The case of equality holds iffp = q.

PROOF. As f (t) = t log (t), thenf ′ (t) = log t + 1. We have, then,

If (p, q) = KL (p, q) ,

If ′

(
p2

q
, p

)
= Ilog(·)+1

(
p2

q
, p

)
= Pn + Ilog(·)

(
p2

q
, p

)
.

SinceI− log(·) (p, q) = KL (q, p) (see (2.1)), then,

Ilog(·)

(
p2

q
, p

)
= −KL

(
p,

p2

q

)
.

In addition,

If ′ (p, q) = Ilog(·)+1 (p, q) = Qn + Ilog(·) (p, q)

= Qn −KL (q, p)

and so, by (1.1), we can state that,

Pn −Qn ≤ KL (p, q) ≤ Pn −Qn −KL

(
p,

p2

q

)
Qn + KL (q, p)

and the inequality (2.3) is obtained.
The case of equality holds from the fact that the mappingf (t) = t log t is strictly convex

on (0,∞).
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It is known that Rényi’s entropy is actually thef -divergence for the convex mappingf (t) =
tα, α > 1, t > 0).

PROPOSITION2.3. Letp, q ∈ Rn
+, then,

(2.4) α (Pn −Qn) ≤ Dα (p, q)−Qn ≤ α
[
Dα (p, q)−Dα

(
q

2−α
α , p−1

)]
.

The case of equality holds iffp = q.

PROOF. Sincef (t) = tα, thenf ′ (t) = αtα−1.
We have

If ′

(
p2

q
, p

)
=

n∑
i=1

pi

[
α ·
(

p2
i

qipi

)α−1
]

= α

n∑
i=1

pi

(
pi

qi

)α−1

= α
n∑

i=1

q1−α
i pα

i = αDα (p, q)

and

If ′ (p, q) =
n∑

i=1

qi

[
α ·
(

pi

qi

)α−1
]

= α
n∑

i=1

pα−1
i q2−α

i = αDα

(
q

2−α
α ,

1

p

)
.

Using (1.1),

α (Pn −Qn) ≤ Dα (p, q)−Qn ≤ α

[
Dα (p, q)−Dα

(
q

2−α
α ,

1

p

)]
and (2.4) is proved.

The case of equality holds since the mappingf (t) = tα is strictly convex on(0,∞) for
α > 1.

PROPOSITION2.4. Letp, q ∈ Rn
+, then,

(2.5) 0 ≤ h2 (p, q) ≤ 1

2
[Pn −Qn] +

1

2

[
n∑

i=1

qi

(√
qi

pi

−
√

pi

qi

)]
.

The equality holds iffp = q.

PROOF. As f (t) = 1
2

(√
t− 1

)2
, we havef ′ (t) = 1

2
− 1

2
√

t
andf ′′ (t) = 1

4
· 1√

t3
> 0

(t ∈ (0,∞)) which shows thatf is indeed strictly convex on(0,∞).
We also have,

If (p, q) = h2 (p, q) ,

If ′

(
p2

q
, p

)
=

n∑
i=1

pi

1

2
− 1

2
√

p2
i

qipi


=

1

2
Pn −

1

2

n∑
i=1

√
piqi =

1

2

[
Pn −

n∑
i=1

√
piqi

]

If ′ (p, q) =
n∑

i=1

qi

1

2
− 1

2
√

pi

qi

 =
1

2

[
Qn −

n∑
i=1

qi

√
qi

pi

]
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and asf ′ (1) = 0 andf (1) = 0, then, by (1.1) applied forf as above, we deduce (2.5). The
case of equality is obvious by the strict convexity off .

ConsiderBhattacharyya’s distance(see for example [88]),

B (p, q) =
n∑

i=1

√
piqi,

wherep, q ∈ Rn
+.

We know that for the convex mappingf (t) = −
√

t,

If (p, q) = −
n∑

i=1

qi

√
pi

qi

= −B (p, q) .

PROPOSITION2.5. Letp, q ∈ Rn
+, then,

(2.6)
1

2
(Qn − Pn) ≤ Qn −B (p, q) ≤ 1

2

n∑
i=1

qi

(√
qi

pi

−
√

pi

qi

)
.

The case of equality holds iffp = q.

PROOF. As f (1) = −
√

t, t > 0, thenf ′ (t) = − 1
2
√

t
andf ′′ (t) = 1

4
√

t3
, t > 0, which also

shows thatf (·) is strictly convex on(0,∞). We also have,

If ′

(
p2

q
, p

)
=

n∑
i=1

pi

− 1

2
√

p2
i

qipi

 = −1

2

n∑
i=1

√
piqi = −1

2
B (p, q) ,

If ′ (p, q) = −1

2

n∑
i=1

qi
1√
pi

qi

= −1

2

n∑
i=1

qi

√
qi

pi

and asf ′ (1) = −1
2
, f (1) = −1, then by (1.1) applied for the mappingf as defined above, we

deduce (2.6).
The case of equality is obvious by the strict convexity off .

We continue now with some particular inequalities which may be obtained from Theorem
1.5.

PROPOSITION2.6. Letp, q ∈ Rn
+, then,

0 ≤ KL (q, p)−Qn log

(
Qn

Pn

)
≤ 1

Qn

[
Pn

n∑
i=1

q2
i

pi

−Q2
n

]
(2.7)

=
1

2Qn

n∑
i,j=1

pipj

(
qi

pi

− qj

pj

)2

,

with equality iff p1

q1
= · · · = pn

qn
.

PROOF. If f (t) = − log t, thenf ′ (t) = −1
t
, t > 0. We have,

If ′

(
p2

q
, p

)
=

n∑
i=1

pi ·

 1(
p2

i

qi

)
· 1

pi

 = −Qn,

If ′ (p, q) =
n∑

i=1

qi ·

[
− 1

pi

qi

]
= −

n∑
i=1

q2
i

pi
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and from (1.13),

0 ≤ KL (q, p) + Qn log

(
Pn

Qn

)
≤ −Qn +

Pn

Qn

n∑
i=1

q2
i

pi

=
1

Qn

[
Pn

n∑
i=1

q2
i

pi

−Q2
n

]
,

i.e.,

0 ≤ KL (q, p)−Qn log

(
Qn

Pn

)
≤ 1

Qn

[
Pn

n∑
i=1

q2
i

pi

−Q2
n

]
.

On the other hand, we observe that,

1

2

n∑
i,j=1

pipj

(
qi

pi

− qj

pj

)2

=
1

2

n∑
i,j=1

pipj

(
q2
i

p2
i

− 2
qiqj

pipj

+
q2
j

p2
j

)

=
1

2

[
n∑

i,j=1

pj
q2
i

pi

− 2
n∑

i,j=1

qiqj +
n∑

i,j=1

pi

q2
j

pj

]

= Pn

n∑
i=1

q2
i

pi

−Q2
n

and the inequality (2.7) is proved.
The case of equality follows by the strict convexity of the mapping− log.

COROLLARY 2.7. If Pn = Qn in (2.7),

(2.8) 0 ≤ KL (q, p) ≤
n∑

i=1

q2
i − p2

i

pi

=
1

2Qn

n∑
i,j=1

pipj

(
qi

pi

− qj

pj

)2

,

with equality iffp = q.

REMARK 2.1. We know that theχ2-distance betweenp andq is

Dχ2 (p, q) :=
n∑

i=1

(pi − qi)
2

qi

=

(
n∑

i=1

p2
i − q2

i

qi

if Pn = Qn

)
.

As

Dχ2 (q, p) =
n∑

i=1

(qi − pi)
2

pi

=

(
n∑

i=1

q2
i − p2

i

pi

if Pn = Qn

)
,

then (2.8) can be rewritten as,

(2.9) 0 ≤ KL (q, p) ≤ Dχ2 (q, p) .

COROLLARY 2.8. Letp andq be two probability distributions, then,

(2.10) 0 ≤ KL (q, p) ≤ Dχ2 (q, p) ,

with equality iffp = q.

REMARK 2.2. For a direct proof of (2.10) see [76] where further bounds are also given.

PROPOSITION2.9. Letp, q ∈ Rn
+, then,

(2.11) 0 ≤ Dα (p, q)− Pα
n Q1−α

n ≤ α

Qn

[
QnDα (p, q)− PnDα

(
q

2−α
α ,

1

p

)]
,

with equality iff p1

q1
= · · · = pn

qn
.
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PROOF. If f (t) = tα, thenf ′ (t) = αtα−1.
We have,

If ′

(
p2

q
, p

)
=

n∑
i=1

pi ·

[
α

(
p2

i

qipi

)α−1
]

(2.12)

= α
n∑

i=1

pi

(
pi

qi

)α−1

= α
n∑

i=1

q1−α
i pα

i = αDα (p, q)

and

If ′ (p, q) =
n∑

i=1

qi

[
α

(
pi

qi

)α−1
]

=
n∑

i=1

pα−1
i q2−α

i(2.13)

= αDα

(
q

2−α
α ,

1

p

)
.

Using (1.13),

0 ≤ Dα (p, q)−Qn

(
Pn

Qn

)α

≤ αDα (p, q)− α
Pn

Qn

Dα

(
q

2−α
α ,

1

p

)
=

α

Qn

[
QnDα (p, q)− PnDα

(
q

2−α
α ,

1

p

)]
and the inequality (2.11) is obtained.

The case of equality follows by the fact that the mappingf (t) = tα (α > 1, t > 0) is
strictly convex on(0,∞) .

COROLLARY 2.10. If Pn = Qn in (2.11),

(2.14) 0 ≤ Dα (p, q)− Pn ≤ α

[
Dα (p, q)−Dα

(
q

2−α
α ,

1

p

)]
,

with equality iffp = q.
In particular, if p, q are probability distributions, then,

(2.15) 0 ≤ Dα (p, q)− 1 ≤ α

[
Dα (p, q)−Dα

(
q

2−α
α ,

1

p

)]
,

with equality iffp = q.

PROPOSITION2.11. Letp, q ∈ Rn
+, then,

(2.16) 0 ≤
√

QnPn −B (p, q) ≤ 1

2

[
Pn

Qn

n∑
i=1

qi

√
qi

pi

−B (p, q)

]
,

with equality iff p1

q1
= · · · = pn

qn
.

PROOF. If f (t) = −
√

t, thenf ′ (t) = −1
2
· 1√

t
, t > 0. It follows, then, that,

If ′

(
p2

q
, p

)
=

n∑
i=1

pi

−1

2
· 1√

p2
i

qipi

 = −1

2

n∑
i=1

√
qipi = −1

2
B (p, q) ,

If ′ (p, q) =
n∑

i=1

qi

−1

2
· 1√

pi

qi

 = −1

2

n∑
i=1

qi

√
qi

pi
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and, from (1.13),

0 ≤ −B (p, q) + Qn

√
Pn

Qn

≤ 1

2
B (p, q) +

1

2

Pn

Qn

n∑
i=1

qi

√
qi

pi

,

which is equivalent to (2.16).
The case of equality follows by the strict convexity of the mappingf .

REMARK 2.3. The second inequality in (2.16) is equivalent to

(2.17)
√

PnQn ≤
1

2

[
Pn

Qn

n∑
i=1

qi

√
qi

pi

+ B (p, q)

]
,

with equality iff p1

q1
= · · · = pn

qn
.

COROLLARY 2.12. If Pn = Qn in (2.16), then,

0 ≤ Pn −B (p, q) ≤ 1

2

[
n∑

i=1

qi

√
qi

pi

−B (p, q)

]
,

with equality iffp = q.

Another important divergence measure in Information Theory is theJ-divergencedefined
by,

J (p, q) =
n∑

i=1

(pi − qi) log

(
pi

qi

)
.

Note that the mappingf (t) := (t− 1) ln t, t ∈ (0,∞) , has the derivatives

f ′ (t) = ln t− 1

t
+ 1, t > 0, f ′′ (t) =

t + 1

t2
> 0 for t > 0,

which shows thatf is convex on(0, 1) and

If (p, q) =
n∑

i=1

qi

(
pi

qi

− 1

)
ln

(
pi

qi

)
= J (p, q) .

PROPOSITION2.13. Letp, q ∈ Rn
+, then,

0 ≤ J (p, q)− (Pn −Qn) ln

(
Pn

Qn

)
(2.18)

≤ KL (p, q) +
Pn

Qn

KL (q, p) +
Pn

Qn

n∑
i=1

q2
i

pi

−Qn

with equality iff p1

q1
= · · · = pn

qn
.

PROOF. We have

If ′

(
p2

q
, p

)
=

n∑
i=1

pi

[
ln

(
p2

i

qipi

)
− qipi

p2
i

+ 1

]

=
n∑

i=1

pi ln

(
pi

qi

)
−Qn + Pn = KL (p, q)−Qn + Pn,

If ′ (p, q) =
n∑

i=1

qi

[
ln

(
pi

qi

)
− qi

pi

+ 1

]
= −KL (q, p)−

n∑
i=1

q2
i

pi

+ Qn
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and then, from (1.13), we can state that,

0 ≤ J (p, q)−Qn

(
Pn

Qn

− 1

)
ln

(
Pn

Qn

)
≤ KL (p, q)−Qn + Pn −

Pn

Qn

[
−KL (q, p)−

n∑
i=1

q2
i

pi

+ Qn

]

= KL (p, q) + Pn +
Pn

Qn

n∑
i=1

q2
i

pi

− Pn −Qn

= KL (p, q) +
Pn

Qn

KL (q, p) +
Pn

Qn

n∑
i=1

q2
i

pi

−Qn

and the inequality (2.18) is obtained.

3. FURTHER BOUNDS FOR THE CASE WHEN Pn = Qn

The following inequality of the Grüss type is known in the literature as the Biernacki, Pidek
and Ryll-Nardzewski inequality (see for example [110]).

LEMMA 3.1 (Biernacki, Pidek & Ryll-Nardzewski).Let ai, bi (i = 1, . . . , n) be real num-
bers such that

(3.1) a ≤ ai ≤ A, b ≤ bi ≤ B for all i ∈ {1, . . . , n} ,

then,

(3.2)

∣∣∣∣∣ 1n
n∑

i=1

aibi −
1

n2

n∑
i=1

ai

n∑
i=1

bi

∣∣∣∣∣
≤ 1

n

[n
2

](
1− 1

n

[n
2

])
(A− a) (B − b) ,

where[x] denotes the integer part ofx.

The following inequality holds [43] as a consequence.

THEOREM 3.2 (Dragomir, 2003 [43]). Let f : R+ → R+ be differentiable convex. If
p, q ∈ Rn

+ are such thatPn = Qn and

(3.3) m ≤ pi − qi ≤ M, i = 1, . . . , n

(3.4) 0 < r ≤ pi

qi

≤ R < ∞, i = 1, . . . , n,

then we have the inequality,

(3.5) 0 ≤ If (p, q)−Qnf (1) ≤
[n
2

](
1− 1

n

[n
2

])
(M −m) (f ′ (R)− f ′ (r)) .

PROOF. From (1.1),

(3.6) 0 ≤ If (p, q)−Qnf (1) ≤
n∑

i=1

(pi − qi) f ′
(

pi

qi

)
.
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Applying (3.2),

(3.7)

∣∣∣∣∣ 1n
n∑

i=1

(pi − qi) f ′
(

pi

qi

)
− 1

n2

n∑
i=1

(pi − qi)
n∑

i=1

f ′
(

pi

qi

)∣∣∣∣∣
≤ 1

n

[n
2

](
1− 1

n

[n
2

])
(M −m) (f ′ (R)− f ′ (r)) ,

as the mappingf ′ is monotonic nondecreasing, and then,

f ′ (r) ≤ f ′
(

pi

qi

)
≤ f ′ (R) for all i ∈ {1, . . . , n} .

As
∑n

i=1 (pi − qi) = 0, we deduce, using (3.6) and (3.7), the desired result (3.5).

The following inequalities for particular distances are valid.

(1) If p, q ∈ R+
n are such that the conditions (3.3) and (3.4) hold, then,

(3.8) 0 ≤ KL (q, p) ≤
[n
2

](
1− 1

n

[n
2

])
(M −m)

R− r

rR
,

and

(3.9) 0 ≤ KL (p, q) ≤
[n
2

](
1− 1

n

[n
2

])
(M −m)

[
log

(
R

r

)]
.

(2) If p, q are as in (3.3) and (3.4),(α ≥ 1) then,

(3.10) 0 ≤ Dα (p, q)−Qn ≤ α
[n
2

](
1− 1

n

[n
2

])
(M −m)

(
Rα−1 − rα−1

)
.

(3) If p, q are as in (3.3) and (3.4),

(3.11) 0 ≤ h2 (p, q) ≤ 1

2

[n
2

](
1− 1

n
·
[n
2

])
(M −m)

√
R−

√
r√

rR
.

(4) Under the above assumptions forp andq,

(3.12) 0 ≤ Qn −B (p, q) ≤ 1

2

[n
2

](
1− 1

n

[n
2

])
(M −m)

√
R−

√
r√

rR
.

The following is a Grüss weighted inequality.

LEMMA 3.3. Assume thatai, bi (i = 1, . . . , n) are as in Lemma 3.1. Ifqi ≥ 0,
∑n

i=1 qi = 1,
then we have the inequality,

(3.13)

∣∣∣∣∣
n∑

i=1

qiaibi −
n∑

i=1

qiai

n∑
i=1

qibi

∣∣∣∣∣ ≤ 1

4
(A− a) (B − b) .

Using this we may prove the following reverse inequality as well [43].

THEOREM 3.4 (Dragomir, 2003 [43]). Let f : R+ → R+ be differentiable convex. If
p, q ∈ Rn

+ are such thatPn = Qn and

(3.14) 0 < r ≤ pi

qi

≤ R < ∞, i = 1, . . . , n,

then we have the inequality,

(3.15) 0 ≤ If (p, q)−Qnf (1) ≤ 1

4
(R− r) [f ′ (R)− f ′ (r)] .
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PROOF. From (1.1),

0 ≤ If (p, q)−Qnf (1) ≤
n∑

i=1

(pi − qi) f ′
(

pi

qi

)
(3.16)

=
n∑

i=1

qi

(
pi

qi

− 1

)
f ′
(

pi

qi

)
.

As f ′ (·) is monotonic nondecreasing, then,

f ′ (r) ≤ f ′
(

pi

qi

)
≤ f ′ (R) for all i ∈ {1, . . . , n} .

Applying (3.13) forai = pi

qi
− 1, bi = f ′

(
pi

qi

)
, we obtain

(3.17)

∣∣∣∣∣
n∑

i=1

qi

(
pi

qi

− 1

)
f ′
(

pi

qi

)
−

n∑
i=1

qi

(
pi

qi

− 1

) n∑
i=1

qif
′
(

pi

qi

)∣∣∣∣∣
≤ 1

4
(R− r) [f ′ (R)− f ′ (r)]

and as
n∑

i=1

qi

(
pi

qi

− 1

)
= 0,

then, by (3.16) and (3.17) we deduce (3.15).

The following inequalities for particular distances are valid.

(1) If p, q are such thatPn = Qn and (3.14) holds, then,

(3.18) 0 ≤ KL (q, p) ≤ (R− r)2

4rR

and

(3.19) 0 ≤ KL (q, p) ≤ 1

4
(R− r)2 ln

(
R

r

)
.

(2) With the same assumptions forp, q, we have,

0 ≤ Dα (p, q)−Qn ≤
α

4
(R− r)

(
Rα−1 − rα−1

)
(α ≥ 1) ;(3.20)

0 ≤ h2 (p, q) ≤ 1

8
(R− r)

√
R−

√
r√

Rr
(3.21)

and

(3.22) 0 ≤ Qn −B (p, q) ≤ 1

8
(R− r)

√
R−

√
r√

Rr
.

REMARK 3.1. Any other Grüss type inequality can be used to provide different bounds for
the difference

∆ :=
n∑

i=1

(pi − qi) f ′
(

pi

qi

)
.

We omit the details.
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4. OTHER BOUNDS V IA DISCRETE GRÜSS I NEQUALITY

Using Grüss’ inequality for weighted means (see Lemma 3.3), we point out the following
reverse of Jensen’s inequality.

LEMMA 4.1. Let f, xi, ti be as in Lemma 1.4. If there exist real constantsm, M ∈ I̊such
thatm ≤ xi ≤ M for all i ∈ {1, . . . , n} , then we have the inequality:

0 ≤ 1

Tn

n∑
i=1

tif (xi)− f

(
1

Tn

n∑
i=1

tixi

)
(4.1)

≤ 1

4
(M −m) (f ′ (M)− f ′ (m)) ,

wheref ′ :I̊→ R is the derivative off .

PROOF. In Grüss’ inequality putai := xi andbi := f ′ (xi) . As f is convex,f ′ is monotonic
nondecreasing and thereforef ′ (m) ≤ bi ≤ f ′ (M) . Applying the Grüss inequality,

1

Tn

n∑
i=1

tixif
′ (xi)−

1

Tn

n∑
i=1

tixi ·
1

Tn

n∑
i=1

tif
′ (xi)

≤ 1

4
(M −m) (f ′ (M)− f ′ (m))

and by the inequality (1.9) we deduce (4.1).

REMARK 4.1. Similar results can be obtained using other Grüss type inequalities.

The following reverse inequality for the Csiszárf -divergence holds [43].

THEOREM 4.2. Let f, p andq be as in Theorem 1.5. If there exist real numbersr, R such
that0 < r ≤ pi

qi
≤ R < ∞ for all i ∈ {1, . . . , n} , then,

(4.2) 0 ≤ If (p, q)−Qnf

(
Pn

Qn

)
≤ 1

4
(R− r) (f ′ (R)− f ′ (r)) Qn.

PROOF. Apply Lemma 4.1 forf = f, ti = qi andxi = pi

qi
(i = 1, . . . , n) .

The following particular inequalities are noted:

0 ≤ KL (p, q)− Pn log

(
Pn

Qn

)
≤ Pn

4
(R− r) [log (R)− log (r)](4.3)

≤ Pn

4
· (R− r)2

√
Rr

.

Indeed, if we choosef (t) = t log t in (4.2), we obtain the Kullback-Leibler divergence. The last
inequality in (4.3) follows by the well known inequality between thegeometric meanG (a, b) =√

ab and thelogarithmic meanL (a, b) := b−a
log b−log a

(a, b > 0, a 6= b), i.e.

(4.4) L (a, b) ≥ G (a, b) for all a, b > 0, a 6= b.

In addition, if in (4.2) we putf (t) = − log t, we deduce that,

(4.5) 0 ≤ KL (q, p)−Qn log

(
Qn

Pn

)
≤ Qn

4
· (R− r)2

Rr
,

provided that0 < r ≤ pi

qi
≤ R < ∞ for all i ∈ {1, . . . , n} .
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Now, if in (4.2) we choosef (t) = tα (α > 1) , t > 0, then we get the following inequality
for theα−order Renyi entropy,

(4.6) 0 ≤ Dα (p, q)− Pα
n Q1−α

n ≤ α

4
·Qn (R− r)

(
Rα−1 − rα−1

)
,

provided that0 < r ≤ pi

qi
≤ R < ∞ for all i ∈ {1, . . . , n} .

If we apply Theorem 4.2 for the Bhattacharyya distance, we get,

(4.7) 0 ≤
√

PnQn −B (p, q) ≤ 1

8
·
(R− r)

(√
R−

√
r
)

√
rR

·Qn,

provided that0 < r ≤ pi

qi
≤ R < ∞ for all i ∈ {1, . . . , n}.

Finally, if we apply Theorem 4.2 for theJ-divergence, we can obtain the inequality,

(4.8) 0 ≤ J (p, q)− (Pn −Qn) ln
Pn

Qn

≤ 1

4
(R− r)

(
ln

R

r
+

R− r

rR

)
Qn,

provided that0 < r ≤ pi

qi
≤ R < ∞ for all i ∈ {1, . . . , n}.

5. FURTHER REVERSE I NEQUALITIES

We start with the following result.

THEOREM 5.1 (Dragomir, 2003 [44]). Let f : [0,∞) → R be a convex mapping on the
interval [r, R] ⊂ [0,∞) with r ≤ 1 ≤ R. If p, q ∈ Pn andr ≤ pi

qi
≤ R for all i ∈ {1, ..., n},

then we have the inequality

(5.1) If (p, q) ≤ R− 1

R− r
· f (r) +

1− r

R− r
· f (R) .

PROOF. As f is convex on[r, R], we may write that

(5.2) f (tr + (1− t) R) ≤ tf (r) + (1− t) f (R)

for all t ∈ [0, 1].
Chooset = R−x

R−r
, x ∈ [r, R]. Then1− t = x−r

R−r
and from (5.2) we deduce

(5.3) f (x) ≤ R− x

R− r
· f (r) +

x− r

R− r
· f (R)

for all x ∈ [r, R], as a simple calculation shows thatR−x
R−r

· r + x−r
R−r

·R = x. Put in (5.3)x = pi

qi
,

i ∈ {1, ..., n}, to get

(5.4) f

(
pi

qi

)
≤

R− pi

qi

R− r
· f (r) +

pi

qi
− r

R− r
· f (R)

for all i ∈ {1, ..., n}.
If we multiply (5.4) byqi ≥ 0, sum overi and take into account that

n∑
i=1

pi =
n∑

i=1

qi = 1

then by (5.4) we obtain (5.1).

The following result also holds.
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THEOREM5.2 (Dragomir, 2003 [44]). Letf : [0,∞) → R be differentiable convex on[r, R]
andp, q be as in Theorem 5.1. Then we have the inequality:

0 ≤ R− 1

R− r
· f (r) +

1− r

R− r
· f (R)− If (p, q)(5.5)

≤ f ′ (R)− f ′ (r)

R− r
· [(R− 1) (1− r)−Dχ2 (p, q)]

≤ 1

4
(R− r) [f ′ (R)− f ′ (r)] ,

whereDχ2 (·, ·) is the chi-square divergence.

PROOF. Since the mappingf is differentiable convex, we can write

(5.6) f (u)− f (v) ≥ f ′ (v) (u− v)

for all u, v ∈ (r, R).
Now, assume thatα, β ≥ 0 andα + β > 0. Then, by (5.6), we have

f

(
αa + βb

α + β

)
− f (a) ≥ f ′ (a)

(
αa + βb

α + β
− a

)
(5.7)

=
β

α + β
· f ′ (a) (b− a)

and

f

(
αa + βb

α + β

)
− f (b) ≥ f ′ (b)

(
αa + βb

α + β
− b

)
(5.8)

= − α

α + β
· f ′ (b) (b− a) .

Now, if we multiply (5.7) byα and (5.8) byβ and add the obtained results, we get

(α + β) f

(
αa + βb

α + β

)
− αf (a)− βf (b) ≥ αβ

α + β
(b− a) (f ′ (a)− f ′ (b))

which is equivalent to:

0 ≤ αf (a) + βf (b)

α + β
− f

(
αa + βb

α + β

)
(5.9)

≤ αβ

(α + β)2 (f ′ (b)− f ′ (a)) (b− a) .

Now, if in (5.9) we chooseα = R− x, β = x− r, a = r, b = R, then we obtain

0 ≤ (R− x) f (r) + (x− r) f (R)

R− r
− f (x)(5.10)

≤ (R− x) (x− r)

R− r
(f ′ (R)− f ′ (r)) .

If in (5.10), we choosex = pi

qi
and then multiply withqi we get

(Rqi − pi) f (r) + (pi − rqi) f (R)

R− r
− qif

(
pi

qi

)
(5.11)

≤ (Rqi − pi) (pi − rqi)

(R− r) qi

(f ′ (R)− f ′ (r))

for all i ∈ {1, ..., n}.
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If we sum overi in (5.11) and take into consideration that

n∑
i=1

pi =
n∑

i=1

qi = 1,

we get

(R− 1) f (r) + (1− r) f (R)

R− r
− If (p, q)(5.12)

≤ (f ′ (R)− f ′ (r))

R− r

n∑
i=1

(Rqi − pi) (pi − rqi)

qi

.

However,

0 ≤
n∑

i=1

(Rqi − pi) (pi − rqi)

qi

= R−
n∑

i=1

p2 (y)

qi

− rR + r = R + r − rR− 1−Dχ2 (p, q)

= (R− 1) (1− r)−Dχ2 (p, q) .

As

(R− 1) (1− r) ≤ 1

4
(R− r)2 and Dχ2 (p, q) ≥ 0,

the last inequality is obvious.

The following results also holds.

THEOREM 5.3 (Dragomir, 2003 [44]). Assume that the functionf : [0,∞) → R is twice
differentiable on[r, R] and

(5.13) m ≤ f ′′ (t) ≤ M for all t ∈ [r, R] .

If the probability distributionsp, q ∈ Pn satisfy the conditions of Theorem 5.1, then we have the
inequality:

1

2
m [(R− 1) (1− r)−Dχ2 (p, q)](5.14)

≤ R− 1

R− r
· f (r) +

1− r

R− r
· f (R)− If (p, q)

≤ 1

2
M [(R− 1) (1− r)−Dχ2 (p, q)] .

PROOF. Define the functionfm : [0,∞) → R, fm (t) = f (t) − 1
2
mt2. Thenfm is twice

differentiable andf ′′m (t) = f ′′ (t)−m ≥ 0, t ∈ [r, R], which shows thatfm is convex on[r, R].
If we write the inequality (5.1) for the convex mappingfm, we obtain

(5.15) If− 1
2
m(·)2 (p, q) ≤ R− 1

R− r

[
f (r)− 1

2
mr2

]
+

1− r

R− r

[
f (R)− 1

2
mR2

]
.
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However,

If− 1
2
m(·)2 (p, q)

= If (p, q)− 1

2
m

[
n∑

i=1

p2 (y)

qi

− 1 + 1

]
= If (p, q)− 1

2
mDχ2 (p, q)− 1

2
m

and then, by (5.15), we can get

R− 1

R− r
· f (r) +

1− r

R− r
· f (R)− If (p, q)(5.16)

≥ 1

2
mR2 · (1− r)

R− r
+

1

2
mr2 · (R− 1)

R− r
− 1

2
mDχ2 (p, q)− 1

2
m

Nonetheless, the right hand side of (5.16) is

1

2
m [(R− 1) (1− r)−Dχ2 (p, q)]

and the first inequality in (5.14) is obtained.
The second inequality follows by a similar argument applied for the mappingfm (t) :=

1
2
Mt2 − f (t). We omit the details.

COROLLARY 5.4 (Dragomir, 2003 [44]). With the assumptions in Theorem 5.3, and ifm ≥
0, then

0 ≤ 1

2
m [(R− 1) (1− r)−Dχ2 (p, q)](5.17)

≤ R− 1

R− r
· f (r) +

1− r

R− r
· f (R)− If (p, q) .

PROOF. We only have to prove the fact that

(5.18) Dχ2 (p, q) ≤ (R− 1) (1− r) ,

which follows by the fact that (see the proof of Theorem 5.2)

0 ≤
n∑

i=1

(Rqi − pi) (pi − rqi)

qi

= (R− 1) (1− r)−Dχ2 (p, q) .

6. APPLICATIONS FOR PARTICULAR DIVERGENCES

Before we point out some applications of the above results, we would like to recall the
following special means:

L (α, β) :=


β if α = β;

β−α
ln β−ln α

if β 6= α, α, β > 0 (logarithmic mean)

and

I (α, β) :=


β if α = β;

1
e

(
ββ

αα

) 1
β−α

if β 6= α, (identric mean).
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(1) Kullback-Leibler Divergence.Consider the convex mappingf : (0,∞) → R, f (t) =
t ln t. Then

If (p, q) =
n∑

i=1

pi ln

[
pi

qi

]
= D (p, q) ,

whereD (p, q) is theKullback-Leibler distance.

PROPOSITION6.1. Letp, q ∈ Pn with the property that:

(6.1) r ≤ pi

qi

≤ R for all i ∈ {1, ..., n} .

Then we have the inequality

(6.2) D (p, q) ≤ ln I (r, R)− G2 (r, R)

L (r, R)
+ 1,

whereI (·, ·) is the identric mean,L (·, ·) is the logarithmic mean andG (·, ·) is the
usual geometric mean.

PROOF. We apply Theorem 5.1 forf (t) = t ln t to get

D (p, q) ≤ R− 1

R− r
r ln r +

1− r

R− r
R ln R

=
R ln R− r ln r

R− r
− rR · ln R− ln r

R− r

= ln I (r, R) + 1− G2 (r, R)

L (r, R)

and the inequality (6.2) is proved.

PROPOSITION6.2. With the assumptions of Proposition 6.1, we have

0 ≤ ln I (r, R)− G2 (r, R)

L (r, R)
+ 1−D (p, q)(6.3)

≤
(R− 1) (1− r)−Dχ2 (p, q)

L (r, R)
.

The proof follows by Theorem 5.2 applied forf (t) = t ln t, and taking into ac-
count that

f ′ (R)− f ′ (r)

R− r
=

1

L (r, R)
.

Using Theorem 5.3, we may be able to improve the inequality (6.3) as follows.

PROPOSITION6.3. Let p, q ∈ Pn satisfy the condition (6.1). Then we have the
inequality:

1

2R
[(R− 1) (1− r)−Dχ2 (p, q)](6.4)

≤ ln I (r, R)− G2 (r, R)

L (r, R)
+ 1−D (p, q)

≤ 1

2r
[(R− 1) (1− r)−Dχ2 (p, q)] .
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PROOF. We havef ′′ (t) = 1
t
, t ∈ [r, R] and then

1

R
≤ f ′′ (t) ≤ 1

r
, t ∈ [r, R] .

Applying Theorem 5.3 forf (t) = t ln t, we obtain (6.4).

Now, assume thatf (t) = − ln t, which is a convex mapping as well.
We have

If (p, q) = −
n∑

i=1

qi ln

[
pi

qi

]
=

n∑
i=1

qi ln

[
qi

pi

]
= D (q, p) .

Using Theorem 5.1, we may state the following proposition.

PROPOSITION6.4. Let p, q ∈ Pnwith the property that (6.1) holds. Then we have
the inequality:

(6.5) D (q, p) ≤ ln I

(
1

r
,

1

R

)
− 1

L (r, R)
+ 1.

PROOF. Applying the inequality (5.1) forf (t) = − ln t, we may write that

D (q, p)

≤ (R− 1) (− ln r) + (1− r) (− ln R)

R− r

=
r ln R−R ln r

R− r
− ln R− ln r

R− r
=

rR
(

1
R

ln R− 1
r
ln r
)

R− r
− 1

L (r, R)

=
1
r
ln 1

r
− 1

R
ln 1

R
1
r
− 1

R

− 1

L (r, R)
= ln I

(
1

r
,

1

R

)
+ 1− 1

L (r, R)

and the inequality (6.5) is proved.

PROPOSITION6.5. Letp, q be as in Proposition 6.1. Then

0 ≤ ln I

(
1

r
,

1

R

)
− 1

L (r, R)
+ 1−D (q, p)(6.6)

≤ 1

G2 (r, R)
[(R− 1) (1− r)−Dχ2 (p, q)] .

The proof follows by Theorem 5.2 applied for the functionf (t) = − ln t, and
taking into account that

f ′ (R)− f ′ (r)

R− r
=

1

rR
=

1

G2 (r, R)
.

The inequality (6.6) can be improved as follows.

PROPOSITION6.6. Letp, q be as in Proposition 6.1. Then

1

2R2
[(R− 1) (1− r)−Dχ2 (p, q)](6.7)

≤ ln I

(
1

r
,

1

R

)
− 1

L (r, R)
+ 1−D (q, p)

≤ 1

2r2
[(R− 1) (1− r)−Dχ2 (p, q)] .
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The proof is obvious by Theorem 5.3, taking into account thatf ′′ (t) = 1
t2

and
1

R2 ≤ f ′′ (t) ≤ 1
r2 for all t ∈ [r, R].

(2) Hellinger discrimination. Consider the convex mappingf : [0,∞) → R, f (t) =
1
2

(√
t− 1

)2
. Then

If (p, q) =
1

2

n∑
i=1

qi

(√
pi

qi

− 1

)2

=
1

2

n∑
i=1

(
√

pi −
√

qi)
2 = h2 (p, q) ,

whereh2 (p, q) is theHellinger discrimination.

PROPOSITION6.7. With the assumptions of Proposition 6.1, we have

(6.8) h2 (p, q) ≤

(√
R− 1

)
(1−

√
r)

√
R +

√
r

.

PROOF. We apply Theorem 5.1 forf (t) = 1
2

(√
t− 1

)2
to get

h2 (p, q)

≤
(R− 1) 1

2
(
√

r − 1)
2
+ (1− r) 1

2

(√
R− 1

)2

R− r

=

1
2

(√
R− 1

)
(
√

r − 1)

R− r

[(√
R + 1

) (
1−

√
r
)

+
(
1 +

√
r
) (√

R− 1
)]

=

(√
R− 1

)
(
√

r − 1)
(√

R−
√

r
)

R− r
=

(√
R− 1

)
(1−

√
r)

√
R +

√
r

,

and the inequality (6.8) is proved.

Using Theorem 5.2, we may state the following proposition as well.

PROPOSITION6.8. With the assumptions of Proposition 6.1, we have

0 ≤

(√
R− 1

)
(1−

√
r)

√
R +

√
r

− h2 (p, q)(6.9)

≤ 1

4 (r −R) A
(√

r,
√

R
) [(R− 1) (1− r)−Dχ2 (p, q)] ,

whereA (·, ·) is the arithmetic mean.

The proof is obvious by Theorem 5.2 applied forf (t) = 1
2

(√
t− 1

)2
, taking into

account thatf ′ (t) = 1
2
− 1

2
√

t
, and

f ′ (R)− f ′ (r)

R− r
=

√
R−

√
r

2
√

rR (R− r)
=

1

2
√

rR
(√

R +
√

r
) .

Finally, by the use of Theorem 5.3, we may state:
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PROPOSITION6.9. Assume thatp, q ∈ Pn are as in Proposition 6.1. Then
1

8
√

R3
[(R− 1) (1− r)−Dχ2 (p, q)](6.10)

≤

(√
R− 1

)
(1−

√
r)

√
R +

√
r

− h2 (p, q)

≤ 1

8
√

r3
[(R− 1) (1− r)−Dχ2 (p, q)] .

The proof follows by Theorem 5.3 applied for the mappingf (t) = 1
2

(√
t− 1

)2
for whichf ′′ (t) = 1

4
√

t3
and, obviously,

1

4
√

R3
≤ f ′′ (t) ≤ 1

4
√

r3
for all t ∈ [r, R] .

AJMAA, Vol. 15, No. 1, Art. 1, pp. 1-275, 2018 AJMAA

http://ajmaa.org


CHAPTER 2

Jensen Type Inequalities for(m, M)-Convex Functions

The concept of(m, M)-convex functions defined on convex subsets in normed linear spaces
is introduced and some inequalities of Jensen’s type are derived. Applications for norm inequal-
ities andf -divergence measure are provided as well.

1. GENERAL RESULTS IN NORMED SPACES

Let (X, ‖·‖) be a real or complex normed linear space,C ⊆ X a convex subset ofX and
f : C → R, see [37].

DEFINITION 1.1. Letα, β ∈ R.

(i) The mappingf will be calledα−lower convexonC if f -α
2
· ‖·‖2 is a convex mapping

onC;
(ii) The mappingf will be calledβ−upper convexonC if β

2
·‖·‖2−f is a convex mapping

onC;
(iii) The mappingf will be called(α, β)− convexon C if it is both α−lower convex and

β-upper convex onC.

Note that iff is (α, β)-convex onC, thenα ≤ β.
Indeed, iff is (α, β)−convex, thenf -α

2
· ‖·‖2 and β

2
· ‖·‖2 − f are convex, which clearly

implies that the sum

f − α

2
· ‖·‖2 +

β

2
· ‖·‖2 − f =

β − α

2
· ‖·‖2

is convex, and thenβ ≥ α.
Taking into account the above, when we talk about an(α, β)−convex function, we can

assume without loss of generality thatα = m ≤ M = β.
The following theorem holds [37].

THEOREM 1.1 (Dragomir, 2001 [37]). Let f : C ⊆ X → R, C be convex onX, xi ∈ C,
pi ≥ 0 (i = 1, . . . , n) with Pn :=

∑n
i=1 pi > 0.

(i) If f is α−lower convex onC, then we have the following inequality (forα ≥ 0 -
refinement of Jensen’s inequality),

(1.1)
α

2
· 1

P 2
n

Pn

n∑
i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2


≤ 1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)
.

27
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(ii) If f is β−upper convex onC, then we have the following inequality (which is a coun-
terpart of Jensen’s inequality iff is convex),

(1.2)
1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)

≤ β

2
· 1

P 2
n

Pn

n∑
i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2
 .

(iii) If f is (m, M)−convex onC, then we have the following ‘sandwich’ inequality,

m

2
· 1

P 2
n

Pn

n∑
i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2
(1.3)

≤ 1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)

≤ M

2
· 1

P 2
n

Pn

n∑
i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2
 .

PROOF. If g : C ⊆ X → R is a convex mapping onC, xi ∈ C, pi ≥ 0 with Pn > 0, then,
Jensen’s inequality holds

(1.4) g

(
1

Pn

n∑
i=1

pixi

)
≤ 1

Pn

n∑
i=1

pig (xi) .

(i) Let g (x) = f (x)− α
2
· ‖x‖2, theng is convex onC and by (1.4) we get,

f

(
1

Pn

n∑
i=1

pixi

)
− α

2

∥∥∥∥∥ 1

Pn

n∑
i=1

pixi

∥∥∥∥∥
2

≤ 1

Pn

n∑
i=1

pi

[
f (xi)−

α

2
‖xi‖2

]
,

which is clearly equivalent to (1.1).
(ii) Let h (x) = β

2
· ‖x‖2 − f (x), thenh is convex onC, and by (1.4), we obtain (1.2).

(iii) Follows by(i) and(ii).

The following corollary for inner product spaces holds.

COROLLARY 1.2 (Dragomir, 2001 [37]). Let (X, 〈·, ·〉) be an inner product space,‖·‖ :=√
〈·, ·〉, C ⊆ X a convex subset onX, f : C → R, andxi ∈ C, pi ≥ 0 (i = 1, . . . , n) with

Pn > 0.

(i) If f is α−lower convex onC, then,

α

2P 2
n

∑
1≤i<j≤n

pipj ‖xi − xj‖2(1.5)

≤ 1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)
.
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(ii) If f is β−upper convex onC, then,

1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)
(1.6)

≤ β

2P 2
n

∑
1≤i<j≤n

pipj ‖xi − xj‖2 .

(iii) If f is (m, M)−convex onC, then,

m

2
· 1

P 2
n

∑
1≤i<j≤n

pipj ‖xi − xj‖2(1.7)

≤ 1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)

≤ M

2
· 1

P 2
n

∑
1≤i<j≤n

pipj ‖xi − xj‖2 .

PROOF. The argument follows by Theorem 1.1, taking into account that, for inner products,
we have: ∑

1≤i<j≤n

pipj ‖xi − xj‖2

=
1

2

n∑
i,j=1

pipj ‖xi − xj‖2 =
1

2

n∑
i,j=1

pipj

[
‖xi‖2 − 2 Re 〈xi, xj〉+ ‖xj‖2]

=
1

2

[
n∑

i=1

pi ‖xi‖2 Pn − 2 Re

〈
n∑

i=1

pixi,
n∑

j=1

pjxj

〉
+ Pn

n∑
j=1

pj ‖xj‖2

]

= Pn

n∑
i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2

.

REMARK 1.1. Results for the case of mappings defined on real intervals have been obtained
by Andrica and Raşa in [2].

Furthermore, assume that,

∆ (x) := max
1≤i<j≤n

‖xi − xj‖

and

δ (x) := min
1≤i<j≤n

‖xi − xj‖ .

The following corollary also holds.

COROLLARY 1.3 (Dragomir, 2001 [37]). Let X, C, f, xi, pi (i = 1, . . . , n) be as in Corol-
lary 1.2.
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(i) If f is α−lower convex onC with α > 0, then we have the following refinement of
Jensen’s inequality:

0 <
α

4

(
1−

∑n
i=1 p2

i

P 2
n

)
δ2 (x)(1.8)

≤ 1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)
.

(ii) If f is convex andβ−upper convex onC, then,

0 ≤ 1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)
(1.9)

≤ β

4

(
1−

∑n
i=1 p2

i

P 2
n

)
∆2 (x) .

(iii) If f is (m, M)−convex onC with m > 0, then,

m

4

(
1−

∑n
i=1 p2

i

P 2
n

)
δ2 (x)(1.10)

≤ 1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)

≤ M

4

(
1−

∑n
i=1 p2

i

P 2
n

)
∆2 (x) .

To prove the above corollary we use the following lemma which is also of inherent interest.

LEMMA 1.4 (Dragomir, 2001 [37]). Let (X, 〈·, ·〉) be an inner product space andxi ∈ X,
pi ≥ 0 (i = 1, . . . , n) with Pn > 0, then,

1

2
·
(

1−
∑n

i=1 p2
i

P 2
n

)
δ2 (x) ≤ 1

Pn

n∑
i=1

pi ‖xi‖2 −

∥∥∥∥∥ 1

Pn

n∑
i=1

pixi

∥∥∥∥∥
2

(1.11)

≤ 1

2
·
(

1−
∑n

i=1 p2
i

P 2
n

)
∆2 (x) .

PROOF. As above, we have,

1

Pn

n∑
i=1

pi ‖xi‖2 −

∥∥∥∥∥ 1

Pn

n∑
i=1

pixi

∥∥∥∥∥
2

=
1

2P 2
n

n∑
i,j=1

pipj ‖xi − xj‖2(1.12)

=
1

P 2
n

∑
1≤i<j≤n

pipj ‖xi − xj‖2 .

Obviously,

δ2 (x)
1

P 2
n

∑
1≤i<j≤n

pipj ≤
1

P 2
n

∑
1≤i<j≤n

pipj ‖xi − xj‖2(1.13)

≤ ∆2 (x)
1

P 2
n

∑
1≤i<j≤n

pipj.
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On the other hand, ∑
i,j=1

pipj =

(
n∑

i=1

pi

)2

= P 2
n

and
n∑

i,j=1

pipj =
∑

1≤i<j≤n

pipj +
∑

1≤j<i≤n

pipj +
n∑

i=j=1

pipj

= 2
∑

1≤i<j≤n

pipj +
n∑

i=1

p2
i ,

from which we obtain,

(1.14)
∑

1≤i<j≤n

pipj =
1

2

(
P 2

n −
n∑

i=1

p2
i

)
.

Now, using (1.12) - (1.14), we get the desired inequality (1.11).

2. APPLICATIONS FOR f -DIVERGENCE

In this section we apply some of the above results forf -divergence and obtain other in-
equalities that are similar, in a sense, to those presented above [37].

THEOREM 2.1 (Dragomir, 2001 [37]). Letf : R+ → R andp, q ∈ Rn
+ with Pn = Qn > 0.

(i) If f is α−lower convex onR+, then,

(2.1)
α

2
·Dχ2 (p, q) ≤ If (p, q)−Qnf (1) .

(ii) If f is β−upper convex onR+, then,

(2.2) If (p, q)−Qnf (1) ≤ β

2
·Dχ2 (p, q) .

(iii) If f is (m, M)−convex onR+, then,

(2.3)
m

2
·Dχ2 (p, q) ≤ If (p, q)−Qnf (1) ≤ M

2
·Dχ2 (p, q) ,

whereDχ2 (p, q) is theχ2−distance, i.e.,

Dχ2 (p, q) =
n∑

i=1

p2
i − q2

i

qi

.

PROOF. We follow the proof in [37].
We use Theorem 1.1 in whichf = f , C = R+, X = R+, pi → qi, xi = pi

qi
. We have,

1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)

=
1

Qn

n∑
i=1

qif

(
pi

qi

)
− f

(
1

Qn

n∑
i=1

qi ·
pi

qi

)
=

1

Qn

If (p, q)− f (1)
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and

1

P 2
n

Pn

n∑
i=1

pix
2
i −

(
n∑

i=1

pixi

)2


=
1

Q2
n

Qn

n∑
i=1

qi

(
pi

qi

)2

−

(
n∑

i=1

qi ·
pi

qi

)2
 =

1

Q2
n

[
Qn

n∑
i=1

p2
i

qi

− P 2
n

]

=
1

Qn

Dχ2 (p, q) .

Now, by (1.1)-(1.3), we obtain the desired results (2.1)-(2.3).

COROLLARY 2.2 (Dragomir, 2001 [37]). Let f : R+ → R be normalised, i.e.,f (1) = 0,
andp, q ∈ Rn

+ with Pn = Qn > 0.

(i) If f is α−lower convex onR+, then,

(2.4)
α

2
·Dχ2 (p, q) ≤ If (p, q) .

(ii) If f is β-upper convex onR+, then,

(2.5) If (p, q) ≤ β

2
·Dχ2 (p, q) .

(iii) If f is (m, M)−convex onR+, then,

(2.6)
m

2
·Dχ2 (p, q) ≤ If (p, q) ≤ M

2
·Dχ2 (p, q) .

In practical applications, it is important to have sufficient conditions for the mappingf so
that it will be α−lower convex,β−upper convex, or(m, M)-convex on a certain intervalI of
R+.

PROPOSITION2.3. Let f : I ⊆ R+ → R be a differentiable mapping on̊I(I̊ is the interior
of I).

(i) If there existsα ∈ R such that,

(2.7)
f ′ (x2)− f ′ (x1)

x2 − x1

≥ α for all x2 > x1, x2, x1 ∈ I̊;

thenf is α−lower convex onI.
(ii) If there existsβ ∈ R such that,

(2.8)
f ′ (x2)− f ′ (x1)

x2 − x1

≤ β for all x2 > x1, x2, x1 ∈ I̊;

thenf is β−upper convex onI.
(iii) If there existm,M ∈ R such thatm < M and

(2.9) m ≤ f ′ (x2)− f ′ (x1)

x2 − x1

≤ M for all x2 > x1, x2, x1 ∈ I̊,

thenf is (m, M)−convex onI.

PROOF. It is well-known that a differentiable mappingg : I → R is convex iff g′ is
monotonic nondecreasing onI̊, i.e.,g′ (x2) ≥ g′ (x1) for all x2 > x1, x1, x2 ∈I̊.

Applying this criterion to the mappingf (x) − α
2
· x2, β

2
· x2 − f (x), f (x) − m · x2

2
,

M · x2

2
− f (x), we obtain the desired results.
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PROPOSITION2.4. Letf : I ⊆ R+ → R be a twice differentiable mapping onI̊.

(i) If there existsα ∈ R such that,

(2.10) f ′′ (x) ≥ α for all x ∈ I̊,

thenf is α−lower convex onI.
(ii) If there existsβ ∈ R such that,

(2.11) f ′′ (x) ≤ β for all x ∈ I̊,

thenf is β−upper convex onI.
(iii) If there existm, M ∈ R such thatm < M and

(2.12) m ≤ f ′′ (x) ≤ M for all x ∈ I̊,

thenf is (m, M)−convex onI.

The proof is obvious by the well-known fact that a twice differentiable mappingg : I → R
is convex iffg′′ (x) ≥ 0 for all x ∈I̊.

We omit the details.
In what follows, we apply the previous result to some well-known information measures

which are Csiszárf -divergences for some appropriate choices of the mappingf.

3. APPLICATIONS FOR SOME PARTICULAR f -DIVERGENCES

PROPOSITION3.1. Letp, q ∈ Rn
+ with Pn = Qn > 0. Denoteri := pi

qi
, (i = 1, . . . , n).

(i) If ri ≤ R, i = 1, . . . , n, then,

(3.1) KL (q, p) ≥ 1

2R2
Dχ2 (p, q) .

(ii) If ri ≥ r > 0, then,

(3.2)
1

2r2
Dχ2 (p, q) ≥ KL (q, p) .

(iii) If 0 < m ≤ ri ≤ M < ∞, then,

(3.3)
1

2M2
Dχ2 (p, q) ≤ KL (q, p) ≤ 1

2m2
Dχ2 (p, q) .

PROOF. As f (t) = − log t, thenf ′ (t) = −1
t
, f ′′ (t) = 1

t2
and if t ∈ [a, b] ⊂ (0,∞), then

1
b2
≤ f ′′ (t) ≤ 1

a2 , t ∈ [a, b]. Using Proposition 2.4 and Corollary 2.2, we deduce the desired
results.

We know that forf (t) = t log t,

If (p, q) = KL (p, q) .

If we apply Corollary 2.2 for the mappingf (t) = t log t, we can, therefore, state the following
proposition.

PROPOSITION3.2. Letp, q ∈ Rn
+ with Pn = Qn > 0 andri := pi

qi
(i = 1, . . . , n).

(i) If ri ≤ R, (i = 1, . . . , n), then,

(3.4)
1

2R
Dχ2 (p, q) ≤ KL (p, q) .

(ii) If ri ≥ r > 0, then,

(3.5) KL (p, q) ≤ 1

2r
Dχ2 (p, q) .
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(iii) If 0 < m ≤ ri ≤ M , (i = 1, . . . , n), then,

(3.6)
1

2M
Dχ2 (p, q) ≤ KL (p, q) ≤ 1

2m
Dχ2 (p, q) .

Now, let us consider the Rényiα−distance (α > 1).

PROPOSITION3.3. Letp, q ∈ Rn
+, Pn = Qn > 0 andri := pi

qi
, (i = 1, . . . , n).

(i) We have the inequalities,

(3.7) Dα (p, q)− Pn ≥



α(α−1)rα−2

2
Dχ2 (p, q)

if α ∈ [2,∞) andri ≥ r > 0, (i = 1, . . . , n) ,

α(α−1)Rα−2

2
Dχ2 (p, q)

if α ∈ (1, 2) andri ≤ R (i = 1, . . . , n) .

(ii)

(3.8) Dα (p, q)− Pn ≤



α(α−1)
2

Rα−2Dχ2 (p, q)

if α ∈ [2,∞) andri ≤ R (i = 1, . . . , n) ,

α(α−1)
2

rα−2Dχ2 (p, q)

if α ∈ (1, 2) andri ≥ r (i = 1, . . . , n) .

(iii) If m ≤ ri ≤ M andα ∈ [2,∞), then,

α (α− 1)

2
mα−2Dχ2 (p, q) ≤ Dα (p, q)− Pn(3.9)

≤ α (α− 1)

2
Mα−2Dχ2 (p, q) .

If α ∈ (1, 2), then the reverse inequality holds in (3.9).

Now considerHellinger discrimination[9].

PROPOSITION3.4. Letp, q ∈ Rn
+ with Pn = Qn > 0. Denoteri := pi

qi
(i = 1, . . . , n).

(i) If ri ≤ R (i = 1, . . . , n), then,

(3.10)
1

8
√

R3
Dχ2 (p, q) ≤ h2 (p, q) .

(ii) If ri ≥ r > 0, then,

(3.11) h2 (p, q) ≤ 1

8
√

r3
Dχ2 (p, q) .

(iii) If 0 < m ≤ ri ≤ M , then,

(3.12)
1

8
√

M3
Dχ2 (p, q) ≤ h2 (p, q) ≤ 1

8
√

m3
Dχ2 (p, q) .
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PROOF. As f (t) = 1
2

(√
t− 1

)2
, we havef ′ (t) = 1

2
− 1

2
√

t
, f ′′ (t) = 1

4
√

t3
and then

α = inf
0<t≤R

f ′′ (t) =
1

4
√

R3
,

β = sup
t≥r

f ′′ (t) =
1

4
√

r3
.

Using Corollary 2.2 forf as above, we obtain the desired inequalities.

Consider now the Bhattacharyya distance.

PROPOSITION3.5. Letp, q ∈ Rn
+ with Pn = Qn > 0. Denoteri := pi

qi
(i = 1, . . . , n).

(i) If ri ≤ R (i = 1, . . . , n), then,

(3.13)
1

8
√

R3
Dχ2 (p, q) ≤ Pn −B (p, q) .

(ii) If ri ≥ r > 0 (i = 1, . . . , n), then,

(3.14) Pn −B (p, q) ≤ 1

8
√

r3
Dχ2 (p, q) .

(iii) If 0 < m ≤ ri ≤ M , then,

(3.15)
1

8
√

M3
Dχ2 (p, q) ≤ Pn −B (p, q) ≤ 1

8
√

m3
Dχ2 (p, q) .

The proof follows by Theorem 2.1 applied for the mappingf (t) = −
√

t.
Now consider theHarmonic distance(see for example [88])

M (p, q) :=
n∑

i=1

2piqi

pi + qi

.

If f (t) = − 2t
t+1

, t ∈ (0,∞), then obviously,

f ′ (t) = − 2

(t + 1)2 , t > 0

f ′′ (t) =
4

(t + 1)3 , t > 0

and
If (p, q) = −M (p, q) .

PROPOSITION3.6. Letp, q ∈ Rn
+ with Pn = Qn > 0. Denoteri := pi

qi
(i = 1, . . . , n).

(i) If ri ≤ R (i = 1, . . . , n), then,

(3.16)
2

(R + 1)3Dχ2 (p, q) ≤ Pn −M (p, q) .

(ii) If ri ≥ r > 0, then,

(3.17) Pn −M (p, q) ≤ 2

(r + 1)3Dχ2 (p, q) .

(iii) If 0 < m ≤ ri ≤ M , then we have the ‘sandwich’ inequality,

(3.18)
2

(M + 1)3Dχ2 (p, q) ≤ Pn −M (p, q) ≤ 2

(m + 1)3Dχ2 (p, q) .
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The proof follows by Theorem 2.1 applied for the mappingf (t) = − 2t
t+1

.
Finally, considerJeffreys’ distance(see for example [88]).

PROPOSITION3.7. Letp, q ∈ Rn
+ with Pn = Qn > 0. Denoteri := pi

qi
(i = 1, . . . , n).

(i) If ri ≤ R (i = 1, . . . , n), then,

(3.19)
R + 1

2R2
Dχ2 (p, q) ≤ J (p, q) .

(ii) If ri ≥ r > 0 (i = 1, . . . , n), then,

(3.20) J (p, q) ≤ r + 1

2r2
Dχ2 (p, q) .

(iii) If 0 < m ≤ ri ≤ M , then,

(3.21)
M + 1

2M2
Dχ2 (p, q) ≤ J (p, q) ≤ m + 1

2m2
Dχ2 (p, q) .
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CHAPTER 3

Inequalities in Terms of Kullback-Leibler Distance

In this chapter various inequalities for generalf -divergence in terms of the well known
Kullback-Leibler distance are established. Particular inequalities of interest for various other
divergence measures in terms of this distance are provided.

1. UPPER AND L OWER BOUNDS IN THE GENERAL CASE

The following result concerning an upper and a lower bound for thef -divergence in terms of
the Kullback-Leibler distanceKL (p, q) holds. This result complements, in a sense, the results
presented above [42].

THEOREM1.1 (Dragomir, 2003 [42]). Assume that the generating mappingf : (0,∞) → R
is normalised, i.e.,f (1) = 0 and satisfies the assumptions,

(i) f is twice differentiable on(r, R) , where0 ≤ r ≤ 1 ≤ R ≤ ∞;
(ii) there exist real constantsm, M such that

(1.1) m ≤ tf ′′ (t) ≤ M for all t ∈ (r, R) .

If p, q are discrete probability distributions satisfying the assumption,

(1.2) r ≤ ri :=
pi

qi

≤ R for all i ∈ {1, . . . , n} ,

then we have the inequality,

(1.3) mKL (p, q) ≤ If (p, q) ≤ MKL (p, q) .

PROOF. Define the mappingFm : (0,∞) → R, Fm (t) = f (t) − mt ln t, thenFm (·) is
normalised, twice differentiable and since,

(1.4) F ′′
m (t) = f ′′ (t)− m

t
=

1

t
(tf ′′ (t)−m) ≥ 0

for all t ∈ (r, R), it follows thatFm (·) is convex on(r, R) . Applying the nonnegativity property
of thef -divergence functional forFm (·) and the linearity property, we have,

0 ≤ IFm (p, q) = If (p, q)−mI(·) ln(·) (p, q)(1.5)

= If (p, q)−mKL (p, q)

from which the first inequality in (1.3) is obtained.
Define FM : (0,∞) → R, FM (t) := Mt ln t − f (t), which is obviously normalised,

twice differentiable and by (1.1), convex on(r, R). Applying the nonnegativity property of
f -divergence forFM , we obtain the second part of (1.3).

REMARK 1.1. If in (1.1) we have the strict inequality for anyt ∈ (r, R), then the mappings
Fm andFM are strictly convex and the case of equality holds in (1.3) iffp = q.

REMARK 1.2. It is important to note that iff is twice differentiable on(0,∞) and0 <
m ≤ tf ′′ (t) ≤ M < ∞ for any t ∈ (0,∞) , then inequality (1.3) holds for any probability
distributionsp, q.
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The following theorem concerning the convexity property of thef -divergence also holds
[42].

THEOREM 1.2 (Dragomir, 2003 [42]). Assume thatf satisfies the assumptions(i) and(ii)
from Theorem 1.1. Ifp(j), q(j) (j = 1, 2) are probability distributions satisfying (1.2), i.e.,

(1.6) r ≤ p
(j)
i

q
(j)
i

≤ R for all i ∈ {1, . . . , n} and j ∈ {1, 2} ,

then,

(1.7) r ≤ λp
(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

≤ R for all i ∈ {1, . . . , n} and λ ∈ [0, 1]

and

m

[
KL

(
λp(1) + (1− λ) p(2), λq(1) + (1− λ) q(2)

)
(1.8)

− λKL
(
p(1), q(1)

)
− (1− λ) KL

(
p(2), q(2)

) ]
≤ If

(
λp(1) + (1− λ) p(2), λq(1) + (1− λ) q(2)

)
− λIf

(
p(1), q(1)

)
− (1− λ) If

(
p(2), q(2)

)
≤ M

[
KL

(
λp(1) + (1− λ) p(2), λq(1) + (1− λ) q(2)

)
− λKL

(
p(1), q(1)

)
− (1− λ) KL

(
p(2), q(2)

) ]
for all λ ∈ [0, 1].

PROOF. We follow the proof in [42].
By (1.6),

(1.9) rλq
(1)
i ≤ λp

(1)
i ≤ λRq

(1)
i for all i ∈ {1, . . . , n}

and

(1.10) r (1− λ) q
(2)
i ≤ (1− λ) p

(2)
i ≤ R (1− λ) q

(2)
i for all i ∈ {1, . . . , n} .

Summing (1.9) and (1.10), we obtain (1.7).
It is already known that the mappingsFm, FM as defined in Theorem 1.1 are convex and

normalised.
Applying the “Joint Convexity Principle” forIFm (·, ·), i.e.,

(1.11) IFm

(
λ
(
p(1), q(1)

)
+ (1− λ)

(
p(2), q(2)

))
≤ λIFm

(
p(1), q(1)

)
+ (1− λ) IFm

(
p(2), q(2)

)
and rearranging the terms, we obtain the first inequality in (1.8).

The second inequality follows likewise if we apply the same property to thef -divergence
IFM

(·, ·) .

REMARK 1.3. If m > 0 in (1.1), then the inequality (1.3) is a better result than the positivity
property of thef -divergence. The same will apply for the joint convexity of thef -divergence if
m > 0.
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Using inequality (1.4) which holds forf differentiable convex and normalised forp, q prob-
ability distributions, we can state the following theorem as well [42].

THEOREM 1.3 (Dragomir, 2003 [42]). Let f : [0,∞) → R be a normalised mapping, i.e.,
f (1) = 0 and which satisfies the assumptions:

(i) f is twice differentiable on(r, R), where0 ≤ r ≤ 1 ≤ R ≤ ∞;
(ii) there exist constantsm, M such that,

(1.12) m ≤ tf ′′ (t) ≤ M for all t ∈ (r, R) .

If p, q are discrete probability distributions satisfying the assumption

(1.13) r ≤ ri =
pi

qi

≤ R for all i ∈ {1, . . . , n} ,

then we have the inequality,

If ′

(
p2

q
, p

)
− If ′ (p, q)−MD (q, p)(1.14)

≤ If (p, q)

≤ If ′

(
p2

q
, p

)
− If ′ (p, q)−mD (q, p) .

PROOF. We follow the proof in [42].
We know (see the proof of Theorem 1.1) that the mappingFm : (0,∞) → R, Fm (t) =

f (t)−mt ln t is normalised, twice differentiable and convex on(r, R).
If we apply the second inequality from (1.4) forFm, we may write:

(1.15) IFm (p, q) ≤ IF ′
m

(
p2

q
, p

)
− IF ′

m
(p, q) .

However,

IFm (p, q) = If (p, q)−mKL (q, p) ,

IF ′
m

(
p2

q
, p

)
= If ′(·)−m[ln(·)+1]

(
p2

q
, p

)
= If ′

(
p2

q
, p

)
−mIln(·)

(
p2

q
, p

)
−m

= If ′

(
p2

q
, p

)
+ mKL

(
p,

p2

q

)
−m

and
IF ′

m
(p, q) = If ′ (p, q) + mKL (q, p)−m.

Consequently, by (1.15), we have,

If (p, q)−mKL (p, q)

≤ If ′

(
p2

q
, p

)
+ mKL

(
p,

p2

q

)
−m− If ′ (p, q)−mKL (q, p) + m

= If ′

(
p2

q
, p

)
+ m

(
KL

(
p,

p2

q

)
−KL (q, p)

)
− If ′ (p, q) .

As a simple computation shows thatKL
(
p, p2

q

)
= −KL (p, q) , the second inequality in (1.14)

is proved.
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ConsiderFM (t) := Mt ln t−f (t), which is obviously normalised, twice differentiable and
convex on(r, R).

If we apply the second inequality from (1.4) forFM , we may write:

(1.16) IFM
(p, q) ≤ IF ′

M

(
p2

q
, p

)
− IF ′

M
(p, q) .

However,

IFM
(p, q) = MKL (p, q)− If (p, q) ;

IF ′
M

(
p2

q
, p

)
= −MKL

(
p,

p2

q

)
+ M − If ′

(
p2

q
, p

)
;

IF ′
M

(p, q) = −MKL (q, p) + M − If ′ (p, q)

and then, by (1.16), we get,

MKL (p, q)− If (p, q)

≤ −MKL

(
p,

p2

q

)
+ M − If ′

(
p2

q
, p

)
+ MKL (q, p)−M + If ′ (p, q) ,

which is equivalent to the first part of (1.14).

REMARK 1.4. The inequality (1.14) is obviously equivalent to,

mKL (q, p) ≤ If ′

(
p2

q
, p

)
− If ′ (p, q)− If (p, q) ≤ MKL (q, p) .

The above results have natural applications when the Kullback-Leibler distance is compared
with a number of other divergence measures arising in Information Theory.

2. SOME PARTICULAR CASES

Using Theorem 1.1, we are able to point out the following particular cases which may be of
interest in Information Theory.

PROPOSITION2.1. Letp, q be two probability distributions with the property that

(2.1) 0 < r ≤ pi

qi

= ri ≤ R < ∞ for all i ∈ {1, . . . , n} ,

then,

(2.2)
1

R
KL (p, q) ≤ KL (q, p) ≤ 1

r
KL (p, q) .

PROOF. Consider the mappingf : [r, R] → R, f (t) = − ln t. Defineg (t) = tf ′′ (t) =
t ·
(

1
t2

)
= 1

t
. Obviously,

sup
t∈[r,R]

g (t) =
1

r
and inf

t∈[r,R]
g (t) =

1

R
.

Also,

If (p, q) = −
n∑

i=1

qi ln

(
pi

qi

)
=

n∑
i=1

qi ln

(
qi

pi

)
= KL (q, p) .

Using (1.3) withm = 1
R

andM = 1
r
, we deduce the desired inequality.
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COROLLARY 2.2. With the above assumptions forp andq, we have:

(2.3) r ≤ KL (p, q)

KL (q, p)
≤ R.

COROLLARY 2.3. Assume thatp, q satisfy the condition,

(2.4)

∣∣∣∣pi

qi

− 1

∣∣∣∣ ≤ ε for all i ∈ {1, . . . , n} ,

then, ∣∣∣∣KL (p, q)

KL (q, p)
− 1

∣∣∣∣ ≤ ε.

The following proposition connecting theχ2−distance with the Kullback-Leibler distance
also holds.

PROPOSITION2.4. Let p, q be two probability distributions satisfying the condition (2.1),
then we have the inequality:

(2.5) 2r ≤
Dχ2 (p, q)

KL (p, q)
≤ 2R.

PROOF. Consider the mappingf : [r, R] → R, f (t) = (t− 1)2 . Defineg (t) = tf ′′ (t) =
2t, then, obviously,

sup
t∈[r,R]

g (t) = 2R and inf
t∈[r,R]

g (t) = 2r.

Since
If (p, q) = Dχ2 (p, q) ,

then, applying (1.3) form = 2r andM = 2R, we deduce the desired inequality.

REMARK 2.1. The following inequality is well known in the literature

(2.6) KL (p, q) ≤ Dχ2 (p, q) .

For a simple proof of this fact as well as for different applications in Information Theory, see
[11].
Now, observe that from the first inequality in (2.5), we have,

(2.7) KL (p, q) ≤ 1

2r
Dχ2 (p, q) .

We note that if 1
2r
≤ 1 i.e.,r ≥ 1

2
, the inequality (2.7) is better than (2.6).

The following corollary is obvious.

COROLLARY 2.5. Assume that the probability distributionsp, q satisfy the condition (2.4),
then,

(2.8)
1

2

∣∣∣∣Dχ2 (p, q)

KL (p, q)
− 2

∣∣∣∣ ≤ ε.

PROPOSITION2.6. Assume that the probability distributionsp, q satisfy the condition (2.1),
then we have,

(2.9)
1

4
√

R
KL (p, q) ≤ h2 (p, q) ≤ 1

4
√

r
KL (p, q) .
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PROOF. Consider the mappingf (t) = 1
2

(√
t− 1

)2
, giving f ′ (t) = 1

2
− 1

2
√

t
andf ′′ (t) =

1

4
√

t3
. Defineg : [r, R] → R whereg is given by,

g (t) = tf ′′ (t) =
1

4
√

t
.

Clearly,

sup
t∈[r,R]

g (t) =
1

4
√

r
and inf

t∈[r,R]
g (t) =

1

4
√

R
.

Since
If (p, q) = h2 (p, q) ,

then by (1.3) form = 1
4
√

R
andM = 1

4
√

r
, we deduce the desired inequality (2.9).

REMARK 2.2. The following inequality is well known in the literature (see for example
[27]):

(2.10) KL (p, q) ≥ 2h2 (p, q)

for two p, q probability distributions.
From the second inequality in (2.9), we have,

(2.11) KL (p, q) ≥ 4
√

rh2 (p, q) .

We remark that if4
√

r ≥ 2, i.e.,r ≥ 1
4
, then the inequality in (2.11) is better than (2.10).

The following result establishes a connection between the triangular discrimination∆ (see
Remark 3.1) and the Kullback-Leibler distance.

PROPOSITION2.7. Assume that the probability distributionsp, q satisfy the condition (2.1).

(i) If 0 < r ≤ 1
2
, then we have,

(2.12) 8 min

{
r

(r + 1)3 ,
R

(R + 1)3

}
KL (p, q) ≤ ∆ (p, q) ≤ 32

27
KL (p, q) .

(ii) If 1
2

< r < 1, then,

(2.13)
8R

(R + 1)3KL (p, q) ≤ ∆ (p, q) ≤ 8r

(r + 1)3KL (p, q) .

PROOF. Consider the mappingf (t) = (t−1)2

t+1
. We have,

f ′ (t) = 1− 4

(t + 1)2

and

f ′′ (t) =
8

(t + 1)3 .

Define

g : [r, R] → R, g (t) = tf ′′ (t) =
8t

(t + 1)3 , t ∈ [r, R] ,

giving,

g′ (t) =
8 (1− 2t)

(t + 1)4 ,
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which shows thatg has its maximum realized att0 = 1
2

and

max
t∈(0,∞)

g (t) = g

(
1

2

)
=

32

27
.

We have the two cases:
1) If 0 < r ≤ 1

2
, then,

sup
t∈[r,R]

g (t) =
32

27
and

inf
t∈[r,R]

g (t) = min [g (r) , g (R)] = min

{
8r

(r + 1)3 ,
8R

(R + 1)3

}
.

2) If 1
2

< r < 1, then,

sup
t∈[r,R]

g (t) = g (r) =
8r

(r + 1)3 and

inf
t∈[r,R]

g (t) = g (R) =
8R

(R + 1)3 .

Applying (1.3), we deduce (2.12) and (2.13). We omit the details.

REMARK 2.3. It is clear, by the above arguments, that for every probability distribution we
have the inequality

(2.14) ∆ (p, q) ≤ 32

27
KL (p, q) .

We know that (see Topsoe [127])

(2.15) 2h2 (p, q) ≤ ∆ (p, q) ≤ 4h2 (p, q) .

Now, asKL (p, q) ≥ 2h2 (p, q), then we obtain,

(2.16) ∆ (p, q) ≤ 2KL (p, q) ,

which is not as good as our result (2.14).

Let us now compare theRényidivergence with the Kullback-Leibler distance.

PROPOSITION2.8. Assume that the probability distributionsp, q satisfy the condition (2.1),
then,

α (α− 1) rα−1KL (p, q) + 1 ≤ exp [α (α− 1) Rα (p, q)](2.17)

≤ α (α− 1) Rα−1KL (p, q) + 1

for α > 1.

PROOF. Consider the mappingf : (0,∞) → R, f (t) = tα − 1, α > 1, giving f ′ (t) =
αtα−1 andf ′′ (t) = α (α− 1) tα−2. Defineg : [r, R] → R, g (t) = tf ′′ (t) = α (α− 1) tα−1. It
is obvious that,

sup
t∈[r,R]

g (t) = α (α− 1) Rα−1 and inf
t∈[r,R]

g (t) = α (α− 1) rα−1.

Now, observe thatf (1) = 0, i.e., f is normalised and so we can apply the inequality (1.3)
getting,

α (α− 1) rα−1KL (p, q) ≤
n∑

i=1

qi

[(
pi

qi

)α

− 1

]
≤ α (α− 1) Rα−1KL (p, q) ,

AJMAA, Vol. 15, No. 1, Art. 1, pp. 1-275, 2018 AJMAA

http://ajmaa.org


44 S. S. DRAGOMIR

i.e.,
α (α− 1) rα−1KL (p, q) + 1 ≤ ρα (p, q) ≤ α (α− 1) Rα−1KL (p, q) + 1

and the proposition is proved.

We define theBhattacharyya distanceby (see [11]) γ (p, q) = − ln [B (p, q)] .

PROPOSITION2.9. Assume that the probability distributionsp, q satisfy the condition (2.1),
then,

(2.18) 4
√

r [1− exp [−γ (p, q)]] ≤ KL (p, q) ≤ 4
√

R [1− exp [−γ (p, q)]] .

PROOF. Consider the mappingf : (0,∞) → R, f (t) =
√

t − 1, thenf is normalised,
f ′ (t) = 1

2
t−

1
2 , f ′′ (t) = −1

4
t−

3
2 . Defineg : [r, R] → R, g (t) = tf ′′ (t) = −1

4
t−

1
2 . It is obvious

that,

sup
t∈[r,R]

g (t) = g (R) = − 1

4
√

R
, inf

t∈[r,R]
g (t) = g (r) = − 1

4
√

r
.

Applying (1.3), we have:

− 1

4
√

r
KL (p, q) ≤

n∑
i=1

qi

(√
pi

qi

− 1

)
≤ − 1

4
√

R
KL (p, q) ,

i.e.,

1− 1

4
√

r
KL (p, q) ≤ B (p, q) ≤ 1− 1

4
√

R
KL (p, q) ,

which is equivalent to (2.18).

We define theharmonicdivergence bym (p, q) := 1−M (p, q) , where,

M (p, q) :=
n∑

i=1

2piqi

pi + qi

.

PROPOSITION2.10. Assume thatp, q are two discrete probability distributions, then,

(2.19) 0 ≤ m (p, q) ≤ 16

27
KL (p, q) .

PROOF. Consider the mappingf : (0,∞) → R, f (t) = 2t
t+1

− 1, thenf is normalised and

f ′ (t) =
2

(t + 1)2 , f ′′ (t) =
−4

(t + 1)3 .

Defineg : [r, R] → R, g (t) = tf ′′ (t) = −4t
(t+1)3

, then,

g′ (t) =
4 (2t− 1)

(t + 1)4 .

It is clear thatg is monotonic decreasing on
[
0, 1

2

)
and monotonic increasing on

(
1
2
,∞
)
. We

have,

inf
t∈(0,∞)

g (t) = g

(
1

2

)
= −16

27
,

sup
t∈(0,∞)

g (t) = 0.

Applying the inequality (1.3) form = −16
27

andM = 0, we deduce,

−16

27
KL (p, q) ≤

n∑
i=1

qi

{[
2pi

qi

pi

qi
+ 1

]
− 1

}
≤ 0,
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which is equivalent to,

−16

27
KL (p, q) ≤ M (p, q)− 1 ≤ 0

and the inequality (2.19) is proved.

The above result can be improved if we know more information aboutri := pi

qi
, i = 1, . . . , n.

PROPOSITION2.11. Assume thatp, q satisfy the condition (1.2).

(i) If r ∈
(
0, 1

2

)
, then,

1− 16

27
KL (p, q) ≤ M (p, q)(2.20)

≤ 1− 4 min

{
r

(r + 1)3 ,
R

(R + 1)3

}
KL (p, q) .

(ii) If r ∈
[

1
2
, 1
)
, then,

(2.21) 1− 4r

(r + 1)3KL (p, q) ≤ M (p, q) ≤ 1− 4R

(R + 1)3KL (p, q) .

PROOF. (1)
(i) If r ∈

(
0, 1

2

)
, then,

−16

27
≤ g (t) ≤ max {g (r) , g (R)}

= max

{
− 4r

(r + 1)3 ,− 4R

(R + 1)3

}
= −4 min

{
r

(r + 1)3 ,
R

(R + 1)3

}
, t ∈ [r, R] .

and then, applying (1.3), we may write,

−16

27
KL (p, q) ≤ M (p, q)− 1 ≤ −4 min

{
r

(r + 1)3 ,
R

(R + 1)3

}
KL (p, q) ,

and the inequality (2.20) is proved.
(ii) If r ∈

[
1
2
, 1
)
, then,

g (r) ≤ g (t) ≤ g (R) for all t ∈ [r, R] ,

that is,

− 4r

(r + 1)3 ≤ g (t) ≤ − 4R

(R + 1)3 , t ∈ [r, R] .

Applying (1.3), we deduce (2.21).

Let us now considerJ-divergence[84].

PROPOSITION2.12. Assuming thatp, q satisfy the condition (1.2), then,

(2.22)
R + 1

R
KL (p, q) ≤ J (p, q) ≤ r + 1

r
KL (p, q) .
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PROOF. Considerf (t) = (t− 1) ln t, thenf ′ (t) = ln t − 1
t
+ 1 andf ′′ (t) = t+1

t2
. Define

g (t) = tf ′′ (t) = 1 + 1
t
. Obviously,

sup
t∈[r,R]

g (t) = 1 +
1

r
, inf

t∈[r,R]
g (t) = 1 +

1

R
.

Now, using (1.3), forM = r+1
1

, m = R+1
R

, we obtain the desired result.

REMARK 2.4. Similar results can be obtained by applying Theorem 1.3.
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CHAPTER 4

Inequalities in Terms of Hellinger Discrimination

In this chapter various inequalities for generalf -divergence in terms of the well known
Hellinger discrimination are established. Particular inequalities of interest for various other
divergence measures in terms of this discrimination are provided.

1. GENERAL BOUNDS IN TERMS OF HELLINGER DISCRIMINATION

The following result concerning an upper and a lower bound for the Csiszárf -divergence in
terms of the Hellinger discriminationh2 (p, q) holds. These results will complement, in a sense,
the ones presented above [41].

THEOREM1.1 (Dragomir, 2002 [41]). Assume that the generating mappingf : (0,∞) → R
is normalized, i.e.,f (1) = 0 and satisfies the assumptions,

(i) f is twice differentiable on(r, R), where0 ≤ r ≤ 1 ≤ R ≤ ∞,
(ii) there exists real constantsm, M such that,

(1.1) m ≤ t
3
2 f ′′ (t) ≤ M for all t ∈ (r, R) .

If p, q are discrete probability distributions verifying the assumption,

(1.2) r ≤ ri :=
pi

qi

≤ R for all i ∈ {1, . . . , n} ,

then we have the inequality,

(1.3) 4mh2 (p, q) ≤ If (p, q) ≤ 4Mh2 (p, q) .

PROOF. We follow the proof in [41].
Define the mappingHm : (0,∞) → R, Hm (t) = f (t) − 2m

(√
t− 1

)2
. It follows that

Hm (·) is normalised, twice differentiable and since,

(1.4) H ′′
m (t) = f ′′ (t)− m

t
3
2

=
1

t
3
2

(
t

3
2 f ′′ (t)−m

)
≥ 0

for all t ∈ (a, b), this is implied by the first inequality in (1.1). Thus, the mappingHm (·) is
convex on(r, R) .

Applying the nonnegativity property of thef -divergence functional forHm (·) and the lin-
earity, we have that,

0 ≤ IHm (p, q) = If (p, q)− 2mI
(
√
·−1)

2 (p, q)(1.5)

= If (p, q)− 4mh2 (p, q) ,

giving the first inequality in (1.3).
DefineHM : (0,∞) → R, HM (t) = 2M

(√
t− 1

)2−f (t) which obviously is normalised,
twice differentiable and, by (1.1), convex on(r, R).

Applying the nonnegativity property off -divergence forIHM
, we obtain the second part of

(1.3).

47
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The following theorem concerning the convexity property of thef -divergence also holds
[41].

THEOREM 1.2 (Dragomir, 2002 [41]). Assume thatf satisfies the assumptions(i) and(ii)
from Theorem 1.1. Ifp(j), q(j) (j = 1, 2) are probability distributions satisfying (1.2), that is,

(1.6) r ≤ p
(j)
i

q
(j)
i

≤ R for all i ∈ {1, . . . , n} and j ∈ {1, 2} ,

then,

(1.7) r ≤ λp
(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

≤ R for all i ∈ {1, . . . , n} and λ ∈ [0, 1]

and

4m
[
h2
(
λp(1) + (1− λ) p(2), λq(1) + (1− λ) q(2)

)
(1.8)

− λh2
(
p(1), q(1)

)
− (1− λ) h2

(
p(2), q(2)

) ]
≤ If

(
λp(1) + (1− λ) p(2), λq(1) + (1− λ) q(2)

)
− λIf

(
p(1), q(1)

)
− (1− λ) If

(
p(2), q(2)

)
≤ 4M

[
h2
(
λp(1) + (1− λ) p(2), λq(1) + (1− λ) q(2)

)
− λh2

(
p(1), q(1)

)
− (1− λ) h2

(
p(2), q(2)

) ]
for all λ ∈ [0, 1].

PROOF. We follow the proof in [41].
By (1.6), we have

(1.9) rλq
(1)
i ≤ λp

(1)
i ≤ λRq

(1)
i for all i ∈ {1, . . . , n}

and

(1.10) r (1− λ) q
(2)
i ≤ (1− λ) p

(2)
i ≤ R (1− λ) q

(2)
i for all i ∈ {1, . . . , n} .

Summing (1.9) and (1.10), we obtain (1.7).
It is known that the mappingsHm, HM as defined in Theorem 1.1 are convex and nor-

malised.
Applying the “Joint Convexity Principle” forIHm (·, ·), i.e.,

(1.11) IHm

(
λ
(
p(1), q(1)

)
+ (1− λ)

(
p(2), q(2)

))
≤ λIHm

(
p(1), q(1)

)
+ (1− λ) IHm

(
p(2), q(2)

)
and rearranging the terms, we obtain the first inequality in (1.8).

The second inequality follows likewise if we apply the same property to thef -divergence
IHM

(·, ·).

REMARK 1.1. If m > 0 in (1.1), then the inequality (1.3) is a better result than the positivity
property of thef -divergence. The same will apply for the joint convexity of thef -divergence if
m > 0.

Using the inequality (1.4) which holds forf being a differentiable convex and normalised
function, forp, q probability distributions, we can state the following theorem.

THEOREM 1.3 (Dragomir, 2002 [41]). Let f : [0,∞) → R be a normalised mapping
satisfying
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(i) f is twice differentiable on(r, R), where0 ≤ r ≤ 1 ≤ R ≤ ∞;
(ii) there exist constantsm, M such that,

(1.12) m ≤ t
3
2 f ′′ (t) ≤ M for all t ∈ (r, R) .

If p, q are discrete probability distributions verifying the assumption,

(1.13) r ≤ ri :=
pi

qi

≤ R for all i ∈ {1, . . . , n} ,

then we have the inequality,

If ′

(
p2

q
, p

)
− If ′ (p, q)− 2MC (p, q) + 4Mh2 (p, q)(1.14)

≤ If (p, q)

≤ If ′

(
p2

q
, p

)
− If ′ (p, q)− 2mC (p, q) + 4mh2 (p, q) ,

whereC (p, q) :=
∑n

i=1 (qi − pi)
√

qi

pi
.

PROOF. We follow the proof in [41].
We know (see the proof of Theorem 1.1), that the mappingHm : [0,∞) → R, Hm (t) :=

f (t)− 2m
(√

t− 1
)2

is normalised, twice differentiable and convex on(r, R).
If we apply the second inequality from (1.4) forHm, we may write,

(1.15) IHm (p, q) ≤ IH′
m

(
p2

q
, p

)
− IH′

m
(p, q) .

However,

IHm (p, q) = If (p, q)− 4mh2 (p, q) ,

IH′
m

(
p2

q
, p

)
= I

f ′(·)−4m
�

1
2
− 1

2
√
·

�
(

p2

q
, p

)
= If ′

(
p2

q
, p

)
− 2m + 2mI 1√

·

(
p2

q
, p

)

= If ′

(
p2

q
, p

)
− 2m + 2m

n∑
i=1

pi

 1√
p2

i

qi
· 1

pi


= If ′

(
p2

q
, p

)
− 2m + 2m

n∑
i=1

pi

√
qi

pi

= If ′

(
p2

q
, p

)
− 2m + 2m

n∑
i=1

√
piqi
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and

IH′
m

(p, q) = If ′ (p, q)− 2m + 2mI 1√
·
(p, q)

= If ′ (p, q)− 2m + 2m
n∑

i=1

qi

 1√
pi

qi


= If ′ (p, q)− 2m + 2m

n∑
i=1

qi

√
qi

pi

and so, by (1.15), we obtain,

If (p, q)− 4mh2 (p, q)

≤ If ′

(
p2

q
, p

)
− 2m + 2m

n∑
i=1

pi

√
qi

pi

− If ′ (p, q) + 2m− 2m
n∑

i=1

qi

√
qi

pi

,

which is equivalent to the second inequality in (1.14).
If we considerHM (t) := 2M

(√
t− 1

)2 − f (t), t ≥ 0, then we observe thatHM (·) is
normalised, twice differentiable and convex on(r, R). Applying the second inequality from
(1.4), we deduce the first part of (1.14).

The above results have natural applications when the Hellinger distance is compared with a
number of other divergence measures.

2. SOME PARTICULAR CASES

Using Theorem 1.1, we are able to point out the following particular cases which are of
interest.

PROPOSITION2.1. Letp, q be two probability distributions with the property that,

(2.1) 0 < r ≤ pi

qi

=: qi ≤ R < ∞ for all i ∈ {1, . . . , n} ,

then,

(2.2) 4
√

rh2 (p, q) ≤ KL (p, q) ≤ 4
√

Rh2 (p, q) .

PROOF. Consider the mappingf : (0,∞) → R, f (t) = t ln t, then,

f ′′ (t) =
1

t
, t ∈ (0,∞) .

Consider the mappingg : [r, R] → R, g (t) = t
3
2 · 1

t
= t

1
2 , then

inf
t∈[r,R]

g (t) =
√

r, sup
t∈[r,R]

g (t) =
√

R.

Therefore, applying (1.3) withm =
√

r, M =
√

R, we obtain (2.2).

REMARK 2.1. The following inequality is well known in the literature (see for example
Dacunha-Castelle [27]):

(2.3) KL (p, q) ≥ 2h2 (p, q)

for anyp, q probability distributions.
From the first inequality in (2.2) we have,

(2.4) KL (p, q) ≥ 4
√

rh2 (p, q) .
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We note that if4
√

r ≥ 2, i.e.,r ≥ 1
4
, then the inequality (2.4) is better than (2.3).

PROPOSITION2.2. Letp, q be two probability distributions with the property (2.1), then,

(2.5)
4√
R

h2 (p, q) ≤ KL (q, p) ≤ 4√
r
h2 (p, q) .

PROOF. Consider the mappingf : [r, R] → R, f (t) = − ln t. Defineg (t) = t
3
2 f ′′ (t) =

1√
t
, then,

sup
t∈[r,R]

g (t) =
1√
r
, inf

t∈[r,R]
g (t) =

1√
R

.

In addition,

If (p, q) = −
n∑

i=1

qi ln

(
pi

qi

)
=

n∑
i=1

qi ln

(
qi

pi

)
= D (q, p) .

Using (2.2), we get the desired inequality (2.5).

The following result for theχ2−distance also holds.

PROPOSITION2.3. Let p, q be two probability distributions satisfying the condition (2.1),
then,

(2.6) 8r
3
2 h2 (p, q) ≤ Dχ2 (p, q) ≤ 8R

3
2 h2 (p, q) .

PROOF. Consider the mappingf : (0,∞) → R, f (t) = (t− 1)2. Defineg : [r, R] → R,
g (t) = t

3
2 f ′′ (t) = 2t

3
2 . Obviously,

sup
t∈[r,R]

g (t) = 2R
3
2 and inf

t∈[r,R]
g (t) = 2r

3
2 .

Since
If (p, q) = Dχ2 (p, q) ,

then, applying the inequality (1.3) withm = 2r
3
2 , M = 2R

3
2 , we get the desired inequality

(2.6).

Now, let us consider theJ−divergence[84].

PROPOSITION2.4. Letp, q be two probability distributions, then we have the inequality,

(2.7) 8h2 (p, q) ≤ J (p, q) .

PROOF. Consider the mappingf : (0,∞) → R, f (t) = (t− 1) ln t. Defineg : [r, R] → R,

g (t) = t
3
2 f ′′ (t) = t

1
2 +

1

t
1
2

≥ 2,

which shows that
inf

t∈(0,∞)
g (t) = 2.

Since
If (p, q) = J (p, q) ,

then, applying (1.3) withm = 2, we get the desired inequality.

If we know more aboutri := pi

qi
(i = 1, . . . , n), i.e., the condition (2.1) holds, then we can

obtain an upper bound forJ (·, ·) as follows:
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PROPOSITION2.5. If 0 < r ≤ ri ≤ R < ∞ for all i ∈ {1, . . . , n}, then we have,

(2.8) J (p, q) ≤ 4 max

{√
r +

1√
r
,
√

R +
1√
R

}
h2 (p, q) .

PROOF. As above, we have,

g (t) = t
1
2 +

1

t
1
2

.

For the mappingh (u) = u + 1
u
, we have,

h′ (u) =
u2 − 1

u2
,

which shows that the mapping is strictly decreasing on(0, 1) and strictly increasing on(1,∞) .
It follows that,

sup
t∈[r,R]

g (t) = max [g (r) , g (R)] = max

{√
r +

1√
r
,
√

R +
1√
R

}
.

Applying Theorem 1.1 we deduce the desired result.

REMARK 2.2. Observing that

√
R +

1√
R
−
√

r − 1√
r

=

(√
R−

√
r
)(√

rR− 1
)

√
rR

,

(2.8) can be rewritten in the equivalent form,

(2.9) J (p, q) ≤ 4h2 (p, q)×


√

R + 1√
R

if R ≥ 1
r

√
r + 1√

r
if 1 ≤ R < 1

r

.

PROPOSITION2.6. Let p, q be two probability distributions, then, withM (p, g) being the
harmonic distance,

(2.10) 0 ≤ 1−M (p, q) ≤ 1

2
h2 (p, q) .

PROOF. Consider the functionf : (0,∞) → R, f (t) = 1− 2t
t+1

, then,

f ′ (t) = − 2

(1 + t)2 , f ′′ (t) =
4

(t + 1)3 .

Define the mapping

g (t) = t
3
2 f ′′ (t) =

4t
3
2

(t + 1)3

and a simple calculation shows that,

g′ (t) =
6
√

t (1− t)

(t + 1)4 .

Consequently, the mappingg is increasing on the interval(0, 1) and decreasing on(1,∞).
Moreover,

sup
t∈(0,∞)

= g (1) =
1

2
and If (p, q) = 1−M (p, q) .

Applying the inequality (1.3) forM = 1
2
, we deduce (2.10).
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If we know that the condition (2.1) holds, then we can improve the first inequality in (2.10)
as follows.

PROPOSITION2.7. Assuming that the probability distributionsp, q satisfy (2.1), then, we
have the inequality,

(2.11) 16 min

{
r

3
2

(r + 1)3 ,
R

3
2

(R + 1)3

}
h2 (p, q) ≤ 1−M (p, q) .

PROOF. Taking into account that the mappingg (t) = 4t
3
2

(t+1)3
is monotonic increasing on

(0, 1) and decreasing on(1,∞), we may assert that,

inf
t∈[r,R]

g (t) = min {g (r) , g (R)} = 4 min

{
r

3
2

(r + 1)3 ,
R

3
2

(R + 1)3

}
.

Using (1.3), we deduce the desired lower bound (2.11).

REMARK 2.3. Similar results can be stated by Applying Theorem 1.3.
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CHAPTER 5

Inequalities in Terms of Variation Distance

In this chapter various inequalities for generalf -divergence in terms of the well known vari-
ational distance are established. Particular inequalities of interest for various other divergence
measures in terms of this distance are provided.

1. GENERAL RESULTS

Define the generalisedr−variational distanceby

(1.1) Vr (p, q) :=
n∑

i=1

q1−r
i |pi − qi|r ,

wherep, q are probability distributions andr ∈ (0, 1]. Note that forr = 1, we recapture the
usual variational distance (orl1-distance).

The following theorem holds [40].

THEOREM1.1 (Dragomir, 2002 [40]). Letf : [0,∞) → R be a normalised convex mapping
of ther −H−Hölder type on[r, R] , i.e.,

(1.2) |f (x)− f (y)| ≤ H |x− y|r for all x, y ∈ [r, R] .

It follows that,

(1.3) 0 ≤ If (p, q) ≤ HVr (p, q) .

PROOF. The proof follows that given in [40].
We choose in (1.2)x = pi

qi
, y = 1 (i = 1, . . . , n) to get,

(1.4)

∣∣∣∣f (pi

qi

)
− f (1)

∣∣∣∣ ≤ H

∣∣∣∣pi

qi

− 1

∣∣∣∣r ,

for all i ∈ {1, . . . , n} .
If we multiply (1.4) by qi, sum the obtained inequalities and use the generalised triangle

inequality, we obtain,

0 ≤ If (p, q) =
n∑

i=1

qif

(
pi

qi

)
=

∣∣∣∣∣
n∑

i=1

qif

(
pi

qi

)
−

n∑
i=1

qif (1)

∣∣∣∣∣
≤ H

n∑
i=1

qi

∣∣∣∣pi

qi

− 1

∣∣∣∣r = HVr (p, q)

and (1.3) is proved.

REMARK 1.1. If we assume thatf is convex, normalised andL−Lipschitzian on[r, R], i.e.,
r = 1 andH = L, then we have the inequality,

(1.5) 0 ≤ If (p, q) ≤ LVr (p, q) ,

whereV (p, q) is the usual variational distance.

A practical result is embodied in the following corollary.
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COROLLARY 1.2 (Dragomir, 2002 [40]). If the mappingf : [r, R] → R is convex, nor-
malised, absolutely continuous on[r, R] andf ′ ∈ L∞ [r, R], i.e.,‖f ′‖∞ := ess sup

t∈[r,R]

|f ′ (t)| <

∞, then we have the inequality,

(1.6) 0 ≤ If (p, q) ≤ ‖f ′‖∞ Vr (p, q) .

The following theorem holds [40].

THEOREM 1.3 (Dragomir, 2002 [40]). Assume thatf is as in Theorem 1.1. Ifp(j), q(j)

(j = 1, 2) are probability distributions satisfying the condition,

r ≤ p
(j)
i

q
(j)
i

≤ R for all i ∈ {1, . . . , n} and j ∈ {1, 2} ,

then, obviously,

r ≤ λp
(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

≤ R for all i ∈ {1, . . . , n} and λ ∈ [0, 1]

and we have the inequality,

0 ≤ If

(
λp(1) + (1− λ) p(2), λq(1) + (1− λ) q(2)

)
(1.7)

− λIf

(
p(1), q(1)

)
− (1− λ) If

(
p(2), q(2)

)

≤ Hλr (1− λ)r
n∑

i=1

∣∣∣∣∣det

[
p

(1)
i p

(2)
i

q
(1)
i q

(2)
i

]∣∣∣∣∣
r

[
λq

(1)
i + (1− λ) q

(2)
i

]r
×
[
λ1−r

[
q
(1)
i

]1−r

+ (1− λ)1−r
[
q
(2)
i

]1−r
]

for all λ ∈ [0, 1] .

PROOF. We follow the proof in [40].
If we choose, in (1.2),

x =
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

and y =
p

(1)
i

q
(1)
i

(i = 1, . . . , n)

we get, ∣∣∣∣∣f
(

λp
(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)
− f

(
p

(1)
i

q
(1)
i

)∣∣∣∣∣(1.8)

≤ H

∣∣∣∣∣λp
(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(1)
i

q
(1)
i

∣∣∣∣∣
r

= H

∣∣∣λq
(1)
i p

(1)
i + (1− λ) q

(1)
i p

(2)
i − λp

(1)
i q

(1)
i − (1− λ) p

(1)
i q

(2)
i

∣∣∣r[
q
(1)
i

]r [
λq

(1)
i + (1− λ) q

(2)
i

]r
=

H (1− λ)r
∣∣∣q(1)

i p
(2)
i − p

(1)
i q

(2)
i

∣∣∣r[
q
(1)
i

]r [
λq

(1)
i + (1− λ) q

(2)
i

]r .
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If we multiply (1.8) byλq
(1)
i , we obtain,

(1.9)

∣∣∣∣∣λq
(1)
i f

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)
− λq

(1)
i f

(
p

(1)
i

q
(1)
i

)∣∣∣∣∣
≤

Hλ (1− λ)r
[
q
(1)
i

]1−r ∣∣∣q(1)
i p

(2)
i − p

(1)
i q

(2)
i

∣∣∣r[
λq

(1)
i + (1− λ) q

(2)
i

]r
for all i ∈ {1, . . . , n} andλ ∈ [0, 1].

If in (1.2) we choosex as above but with

y =
p

(2)
i

q
(2)
i

(i = 1, . . . , n) ,

we get,

∣∣∣∣∣f
(

λp
(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)
− f

(
p

(2)
i

q
(2)
i

)∣∣∣∣∣(1.10)

≤ H

∣∣∣∣∣λp
(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(2)
i

q
(2)
i

∣∣∣∣∣
r

= H

∣∣∣λp
(1)
i q

(2)
i + (1− λ) p

(2)
i q

(2)
i − λp

(2)
i q

(1)
i − (1− λ) q

(2)
i p

(2)
i

∣∣∣r[
λq

(1)
i + (1− λ) q

(2)
i

]r [
q
(2)
i

]r
=

H (1− λ)r
∣∣∣p(1)

i q
(2)
i − p

(2)
i q

(1)
i

∣∣∣r[
q
(2)
i

]r [
λq

(1)
i + (1− λ) q

(2)
i

]r .

If we now multiply (1.10) by(1− λ) q
(2)
i , we obtain,

(1.11)

∣∣∣∣∣(1− λ) q
(2)
i f

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)
− (1− λ) q

(2)
i f

(
p

(2)
i

q
(2)
i

)∣∣∣∣∣
≤

Hλr (1− λ)
[
q
(2)
i

]1−r ∣∣∣q(1)
i p

(2)
i − p

(1)
i q

(2)
i

∣∣∣r[
λq

(1)
i + (1− λ) q

(2)
i

]r
for all i ∈ {1, . . . , n} andλ ∈ [0, 1].
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If we add (1.5) and (1.11) and use the triangle inequality, we get,

(1.12)

∣∣∣∣∣[λq
(1)
i + (1− λ) q

(2)
i

]
f

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)

−λq
(1)
i f

(
p

(1)
i

q
(1)
i

)
− (1− λ) q

(2)
i f

(
p

(2)
i

q
(2)
i

)∣∣∣∣∣
≤

Hλr (1− λ)r

∣∣∣∣∣det

[
p

(1)
i p

(2)
i

q
(1)
i q

(2)
i

]∣∣∣∣∣
r

[
λq

(1)
i + (1− λ) q

(2)
i

]r [
λ1−r

[
q
(1)
i

]1−r

+ (1− λ)1−r
[
q
(2)
i

]1−r
]

for all i ∈ {1, . . . , n} andλ ∈ [0, 1].
Summing (1.12) overi from 1 to n and using the generalised triangle inequality, we obtain

the desired inequality (1.7).

REMARK 1.2. If we assume thatf is L−Lipschitzian, then the inequality (1.7) becomes,

0 ≤ If

(
λp(1) + (1− λ) p(2), λq(1) + (1− λ) q(2)

)
(1.13)

− λIf

(
p(1), q(1)

)
− (1− λ) If

(
p(2), q(2)

)

≤ Lλ (1− λ)
n∑

i=1

∣∣∣∣∣det

[
p

(1)
i p

(2)
i

q
(1)
i q

(2)
i

]∣∣∣∣∣
λq

(1)
i + (1− λ) q

(2)
i

,

for all λ ∈ [0, 1] .

2. SOME APPLICATIONS FOR PARTICULAR DIVERGENCES

Using the inequality (1.6), i.e.,

(2.1) 0 ≤ If (p, q) ≤ ‖f ′‖∞ V (p, q) ,

provided thatf is absolutely continuous on[r, R] andf ′ ∈ L∞ [r, R] , ‖f ′‖∞ := ess sup
t∈[r,R]

|f ′ (t)|,

we are able to point out a number of additional inequalities between different divergence mea-
sures.

PROPOSITION2.1. Letp, q be two probability distributions with the property that,

(2.2) 0 < r ≤ pi

qi

=: ri < R < ∞ for all i ∈ {1, . . . , n} ,

then,

0 ≤ KL (p, q)(2.3)

≤


[
ln
√

R
r

+
∣∣∣1 + ln

√
rR
∣∣∣]V (p, q) if 0 < r ≤ e−1

(1 + ln R) V (p, q) if e−1 < r < 1

.

PROOF. Consider the mappingf : (0,∞) → R, f (t) = t ln t, then

f ′ (t) = ln (et) .
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It follows that,

‖f ′‖∞ = sup
t∈[r,R]

|f ′ (t)| = max {|ln (er)| , ln (eR)} .

We note the following.

(1) If 0 < r ≤ e−1, then|ln (er)| = ln (er) = −1− ln r and

max {|ln (er)| , ln (eR)} =
−1− ln r + ln R + 1 + |ln r + 1 + 1 + ln R|

2

= ln

(
R

2

) 1
2

+
∣∣∣1 + ln

√
rR
∣∣∣ .

(2) If e−1 < r < 1, then|ln (er)| = 1 + ln r and

max {|ln (er)| , ln (eR)} = max {ln (er) , ln (eR)} = 1 + ln R

and the proposition is proved.

PROPOSITION2.2. Letp, q be as in Proposition 2.1, then we have the inequality:

(2.4) 0 ≤ KL (q, p) ≤ 1

r
V (p, q) .

PROOF. Consider the mappingf (t) = − ln t, t ∈ (0,∞), then,

f ′ (t) = −1

t
and ‖f ′‖∞ =

1

r
.

Since,

If (p, q) = −
n∑

i=1

qi ln

(
pi

qi

)
=

n∑
i=1

qi ln

(
qi

pi

)
= KL (q, p) ,

(2.1) gives the desired result (2.4).

We point out now a bound forχ2−divergence.

PROPOSITION2.3. Letp, q be as above, then,

(2.5) 0 ≤ Dχ2 (p, q) ≤ 2 (R− 1) V (p, q) .

PROOF. Consider the mappingf : (0,∞) → R, f (t) = (t− 1)2. As f ′ (t) = 2 (t− 1), it
follows that‖f ′‖∞ = 2 (R− 1). Using (2.1), we obtain (2.5).

The following result for Hellinger discrimination also holds.

PROPOSITION 2.4. Assuming that the probability distributionsp, q satisfy the condition
(2.1), then,

(2.6) 0 ≤ h2 (p, q) ≤ 1

4

[√
R−

√
r√

rR
+

∣∣∣∣∣
√

R +
√

r√
rR

− 2

∣∣∣∣∣
]

V (p, q) .

PROOF. Consider the mappingf : (0,∞) → R, f (t) = 1
2

(√
t− 1

)2
, then,

f ′ (t) =
1

2
− 1

2
√

t
and f ′′ (t) =

1

4
√

t3
, t ∈ (0,∞) .
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It follows that,

‖f ′‖∞ = sup
t∈[r,R]

|f ′ (t)| = max

{∣∣∣∣√r − 1

2
√

r

∣∣∣∣ ,
∣∣∣∣∣
√

R− 1

2
√

R

∣∣∣∣∣
}

= max

{
1−

√
r

2
√

r
,

√
R− 1

2
√

R

}

=
1

4

[√
R−

√
r√

rR
+

∣∣∣∣∣2−
√

R +
√

r√
rR

∣∣∣∣∣
]

.

Using (2.1), we deduce (2.6).

Now, consider Bhattacharyya distance.

PROPOSITION2.5. Assuming thatp, q are probability distributions, then,

(2.7) 0 ≤ 1−B (p, q) ≤ V 1
2
(p, q) ,

whereV 1
2
(p, q) =

∑n
i=1

√
qi (pi − qi) is the 1

2
−variational distance.

PROOF. Consider the mappingf : [0,∞) → [0,∞) given by,

f (t) = −
√

t + 1.

Obviously,

|f (x)− f (y)| =
∣∣√x−√y

∣∣ ≤√|x− y|, for all x, y ∈ [0,∞),

which shows thatf is of the 1
2
−Hölder type with constantH = 1.

Applying Theorem 1.1, we deduce (2.7).

Another inequality for Bhattacharyya distance in terms of the variational distanceV is em-
bodied in the following proposition.

PROPOSITION2.6. Assuming that the probability distributionsp, q satisfy the the condition:

(2.8) 0 < r ≤ pi

qi

for all i ∈ {1, . . . , n} ,

then,

(2.9) 0 ≤ 1−B (p, q) ≤ 1

2
√

r
V (p, q) .

PROOF. For the mappingf (t) = −
√

t + 1, we havef ′ (t) = − 1
2
√

t
and‖f ′‖∞ = sup

t∈[0,∞)

=

1
2
√

r
. Applying (2.1), we deduce (2.9).

PROPOSITION 2.7. Assuming that the probability distributionsp, q satisfy the condition
(2.8), then,

(2.10) 0 ≤ 1−M (p, q) ≤ 2

(r + 1)2V (p, q) ,

whereM (p, q) is harmonic distance.
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PROOF. Consider the mappingf : [0,∞) → R, f (t) = 1 − 2t
t+1

. Obviously,f ′ (t) =

− 2
(t+1)2

, f ′′ (t) = 4
(t+1)3

and‖f ′‖∞ = sup
t∈[r,∞)

|f ′ (t)| = 2
(r+1)2

. As

If (p, q) = 1−M (p, q) ,

then by (2.1) we deduce (2.10).

PROPOSITION2.8. Assuming that the probability distributionsp, q satisfy the condition:

(2.11)
pi

qi

≤ R < ∞, (i = 1, . . . , n) ,

then,

(2.12) 0 ≤ J (p, q) ≤
(

ln R− 1

R
+ 1

)
V (p, q) ,

whereJ is Jeffreys’ divergence.

PROOF. Consider the mappingf (t) = (t− 1) ln t, t > 0, then,

f ′ (t) = ln t− 1

t
+ 1; t ∈ (0,∞) ,

f ′′ (t) =
t + 1

t2
, t ∈ (0,∞) ,

hence,

‖f ′‖∞ = sup
t∈(0,R]

|f ′ (t)| = f ′ (R) = ln R− 1

R
+ 1.

As
If (p, q) = J (p, q) ,

then by (2.1) we deduce (2.12).

Finally, the following result for triangular discrimination holds.

PROPOSITION2.9. If p, q are such that the condition (2.11) holds, then,

(2.13) 0 ≤ ∆ (p, q) ≤ (R− 1) (R + 3)

(R + 1)2 V (p, q) ≤ V (p, q) .

The proof is obvious by (2.2) applied for the mappingf (t) = (t−1)2

t+1
.
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CHAPTER 6

Inequalities for Two f -Divergences

In this chapter two generealf -divergence measures are compared. Cauchy mean-value
theorem is empolyed and applications for various particular inequalities are provided.

1. SOME GENERAL ESTIMATES

We start with the following result [38].

THEOREM 1.1 (Dragomir, 2001 [38]). Let f, g : [0,∞) → R be two mappings such that
f (1) = g (1) = 0. If there exist real constantsm,M such that,

(1.1) m |f (x)− f (y)| ≤ |g (x)− g (y)| ≤ M |f (x)− f (y)|
for all x, y ∈ [r, R] ⊂ (0,∞) , then,

(1.2) mI|f | (p, q) ≤ I|g| (p, q) ≤ MI|f | (p, q)

for all p, q probability distributions with0 < r ≤ pi

qi
≤ R < ∞ for all i ∈ {1, . . . , n}.

PROOF. By (1.1) it follows that,

m

∣∣∣∣f (pi

qi

)∣∣∣∣ = m

∣∣∣∣f (pi

qi

)
− f (1)

∣∣∣∣ ≤ ∣∣∣∣g(pi

qi

)
− g (1)

∣∣∣∣(1.3)

=

∣∣∣∣g(pi

qi

)∣∣∣∣ ≤ M

∣∣∣∣f (pi

qi

)
− f (1)

∣∣∣∣ = M

∣∣∣∣f (pi

qi

)∣∣∣∣
for all i ∈ {1, . . . , n}.

If we multiply (1.3) byqi ≥ 0 and sum the obtained inequalities, we deduce (1.2).

COROLLARY 1.2 (Dragomir, 2001 [38]). Assume that the mappingsf, g : [0,∞) → R are
as above and thatf, g are differentiable on(r, R) with f ′ (t) 6= 0 for t ∈ (r, R) and

(1.4) −∞ < m = inf
t∈(r,R)

∣∣∣∣ g′ (t)f ′ (t)

∣∣∣∣ , sup
t∈(r,R)

∣∣∣∣ g′ (t)f ′ (t)

∣∣∣∣ = M < ∞,

then we have the inequality (1.2) for allp, q as above.

PROOF. We use the following Cauchy theorem:
If γ, f : [a, b] → R are continuous and differentiable on(a, b) and f ′ (t) 6= 0 for all

t ∈ (a, b), then there existsc ∈ [a, b] such that,

γ (b)− γ (a)

f (b)− f (a)
=

γ′ (c)

f ′ (c)
.

Now, suppose thatx, y ∈ [r, R] andx < y, then, by Cauchy’s theorem, we have,

m ≤
∣∣∣∣ g (x)− g (y)

f (x)− f (y)

∣∣∣∣ =

∣∣∣∣ g′ (z)

f ′ (z)

∣∣∣∣ ≤ M

and we can conclude that for anyx, y ∈ [r, R] we have,

m |f (x)− f (y)| ≤ |g (x)− g (y)| ≤ M |f (x)− f (y)| .

61



62 S. S. DRAGOMIR

Applying Theorem 1.1, we deduce (1.2).

The following corollary for the variational distance holds.

COROLLARY 1.3. Let g : [0,∞) → R be a mapping such thatg (1) = 0. If there exist real
constantsn, N such that,

(1.5) n |x− y| ≤ |g (x)− g (y)| ≤ N |x− y| for all x, y ∈ [r, R] ,

then,

(1.6) nV (p, q) ≤ I|g| (p, q) ≤ NV (p, q)

for any probability distributionsp, q with 0 < r ≤ pi

qi
≤ R < ∞ for all i ∈ {1, . . . , n}.

The proof is obvious by Theorem 1.1, choosingf (x) = x− 1.

COROLLARY 1.4. Assuming that the mappingg is continuous on[a, b] and differentiable on
(a, b) and

−∞ < n = inf
t∈(r,R)

|g′ (t)| , sup
t∈(r,R)

|g′ (t)| = N < ∞,

then we have the inequality (1.6) for allp, q as above.

2. PARTICULAR CASES IN TERMS OF THE VARIATIONAL DISTANCE

PROPOSITION2.1. Let0 < r ≤ pi

qi
≤ R < ∞ (i = 1, . . . , n), then we have the inequality,

(2.1) 0 ≤ KL (p, q) ≤

 [ln R + 1] V (p, q) if r ≥ e−1,

max {ln R + 1; |ln R + 1|}V (p, q) if r < e−1.

PROOF. Consider the mappingg : (0,∞) → R, g (t) = t ln t, theng′ (t) = ln t + 1 and
obviously,

M := sup
t∈(r,R)

|g′ (t)| =

 ln R + 1 if r ≥ e−1,

max {ln R + 1; |ln R + 1|} if r < e−1.

Applying Corollary 1.4, we can state,
n∑

i=1

qi

∣∣∣∣pi

qi

ln

(
pi

qi

)∣∣∣∣ ≤ NV (p, q) .

By the generalised triangle inequality, we have,

KL (p, q) =
n∑

i=1

pi ln

(
pi

qi

)
=

∣∣∣∣∣
n∑

i=1

pi ln

(
pi

qi

)∣∣∣∣∣
≤

n∑
i=1

pi

∣∣∣∣ln(pi

qi

)∣∣∣∣ ≤ NV (p, q)

and the inequality (2.1) is proved.

If we introduce themodified Kullback-Leiblerdistance,

|KL| (p, q) =
n∑

i=1

pi

∣∣∣∣ln(pi

qi

)∣∣∣∣ ,
then obviously,

(2.2) K (p, q) ≤ |KL| (p, q) for all p, q ∈ Pn.
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For this modified distance, we may prove the following as well.

PROPOSITION2.2. Let0 < r ≤ pi

qi
≤ R < ∞ (i = 1, . . . , n), then,

(2.3) (ln r + 1) V (p, q) ≤ |KL| (p, q) ≤ (ln R + 1) V (p, q) ,

provided thatr ≥ e−1.

PROOF. The second inequality in (1.3) has been proven above.
For the first inequality, we can apply Corollary 1.4 by observing that forg (t) = t ln t, and

r ≥ e−1,

inf
t∈[r,R]

|g′ (t)| = ln r + 1.

We omit the details.

PROPOSITION2.3. Let0 < r ≤ pi

qi
≤ R < ∞ (i = 1, . . . , n), then,

(2.4) KL (q, p) ≤ 1

r
V (p, q) .

PROOF. Consider the mappingg : (0,∞) → R, g (t) = ln t, theng′ (t) = 1
t

and obviously,

M := sup
t∈[r,R]

|g′ (t)| = 1

r
.

Applying Corollary 1.3, we can state:

n∑
i=1

qi

∣∣∣∣ln(pi

qi

)∣∣∣∣ ≤ 1

r
V (p, q) .

By the generalised triangle inequality, we have,

K (q, p) =
n∑

i=1

qi ln

(
qi

pi

)
=

∣∣∣∣∣
n∑

i=1

qi ln

(
qi

pi

)∣∣∣∣∣
≤

n∑
i=1

qi

∣∣∣∣ln(pi

qi

)∣∣∣∣ ≤ 1

r
V (p, q)

and the proposition is proved.

The following result for the modified Kullback-Leibler distance also holds.

PROPOSITION2.4. Letp, q be as in Proposition 2.3, then,

(2.5)
1

R
V (p, q) ≤ |KL| (q, p) ≤ 1

r
V (p, q) .

PROOF. The second inequality in (2.5) has been proven above. The first inequality follows
by the first inequality in Corollary 1.4 by taking into account that,

m = inf
t∈(r,R)

|g′ (t)| = 1

R
.

The following result forHellinger discriminationholds.
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PROPOSITION2.5. Let0 < r ≤ pi

qi
≤ R < ∞ (i = 1, . . . , n) , then,[√

R−
√

r

4
√

rR
−

∣∣∣∣∣
√

R +
√

r

4
√

rR
− 1

2

∣∣∣∣∣
]

V (p, q)(2.6)

≤ h2 (p, q) ≤

[√
R−

√
r

4
√

rR
+

∣∣∣∣∣
√

R +
√

r

4
√

rR
− 1

2

∣∣∣∣∣
]

V (p, q) .

PROOF. Consider the mappingg : (0,∞) → R, g (t) = 1
2

(√
t− 1

)2
, then,

g′ (t) =
1

2
·
√

t− 1√
t

, t ∈ (0,∞) ,

n = inf
t∈[r,R]

|g′ (t)| = min {|g′ (r)| , |g′ (R)|}

=
|g′ (r)|+ |g′ (R)| − ||g′ (r)| − |g′ (R)||

2

=

√
R−

√
r

4
√

rR
−

∣∣∣∣∣
√

R +
√

r

4
√

rR
− 1

2

∣∣∣∣∣
and

N = sup
t∈[r,R]

|g′ (t)| = max {|g′ (r)| , |g′ (R)|}

=
|g′ (r)|+ |g′ (R)|+ ||g′ (r)| − |g′ (R)||

2

=

√
R−

√
r

4
√

rR
+

∣∣∣∣∣
√

R +
√

r

4
√

rR
− 1

2

∣∣∣∣∣
respectively.

As g (t) ≥ 0, then obviously,

I|g| (p, q) = Ig (p, q) = h2 (p, q) .

Using (1.6), we obtain (2.6).

REMARK 2.1. The inequality (2.6) is equivalent to,

(2.7)

∣∣∣∣∣h2 (p, q)−
√

R−
√

r

4
√

rR
V (p, q)

∣∣∣∣∣ ≤
∣∣∣∣∣
√

R +
√

r

4
√

rR
− 1

2

∣∣∣∣∣V (p, q) .

We now point out some inequalities forchi-square distance.

PROPOSITION2.6. Let0 < r ≤ pi

qi
≤ R < ∞ (i = 1, . . . , n), then,

[R− r − |R + r − 2|] V (p, q) ≤ Dχ2 (p, q)(2.8)

≤ [R− r + |R + r − 2|] V (p, q) .

PROOF. If g : (0,∞) → R, g (t) = (t− 1)2, then,g′ (t) = 2 (t− 1),

n = inf
t∈[r,R]

|g′ (t)| = min {|g′ (r)| , |g′ (R)|}

= R− r − |R + r − 2|
and

N = R− r + |R + r − 2| .
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Using (1.6), and taking into account thatg (t) ≥ 0, t ∈ R, and

Ig (p, q) =
n∑

i=1

(pi − qi)
2

qi

= Dχ2 (p, q) ,

we deduce (2.8).

REMARK 2.2. The inequality (2.8) is equivalent to,

(2.9) |Dχ2 (p, q)− (R− r) V (p, q)| ≤ |R + r − 2|V (p, q) .

We point out now some inequalities for theBhattacharyya distance.

PROPOSITION2.7. Let0 < r ≤ pi

qi
≤ R < ∞ (i = 1, . . . , n), then,

(2.10) 0 ≤ 1−B (p, q) ≤ 1

2
√

r
V (p, q) .

PROOF. Consider the mappingg (t) = 1 −
√

t, t ∈ (0,∞), theng (1) = 0, g′ (t) = − 1
2
√

t

and

N = sup
t∈[r,R]

|g′ (t)| = sup
t∈[r,R]

1

2
√

t
=

1

2
√

r
.

Applying Corollary 1.4,
n∑

i=1

qi

∣∣∣∣1−√pi

qi

∣∣∣∣ ≤ 1

2
√

r
V (p, q) ,

which is equivalent to

(2.11)
n∑

i=1

|qi −
√

piqi| ≤
1

2
√

r
V (p, q) .

Using the generalised triangle inequality, we obtain,

n∑
i=1

|qi −
√

piqi| ≥

∣∣∣∣∣
n∑

i=1

(qi −
√

piqi)

∣∣∣∣∣
= |1−B (p, q)| = 1−B (p, q) .

If we define the following distancẽB (p, q) :=
∑n

i=1

√
qi

∣∣√qi −
√

pi

∣∣ , then we may state
the following proposition as well.

PROPOSITION2.8. Assume thatpi, qi, r, R are as above, then,

(2.12)
1

2
√

R
V (p, q) ≤ B̃ (p, q) ≤ 1

2
√

r
V (p, q) .

The proof is obvious by Corollary 1.3 applied for the mappingg (t) = 1−
√

t.

PROPOSITION2.9. Assuming thatpi, qi, r, R are as above, then,

(2.13) 0 ≤ 1−M (p, q) ≤ 2

(r + 1)2V (p, q) ,

whereM (p, q) is harmonic distance.
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PROOF. Consider the mappingg (t) = 1− 2t
t+1

, then,g (1) = 0, g′ (t) = − 2
(t+1)2

and

N := sup
t∈[r,R]

|g′ (t)| = 2

(r + 1)2 .

Applying Corollary 1.4, we can state that,

n∑
i=1

qi

∣∣∣∣∣1− 2pi

qi

pi

qi
+ 1

∣∣∣∣∣ ≤ 2

(r + 1)2V (p, q) ,

which is clearly equivalent to:

(2.14)
n∑

i=1

qi |pi − qi|
pi + qi

≤ 2

(r + 1)2V (p, q) .

Using the generalised triangle inequality, we obtain (2.13).

If we introduce the divergence measure:

M̃ (p, q) :=
n∑

i=1

qi ·
|pi − qi|
pi + qi

= Il (p, q) ,

wherel (t) = |t−1|
t+1

, t > 0, then we have the following proposition.

PROPOSITION2.10. With the above assumptions,

(2.15)
2

(R + 1)2V (p, q) ≤ M̃ (p, q) ≤ 2

(r + 1)2V (p, q) .

Finally, considerJeffreys’ distance.

PROPOSITION2.11. Assume that0 < r ≤ pi

qi
≤ R < ∞, then,

(2.16)

[
R− r

2rR
+ ln

√
R

r
−
∣∣∣∣R− r

2rR
− ln

√
rR− 1

∣∣∣∣
]

V (p, q)

≤ J (p, q) ≤

[
R− r

2rR
+ ln

√
R

r
+

∣∣∣∣R− r

2rR
− ln

√
rR− 1

∣∣∣∣
]

V (p, q) .

PROOF. Consider the mappingg (t) = (t− 1) ln t, t > 0, then,g′ (t) = ln t − 1
t

+ 1,
g′′ (t) = t+1

t2
, which shows thatg′ (·) is strictly increasing on(0,∞) andg′ (1) = 0. It can be

seen that,

n = inf
t∈[r,R]

|g′ (t)| = min {|g′ (r)| , |g′ (R)|}

=
R− r

2rR
+ ln

√
R

r
−
∣∣∣∣R + r

2rR
− ln

√
rR− 1

∣∣∣∣
and

N = sup
t∈[r,R]

|g′ (t)| = max {|g′ (r)| , |g′ (R)|}

=
R− r

2rR
+ ln

√
R

r
+

∣∣∣∣R + r

2rR
− ln

√
rR− 1

∣∣∣∣ .
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In addition, as,

I|g| (p, q) =
n∑

i=1

qi

∣∣∣∣(pi

qi

− 1

)∣∣∣∣ ∣∣∣∣ln(pi

qi

)∣∣∣∣ =
n∑

i=1

|pi − qi| |ln pi − ln qi|

=
n∑

i=1

(pi − qi) (ln pi − ln qi) = I (p, q) ,

then by (1.6), we deduce (2.16).

REMARK 2.3. The above inequality (2.16) is equivalent to

(2.17)

∣∣∣∣∣J (p, q)−

[
R− r

2rR
+ ln

√
R

r

]
V (p, q)

∣∣∣∣∣
≤
∣∣∣∣R + r

2rR
− ln

√
rR− 1

∣∣∣∣V (p, q) .

3. OTHER PARTICULAR CASES

Consider the modified Kullback-Leibler divergence.

PROPOSITION3.1. Assume that0 < r ≤ pi

qi
≤ R < ∞ (i = 1, . . . , n), then,

0 ≤ KL (p, q)(3.1)

≤

[
R− r

2
+ ln

√
RR

rr
+

∣∣∣∣r + R

2
+ ln

√
RRrr

∣∣∣∣
]
|KL| (q, p) .

PROOF. Consider the mappingsg (t) = t ln t, f (t) = ln t, t > 0 andh (t) := g′(t)
f ′(t)

=

t ln t + t.
We observe that,

M = sup
t∈[r,R]

|h (t)| = max {|h (r)| , |h (R)|}

=
R− r

2
+ ln

√
RR

rr
+

∣∣∣∣r + R

2
+ ln

√
RRrr

∣∣∣∣ .
Applying Corollary 1.2,

n∑
i=1

qi

∣∣∣∣pi

qi

ln

(
pi

qi

)∣∣∣∣ ≤ M

n∑
i=1

qi

∣∣∣∣ln(pi

qi

)∣∣∣∣ = M |KL| (q, p)

and since, by the generalised triangle inequality, we have,

n∑
i=1

pi

∣∣∣∣ln(pi

qi

)∣∣∣∣ ≥ |KL (p, q)| = KL (p, q) ≥ 0,

and the inequality (3.1) is proved.

We now compare the Hellinger discrimination with|KL|.
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PROPOSITION3.2. Letpi, qi, r, R be as in Proposition 3.1, then,

(3.2)
1

2

[
R− r

2
−
√

R−
√

r

2
−

∣∣∣∣∣
√

r +
√

R

2
− r + R

2

∣∣∣∣∣
]
|KL| (q, p)

≤ h2 (p, q) ≤ 1

2

[
R− r

2
−
√

R−
√

r

2
+

∣∣∣∣∣
√

r +
√

R

2
− r + R

2

∣∣∣∣∣
]
|KL| (q, p) .

PROOF. Consider the mappingsg (t) = 1
2

(√
t− 1

)2
, f (t) = ln t, t > 0 with

h (t) :=
g′ (t)

f ′ (t)
=

1

2

(√
t− 1√

t

)
· t =

1

2

(√
t− 1

)√
t, t > 0.

We observe that,

m = inf
t∈[r,R]

|h (t)| = min {|h (r)| , |h (R)|}

=
1

2

[
R− r

2
−
√

R−
√

r

2
−

∣∣∣∣∣
√

r +
√

R

2
− r + R

2

∣∣∣∣∣
]

and, analogously,

M = sup
t∈[r,R]

|h (t)| = max {|h (r)| , |h (R)|}

=
1

2

[
R− r

2
−
√

R−
√

r

2
+

∣∣∣∣∣
√

r +
√

R

2
− r + R

2

∣∣∣∣∣
]

.

Sinceg (t) ≥ 0, we have,

I|g| (p, q) = Ig (p, q) = h2 (p, q)

and then, by Corollary 1.2, we deduce (3.2).

REMARK 3.1. The above inequality is equivalent to

(3.3)

∣∣∣∣∣h2 (p, q)− 1

2

[
R− r

2
−
√

R−
√

r

2

]
|KL (q, p)|

∣∣∣∣∣
≤

∣∣∣∣∣
√

r +
√

R

2
− r + R

2

∣∣∣∣∣ |KL| (q, p) .

We now compare the Chi-square distance with|KL|.

PROPOSITION3.3. Letpi, qi, r, R be as above, then,

(3.4)
[
(R− r) (R + r − 1)−

∣∣R + r −
(
R2 + r2

)∣∣] |KL| (q, p)

≤ Dχ2 (p, q) ≤
[
(R− r) (R + r − 1) +

∣∣R + r −
(
R2 + r2

)∣∣] |KL| (q, p) .

AJMAA, Vol. 15, No. 1, Art. 1, pp. 1-275, 2018 AJMAA

http://ajmaa.org


INEQUALITIES FOR DISCRETEF-DIVERGENCE MEASURES 69

PROOF. Consider the mappingsg (t) = (t− 1)2, f (t) = ln t, t > 0, with h (t) = g′(t)
f ′(t)

=

2t (t− 1).

m = inf
t∈[r,R]

|h (t)| = 1

2
[2r (1− r) + 2R (R− 1)− |2r (1− r)− 2R (R− 1)|]

=
[
r − r2 + R2 −R−

∣∣r − r2 −R2 + R
∣∣]

= R2 − r2 − (R− r)−
∣∣R + r −

(
R2 + r2

)∣∣
= (R− r) (R + r − 1)−

∣∣R + r −
(
R2 + r2

)∣∣
and

M = sup
t∈[r,R]

(h (t)) = (R− r) (R + r − 1) +
∣∣R + r −

(
R2 + r2

)∣∣ .
Sinceg (t) ≥ 0, we have,

I|g| (p, q) = Ig (p, q) = Dχ2 (p, q)

and by Corollary 1.2, we deduce (3.4).

REMARK 3.2. The above inequality is equivalent to

(3.5) |Dχ2 (p, q)− (R− r) (R + r − 1) |KL| (q, p)|
≤
∣∣R + r −

(
R2 + r2

)∣∣ |KL| (q, p) .
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CHAPTER 7

Some Inequalities for Lipschitzian Mappings

In this chapter various Jensen’s type inequalities for Lipschitzian functions with values in
normed spaces are given. They are applied to norm inequalities and tof -divergence measure. A
plethora of particular examples are provided involving various divergence measures considered
above.

1. SOME ANALYTIC I NEQUALITIES

The following general result for Lipschitzian functions can be stated [47]:

THEOREM1.1 (Dragomir, 2004 [47]). LetX,Y be two normed linear spaces with the norms
‖·‖ and|·| respectively. IfF : X → Y is L - Lipschitzian, that is,

(1.1) |F (x)− F (y)| ≤ L ‖x− y‖ for all x, y ∈ X,

then for allxi ∈ X, pi ≥ 0 with
∑n

i=1 pi = 1 (i = 1, . . . , n), we have,

(1.2)

∣∣∣∣∣F
(

n∑
i=1

pixi

)
−

n∑
i=1

piF (xi)

∣∣∣∣∣ ≤ L max
k=1,...,n−1

‖∆xk‖
n∑

i,j=1

pipj |i− j| .

PROOF. We follow the proof in [47].
As F is L−Lipschitzian, we can choosex =

∑n
i=1 pixi andy = xj (j = 1, . . . , n) in (1.1)

to get, ∣∣∣∣∣F
(

n∑
i=1

pixi

)
− F (xj)

∣∣∣∣∣ ≤ L

∥∥∥∥∥
n∑

i=1

pixi − xj

∥∥∥∥∥(1.3)

= L

∥∥∥∥∥
n∑

i=1

pi (xi − xj)

∥∥∥∥∥ ≤ L
n∑

i=1

pi ‖xi − xj‖ .

Multiplying (1.3) bypj ≥ 0 and summing overj from 1 to n, we deduce,

(1.4)
n∑

j=1

pj

∣∣∣∣∣F
(

n∑
i=1

pixi

)
− F (xj)

∣∣∣∣∣ ≤ L
n∑

i,j=1

pipj ‖xj − xi‖ .

By the generalised triangle inequality we have,

(1.5)
n∑

j=1

pj

∣∣∣∣∣F
(

n∑
i=1

pixi

)
− F (xj)

∣∣∣∣∣ ≥
∣∣∣∣∣F
(

n∑
i=1

pixi

)
−

n∑
j=1

pjF (xj)

∣∣∣∣∣ .
It is apparent that,

(1.6)
n∑

i,j=1

pipj ‖xi − xj‖ = 2
∑

1≤i<j≤n

pipj ‖xj − xi‖
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and that, fori < j,

xj − xi =

j−1∑
k=i

∆xk,

where∆xk := xk+1 − xk is the forward difference.
Applying the generalised triangle inequality we have,∑

1≤i<j≤n

pipj ‖xj − xi‖(1.7)

=
∑

1≤i<j≤n

pipj

∥∥∥∥∥
j−1∑
k=i

∆xk

∥∥∥∥∥ ≤ ∑
1≤i<j≤n

pipj

j−1∑
k=i

‖∆xk‖

≤
∑

1≤i<j≤n

pipj (j − i) max
k=1,...,n−1

‖∆xk‖

= max
k=1,...,n−1

‖∆xk‖
∑

1≤i<j≤n

pipj (j − i)

=
1

2
max

k=1,...,n−1
‖∆xk‖

n∑
i,j=1

pipj |j − i| .

Using (1.4) - (1.7) we deduce (1.2).

COROLLARY 1.2 (Dragomir, 2004 [47]). With the above assumptions forF andxi (i = 1, . . . , n),
we have,

(1.8)

∣∣∣∣∣F
(

1

n

n∑
i=1

xi

)
− 1

n

n∑
i=1

F (xi)

∣∣∣∣∣ ≤ L · n2 − 1

3n
max

k=1,...,n−1
‖∆xk‖ .

PROOF. We choosepi = 1
n

(i = 1, . . . , n) in (1.2) and compute

I :=
n∑

i,j=1

|i− j| .

Observing that,
n∑

j=1

|i− j| =
i∑

j=1

|i− j|+
n∑

j=i+1

|i− j| =
i∑

j=1

(i− j) +
n∑

j=i+1

(j − i)

= i2 − i (i + 1)

2
+

n∑
j=1

j − i (n− i)

= i2 − (n + 1) i +
n (n + 1)

2
=

n2 − 1

4
+

(
i− n + 1

2

)2

.

It follows that,

I =
n∑

i=1

(
n∑

j=1

|i− j|

)
=

n∑
i=1

[
i2 − (n + 1) i +

n (n + 1)

2

]
=

(n− 1) n (n + 1)

3
,

and inequality (1.8) is proved.
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The following corollary provides a counterpart of the generalised triangle inequality in
normed spaces.

COROLLARY 1.3 (Dragomir, 2004 [47]). Let (X, ‖·‖) be a normed space andxi ∈ X,
pi ≥ 0 (i = 1, . . . , n) with

∑n
i=1 pi = 1, then,

(1.9) 0 ≤
n∑

i=1

pi ‖xi‖ −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥ ≤ max
k=1,...,n−1

‖∆xk‖
n∑

i,j=1

pipj |j − i|

and in particular,

(1.10) 0 ≤
n∑

i=1

‖xi‖ −

∥∥∥∥∥
n∑

i=1

xi

∥∥∥∥∥ ≤ n2 − 1

3
max

k=1,...,n−1
‖∆xk‖ .

The proof is apparent from Theorem 1.1 on choosingF : X → R, F (X) = ‖x‖ which is
L−Lipschitzian withL = 1 since,

|‖x‖ − ‖y‖| ≤ ‖x− y‖ for all x, y ∈ X.

2. APPLICATIONS FOR f -DIVERGENCE

The following theorem holds [47].

THEOREM 2.1 (Dragomir, 2004 [47]). Letf : R+ → R beL−Lipschitzian onR+, then for
all p, q ∈ Rn

+, we have the inequality,

(2.1)

∣∣∣∣If (p, q)−Qnf

(
Pn

Qn

)∣∣∣∣
≤ L max

k=1,...,n−1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣ 1

Qn

n∑
i,j=1

qiqj |i− j| .

PROOF. We apply inequality (1.2) forF = f andpi = qi

Qn
, xi = pi

qi
to get,∣∣∣∣∣f

(∑n
i=1 pi

Qn

)
− 1

Qn

n∑
i=1

qif

(
pi

qi

)∣∣∣∣∣
≤ L max

k=1,...,n−1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣ 1

Q2
n

n∑
i,j=1

qiqj |i− j| .

from where we obtain (2.1).

COROLLARY 2.2 (Dragomir, 2004 [47]). Let f : R+ → R be L−Lipschitzian and nor-
malised, then for anyp, q ∈ Rn

+ with Pn = Qn, we have,

(2.2) 0 ≤ |If (p, q)| ≤ L max
k=1,...,n−1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣ 1

Qn

n∑
i,j=1

qiqj |i− j| .

COROLLARY 2.3 (Dragomir, 2004 [47]). Let f : R+ → R be differentiable convex, with a
bounded derivative, that is,‖f ′‖∞ := sup

t≥0
|f ′ (t)| < ∞, then,

0 ≤ If (p, q)−Qnf

(
Pn

Qn

)
(2.3)

≤ ‖f ′‖∞ max
k=1,...,n−1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣ 1

Qn

n∑
i,j=1

qiqj |i− j| .
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Moreover, iff is normalised andPn = Qn, then,

(2.4) 0 ≤ If (p, q) ≤ ‖f ′‖∞ max
k=1,...,n−1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣ 1

Qn

n∑
i,j=1

qiqj |i− j| .

We note that, for the convex mappingf (t) := − log (t), t > 0,

(2.5) If (p, q) =
n∑

i=1

qi

[
− log

(
pi

qi

)]
=

n∑
i=1

qi log

(
qi

pi

)
= KL (q, p) .

PROPOSITION2.4. If p, q ∈ Rn
+ satisfies the condition,

(2.6) 0 < m ≤ rk :=
pk

qk

for all k = 1, . . . , n,

then,

0 ≤ KL (q, p)−Qn log

(
Qn

Pn

)
(2.7)

≤ 1

m
max

k=1,...,n−1
|rk+1 − rk|

1

Qn

n∑
i,j=1

qiqj |i− j| .

PROOF. As f (t) = − log (t), thenf ′ (t) = −1
t
, t > 0. Clearly,f ′ in the interval[m,∞) is

bounded and‖f ′‖∞ = sup
t∈[m,∞)

∣∣1
t

∣∣ = 1
m

< ∞. Applying the inequality (2.3), we deduce (2.7).

REMARK 2.1. If we assume thatPn = Qn, thenm ≤ 1 and (2.7) becomes,

(2.8) 0 ≤ KL (q, p) ≤ 1

m
max

k=1,...,n−1
|rk+1 − rk|

1

Qn

n∑
i,j=1

qiqj |i− j| .

We also know that forf (t) = t log t, t > 0, the f -divergence isf (p, q) = KL (p, q) =∑n
i=1 pi log

(
pi

qi

)
.

The following proposition also holds.

PROPOSITION2.5. Letp, q ∈ Rn
+ satisfy the condition

(2.9) 0 < m ≤ rk ≤ M < ∞ for all k = 1, . . . , n.

We have then the inequality,

0 ≤ KL (q, p)− Pn log

(
Pn

Qn

)
(2.10)

≤ max {|log (Ml)| , |log (ml)|}

× max
k=1,...,n−1

|rk+1 − rk|
1

Qn

n∑
i,j=1

qiqj |i− j| .

PROOF. For the mappingf (t) = t log t, t > 0, f ′ (t) = log (t) + 1. On the interval[m, M ]
we have,

log (m) + 1 ≤ f ′ (M) ≤ log (M) + 1, t ∈ [m, M ] .

Applying (2.3), we deduce (2.10).
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REMARK 2.2. If we assume thatPn = Qn, thenm ≤ 1 ≤ M and (2.10) becomes,

0 ≤ KL (q, p)(2.11)

≤ max {|log (Ml)| , |log (ml)|}

× max
k=1,...,n−1

|rk+1 − rk|
1

Qn

n∑
i,j=1

qiqj |i− j| .

Let f (t) =
(√

t− 1
)2

, t > 0, thenIf gives theHellinger distance,

h2 (p, q) =
n∑

i=1

(
√

pi −
√

qi)
2 .

Using Corollary 2.3, we can state the following.

PROPOSITION2.6. Letp, q ∈ Rn
+ satisfy the condition (2.9), then we have the inequality,

0 ≤ h2 (p, q)−
(√

Pn −
√

Qn

)2

(2.12)

≤ max

 |
√

m− 1|√
m

,

∣∣∣√M − 1
∣∣∣

√
M


× max

k=1,...,n−1
|rk+1 − rk|

1

Qn

n∑
i,j=1

qiqj |i− j| .

PROOF. As f (t) =
(√

t− 1
)2

, t > 0, thenf ′ (t) = 1− 1√
t
. If we consider the mappingf ′

restricted to the interval[m, M ] ⊂ (0,∞), then we observe that,

|
√

m− 1|√
m

≤ f ′ (t) ≤

∣∣∣√M − 1
∣∣∣

√
M

, t ∈ [m,M ]

and thus

‖f ′‖∞ ≤ max

 |
√

m− 1|√
m

,

∣∣∣√M − 1
∣∣∣

√
M

 .

REMARK 2.3. If we assume thatPn = Qn, thenm ≤ 1 ≤ M and (2.12) becomes,

0 ≤ h2 (p, q)(2.13)

≤ max

 |1−
√

m|√
m

,

∣∣∣√M − 1
∣∣∣

√
M


× max

k=1,...,n−1
|rk+1 − rk|

1

Qn

n∑
i,j=1

qiqj |i− j| .

Consider the mappingf (t) = tα, α > 1, t > 0 and theα−order entropy of RényiDα (p, q) .

PROPOSITION2.7. Letp, q ∈ Rn
+ be such that,

(2.14) 0 < rk ≤ M < ∞ for all k = 1, . . . , n,
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then,

0 ≤ Dα (p, q)− Pα
n Q1−α

n(2.15)

≤ αMα−1 max
k=1,...,n−1

|rk+1 − rk|
1

Qn

n∑
i,j=1

qiqj |i− j| .

In particular, if Pn = Qn, thenM ≥ 1 and (2.15) becomes,

0 ≤ Dα (p, q)−Qn(2.16)

≤ αMα−1 max
k=1,...,n−1

|rk+1 − rk|
1

Qn

n∑
i,j=1

qiqj |i− j| .

The proof is apparent by Corollary 2.3 applied forf (t) = tα.
Finally, if we consider theχ2−distance,Dχ2 (p, q), obtained from the Csiszárf -divergence

for f (t) = (t− 1)2, t > 0, we have the following.

PROPOSITION2.8. Let p, q ∈ Rn
+ fulfill the properties of (2.9), then we have the reverse

inequality,

0 ≤ Dχ2 (p, q)− 1

Qn

(Pn −Qn)2(2.17)

≤ 2 max {|m− 1| , |M − 1|}

× max
k=1,...,n−1

|rk+1 − rk|
1

Qn

n∑
i,j=1

qiqj |i− j| .

In particular, if Pn = Qn, thenm ≤ 1 ≤ M and (2.17) becomes,

0 ≤ Dχ2 (p, q)(2.18)

≤ 2 max {1−m,M − 1}

× max
k=1,...,n−1

|rk+1 − rk|
1

Qn

n∑
i,j=1

qiqj |i− j| .

3. THE CASE OF l1−NORM

The following general result can be stated as well [47]:

THEOREM3.1 (Dragomir, 2004 [47]). LetX,Y be two normed linear spaces with the norms
‖·‖ and |·| respectively. IfF : X → Y is L - Lipschitzian, then for allxi ∈ X, pi ≥ 0 with∑n

i=1 pi = 1 (i = 1, . . . , n), we have,

(3.1)

∣∣∣∣∣F
(

n∑
i=1

pixi

)
−

n∑
i=1

piF (xi)

∣∣∣∣∣ ≤ L

n∑
i=1

pi (1− pi)
n−1∑
k=1

‖∆xk‖ .

PROOF. We follow the proof in [47].
As F is L−Lipschitzian, we can state (see the proof of Theorem 1.1) that

(3.2)

∣∣∣∣∣F
(

n∑
i=1

pixi

)
−

n∑
j=1

pjF (xj)

∣∣∣∣∣ ≤ 2L
∑

1≤i<j≤n

pipj ‖xj − xi‖ .
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Now, observe that, fori < j, we have,

xj − xi =

j−1∑
k=i

∆xk,

where∆xk := xk+1 − xk is the forward difference.
As in the proof of Theorem 1.1, we have,∑

1≤i<j≤n

pipj ‖xj − xi‖(3.3)

=
∑

1≤i<j≤n

pipj

∥∥∥∥∥
j−1∑
k=i

∆xk

∥∥∥∥∥ ≤ ∑
1≤i<j≤n

pipj

j−1∑
k=i

‖∆xk‖

≤
∑

1≤i<j≤n

pipj

n−1∑
k=1

‖∆xk‖ .

Putting

I =
∑

1≤i<j≤n

pipj,

we observe that,

1 =
n∑

i,j=1

pipj = 2
∑

1≤i<j≤n

pipj +
n∑

i=1

p2
i = 2I +

n∑
i=1

p2
i

from which we deduce,

I =
1

2

n∑
i=1

pi (1− pi) .

Using (3.2) - (3.3) we obtain (1.2).

COROLLARY 3.2 (Dragomir, 2004 [47]). With the above assumptions forF andxi (i = 1, . . . , n),

(3.4)

∣∣∣∣∣F
(

1

n

n∑
i=1

xi

)
− 1

n

n∑
i=1

F (xi)

∣∣∣∣∣ ≤ L · n− 1

n

n−1∑
k=1

‖∆xk‖ .

The proof is obvious by the above theorem, choosingpi = 1
n

(i = 1, . . . , n).
The following corollary provides a counterpart of the generalised triangle inequality.

COROLLARY 3.3 (Dragomir, 2004 [47]). Let (X, ‖·‖) be a normed space andxi ∈ X,
pi ≥ 0 (i = 1, . . . , n) with

∑n
i=1 pi = 1, then,

(3.5) 0 ≤
n∑

i=1

pi ‖xi‖ −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥ ≤
n∑

i=1

pi (1− pi)
n−1∑
k=1

‖∆xk‖

and in particular

(3.6) 0 ≤
n∑

i=1

‖xi‖ −

∥∥∥∥∥
n∑

i=1

xi

∥∥∥∥∥ ≤ (n− 1)
n−1∑
k=1

‖∆xk‖ .

The proof is by Theorem 3.1 on choosingF : X → R, F (X) = ‖x‖which isL−Lipschitzian
with L = 1 since

|‖x‖ − ‖y‖| ≤ ‖x− y‖ for all x, y ∈ X.
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4. APPLICATIONS FOR f -DIVERGENCE

The following theorem holds [47].

THEOREM 4.1 (Dragomir, 2004 [47]). Letf : R+ → R beL−Lipschitzian onR+, then for
all p, q ∈ Rn

+,

(4.1)

∣∣∣∣If (p, q)−Qnf

(
Pn

Qn

)∣∣∣∣ ≤ L

Qn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣ .
PROOF. We apply inequality (3.1) forF = f andpi = qi

Qn
, xi = pi

qi
(i = 1, . . . , n) to get,∣∣∣∣∣f

(
Pn

Qn

)
− 1

Qn

n∑
i=1

qif

(
pi

qi

)∣∣∣∣∣ ≤ L
n∑

i=1

qi (Qn − qi)

Q2
n

n−1∑
k=1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣ ,
from which we obtain (4.1).

COROLLARY 4.2 (Dragomir, 2004 [47]). Let f : R+ → R be L−Lipschitzian and nor-
malised, then for anyp, q ∈ Rn

+ with Pn = Qn, we have,

(4.2) 0 ≤ |If (p, q)| ≤ L

Qn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣ .
COROLLARY 4.3 (Dragomir, 2004 [47]). If f : R+ → R is differentiable convex, with a

bounded derivative, then,

0 ≤ If (p, q)−Qnf

(
Pn

Qn

)
(4.3)

≤ ‖f ′‖∞
Qn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣ .
Moreover, iff is normalised andPn = Qn, then,

(4.4) 0 ≤ If (p, q) ≤ ‖f ′‖∞
Qn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣ .
The following proposition for the Kullback-Leibler distance holds.

PROPOSITION4.4. Letp, q ∈ Rn
+ satisfy the condition,

(4.5) 0 < m ≤ rk :=
pk

qk

for all k = 1, . . . , n,

then,

0 ≤ KL (q, p)−Qn log

(
Qn

Pn

)
(4.6)

≤ 1

mQn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

|rk+1 − rk| .

PROOF. As f (t) = − log (t), thenf ′ (t) = −1
t
, t > 0, f ′ in the interval[m,∞) is bounded

and‖f ′‖∞ = sup
t∈[m,∞)

∣∣1
t

∣∣ = 1
m

< ∞. Applying the inequality (4.3), we deduce (4.6).
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REMARK 4.1. If we assume thatPn = Qn, thenm ≤ 1 and (4.6) becomes,

(4.7) 0 ≤ KL (q, p) ≤ 1

mQn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

|rk+1 − rk| .

We also know that forf (t) = t log t, t > 0, the Csiszárf -divergence is,

f (p, q) = KL (p, q) =
n∑

i=1

pi log

(
pi

qi

)
.

The following proposition also holds.

PROPOSITION4.5. Letp, q ∈ Rn
+ satisfy the condition,

(4.8) 0 < m ≤ rk ≤ M < ∞ for all k = 1, . . . , n,

then,

0 ≤ KL (q, p)− Pn log

(
Pn

Qn

)
(4.9)

≤ max {|log (Ml)| , |log (ml)|}
Qn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

|rk+1 − rk| .

PROOF. For the mappingf (t) = t log t, t > 0, we havef ′ (t) = log (t)+1. On the interval
[m, M ] we have,

log m + 1 ≤ f ′ (t) ≤ log M + 1, t ∈ [m,M ]

and hence
|f ′ (t)| ≤ max {|log (Ml)| , |log (ml)|} , t ∈ [m, M ] .

Applying (4.3), we deduce (4.9).

REMARK 4.2. If we assume thatPn = Qn, then (2.10) becomes,

0 ≤ KL (q, p)(4.10)

≤ max {|log (Ml)| , |log (ml)|}
Qn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

|rk+1 − rk| .

Let f (t) =
(√

t− 1
)2

, t > 0, thenIf gives theHellinger distance

h2 (p, q) =
n∑

i=1

(
√

pi −
√

qi)
2 ,

Using Corollary 4.3, we may state the following proposition.

PROPOSITION4.6. Assume thatp, q ∈ Rn
+ satisfy the condition (4.8), then,

0 ≤ h2 (p, q)−
(√

Pn −
√

Qn

)2

(4.11)

≤ max

 |
√

m− 1|√
m

,

∣∣∣√M − 1
∣∣∣

√
M


× 1

Qn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

|rk+1 − rk| .
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PROOF. As f (t) =
(√

t− 1
)2

, t > 0, thenf ′ (t) = 1− 1√
t
. If we consider the mappingf ′

restricted to the interval[m, M ] ⊂ (0,∞), then we observe that,

|
√

m− 1|√
m

≤ f ′ (t) ≤

∣∣∣√M − 1
∣∣∣

√
M

, t ∈ [m,M ]

and thus

‖f ′‖∞ ≤ max

 |
√

m− 1|√
m

,

∣∣∣√M − 1
∣∣∣

√
M

 .

REMARK 4.3. If we assume thatPn = Qn, thenm ≤ 1 ≤ M and (2.12) becomes,

0 ≤ h2 (p, q)(4.12)

≤ max

{
1−

√
m√

m
,

√
M − 1√

M

}
1

Qn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

|rk+1 − rk| .

Consider now the mappingf (t) = tα, α > 1, t > 0.

PROPOSITION4.7. Letp, q ∈ Rn
+ be such that,

(4.13) 0 < rk ≤ M < ∞ for all k = 1, . . . , n,

then,

0 ≤ Dα (p, q)− Pα
n Q1−α

n(4.14)

≤ αMα−1 1

Qn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

|rk+1 − rk| .

In particular, if Pn = Qn, thenM ≥ 1 and (4.14) becomes,

0 ≤ Dα (p, q)−Qn(4.15)

≤ αMα−1 1

Qn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

|rk+1 − rk| .

The proof is obvious by Corollary 4.3 applied forf (t) = tα.
Finally, if we consider theχ2−distanceobtained from the Csiszárf -divergence forf (t) =

(t− 1)2, then we can state the following.

PROPOSITION4.8. Letp, q ∈ Rn
+ fulfill the conditions of (2.9), then,

0 ≤ Dχ2 (p, q)− 1

Qn

(Pn −Qn)2(4.16)

≤ 2 max {|m− 1| , |M − 1|} 1

Qn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

|rk+1 − rk| .

In particular, if Pn = Qn, then (4.16) becomes,

0 ≤ Dχ2 (p, q)(4.17)

≤ 2 max {1−m, M − 1} 1

Qn

n∑
i=1

qi (Qn − qi)
n−1∑
k=1

|rk+1 − rk| .
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5. THE CASE OF lp−NORM

Finally, the following general result may be stated [47]:

THEOREM 5.1 (Dragomir, 2004 [47]). LetX, Y, F, (pi)i=1,n be as in Theorem 3.1, then we
have the inequality:

(5.1)

∣∣∣∣∣F
(

n∑
i=1

pixi

)
−

n∑
i=1

piF (xi)

∣∣∣∣∣
≤ L

n∑
i,j=1

pipj |j − i|
1
q

(
n−1∑
k=1

‖∆xk‖p

) 1
p

,

wherep > 1, 1
p

+ 1
q

= 1.

PROOF. We follow the proof in [47].
As in the proof of Theorem 1.1, we have,

(5.2)

∣∣∣∣∣F
(

n∑
i=1

pixi

)
−

n∑
j=1

pjF (xj)

∣∣∣∣∣ ≤ 2L
∑

1≤i<j≤n

pipj ‖xj − xi‖ .

Also,

(5.3)
∑

1≤i<j≤n

pipj ‖xj − xi‖ ≤
∑

1≤i<j≤n

pipj

j−1∑
k=i

‖∆xk‖ .

Using Hölder’s discrete inequality, we may write forp > 1, 1
p

+ 1
q

= 1,

j−1∑
k=i

‖∆xk‖ ≤

(
j−1∑
k=i

1

) 1
q
(

j−1∑
k=i

‖∆xk‖p

) 1
p

= (j − i)
1
q

(
j−1∑
k=i

‖∆xk‖p

) 1
p

≤ (j − i)
1
q

(
n−1∑
k=1

‖∆xk‖p

) 1
p

and then, by (5.3),

∑
1≤i<j≤n

pipj ‖xj − xi‖ ≤
∑

1≤i<j≤n

pipj (j − i)
1
q

(
n−1∑
k=1

‖∆xk‖p

) 1
p

=
1

2

n∑
i,j=1

pipj |j − i|
1
q

(
n−1∑
k=1

‖∆xk‖p

) 1
p

.

Using (5.2) we deduce (5.1).

COROLLARY 5.2 (Dragomir, 2004 [47]). Let (X, ‖·‖) be a normed space andxi ∈ X,
pi ≥ 0 (i = 1, . . . , n) with

∑n
i=1 pi = 1, then,

(5.4) 0 ≤
n∑

i=1

pi ‖xi‖ −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥ ≤
n∑

i,j=1

pipj |j − i|
1
q

(
n−1∑
k=1

‖∆xk‖p

) 1
p

.
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6. APPLICATIONS FOR CSISZÁR f -DIVERGENCE

The following result for Csiszárf -divergence holds [47].

THEOREM 6.1 (Dragomir, 2004 [47]). Letf : R+ → R beL−Lipschitzian onR+, then for
all p, q ∈ Rn

+, we have the inequality:

(6.1)

∣∣∣∣If (p, q)−Qnf

(
Pn

Qn

)∣∣∣∣
≤ L

Qn

n∑
i,j=1

qiqj |j − i|
1
q

(
n−1∑
k=1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣p
) 1

p

,

wherep > 1, 1
p

+ 1
q

= 1.

PROOF. We apply (5.1) forF = f , pi = qi

Qn
, xi = pi

qi
to get,∣∣∣∣∣f

(
Pn

Qn

)
− 1

Qn

n∑
i=1

qif

(
pi

qi

)∣∣∣∣∣
≤ L

n∑
i,j=1

qi

Qn

· qj

Qn

|j − i|
1
q

(
n−1∑
k=1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣p
) 1

p

,

from which we obtain (6.1).

COROLLARY 6.2 (Dragomir, 2004 [47]). Let f : R+ → R be L−Lipschitzian and nor-
malised, then for allp, q ∈ Rn

+ with Pn = Qn, we have,

(6.2) 0 ≤ |If (p, q)| ≤ c

Qn

n∑
i,j=1

qiqj |j − i|
1
q

(
n−1∑
k=1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣p
) 1

p

.

COROLLARY 6.3 (Dragomir, 2004 [47]). Let f : R+ → R be differentiable convex with a
bounded derivative, then,

0 ≤ If (p, q)−Qnf

(
Pn

Qn

)
(6.3)

≤ ‖f ′‖∞
Qn

n∑
i,j=1

qiqj |j − i|
1
q

(
n−1∑
k=1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣p
) 1

p

.

Moreover, iff is normalised andPn = Qn, then,

(6.4) 0 ≤ If (p, q) ≤ ‖f ′‖∞
Qn

n∑
i,j=1

qiqj |j − i|
1
q

(
n−1∑
k=1

∣∣∣∣pk+1

qk+1

− pk

qk

∣∣∣∣p
) 1

p

.

REMARK 6.1. Further inequalities for particular divergences as in the previous two sections
can be stated, but we omit the details.
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CHAPTER 8

Reverses of Jensen’s Inequality andf -Divergences

1. INTRODUCTION

If xi, yi ∈ R andwi ≥ 0 (i = 1, . . . , n) with Wn :=
∑n

i=1 wi = 1 then we may consider the
Čebyšev functional

(1.1) Tw (x, y) :=
n∑

i=1

wixiyi −
n∑

i=1

wixi

n∑
i=1

wiyi.

The following result is known in the literature as theGrüss inequality

(1.2) |Tw (x, y)| ≤ 1

4
(Γ− γ) (∆− δ) ,

provided

(1.3) −∞ < γ ≤ xi ≤ Γ < ∞, −∞ < δ ≤ yi ≤ ∆ < ∞

for i = 1, . . . , n.
The constant1

4
is sharp in the sense that it cannot be replaced by a smaller constant.

If we assume that−∞ < γ ≤ xi ≤ Γ < ∞ for i = 1, . . . , n, then by the Grüss inequality
for yi = xi and by the Schwarz’s discrete inequality, we have

(1.4)
n∑

i=1

wi

∣∣∣∣∣xi −
n∑

j=1

wjxj

∣∣∣∣∣ ≤
 n∑

i=1

wix
2
i −

(
n∑

j=1

wjxj

)2
 1

2

≤ 1

2
(Γ− γ) .

In order to provide a reverse of the celebrated Jensen’s inequality for convex functions, S.S.
Dragomir obtained in 2002 [45] the following result:

THEOREM 1.1. Let f : [m,M ] → R be a differentiable convex function on(m, M) . If
xi ∈ [m, M ] andwi ≥ 0 (i = 1, . . . , n) withWn :=

∑n
i=1 wi = 1, then one has the counterpart

of Jensen’s weighted discrete inequality:

0 ≤
n∑

i=1

wif (xi)− f

(
n∑

i=1

wixi

)
(1.5)

≤
n∑

i=1

wif
′ (xi) xi −

n∑
i=1

wif
′ (xi)

n∑
i=1

wixi

≤ 1

2
[f ′ (M)− f ′ (m)]

n∑
i=1

wi

∣∣∣∣∣xi −
n∑

j=1

wjxj

∣∣∣∣∣ .
REMARK 1.1. We notice that the inequality between the first and the second term in (1.5)

was proved in 1994 by Dragomir & Ionescu, see [62].
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On making use of (1.4), we can state the following string of reverse inequalities

0 ≤
n∑

i=1

wif (xi)− f

(
n∑

i=1

wixi

)
(1.6)

≤
n∑

i=1

wif
′ (xi) xi −

n∑
i=1

wif
′ (xi)

n∑
i=1

wixi

≤ 1

2
[f ′ (M)− f ′ (m)]

n∑
i=1

wi

∣∣∣∣∣xi −
n∑

j=1

wjxj

∣∣∣∣∣
≤ 1

2
[f ′ (M)− f ′ (m)]

 n∑
i=1

wix
2
i −

(
n∑

j=1

wjxj

)2
 1

2

≤ 1

4
[f ′ (M)− f ′ (m)] (M −m) ,

provided thatf : [m, M ] ⊂ R → R is a differentiable convex function on(m,M), xi ∈ [m, M ]
andwi ≥ 0 (i = 1, . . . , n) with Wn :=

∑n
i=1 wi = 1.

REMARK 1.2. We notice that the inequality between the first, second and last term from
(1.6) was proved in the general case of positive linear functionals in 2001 by S. S. Dragomir in
[39].

2. REVERSE I NEQUALITIES

The following reverse of the Jensen’s inequality holds:

THEOREM 2.1 (Dragomir, 2013 [59]). Let f : I → R be a continuous convex function on
the interval of real numbersI andm, M ∈ R, m < M with [m, M ] ⊂ I̊, I̊ is the interior ofI.
If xi ∈ [m, M ] andwi ≥ 0 (i = 1, . . . , n) with Wn :=

∑n
i=1 wi = 1, then

0 ≤
n∑

i=1

wif (xi)− f

(
n∑

i=1

wixi

)
(2.1)

≤ (M −
∑n

i=1 wixi) (
∑n

i=1 wixi −m)

M −m
Ψf

(
n∑

i=1

wixi; m, M

)

≤ (M −
∑n

i=1 wixi) (
∑n

i=1 wixi −m)

M −m
sup

t∈(m,M)

Ψf (t; m, M)

≤

(
M −

n∑
i=1

wixi

)(
n∑

i=1

wixi −m

)
f ′− (M)− f ′+ (m)

M −m

≤ 1

4
(M −m)

[
f ′− (M)− f ′+ (m)

]
,

whereΨf (·; m, M) : (m, M) → R is defined by

Ψf (t; m,M) =
f (M)− f (t)

M − t
− f (t)− f (m)

t−m
.
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We also have the inequality

0 ≤
n∑

i=1

wif (xi)− f

(
n∑

i=1

wixi

)
(2.2)

≤ (M −
∑n

i=1 wixi) (
∑n

i=1 wixi −m)

M −m
Ψf

(
n∑

i=1

wixi; m, M

)

≤ 1

4
(M −m) Ψf

(
n∑

i=1

wixi; m, M

)
≤ 1

4
(M −m) sup

t∈(m,M)

Ψf (t; m,M)

≤ 1

4
(M −m)

[
f ′− (M)− f ′+ (m)

]
,

provided that
∑n

i=1 wixi ∈ (m, M) .

PROOF. By the convexity off we have that
n∑

i=1

wif (xi)− f

(
n∑

i=1

wixi

)
(2.3)

=
n∑

i=1

wif

[
m (M − xi) + M (xi −m)

M −m

]

− f

(
n∑

i=1

wi

[
m (M − xi) + M (xi −m)

M −m

])

≤
n∑

i=1

wi
(M − xi) f (m) + (xi −m) f (M)

M −m

− f

(
m (M −

∑n
i=1 wixi) + M (

∑n
i=1 wixi −m)

M −m

)
=

(M −
∑n

i=1 wixi) f (m) + (
∑n

i=1 wixi −m) f (M)

M −m

− f

(
m (M −

∑n
i=1 wixi) + M (

∑n
i=1 wixi −m)

M −m

)
:= B.

By denoting

∆f (t; m, M) :=
(t−m) f (M) + (M − t) f (m)

M −m
− f (t) , t ∈ [m, M ]

we have

∆f (t; m,M) =
(t−m) f (M) + (M − t) f (m)− (M −m) f (t)

M −m
(2.4)

=
(t−m) f (M) + (M − t) f (m)− (M − t + t−m) f (t)

M −m

=
(t−m) [f (M)− f (t)]− (M − t) [f (t)− f (m)]

M −m

=
(M − t) (t−m)

M −m
Ψf (t; m,M)
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for anyt ∈ (m,M) .
Therefore we have the equality

(2.5) B =
(M −

∑n
i=1 wixi) (

∑n
i=1 wixi −m)

M −m
Ψf

(
n∑

i=1

wixi; m,M

)

provided that
∑n

i=1 wixi ∈ (m, M) .
For

∑n
i=1 wixi = m or

∑n
i=1 wixi = M the inequality (2.1) is obvious. If

∑n
i=1 wixi ∈

(m,M), then

Ψf

(
n∑

i=1

wixi; m,M

)
≤ sup

t∈(m,M)

Ψf (t; m, M)

= sup
t∈(m,M)

[
f (M)− f (t)

M − t
− f (t)− f (m)

t−m

]
≤ sup

t∈(m,M)

[
f (M)− f (t)

M − t

]
+ sup

t∈(m,M)

[
−f (t)− f (m)

t−m

]
= sup

t∈(m,M)

[
f (M)− f (t)

M − t

]
− inf

t∈(m,M)

[
f (t)− f (m)

t−m

]
= f ′− (M)− f ′+ (m)

which by (2.3) and (2.5) produces the desired result (2.1).
Since, obviously

(M −
∑n

i=1 wixi) (
∑n

i=1 wixi −m)

M −m
≤ 1

4
(M −m) ,

then by (2.3) and (2.5) we deduce the second inequality (2.2). The last part is clear.

COROLLARY 2.2. Let f : I → R be a continuous convex function on the interval of real
numbersI and m,M ∈ R, m < M with [m,M ] ⊂ I̊. If xi ∈ [m, M ], then we have the
inequalities

0 ≤ 1

n

n∑
i=1

f (xi)− f

(
1

n

n∑
i=1

xi

)
(2.6)

≤
(
M − 1

n

∑n
i=1 xi

) (
1
n

∑n
i=1 xi −m

)
M −m

Ψf

(
1

n

n∑
i=1

xi; m,M

)

≤
(
M − 1

n

∑n
i=1 xi

) (
1
n

∑n
i=1 xi −m

)
M −m

sup
t∈(m,M)

Ψf (t; m,M)

≤

(
M − 1

n

n∑
i=1

xi

)(
1

n

n∑
i=1

xi −m

)
f ′− (M)− f ′+ (m)

M −m

≤ 1

4
(M −m)

[
f ′− (M)− f ′+ (m)

]
,
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and

0 ≤ 1

n

n∑
i=1

f (xi)− f

(
1

n

n∑
i=1

xi

)
(2.7) (

M − 1
n

∑n
i=1 xi

) (
1
n

∑n
i=1 xi −m

)
M −m

Ψf

(
1

n

n∑
i=1

xi; m,M

)

≤ 1

4
(M −m) Ψf

(
1

n

n∑
i=1

xi; m, M

)
≤ 1

4
(M −m) sup

t∈(m,M)

Ψf (t; m, M)

≤ 1

4
(M −m)

[
f ′− (M)− f ′+ (m)

]
,

where 1
n

∑n
i=1 xi ∈ (m, M) .

REMARK 2.1. Define the weighted arithmetic mean of the positiven-tuplex = (x1, ..., xn)
with the nonnegative weightsw = (w1, ..., wn) by

An (w, x) :=
1

Wn

n∑
i=1

wixi

whereWn :=
∑n

i=1 wi > 0 and the weighted geometric mean of the samen-tuple, by

Gn (w, x) :=

(
n∏

i=1

xwi
i

)1/Wn

.

It is well know that the following arithmetic mean-geometric mean inequality holds true

An (w, x) ≥ Gn (w, x) .

Applying the inequality between the first and third term in (2.6) for the convex functionf (t) =
− ln t, t > 0 we have

1 ≤ An (w, x)

Gn (w, x)
≤ exp

[
1

Mm
(M − An (w, x)) (An (w, x)−m)

]
(2.8)

≤ exp

[
1

4

(M −m)2

mM

]
,

provided that0 < m ≤ xi ≤ M < ∞ for i ∈ {1, ..., n} .
Also, if we apply the inequality (2.7) for the same functionf we get that

1 ≤ An (w, x)

Gn (w, x)
(2.9)

≤

[(
M

An (w, x)

)M−An(w,x)(
m

An (w, x)

)An(w,x)−m
]− 1

4
(M−m)

≤ exp

[
1

4

(M −m)2

mM

]
.

The following result also holds:
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THEOREM 2.3 (Dragomir, 2013 [59]). With the assumptions of Theorem 2.1, we have the
inequalities

0 ≤
n∑

i=1

wif (xi)− f

(
n∑

i=1

wixi

)
(2.10)

≤ 2 max

{
M −

∑n
i=1 wixi

M −m
,

∑n
i=1 wixi −m

M −m

}
×
[
f (m) + f (M)

2
− f

(
m + M

2

)]
≤ 1

2
max

{
M −

n∑
i=1

wixi,

n∑
i=1

wixi −m

}[
f ′− (M)− f ′+ (m)

]
.

PROOF. First of all, we recall the following result obtained by the author in [50] that pro-
vides a refinement and a reverse for the weighted Jensen’s discrete inequality:

n min
i∈{1,...,n}

{pi}

[
1

n

n∑
i=1

f (xi)− f

(
1

n

n∑
i=1

xi

)]
(2.11)

≤ 1

Pn

n∑
i=1

pif (xi)− f

(
1

Pn

n∑
i=1

pixi

)

n max
i∈{1,...,n}

{pi}

[
1

n

n∑
i=1

f (xi)− f

(
1

n

n∑
i=1

xi

)]
,

wheref : C → R is a convex function defined on the convex subsetC of the linear spaceX,
{xi}i∈{1,...,n} ⊂ C are vectors and{pi}i∈{1,...,n} are nonnegative numbers withPn :=

∑n
i=1 pi >

0.
Forn = 2 we deduce from (2.11) that

2 min {t, 1− t}
[
f (x) + f (y)

2
− f

(
x + y

2

)]
(2.12)

≤ tf (x) + (1− t) f (y)− f (tx + (1− t) y)

≤ 2 max {t, 1− t}
[
f (x) + f (y)

2
− f

(
x + y

2

)]
for anyx, y ∈ C andt ∈ [0, 1] .

If we use the second inequality in (2.12) for the convex functionf : I → R andm,M ∈ R,
m < M with [m,M ] ⊂ I̊ , we have fort =

M−
Pn

i=1 wixi

M−m
that

(M −
∑n

i=1 wixi) f (m) + (
∑n

i=1 wixi −m) f (M)

M −m
(2.13)

− f

(
m (M −

∑n
i=1 wixi) + M (

∑n
i=1 wixi −m)

M −m

)
≤ 2 max

{
M −

∑n
i=1 wixi

M −m
,

∑n
i=1 wixi −m

M −m

}
×
[
f (m) + f (M)

2
− f

(
m + M

2

)]
.

Utilizing the inequality (2.3) and (2.13) we deduce the first inequality in (2.10).
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Since
f(m)+f(M)

2
− f

(
m+M

2

)
M −m

=
1

4

[
f (M)− f

(
m+M

2

)
M − m+M

2

−
f
(

m+M
2

)
− f (m)

m+M
2

−m

]
and, by the gradient inequality, we have that

f (M)− f
(

m+M
2

)
M − m+M

2

≤ f ′− (M)

and
f
(

m+M
2

)
− f (m)

m+M
2

−m
≥ f ′+ (m) ,

then we get

(2.14)
f(m)+f(M)

2
− f

(
m+M

2

)
M −m

≤ 1

4

[
f ′− (M)− f ′+ (m)

]
.

On making use of (2.13) and (2.14) we deduce the last part of (2.10).

COROLLARY 2.4. With the assumptions in Corollary 2.2, we have the inequalities

0 ≤ 1

n

n∑
i=1

f (xi)− f

(
1

n

n∑
i=1

xi

)
(2.15)

≤ 2 max

{
M − 1

n

∑n
i=1 xi

M −m
,

1
n

∑n
i=1 xi −m

M −m

}
×
[
f (m) + f (M)

2
− f

(
m + M

2

)]
(2.16)

≤ 1

2
max

{
M − 1

n

n∑
i=1

xi,
1

n

n∑
i=1

xi −m

}[
f ′− (M)− f ′+ (m)

]
.

REMARK 2.2. Since, obviously,

M −
∑n

i=1 wixi

M −m
,

∑n
i=1 wixi −m

M −m
≤ 1,

then we obtain from the first inequality in (2.10) the simpler, however coarser inequality, namely

(2.17) 0 ≤
n∑

i=1

wif (xi)− f

(
n∑

i=1

wixi

)
≤ 2

[
f (m) + f (M)

2
− f

(
m + M

2

)]
.

This inequality was obtained in 2008 by S. Simic in [122].

REMARK 2.3. With the assumptions in Remark 2.1 we have the following reverse of the
arithmetic mean-geometric mean inequality

(2.18) 1 ≤ An (w, x)

Gn (w, x)
≤
(

A (m,M)

G (m, M)

)2max{M−An(w,x)
M−m

,
An(w,x)−m

M−m }
,

whereA (m, M) is the arithmetic mean whileG (m,M) is the geometric mean of the positive
numbersm andM .
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3. APPLICATIONS FOR THE HÖLDER I NEQUALITY

If xi, yi ≥ 0 for i ∈ {1, ..., n} , then theHölder inequalityholds true

n∑
i=1

xiyi ≤

(
n∑

i=1

xp
i

)1/p( n∑
i=1

yq
i

)1/q

,

wherep > 1, 1
p

+ 1
q

= 1.

Assume thatp > 1. If zi ∈ R for i ∈ {1, ..., n}, satisfies the bounds

0 < m ≤ zi ≤ M < ∞ for i ∈ {1, ..., n}
andwi ≥ 0 (i = 1, . . . , n) with Wn :=

∑n
i=1 wi > 0, then from (2.1) we have

0 ≤
∑n

i=1 wiz
p
i

Wn

−
(∑n

i=1 wizi

Wn

)p

(3.1)

≤

(
M −

Pn
i=1 wizi

Wn

)(Pn
i=1 wizi

Wn
−m

)
M −m

Bp (m, M)

≤ p
Mp−1 −mp−1

M −m

(
M −

∑n
i=1 wizi

Wn

)(∑n
i=1 wizi

Wn

−m

)
≤ 1

4
p (M −m)

(
Mp−1 −mp−1

)
,

whereΨp (·; m,M) : (m,M) → R is defined by

Ψp (t; m,M) =
Mp − tp

M − t
− tp −mp

t−m

while

(3.2) Bp (m, M) := sup
t∈(m,M)

Ψp (t; m,M) .

From (2.2) we also have the inequality

0 ≤
∑n

i=1 wiz
p
i

Wn

−
(∑n

i=1 wizi

Wn

)p

(3.3)

≤ 1

4
(M −m) Ψp

(∑n
i=1 wizi

Wn

; m, M

)
≤ 1

4
p (M −m)

(
Mp−1 −mp−1

)
.

PROPOSITION3.1 (Dragomir, 2013 [59]). If xi ≥ 0, yi > 0 for i ∈ {1, ..., n}, p > 1, 1
p
+ 1

q
=

1 and there exists the constantsγ, Γ > 0 and such that

γ ≤ xi

yq−1
i

≤ Γ for i ∈ {1, ..., n} ,

then we have

0 ≤
∑n

i=1 xp
i∑n

i=1 yq
i

−
(∑n

i=1 xiyi∑n
i=1 yq

i

)p

(3.4)

≤ Bp (γ, Γ)

Γ− γ

(
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

)(∑n
i=1 xiyi∑n
i=1 yq

i

− γ

)
≤ p

Γp−1 − γp−1

Γ− γ

(
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

)(∑n
i=1 xiyi∑n
i=1 yq

i

− γ

)
≤ 1

4
p (Γ− γ)

(
Γp−1 − γp−1

)
,
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and

0 ≤
∑n

i=1 xp
i∑n

i=1 yq
i

−
(∑n

i=1 xiyi∑n
i=1 yq

i

)p

(3.5)

≤ 1

4
(Γ− γ) Ψp

(∑n
i=1 xiyi∑n
i=1 yq

i

; γ, Γ

)
≤ 1

4
p (Γ− γ)

(
Γp−1 − γp−1

)
,

whereBp (·, ·) andΨp (·; ·, ·) are defined above.

PROOF. The inequalities (3.4) and (3.5) follow from (3.1) and (3.3) by choosing

zi =
xi

yq−1
i

andwi = yq
i .

The details are omitted.

REMARK 3.1. We observe that forp = q = 2 we haveΨ2 (t; γ, Γ) = Γ−γ = B2 (γ, Γ) and
then from the first inequality in (3.4) we get the following reverse of the Cauchy-Bunyakovsky-
Schwarz inequality:

n∑
i=1

x2
i

n∑
i=1

y2
i −

(
n∑

i=1

xiyi

)2

(3.6)

≤
(

Γ−
∑n

i=1 xiyi∑n
i=1 y2

i

)(∑n
i=1 xiyi∑n
i=1 y2

i

− γ

)( n∑
i=1

y2
i

)2

provided thatxi ≥ 0, yi > 0 for i ∈ {1, ..., n} and there exists the constantsγ, Γ > 0 such that

γ ≤ xi

yi

≤ Γ for i ∈ {1, ..., n} .

COROLLARY 3.2 (Dragomir, 2013 [59]). With the assumptions of Proposition 3.1 we have
the following additive reverses of the Hölder inequality

0 ≤

(
n∑

i=1

xp
i

)1/p( n∑
i=1

yq
i

)1/q

−
n∑

i=1

xiyi(3.7)

≤
[
Bp (γ, Γ)

Γ− γ

]1/p(
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

)1/p(∑n
i=1 xiyi∑n
i=1 yq

i

− γ

)1/p

×
n∑

i=1

yq
i

≤ p1/p

(
Γp−1 − γp−1

Γ− γ

)1/p(
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

)1/p(∑n
i=1 xiyi∑n
i=1 yq

i

− γ

)1/p

×
n∑

i=1

yq
i

≤ 1

41/p
p1/p (Γ− γ)1/p (Γp−1 − γp−1

)1/p
n∑

i=1

yq
i
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and

0 ≤

(
n∑

i=1

xp
i

)1/p( n∑
i=1

yq
i

)1/q

−
n∑

i=1

xiyi(3.8)

≤ 1

41/p
(Γ− γ)1/p Ψ1/p

p

(∑n
i=1 xiyi∑n
i=1 yq

i

; m, M

) n∑
i=1

yq
i

≤ 1

41/p
p1/p (Γ− γ)1/p (Γp−1 − γp−1

)1/p
n∑

i=1

yq
i

wherep > 1 and 1
p

+ 1
q

= 1.

PROOF. By multiplying in (3.4) with(
∑n

i=1 yq
i )

p we have

n∑
i=1

xp
i

(
n∑

i=1

yq
i

)p−1

−

(
n∑

i=1

xiyi

)p

≤ Bp (γ, Γ)

Γ− γ

(
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

)(∑n
i=1 xiyi∑n
i=1 yq

i

− γ

)( n∑
i=1

yq
i

)p

≤ p
Γp−1 − γp−1

Γ− γ

(
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

)(∑n
i=1 xiyi∑n
i=1 yq

i

− γ

)( n∑
i=1

yq
i

)p

≤ 1

4
p (Γ− γ)

(
Γp−1 − γp−1

)( n∑
i=1

yq
i

)p

,

which is equivalent to

n∑
i=1

xp
i

(
n∑

i=1

yq
i

)p−1

(3.9)

≤

(
n∑

i=1

xiyi

)p

+
Bp (γ, Γ)

Γ− γ

(
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

)(∑n
i=1 xiyi∑n
i=1 yq

i

− γ

)

×

(
n∑

i=1

yq
i

)p

≤

(
n∑

i=1

xiyi

)p

+ p

(
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

)(∑n
i=1 xiyi∑n
i=1 yq

i

− γ

)

×

(
n∑

i=1

yq
i

)p
Γp−1 − γp−1

Γ− γ

≤

(
n∑

i=1

xiyi

)p

+
1

4
p (Γ− γ)

(
Γp−1 − γp−1

)( n∑
i=1

yq
i

)p

.

Taking the power1/p with p > 1 and employing the following elementary inequality that state
that forp > 1 andα, β > 0,

(α + β)1/p ≤ α1/p + β1/p
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we have from the first part of (3.9) that

(
n∑

i=1

xiyi

)1/p( n∑
i=1

yq
i

)1− 1
p

(3.10)

≤
n∑

i=1

xiyi +

[
Bp (γ, Γ)

Γ− γ

]1/p(
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

)1/p(∑n
i=1 xiyi∑n
i=1 yq

i

− γ

)1/p

×
n∑

i=1

yq
i

and since1− 1
p

= 1
q

we get from (3.10) the first inequality in (3.7). The rest is obvious.
The inequality (3.8) can be proved in a similar manner, however the details are omitted.

If zi ∈ R for i ∈ {1, ..., n}, satisfies the bounds

0 < m ≤ zi ≤ M < ∞ for i ∈ {1, ..., n}

andwi ≥ 0 (i = 1, . . . , n) with Wn :=
∑n

i=1 wi > 0, then from (2.10) we also have the
inequality

0 ≤
∑n

i=1 wiz
p
i

Wn

−
(∑n

i=1 wizi

Wn

)p

(3.11)

≤ 2

[
mp + Mp

2
−
(

m + M

2

)p]
×max

{
M −

Pn
i=1 wizi

Wn

M −m
,

Pn
i=1 wizi

Wn
−m

M −m

}

≤ 1

2
p
(
Mp−1 −mp−1

)
max

{
M −

∑n
i=1 wizi

Wn

,

∑n
i=1 wizi

Wn

−m

}
.

From the inequality (3.11) we can state:

PROPOSITION3.3 (Dragomir, 2013 [59]). With the assumptions of Proposition 3.1 we have

0 ≤
∑n

i=1 xp
i∑n

i=1 yq
i

−
(∑n

i=1 xiyi∑n
i=1 yq

i

)p

(3.12)

≤ 2 ·
γp+Γp

2
−
(

γ+Γ
2

)p
Γ− γ

max

{
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

,

∑n
i=1 xiyi∑n
i=1 yq

i

− γ

}
≤ 1

2
p
(
Γp−1 − γp−1

)
max

{
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

,

∑n
i=1 xiyi∑n
i=1 yq

i

− γ

}
.

Finally, the following additive reverse of the Hölder inequality can be stated as well:
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COROLLARY 3.4 (Dragomir, 2013 [59]). With the assumptions of Proposition 3.1 we have

0 ≤

(
n∑

i=1

xp
i

)1/p( n∑
i=1

yq
i

)1/q

−
n∑

i=1

xiyi(3.13)

≤ 21/p ·

(
γp+Γp

2
−
(

γ+Γ
2

)p
Γ− γ

)1/p

×max

{(
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

)1/p

,

(∑n
i=1 xiyi∑n
i=1 yq

i

− γ

)1/p
}

n∑
i=1

yq
i

≤ 1

21/p
p1/p max

{(
Γ−

∑n
i=1 xiyi∑n
i=1 yq

i

)1/p

,

(∑n
i=1 xiyi∑n
i=1 yq

i

− γ

)1/p
}

×
(
Γp−1 − γp−1

)1/p
n∑

i=1

yq
i .

REMARK 3.2. As a simpler, however coarser inequality we have the following result:

0 ≤

(
n∑

i=1

xp
i

)1/p( n∑
i=1

yq
i

)1/q

−
n∑

i=1

xiyi(3.14)

≤ 21/p ·
[
γp + Γp

2
−
(

γ + Γ

2

)p]1/p n∑
i=1

yq
i ,

wherexi andyi are as above.

4. APPLICATIONS FOR f -DIVERGENCE

Consider thef -divergence

(4.1) If (p, q) :=
n∑

i=1

qif

(
pi

qi

)
defined on the set of probability distributionsp, q ∈ Pn, wheref is convex on(0,∞). It is
assumed thatf (u) is zero and strictly convex atu = 1. By appropriately defining this convex
function, various divergences are derived.

The following result holds:

PROPOSITION4.1 (Dragomir, 2013 [59]). Let f : (0,∞) → R be a convex function with
the property thatf (1) = 0. Assume thatp, q ∈ Pn and there exists the constants0 < r < 1 <
R < ∞ such that

(4.2) r ≤ pi

qi

≤ R for i ∈ {1, ..., n} .

Then we have the inequalities

0 ≤ If (p, q) ≤ (R− 1) (1− r)

R− r
sup

t∈(r,R)

Ψf (t; r, R)(4.3)

≤ (R− 1) (1− r)
f ′− (R)− f ′+ (r)

R− r

≤ 1

4
(R− r)

[
f ′− (R)− f ′+ (r)

]
,

AJMAA, Vol. 15, No. 1, Art. 1, pp. 1-275, 2018 AJMAA

http://ajmaa.org


94 S. S. DRAGOMIR

andΨf (·; r, R) : (r, R) → R is defined by

Ψf (t; r, R) =
f (R)− f (t)

R− t
− f (t)− f (r)

t− r
.

We also have the inequality

If (p, q) ≤ 1

4
(R− r)

f (R) (1− r) + f (r) (R− 1)

(R− 1) (1− r)
(4.4)

≤ 1

4
(R− r)

[
f ′− (R)− f ′+ (r)

]
.

The proof follows by Theorem 2.1 by choosingwi = qi, xi = pi

qi
, m = r andM = R and

performing the required calculations. The details are omitted.
Utilising the same approach and Theorem 2.3 we can also state that:

PROPOSITION4.2 (Dragomir, 2013 [59]). With the assumptions of Proposition 4.1 we have

0 ≤ If (p, q) ≤ 2 max

{
R− 1

R− r
,

1− r

R− r

}
(4.5)

×
[
f (r) + f (R)

2
− f

(
r + R

2

)]
≤ 1

2
max {R− 1, 1− r}

[
f ′− (R)− f ′+ (r)

]
.

The above results can be utilized to obtain various inequalities for the divergence measures
in Information Theory that are particular instances off -divergence.

Consider the Kullback-Leibler divergence

KL (p, q) =
n∑

i=1

pi log

(
pi

qi

)
, p, q ∈ Pn.

For the convex functionf : (0,∞) → R, f (t) = − ln t we have

If (p, q) :=
n∑

i=1

qif

(
pi

qi

)
= −

n∑
i=1

qi ln

(
pi

qi

)
=

n∑
i=1

qi ln

(
qi

pi

)
= KL (q, p)

If p, q ∈ Pn such that there exists the constants0 < r < 1 < R < ∞ with

(4.6) r ≤ pi

qi

≤ R for i ∈ {1, ..., n} ,

then we get from the second inequality in (4.3) that

(4.7) 0 ≤ KL (q, p) ≤ (R− 1) (1− r)

rR
,

from the first inequality in (4.4) that

0 ≤ KL (q, p) ≤ 1

4
(R− r) ln

[
R− 1

R−1 r−
1

1−r

]
and from the first inequality in (4.5) that

(4.8) 0 ≤ KL (q, p) ≤ 2 max

{
R− 1

R− r
,

1− r

R− r

}
ln

(
A (r, R)

G (r, R)

)
whereA (r, R) is the arithmetic mean andG (r, R) is the geometric mean of the positive num-
bersr andR.
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For the convex functionf : (0,∞) → R, f (t) = t ln t we have

If (p, q) :=
n∑

i=1

qif

(
pi

qi

)
= KL (p, q) .

If p, q ∈ Pn such that there exists the constants0 < r < 1 < R < ∞ with the property (4.6),
then we get from the second inequality in (4.3) that

(4.9) 0 ≤ KL (p, q) ≤ (R− 1) (1− r)

L (r, R)
,

whereL (r, R) is the Logarithmic mean ofr, R, namely

L (r, R) =
R− r

ln R− ln r
.

From the first inequality in (4.4) we also have:

(4.10) 0 ≤ KL (p, q) ≤ 1

4
(R− r)

R− r + ln
(
R1−rrR−1

)
(R− 1) (1− r)

.

Finally, by the first inequality in (4.5) we have

(4.11) 0 ≤ KL (p, q) ≤ 2 max

{
R− 1

R− r
,

1− r

R− r

}
ln

[
G
(
rr, RR

)
[A (r, R)]A(r,R)

]
.

5. MORE REVERSE I NEQUALITIES

For theLebesgue measurablefunctiong : [α, β] → R we introduce theLebesguep-norms
defined as

‖g‖[α,β],p :=

(∫ β

α

|g (t)|p dt

)1/p

if g ∈ Lp [α, β] ,

for p ≥ 1 and
‖g‖[α,β],∞ := ess sup

t∈[α,β]

|g (t)| if g ∈ L∞ [α, β] ,

for p = ∞.
The following result also holds:

THEOREM 5.1 (Dragomir, 2013 [60]). Let Φ : I → R be a continuous convex function on
the interval of real numbersI andm, M ∈ R, m < M with [m, M ] ⊂ I̊, I̊ is the interior ofI.
If xi ∈ I andwi ≥ 0 for i ∈ {1, ..., n} with

∑n
i=1 wi = 1, denotex̄w :=

∑n
i=1 wixi ∈ I, then

we have the inequality

0 ≤
n∑

i=1

wiΦ (xi)− Φ (x̄w)(5.1)

≤
(M − x̄w)

∫ x̄w

m
|Φ′ (t)| dt + (x̄w −m)

∫M

x̄w
|Φ′ (t)| dt

M −m
:= ΘΦ (x̄w; m, M) ,

whereΘΦ (x̄w; m, M) satisfies the bounds

ΘΦ (x̄w; m, M)(5.2)

≤


[

1
2

+
|x̄w−m+M

2 |
M−m

] ∫M

m
|Φ′ (t)| dt

[
1
2

∫M

m
|Φ′ (t)| dt + 1

2

∣∣∣∫M

x̄w
|Φ′ (t)| dt−

∫ x̄w

m
|Φ′ (t)| dt

∣∣∣] ,
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ΘΦ (x̄w; m, M)(5.3)

≤ (x̄w −m) (M − x̄w)

M −m

[
‖Φ′‖[x̄w,M ],∞ + ‖Φ′‖[m,x̄w],∞

]
≤ 1

2
(M −m)

‖Φ′‖[w̄p,M ],∞ + ‖Φ′‖[m,w̄p],∞

2
≤ 1

2
(M −m) ‖Φ′‖[m,M ],∞

and

ΘΦ (x̄w; m, M)(5.4)

≤ 1

M −m

[
(x̄w −m) (M − x̄w)1/q ‖Φ′‖[x̄w,M ],p

+ (M − x̄w) (x̄w −m)1/q ‖Φ′‖[m,x̄w],p

]
≤ 1

M −m
[(x̄w −m)q (M − x̄w) + (M − x̄w)q (x̄w −m)]

1/q ‖Φ′‖[m,M ],p

wherep > 1, 1
p

+ 1
q

= 1.

PROOF. By the convexity ofΦ we have that
n∑

i=1

wiΦ (xi)− Φ (x̄w)(5.5)

=
n∑

i=1

wiΦ

[
m (M − xi) + M (xi −m)

M −m

]
− Φ (x̄w)

≤
n∑

i=1

wi
(M − xi) Φ (m) + (xi −m) Φ (M)

M −m
− Φ (x̄w)

=
(M − x̄w) Φ (m) + (x̄w −m) Φ (M)

M −m
− Φ (x̄w) = B.

By denoting

ΛΦ (t; m, M) :=
(t−m) Φ (M) + (M − t) Φ (m)

M −m
− Φ (t) , t ∈ [m, M ]

we have

ΛΦ (t; m,M) =
(t−m) Φ (M) + (M − t) Φ (m)

M −m
− Φ (t)(5.6)

=
(t−m) Φ (M) + (M − t) Φ (m)− (M −m) Φ (t)

M −m

=
(t−m) Φ (M) + (M − t) Φ (m)− (M − t + t−m) Φ (t)

M −m

=
(t−m) [Φ (M)− Φ (t)]− (M − t) [Φ (t)− Φ (m)]

M −m

for anyt ∈ [m, M ] . Also
B = ΛΦ (x̄w; m, M) .

Taking the modulus on (5.6) and, noticing that, by the convexity ofΦ we have

ΛΦ (t; m, M)

=
(t−m) Φ (M) + (M − t) Φ (m)

M −m
− Φ

(
(t−m) M + (M − t) m

M −m

)
≥ 0
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for anyt ∈ [m, M ] , then we have

ΛΦ (t; m,M) ≤ (t−m) |Φ (M)− Φ (t)|+ (M − t) |Φ (t)− Φ (m)|
M −m

(5.7)

=
(t−m)

∣∣∣∫M

t
Φ′ (s) ds

∣∣∣+ (M − t)
∣∣∣∫ t

m
Φ′ (s) ds

∣∣∣
M −m

≤
(t−m)

∫M

t
|Φ′ (s)| ds + (M − t)

∫ t

m
|Φ′ (s)| ds

M −m

for anyt ∈ [m, M ] .
Finally, if we write the inequality (5.7) fort = x̄w ∈ [m, M ] and utilize the inequality (5.5),

we deduce the desired result (5.1).
Now, we observe that

(t−m)
∫M

t
|Φ′ (s)| ds + (M − t)

∫ t

m
|Φ′ (s)| ds

M −m
(5.8)

≤


max {t−m, M − t}

∫M

m
|Φ′ (t)| dt

max
{∫M

t
|Φ′ (s)| ds,

∫ t

m
|Φ′ (s)| ds

}
(M −m)

=


[

1
2
(M −m) +

∣∣t− m+M
2

∣∣] ∫M

m
|Φ′ (t)| dt[

1
2

∫M

m
|Φ′ (s)| ds + 1

2

∣∣∣∫M

t
|Φ′ (s)| ds−

∫ t

m
|Φ′ (s)| ds

∣∣∣] (M −m)

for anyt ∈ [m, M ] . This proves the inequality (5.2).
By the Hölder’s inequality we have

∫ M

t

|Φ′ (s)| ds ≤


(M − t) ‖Φ′‖[t,M ],∞

(M − t)1/q ‖Φ′‖[t,M ],p if p > 1, 1
p

+ 1
q

= 1

and ∫ t

m

|Φ′ (s)| ds ≤


(t−m) ‖Φ′‖[m,t],∞

(t−m)1/q ‖Φ′‖[m,t],p if p > 1, 1
p

+ 1
q

= 1,

which give that

(t−m)
∫M

t
|Φ′ (s)| ds + (M − t)

∫ t

m
|Φ′ (s)| ds

M −m
(5.9)

≤
(t−m) (M − t) ‖Φ′‖[t,M ],∞ + (M − t) (t−m) ‖Φ′‖[m,t],∞

M −m

=
(t−m) (M − t)

M −m

[
‖Φ′‖[t,M ],∞ + ‖Φ′‖[m,t],∞

]
≤ 1

2
(M −m)

‖Φ′‖[t,M ],∞ + ‖Φ′‖[m,t],∞

2

≤ 1

2
(M −m) max

{
‖Φ′‖[t,M ],∞ , ‖Φ′‖[m,t],∞

}
=

1

2
(M −m) ‖Φ′‖[m,M ],∞
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and

(t−m)
∫M

t
|Φ′ (s)| ds + (M − t)

∫ t

m
|Φ′ (s)| ds

M −m
(5.10)

≤
(t−m) (M − t)1/q ‖Φ′‖[t,M ],p + (M − t) (t−m)1/q ‖Φ′‖[m,t],p

M −m

≤ 1

M −m

[(
(t−m) (M − t)1/q

)q

+
(
(M − t) (t−m)1/q

)q]1/q

×
[
‖Φ′‖p

[t,M ],p + ‖Φ′‖p
[m,t],p

]1/p

=
1

M −m
[(t−m)q (M − t) + (M − t)q (t−m)]

1/q ‖Φ′‖[m,M ],p

for anyt ∈ [m, M ] .
These prove the desired inequalities (5.3) and (5.4).

REMARK 5.1. Define the weighted arithmetic mean of the positiven-tuplex = (x1, ..., xn)
with the nonnegative weightsw = (w1, ..., wn) by

An (w, x) :=
1

Wn

n∑
i=1

wixi

whereWn :=
∑n

i=1 wi > 0 and the weighted geometric mean of the samen-tuple, by

Gn (w, x) :=

(
n∏

i=1

xwi
i

)1/Wn

.

It is well know that the following arithmetic mean-geometric mean inequality holds true

An (w, x) ≥ Gn (w, x) .

On applying the inequality (5.1) for the convex functionΦ (t) = − ln t, we have the following
reverse of the arithmetic mean-geometric mean inequality

(5.11) 1 ≤ An (w, x)

Gn (w, x)
≤
(

An (w, x)

m

)M−An(w,x)(
M

An (w, x)

)An(w,x)−m

.

6. APPLICATIONS FOR THE HÖLDER I NEQUALITY

If xi, yi ≥ 0 for i ∈ {1, ..., n} , then theHölder inequalityholds true

n∑
i=1

xiyi ≤

(
n∑

i=1

xp
i

)1/p( n∑
i=1

yq
i

)1/q

,

wherep > 1, 1
p

+ 1
q

= 1.

Assume thatp > 1. If zi ∈ R for i ∈ {1, ..., n}, satisfies the bounds

0 < m ≤ zi ≤ M < ∞ for i ∈ {1, ..., n}
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andwi ≥ 0 (i = 1, . . . , n) with Wn :=
∑n

i=1 wi > 0, then from Theorem 5.1 we have amongst
other the following inequality

0 ≤
∑n

i=1 wiz
p
i

Wn

−
(∑n

i=1 wizi

Wn

)p

(6.1)

≤ (Mp −mp)

[
1

2
+

1

M −m

∣∣∣∣∑n
i=1 wizi

Wn

− m + M

2

∣∣∣∣] .

From this inequality we can state that:

PROPOSITION6.1 (Dragomir, 2013 [60]). If xi ≥ 0, yi > 0 for i ∈ {1, ..., n}, p > 1, 1
p
+ 1

q
=

1 and there exists the constantsγ, Γ > 0 and such that

γ ≤ xi

yq−1
i

≤ Γ for i ∈ {1, ..., n} ,

then we have

0 ≤
∑n

i=1 xp
i∑n

i=1 yq
i

−
(∑n

i=1 xiyi∑n
i=1 yq

i

)p

(6.2)

≤ (Γp − γp)

[
1

2
+

1

Γ− γ

∣∣∣∣∑n
i=1 xiyi∑n
i=1 yq

i

− γ + Γ

2

∣∣∣∣] .

Finally, the following additive reverse of the Hölder inequality can be stated as well:

COROLLARY 6.2 (Dragomir, 2013 [60]). With the assumptions of Proposition 6.1 we have

0 ≤

(
n∑

i=1

xp
i

)1/p( n∑
i=1

yq
i

)1/q

−
n∑

i=1

xiyi(6.3)

≤ (Γp − γp)1/p

[
1

2
+

1

Γ− γ

∣∣∣∣∑n
i=1 xiyi∑n
i=1 yq

i

− γ + Γ

2

∣∣∣∣]1/p n∑
i=1

yq
i .

REMARK 6.1. We observe that forp = q = 2 we have from the first inequality in (6.2) the
following reverse of the Cauchy-Bunyakovsky-Schwarz inequality

n∑
i=1

x2
i

n∑
i=1

y2
i −

(
n∑

i=1

xiyi

)2

(6.4)

≤
(
Γ2 − γ2

) [1

2
+

1

Γ− γ

∣∣∣∣∑n
i=1 xiyi∑n
i=1 y2

i

− γ + Γ

2

∣∣∣∣]
(

n∑
i=1

y2
i

)2

provided thatxi ≥ 0, yi > 0 for i ∈ {1, ..., n} and there exists the constantsγ, Γ > 0 such that

γ ≤ xi

yi

≤ Γ for i ∈ {1, ..., n} .

7. APPLICATIONS FOR f -DIVERGENCE

Consider thef -divergence

(7.1) If (p, q) :=
n∑

i=1

qif

(
pi

qi

)
defined on the set of probability distributionsp, q ∈ Pn, wheref is convex on(0,∞). It is
assumed thatf (u) is zero and strictly convex atu = 1. By appropriately defining this convex
function, various divergences are derived.
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PROPOSITION7.1 (Dragomir, 2013 [60]). Let f : (0,∞) → R be a convex function with
the property thatf (1) = 0. Assume thatp, q ∈ Pn and there exists the constants0 < r < 1 <
R < ∞ such that

(7.2) r ≤ pi

qi

≤ R for i ∈ {1, ..., n} .

Then we have the inequalities

(7.3) 0 ≤ If (p, q) ≤ Bf (r, R)

where

(7.4) Bf (r, R) :=
(R− 1)

∫ 1

r
|f ′ (t)| dt + (1− r)

∫ R

1
|f ′ (t)| dt

R− r
.

Moreover, we have the following bounds forBf (r, R)

Bf (r, R)(7.5)

≤


[

1
2

+
|1− r+R

2 |
R−r

] ∫ R

r
|f ′ (t)| dt

[
1
2

∫ R

r
|f ′ (t)| dt + 1

2

∣∣∣∫ R

1
|f ′ (t)| dt−

∫ 1

r
|f ′ (t)| dt

∣∣∣] ,

and

Bf (r, R)(7.6)

≤ (1− r) (R− 1)

R− r

[
‖f ′‖[1,R],∞ + ‖f ′‖[r,1],∞

]
≤ 1

2
(R− r)

‖f ′‖[1,R],∞ + ‖f ′‖[r,1],∞

2
≤ 1

2
(R− r) ‖f ′‖[r,R],∞

and

Bf (r, R)(7.7)

≤ 1

R− r

[
(1− r) (R− 1)1/q ‖f ′‖[1,R],p + (R− 1) (1− r)1/q ‖f ′‖[r,1],p

]
≤ 1

R− r
[(1− r)q (R− 1) + (R− 1)q (1− r)]

1/q ‖f ′‖[r,R],p

wherep > 1, 1
p

+ 1
q

= 1.

The proof follows by Theorem 5.1 by choosingwi = qi, xi = pi

qi
, m = r andM = R and

performing the required calculations. The details are omitted.
The above results can be utilized to obtain various inequalities for the divergence measures

in information theory that are particular instances off -divergence.
Consider the Kullback-Leibler divergence

KL (p, q) =
n∑

i=1

pi log

(
pi

qi

)
, p, q ∈ Pn.

For the convex functionf : (0,∞) → R, f (t) = − ln t we have

If (p, q) :=
n∑

i=1

qif

(
pi

qi

)
= −

n∑
i=1

qi ln

(
pi

qi

)
=

n∑
i=1

qi ln

(
qi

pi

)
= KL (q, p)
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If p, q ∈ Pn such that there exists the constants0 < r < 1 < R < ∞ with

(7.8) r ≤ pi

qi

≤ R for i ∈ {1, ..., n} ,

then we get from the inequality (7.4)

(7.9) 0 ≤ KL (q, p) ≤ ln

(
R1−r

rR−1

) 1
R−r

.

Forα > 1, let

f (t) = tα, t > 0.

Then

If (p, q) = Dα (p, q) =
n∑

i=1

pα
i q1−α

i ,

which is theα-order entropy.
If p, q ∈ Pn such that (7.8) holds true, then by (7.4) we have

0 ≤ Dα (p, q) ≤ (R− 1) (1− rα) + (1− r) (Rα − 1)

R− r
.

8. A REFINEMENT AND A NEW REVERSE

For a real functiong : [m, M ] → R and two distinct pointsα, β ∈ [m,M ] we recall that the
divided differenceof g in these points is defined by

[α, β; g] :=
g (β)− g (α)

β − α
.

THEOREM 8.1 (Dragomir, 2011 [56]). Let f : I → R be a continuous convex function on
the interval of real numbersI andm, M ∈ R, m < M with [m, M ] ⊂ I̊, I̊ the interior ofI. Let
ā = (a1, . . . , an) , p̄ = (p1, . . . , pn) ben−tuples of real numbers withpi ≥ 0 (i ∈ {1, . . . , n})
and

∑n
i=1 pi = 1. If m ≤ ai ≤ M, i ∈ {1, . . . , n} , with

∑n
i=1 piai 6= m,M, then∣∣∣∣∣

n∑
i=1

pi

∣∣∣∣∣f (ai)− f

(
n∑

j=1

pjaj

)∣∣∣∣∣ sgn

(
ai −

n∑
j=1

pjaj

)∣∣∣∣∣(8.1)

≤
n∑

i=1

pif (ai)− f

(
n∑

i=1

piai

)

≤ 1

2

([
n∑

i=1

piai, M ; f

]
−

[
m,

n∑
i=1

piai; f

])
n∑

i=1

pi

∣∣∣∣∣ai −
n∑

j=1

pjaj

∣∣∣∣∣
≤ 1

2

([
n∑

i=1

piai, M ; f

]
−

[
m,

n∑
i=1

piai; f

]) n∑
i=1

pia
2
i −

(
n∑

j=1

pjaj

)2
1/2

.
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If the lateral derivativesf ′+ (m) andf ′− (M) are finite, then we also have the inequalities

0 ≤
n∑

i=1

pif (ai)− f

(
n∑

i=1

piai

)
(8.2)

≤ 1

2

([
n∑

i=1

piai, M ; f

]
−

[
m,

n∑
i=1

piai; f

])
n∑

i=1

pi

∣∣∣∣∣ai −
n∑

j=1

pjaj

∣∣∣∣∣
≤ 1

2

[
f ′− (M)− f ′+ (m)

] n∑
i=1

pi

∣∣∣∣∣ai −
n∑

j=1

pjaj

∣∣∣∣∣
≤ 1

2

[
f ′− (M)− f ′+ (m)

]  n∑
i=1

pia
2
i −

(
n∑

j=1

pjaj

)2
1/2

.

PROOF. We recall that iff : I → R is a continuous convex function on the interval of real
numbersI andα ∈ I then thedivided difference functionfα : I \ {α} → R,

fα (t) := [α, t; f ] :=
f (t)− f (α)

t− α

is monotonic nondecreasing onI \ {α} .
For āp :=

∑n
j=1 pjaj ∈ (m, M), we consider now the sequence

fāp (i) :=
f (ai)− f (āp)

ai − āp

.

We will show thatfāp (i) andhi := ai − āp, ∈ {1, . . . , n} are synchronous.
Let i, j ∈ {1, . . . , n} with ai, aj 6= āp. Assume thatai ≥ aj, then by the monotonicity offα

we have

fāp (i) =
f (ai)− f (āp)

ai − āp

(8.3)

≥ f (aj)− f (āp)

aj − āp

= fāp (j)

and

(8.4) hi ≥ hj

which shows that

(8.5)
[
fāp (i)− fāp (j)

]
(hi − hj) ≥ 0.

If ai < aj, then the inequalities (8.3) and (8.4) reverse but the inequality (8.5) still holds true.
Utilising the continuity property of the modulus we have∣∣[∣∣fāp (i)

∣∣− ∣∣fāp (j)
∣∣] (hi − hj)

∣∣ ≤ ∣∣[fāp (i)− fāp (j)
]
(hi − hj)

∣∣
=
[
fāp (i)− fāp (j)

]
(hi − hj)

for anyi, j ∈ {1, . . . , n} .
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Multiplying with pi, pj ≥ 0 and summing overi andj from 1 to n we have∣∣∣∣∣
n∑

i=1

n∑
j=1

pipj

[∣∣fāp (i)
∣∣− ∣∣fāp (j)

∣∣] (hi − hj)

∣∣∣∣∣(8.6)

≤
n∑

i=1

n∑
j=1

pipj

[
fāp (i)− fāp (j)

]
(hi − hj) .

A simple calculation shows that

1

2

n∑
i=1

n∑
j=1

pipj

[∣∣fāp (i)
∣∣− ∣∣fāp (j)

∣∣] (hi − hj)(8.7)

=
n∑

i=1

pi

∣∣fāp (i)
∣∣hi −

n∑
i=1

pi

∣∣fāp (i)
∣∣ n∑

i=1

pihi

=
n∑

i=1

pi

∣∣∣∣f (ai)− f (āp)

ai − āp

∣∣∣∣ (ai − āp)

−
n∑

i=1

pi

∣∣∣∣f (ai)− f (āp)

ai − āp

∣∣∣∣ n∑
i=1

pi (ai − āp)

=
n∑

i=1

pi

∣∣∣∣f (ai)− f (āp)

ai − āp

∣∣∣∣ (ai − āp)

=
n∑

i=1

pi |f (ai)− f (āp)| sgn (ai − āp)

and

1

2

n∑
i=1

n∑
j=1

pipj

[
fāp (i)− fāp (j)

]
(hi − hj)(8.8)

=
n∑

i=1

pifāp (i) hi −
n∑

i=1

pifāp (i)
n∑

i=1

pihi

=
n∑

i=1

pi

(
f (ai)− f (āp)

ai − āp

)
(ai − āp)

−
n∑

i=1

pi

(
f (ai)− f (āp)

ai − āp

) n∑
i=1

pi (ai − āp)

=
n∑

i=1

pi

(
f (ai)− f (āp)

ai − āp

)
(ai − āp)

=
n∑

i=1

pif (ai)− f

(
n∑

i=1

piai

)
.

On making use of the identities (8.7) and (8.8) we obtain from (8.6) the first inequality in (8.1).
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Now, sincēap :=
∑n

j=1 pjaj ∈ (m, M) then we have by the monotonicity offāp (i) that

[m, āp; f ] =
f (āp)− f (m)

āp −m
≤ fāp (i)(8.9)

≤ f (M)− f (āp)

M − āp

= [āp, M ; f ]

for anyi ∈ {1, . . . , n} .
Applying now theGrüss’ type inequalityobtained by Cerone & Dragomir in [18]∣∣∣∣∣

n∑
i=1

wixiyi −
n∑

i=1

wixi

n∑
i=1

wiyi

∣∣∣∣∣ ≤ 1

2
(Γ− γ)

n∑
i=1

wi

∣∣∣∣∣xi −
n∑

j=1

wjxj

∣∣∣∣∣
provided

(8.10) −∞ < δ ≤ yi ≤ ∆ < ∞
for i = 1, . . . , n, we have that

n∑
i=1

pif (ai)− f

(
n∑

i=1

piai

)

≤ 1

2
([āp, M ; f ]− [m, āp; f ])

n∑
i=1

pi

∣∣∣∣∣ai −
n∑

j=1

pjaj

∣∣∣∣∣ ,
which proves the second inequality in (8.1).

The last bound in (8.1) is obvious by Cauchy-Bunyakovsky-Schwarz discrete inequality.
If the lateral derivativesf ′+ (m) andf ′− (M) are finite, then by the convexity off we have

thegradient inequalities
f (M)− f (āp)

M − āp

≤ f ′− (M)

and
f (āp)− f (m)

āp −m
≥ f ′+ (m) ,

whereāp ∈ (m, M) . These imply that

[āp, M ; f ]− [m, āp; f ] ≤ f ′− (M)− f ′+ (m)

and the proof of the third inequality in (8.2) is concluded.
The rest is obvious.

REMARK 8.1. Define the weighted arithmetic mean of the positiven-tuplex = (x1, ..., xn)
with the nonnegative weightsw = (w1, ..., wn) by

An (w, x) :=
1

Wn

n∑
i=1

wixi

whereWn :=
∑n

i=1 wi > 0 and the weighted geometric mean of the samen-tuple, by

Gn (w, x) :=

(
n∏

i=1

xwi
i

)1/Wn

.

It is well know that the following arithmetic mean-geometric mean inequality holds

An (w, x) ≥ Gn (w, x) .

AJMAA, Vol. 15, No. 1, Art. 1, pp. 1-275, 2018 AJMAA

http://ajmaa.org


INEQUALITIES FOR DISCRETEF-DIVERGENCE MEASURES 105

Applying the inequality (8.2) for the convex functionf (t) = − ln t, t > 0 we have the following
reverse of the arithmetic mean-geometric mean inequality

1 ≤ An (w, x)

Gn (w, x)
(8.11)

≤


(

An(w,x)
m

)An(w,x)−m

(
M

An(w,x)

)M−An(w,x)


1
2
An(w,|x−An(w,x)|)

≤ exp

[
1

2

M −m

mM
An (w, |x− An (w, x)|)

]
,

provided that0 < m ≤ xi ≤ M < ∞ for i ∈ {1, ..., n} .

9. APPLICATIONS FOR THE HÖLDER I NEQUALITY

If xi, yi ≥ 0 for i ∈ {1, ..., n} , then theHölder inequalityholds true

n∑
i=1

xiyi ≤

(
n∑

i=1

xp
i

)1/p( n∑
i=1

yq
i

)1/q

,

wherep > 1, 1
p

+ 1
q

= 1.

Assume thatp > 1. If zi ∈ R for i ∈ {1, ..., n}, satisfies the bounds

0 < m ≤ zi ≤ M < ∞ for i ∈ {1, ..., n}

andwi ≥ 0 (i = 1, . . . , n) with Wn :=
∑n

i=1 wi > 0, then from Theorem 8.1 we have amongst
other the following inequality∣∣∣∣∣ 1

Wn

n∑
i=1

∣∣∣∣zp
i −

(∑n
i=1 wizi

Wn

)p∣∣∣∣wisgn

[
zi −

∑n
i=1 wizi

Wn

]
dµ

∣∣∣∣∣(9.1)

≤
∑n

i=1 wiz
p
i

Wn

−
(∑n

i=1 wizi

Wn

)p

≤ 1

2

([∑n
i=1 wizi

Wn

, M ; (·)p

]
−
[
m,

∑n
i=1 wizi

Wn

; (·)p

])
D̃w (z)

≤ 1

2

([∑n
i=1 wizi

Wn

, M ; (·)p

]
−
[
m,

∑n
i=1 wizi

Wn

; (·)p

])
D̃w,2 (z)

≤ 1

4

([∑n
i=1 wizi

Wn

, M ; (·)p

]
−
[
m,

∑n
i=1 wizi

Wn

; (·)p

])
(M −m) ,

where
Pn

i=1 wizi

Wn
∈ (m,M) and

D̃w (z) :=
1

Wn

n∑
i=1

wi

∣∣∣∣∣zi −
∑n

j=1 wjzj

Wn

∣∣∣∣∣
while

D̃w,2 (z) =

[∑n
i=1 wiz

2
i

Wn

−
(∑n

i=1 wizi

Wn

)2
] 1

2

.

The following result related to the Hölder inequality holds:
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PROPOSITION9.1 (Dragomir, 2011 [56]). If xi ≥ 0, yi > 0 for i ∈ {1, ..., n}, p > 1, 1
p
+ 1

q
=

1 and there exists the constantsγ, Γ > 0 and such that

γ ≤ xi

yq−1
i

≤ Γ for i ∈ {1, ..., n} ,

then we have∣∣∣∣∣
n∑

i=1

∣∣∣∣∣xp
i

yq
i

−

(∑n
j=1 xjyj∑n
j=1 yq

j

)p∣∣∣∣∣ yq
i sgn

[
xi

yq−1
i

−
∑n

j=1 xjyj∑n
j=1 yq

j

]∣∣∣∣∣(9.2)

≤
∑n

i=1 xp
i∑n

i=1 yq
i

−
(∑n

i=1 xiyi∑n
i=1 yq

i

)p

≤ 1

2

([∑n
i=1 xiyi∑n
i=1 yq

i

, Γ; (·)p

]
−
[
γ,

∑n
i=1 xiyi∑n
i=1 yq

i

; (·)p

])
D̃yq

(
x

yq−1

)
≤ 1

2

([∑n
i=1 xiyi∑n
i=1 yq

i

, Γ; (·)p

]
−
[
γ,

∑n
i=1 xiyi∑n
i=1 yq

i

; (·)p

])
D̃yq ,2

(
x

yq−1

)
≤ 1

4

([∑n
i=1 xiyi∑n
i=1 yq

i

, Γ; (·)p

]
−
[
γ,

∑n
i=1 xiyi∑n
i=1 yq

i

; (·)p

])
(Γ− γ) ,

where

D̃yq

(
x

yq−1

)
=

1∑n
i=1 yq

i

n∑
i=1

yq
i

∣∣∣∣∣ xi

yq−1
i

−
∑n

j=1 xjyj∑n
j=1 yq

j

∣∣∣∣∣
and

D̃yq ,2

(
x

yq−1

)
=

 1∑n
i=1 yq

i

n∑
i=1

x2
i

yq−2
i

−

(∑n
j=1 xjyj∑n
j=1 yq

j

)2
 1

2

.

PROOF. The inequalities (9.3) follow from (9.1) by choosing

zi =
xi

yq−1
i

andwi = yq
j .

The details are omitted.

REMARK 9.1. We observe that forp = q = 2 we have from the first inequality in (9.2) the
following reverse of the Cauchy-Bunyakovsky-Schwarz inequality∣∣∣∣∣∣

n∑
i=1

∣∣∣∣∣∣x
2
i

y2
i

−

(∑n
j=1 xjyj∑n
j=1 y2

j

)2
∣∣∣∣∣∣ y2

i sgn

(
xi

yi

−
∑n

j=1 xjyj∑n
j=1 y2

j

)∣∣∣∣∣∣(9.3)

≤
∑n

i=1 x2
i∑n

i=1 y2
i

−
(∑n

i=1 xiyi∑n
i=1 y2

i

)2

≤ 1

2
(Γ− γ)

1∑n
i=1 y2

i

n∑
i=1

y2
i

∣∣∣∣∣xi

yi

−
∑n

j=1 xjyj∑n
j=1 y2

j

∣∣∣∣∣
≤ 1

2
(Γ− γ)

 1∑n
i=1 y2

i

n∑
i=1

x2
i −

(∑n
j=1 xjyj∑n
j=1 y2

j

)2
 1

2

≤ 1

4
(Γ− γ)2 ,
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provided that there exists the constantsγ, Γ > 0 such that

γ ≤ xi

yi

≤ Γ for i ∈ {1, ..., n} .

10. APPLICATIONS FOR f -DIVERGENCE

Consider thef -divergence

(10.1) If (p, q) :=
n∑

i=1

qif

(
pi

qi

)
defined on the set of probability distributionsp, q ∈ Pn, wheref is convex on(0,∞). It is
assumed thatf (u) is zero and strictly convex atu = 1.

PROPOSITION10.1 (Dragomir, 2011 [56]). Let f : (0,∞) → R be a convex function with
the property thatf (1) = 0. Assume thatp, q ∈ Pn and there exists the constants0 < r < 1 <
R < ∞ such that

(10.2) r ≤ pi

qi

≤ R for i ∈ {1, ..., n} .

Then we have

0 ≤ If (p, q) ≤ 1

2
([1, R; f ]− [r, 1; f ]) Dv (p, q)(10.3)

≤ 1

2

[
f ′− (R)− f ′+ (r)

]
Dv (p, q)

≤ 1

2

[
f ′− (R)− f ′+ (r)

]
[Dχ2 (p, q)]1/2

≤ 1

4
(R− r)

[
f ′− (R)− f ′+ (r)

]
,

whereDv (p, q) =
∑n

i=1 |pi − qi| andDχ2 (p, q) =
∑n

i=1
p2

i

qi
− 1.

PROOF. From (8.2) we have

0 ≤
n∑

i=1

qif

(
pi

qi

)
− f (1)

≤ 1

2
([1, R; f ]− [r, 1; f ])

n∑
i=1

qi

∣∣∣∣pi

qi

− 1

∣∣∣∣
≤ 1

2

[
f ′− (R)− f ′+ (r)

] n∑
i=1

qi

∣∣∣∣pi

qi

− 1

∣∣∣∣
≤ 1

2

[
f ′− (R)− f ′+ (r)

]( n∑
i=1

p2
i

qi

− 1

)1/2

≤ 1

4
(R− r)

[
f ′− (R)− f ′+ (r)

]
i.e., the desired result (10.3).

REMARK 10.1. The inequality

(10.4) If (p, q) ≤ 1

4
(R− r)

[
f ′− (R)− f ′+ (r)

]
was obtained for the discrete divergence measures in 2000 by S.S. Dragomir, see [46].
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PROPOSITION10.2 (Dragomir, 2011 [56]). With the assumptions in Proposition 10.1 we
have ∣∣I|f |(sgn(·)−1) (p, q)

∣∣ ≤ If (p, q)(10.5)

≤ 1

2
([1, R; f ]− [r, 1; f ]) Dv (p, q)

≤ 1

2
([1, R; f ]− [r, 1; f ]) [Dχ2 (p, q)]1/2

≤ 1

4
([1, R; f ]− [r, 1; f ]) (R− r) ,

whereI|f |(sgn(·)−1) (p, q) is the generalizedf -divergence for the non-necessarily convex function
|f | (sgn (·)− 1) and is defined by

(10.6) I|f |(sgn(·)−1) (p, q) :=
n∑

i=1

qi

∣∣∣∣f (pi

qi

)∣∣∣∣ sgn

(
pi

qi

− 1

)
.

PROOF. From the inequality (8.1) we have∣∣∣∣∣
n∑

i=1

qi

∣∣∣∣f (pi

qi

)
− f (1)

∣∣∣∣ sgn

(
pi

qi

− 1

)∣∣∣∣∣
≤

n∑
i=1

qif

(
pi

qi

)
− f (1)

≤ 1

2
([1, R; f ]− [r, 1; f ])

n∑
i=1

qi

∣∣∣∣pi

qi

− 1

∣∣∣∣
≤ 1

2
([1, R; f ]− [r, 1; f ])

(
n∑

i=1

p2
i

qi

− 1

)1/2

≤ 1

4
([1, R; f ]− [r, 1; f ]) (R− r)

from where we get the desired result (10.5).

The above results can be utilized to obtain various inequalities for the divergence measures
in information theory that are particular instances off -divergence.

Consider theKullback-Leibler divergence

KL (p, q) =
n∑

i=1

pi log

(
pi

qi

)
, p, q ∈ Pn.

For the convex functionf : (0,∞) → R, f (t) = − ln t we have

If (p, q) :=
n∑

i=1

qif

(
pi

qi

)
= −

n∑
i=1

qi ln

(
pi

qi

)
=

n∑
i=1

qi ln

(
qi

pi

)
= KL (q, p) .

If p, q ∈ Pn such that there exists the constants0 < r < 1 < R < ∞ with

(10.7) r ≤ pi

qi

≤ R for i ∈ {1, ..., n} ,

then we get from the first inequality in (10.3) that

0 ≤ KL (q, p) ≤ 1

2
Dv (p, q) ln

(
1

RR−1r1−r

)
.
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For the convex functionf : (0,∞) → R, f (t) = t ln t we have

If (p, q) :=
n∑

i=1

qif

(
pi

qi

)
= KL (p, q) .

If p, q ∈ Pn are such that there exists the constants0 < r < 1 < R < ∞ with the property
(10.7), then we get from the first inequality in (10.3) that

0 ≤ KL (p, q) ≤ 1

2
Dv (p, q) ln

(
R

R
R−1 r

r
1−r

)
.
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CHAPTER 9

Refinements of Jensen’s Inequality

1. INTRODUCTION

The Jensen inequality for convex functions plays a crucial role in the Theory of Inequalities
due to the fact that other inequalities such as that arithmetic mean-geometric mean inequality,
Hölder and Minkowski inequalities, Ky Fan’s inequality etc. can be obtained as particular cases
of it.

Let C be a convex subset of the linear spaceX andf a convex function onC. If p =
(p1, . . . , pn) is a probability sequence andx = (x1, . . . , xn) ∈ Cn, then

(1.1) f

(
n∑

i=1

pixi

)
≤

n∑
i=1

pif (xi) ,

is well known in the literature as Jensen’s inequality.
In 1989, J. Pěcaríc and the author [112] obtained the following refinement of (1.1):

f

(
n∑

i=1

pixi

)
≤

n∑
i1,...,ik+1=1

pi1 . . . pik+1
f

(
xi1 + · · ·+ xik+1

k + 1

)
(1.2)

≤
n∑

i1,...,ik=1

pi1 . . . pikf

(
xi1 + · · ·+ xik

k

)

≤ · · · ≤
n∑

i=1

pif (xi) ,

for k ≥ 1 andp,x as above.
If q1, . . . , qk ≥ 0 with

∑k
j=1 qj = 1, then the following refinement obtained in 1994 by the

author [28] also holds:

f

(
n∑

i=1

pixi

)
≤

n∑
i1,...,ik=1

pi1 . . . pikf

(
xi1 + · · ·+ xik

k

)
(1.3)

≤
n∑

i1,...,ik=1

pi1 . . . pikf (q1xi1 + · · ·+ qkxik)

≤
n∑

i=1

pif (xi) ,

where1 ≤ k ≤ n andp, x are as above.
For other refinements and applications related to Ky Fan’s inequality, the arithmetic mean-

geometric mean inequality, the generalised triangle inequality etc., see [29]-[75].

2. GENERAL RESULTS

The following result may be stated.
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THEOREM 2.1 (Dragomir, 2010 [54]). Let f : C → R be a convex function on the convex
subsetC of the linear spaceX, xi ∈ C, pi > 0, i ∈ {1, . . . , n} with

∑n
i=1 pi = 1. Then

f

(
n∑

j=1

pjxj

)
≤ min

k∈{1,...,n}

[
(1− pk) f

(∑n
j=1 pjxj − pkxk

1− pk

)
+ pkf (xk)

]
(2.1)

≤ 1

n

[
n∑

k=1

(1− pk) f

(∑n
j=1 pjxj − pkxk

1− pk

)
+

n∑
k=1

pkf (xk)

]

≤ max
k∈{1,...,n}

[
(1− pk) f

(∑n
j=1 pjxj − pkxk

1− pk

)
+ pkf (xk)

]

≤
n∑

j=1

pjf (xj) .

In particular,

f

(
1

n

n∑
j=1

xj

)
≤ 1

n
min

k∈{1,...,n}

[
(n− 1) f

(∑n
j=1 xj − xk

n− 1

)
+ f (xk)

]
(2.2)

≤ 1

n2

[
(n− 1)

n∑
k=1

f

(∑n
j=1 xj − xk

n− 1

)
+

n∑
k=1

f (xk)

]

≤ 1

n
max

k∈{1,...,n}

[
(n− 1) f

(∑n
j=1 xj − xk

n− 1

)
+ f (xk)

]

≤ 1

n

n∑
j=1

f (xj) .

PROOF. For anyk ∈ {1, . . . , n} , we have

n∑
j=1

pjxj − pkxk =
n∑

j=1
j 6=k

pjxj =

n∑
j=1
j 6=k

pj

n∑
j=1
j 6=k

pj

n∑
j=1
j 6=k

pjxj = (1− pk) ·
1

n∑
j=1
j 6=k

pj

n∑
j=1
j 6=k

pjxj

which implies that

(2.3)

∑n
j=1 pjxj − pkxk

1− pk

=
1

n∑
j=1
j 6=k

pj

n∑
j=1
j 6=k

pjxj ∈ C

for eachk ∈ {1, . . . , n} , since the right side of (2.3) is a convex combination of the elements
xj ∈ C, j ∈ {1, . . . , n} \ {k} .

AJMAA, Vol. 15, No. 1, Art. 1, pp. 1-275, 2018 AJMAA

http://ajmaa.org


112 S. S. DRAGOMIR

Taking the functionf on (2.3) and applying the Jensen inequality, we get successively

f

(∑n
j=1 pjxj − pkxk

1− pk

)
= f

 1
n∑

j=1
j 6=k

pj

n∑
j=1
j 6=k

pjxj

 ≤ 1
n∑

j=1
j 6=k

pj

n∑
j=1
j 6=k

pjf (xj)

=
1

1− pk

[
n∑

j=1

pjf (xj)− pkf (xk)

]
for anyk ∈ {1, . . . , n} , which implies

(2.4) (1− pk) f

(∑n
j=1 pjxj − pkxk

1− pk

)
+ pkf (xk) ≤

n∑
j=1

pjf (xj)

for eachk ∈ {1, . . . , n} .
Utilising the convexity off, we also have

(2.5) (1− pk) f

(∑n
j=1 pjxj − pkxk

1− pk

)
+ pkf (xk)

≥ f

[
(1− pk) ·

∑n
j=1 pjxj − pkxk

1− pk

+ pkxk

]
= f

(
n∑

j=1

pjxj

)
for eachk ∈ {1, . . . , n} .

Taking the minimum overk in (2.5), utilising the fact that

min
k∈{1,...,n}

αk ≤
1

n

n∑
k=1

αk ≤ max
k∈{1,...,n}

αk

and then taking the maximum in (2.4), we deduce the desired inequality (2.1).

After settingxj = yj −
∑n

l=1 qlyl andpj = qj, j ∈ {1, . . . , n}, Theorem 2.1 becomes the
following corollary:

COROLLARY 2.2 (Dragomir, 2010 [54]). Letf : C → R be a convex function on the convex
subsetC, 0 ∈ C, yj ∈ X andqj > 0, j ∈ {1, . . . , n} with

∑n
j=1 qj = 1. If yj −

∑n
l=1 qlyl ∈ C

for anyj ∈ {1, . . . , n} , then

f (0)(2.6)

≤ min
k∈{1,...,n}

{
(1− qk) f

[
qk

1− qk

(
n∑

l=1

qlyl − yk

)]
+ qkf

(
yk −

n∑
l=1

qlyl

)}

≤ 1

n

{
n∑

l=1

(1− qk) f

[
qk

1− qk

(
n∑

l=1

qlyl − yk

)]
+

n∑
l=1

qkf

(
yk −

n∑
l=1

qlyl

)}

≤ max
k∈{1,...,n}

{
(1− qk) f

[
qk

1− qk

(
n∑

l=1

qlyl − yk

)]
+ qkf

(
yk −

n∑
l=1

qlyl

)}

≤
n∑

j=1

qjf

(
yj −

n∑
l=1

qlyl

)
.
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In particular, if yj − 1
n

∑n
l=1 yl ∈ C for anyj ∈ {1, . . . , n} , then

f (0)(2.7)

≤ 1

n
min

k∈{1,...,n}

{
(n− 1) f

[
1

n− 1

(
1

n

n∑
l=1

yl − yk

)]
+ f

(
yk −

1

n

n∑
l=1

yl

)}

≤ 1

n2

{
(n− 1)

n∑
k=1

f

[
1

n− 1

(
1

n

n∑
l=1

yl − yk

)]
+

n∑
k=1

f

(
yk −

1

n

n∑
l=1

yl

)}

≤ 1

n
max

k∈{1,...,n}

{
(n− 1) f

[
1

n− 1

(
1

n

n∑
l=1

yl − yk

)]
+ f

(
yk −

1

n

n∑
l=1

yl

)}

≤ 1

n

n∑
j=1

f

(
yj −

1

n

n∑
l=1

yl

)
.

The above results can be applied for various convex functions related to celebrated inequal-
ities as mentioned in the introduction.

Application 1. If (X, ‖·‖) is a normed linear space andp ≥ 1, then the functionf : X → R,
f (x) = ‖x‖p is convex onX. Now, on applying Theorem 2.1 and Corollary 2.2 forxi ∈ X,
pi > 0, i ∈ {1, . . . , n} with

∑n
i=1 pi = 1, we get:

∥∥∥∥∥
n∑

j=1

pjxj

∥∥∥∥∥
p

≤ min
k∈{1,...,n}

[
(1− pk)

1−p

∥∥∥∥∥
n∑

j=1

pjxj − pkxk

∥∥∥∥∥
p

+ pk ‖xk‖p

]
(2.8)

≤ 1

n

[
n∑

k=1

(1− pk)
1−p

∥∥∥∥∥
n∑

j=1

pjxj − pkxk

∥∥∥∥∥
p

+
n∑

k=1

pk ‖xk‖p

]

≤ max
k∈{1,...,n}

[
(1− pk)

1−p

∥∥∥∥∥
n∑

j=1

pjxj − pkxk

∥∥∥∥∥
p

+ pk ‖xk‖p

]

≤
n∑

j=1

pj ‖xj‖p

and

(2.9) max
k∈{1,...,n}

{[
(1− pk)

1−p pp
k + pk

] ∥∥∥∥∥xk −
n∑

l=1

plxl

∥∥∥∥∥
p}

≤
n∑

j=1

pj

∥∥∥∥∥xk −
n∑

l=1

plxl

∥∥∥∥∥
p

.
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In particular, we have the inequality:∥∥∥∥∥ 1

n

n∑
j=1

xj

∥∥∥∥∥
p

≤ 1

n
min

k∈{1,...,n}

[
(n− 1)1−p

∥∥∥∥∥
n∑

j=1

xj − xk

∥∥∥∥∥
p

+ ‖xk‖p

]
(2.10)

≤ 1

n2

[
(n− 1)1−p

n∑
k=1

∥∥∥∥∥
n∑

j=1

xj − xk

∥∥∥∥∥
p

+
n∑

k=1

‖xk‖p

]

≤ 1

n
max

k∈{1,...,n}

[
(n− 1)1−p

∥∥∥∥∥
n∑

j=1

xj − xk

∥∥∥∥∥
p

+ ‖xk‖p

]

≤ 1

n

n∑
j=1

‖xj‖p

and

(2.11)
[
(n− 1)1−p + 1

]
max

k∈{1,...,n}

∥∥∥∥∥xk −
1

n

n∑
l=1

xl

∥∥∥∥∥
p

≤
n∑

j=1

∥∥∥∥∥xj −
1

n

n∑
l=1

xl

∥∥∥∥∥
p

.

If we consider the functionhp (t) := (1− t)1−p tp + t, p ≥ 1, t ∈ [0, 1) , then we observe
that

h′p (t) = 1 + ptp−1 (1− t)1−p + (p− 1) tp (1− t)−p ,

which shows thathp is strictly increasing on[0, 1) . Therefore,

min
k∈{1,...,n}

{
(1− pk)

1−p pp
k + pk

}
= pm + (1− pm)1−p pp

m,

wherepm := min
k∈{1,...,n}

pk. By (2.9), we then obtain the following inequality:

(2.12)
[
pm + (1− pm)1−p · pp

m

]
max

k∈{1,...,n}

∥∥∥∥∥xk −
n∑

l=1

plxl

∥∥∥∥∥
p

≤
n∑

j=1

pj

∥∥∥∥∥xj −
n∑

l=1

plxl

∥∥∥∥∥
p

.

Application 2. Let xi, pi > 0, i ∈ {1, . . . , n} with
∑n

i=1 pi = 1. The following inequality
is well known in the literature as thearithmetic mean-geometric meaninequality:

(2.13)
n∑

j=1

pjxj ≥
n∏

j=1

x
pj

j .

The equality case holds in (2.13) iffx1 = · · · = xn.
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Applying the inequality (2.1) for the convex functionf : (0,∞) → R, f (x) = − ln x and
performing the necessary computations, we derive the following refinement of (2.13):

n∑
i=1

pixi ≥ max
k∈{1,...,n}


(∑n

j=1 pjxj − pkxk

1− pk

)1−pk

· xpk

k

(2.14)

≥
n∏

k=1

(∑n
j=1 pjxj − pkxk

1− pk

)1−pk

· xpk

k

 1
n

≥ min
k∈{1,...,n}


(∑n

j=1 pjxj − pkxk

1− pk

)1−pk

· xpk

k

 ≥
n∏

i=1

xpi

i .

In particular, we have the inequality:

1

n

n∑
i=1

xi ≥ max
k∈{1,...,n}


(∑n

j=1 xj − xk

n− 1

)n−1
n

· x
1
n
k


≥

n∏
k=1

(∑n
j=1 xj − xk

n− 1

)n−1
n

· x
1
n
k


1
n

≥ min
k∈{1,...,n}


(∑n

j=1 xj − xk

n− 1

)n−1
n

· x
1
n
k

 ≥

(
n∏

i=1

xi

) 1
n

.

3. APPLICATIONS FOR f -DIVERGENCES

The following refinement of the positivity property off -divergence may be stated.

THEOREM 3.1 (Dragomir, 2010 [54]). For anyp,q ∈ Pn, we have the inequalities

If (p,q) ≥ max
k∈{1,...,n}

[
(1− qk) f

(
1− pk

1− qk

)
+ qkf

(
pk

qk

)]
(3.1)

≥ 1

n

[
n∑

k=1

(1− qk) f

(
1− pk

1− qk

)
+

n∑
k=1

qkf

(
pk

qk

)]

≥ min
k∈{1,...,n}

[
(1− qk) f

(
1− pk

1− qk

)
+ qkf

(
pk

qk

)]
≥ 0,

providedf : [0,∞) → R is convex and normalized on[0,∞) .

The proof is obvious by Theorem 2.1 applied for the convex functionf : [0,∞) → R and
for the choicexi = pi

qi
, i ∈ {1, . . . , n} and the probabilitiesqi, i ∈ {1, . . . , n} .

If we consider a new divergence measureRf (p,q) defined forp,q ∈ Pn by

(3.2) Rf (p,q) :=
1

n− 1

n∑
k=1

(1− qk) f

(
1− pk

1− qk

)
and call it thereversef−divergence, we observe that

(3.3) Rf (p,q) = If (r, t)
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with

r =

(
1− p1

n− 1
, . . . ,

1− pn

n− 1

)
, t =

(
1− q1

n− 1
, . . . ,

1− qn

n− 1

)
(n ≥ 2) .

With this notation, we can state the following corollary of the above proposition.

COROLLARY 3.2. For anyp,q ∈ Pn, we have

(3.4) If (p,q) ≥ Rf (p,q) ≥ 0.

The proof is obvious by the second inequality in (3.1) and the details are omitted.
In what follows, we point out some particular inequalities for various instances of diver-

gence measures such as: thetotal variation distance, χ2-divergence, Kullback-Leibler diver-
gence, Jeffreys divergence.

The total variation distanceis defined by the convex functionf (t) = |t− 1| , t ∈ R and
given in:

(3.5) V (p, q) :=
n∑

j=1

qj

∣∣∣∣pj

qj

− 1

∣∣∣∣ =
n∑

j=1

|pj − qj| .

The following improvement of the positivity inequality for the total variation distance can
be stated as follows.

PROPOSITION3.3. For anyp,q ∈ Pn, we have the inequality:

(3.6) V (p, q) ≥ 2 max
k∈{1,...,n}

|pk − qk| (≥ 0) .

The proof follows by the first inequality in (3.1) forf (t) = |t− 1| , t ∈ R.
The K. Pearsonχ2-divergenceis obtained for the convex functionf (t) = (1− t)2 , t ∈ R

and given by

(3.7) χ2 (p, q) :=
n∑

j=1

qj

(
pj

qj

− 1

)2

=
n∑

j=1

(pj − qj)
2

qj

.

PROPOSITION3.4. For anyp,q ∈ Pn,

(3.8) χ2 (p, q) ≥ max
k∈{1,...,n}

{
(pk − qk)

2

qk (1− qk)

}
≥ 4 max

k∈{1,...,n}
(pk − qk)

2 (≥ 0) .

PROOF. On applying the first inequality in (3.1) for the functionf (t) = (1− t)2 , t ∈ R,
we get

χ2 (p, q) ≥ max
k∈{1,...,n}

{
(1− qk)

(
1− pk

1− qk

− 1

)2

+ qk

(
pk

qk

− 1

)2
}

= max
k∈{1,...,n}

{
(pk − qk)

2

qk (1− qk)

}
.

Since

qk (1− qk) ≤
1

4
[qk + (1− qk)]

2 =
1

4
,

then
(pk − qk)

2

qk (1− qk)
≥ 4 (pk − qk)

2

for eachk ∈ {1, . . . , n} , which proves the last part of (3.8).
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TheKullback-Leibler divergencecan be obtained for the convex functionf : (0,∞) → R,
f (t) = t ln t and is defined by

(3.9) KL (p, q) :=
n∑

j=1

qj ·
pj

qj

ln

(
pj

qj

)
=

n∑
j=1

pj ln

(
pj

qj

)
.

PROPOSITION3.5. For anyp,q ∈ Pn, we have:

KL (p, q) ≥ ln

[
max

k∈{1,...,n}

{(
1− pk

1− qk

)1−pk

·
(

pk

qk

)pk

}]
≥ 0.(3.10)

PROOF. The first inequality is obvious by Theorem 3.1. Utilising the inequality between
thegeometric mean and the harmonic mean,

xαy1−α ≥ 1
α
x

+ 1−α
y

, x, y > 0, α ∈ [0, 1]

we have (
1− pk

1− qk

)1−pk

·
(

pk

qk

)pk

≥ 1,

for anyk ∈ {1, . . . , n} , which implies the second part of (3.10).

Another divergence measure that is of importance in Information Theory is theJeffreys
divergence

(3.11) J (p, q) :=
n∑

j=1

qj ·
(

pj

qj

− 1

)
ln

(
pj

qj

)
=

n∑
j=1

(pj − qj) ln

(
pj

qj

)
,

which is anf -divergence forf (t) = (t− 1) ln t, t > 0.

PROPOSITION3.6. For anyp,q ∈ Pn, we have:

J (p, q) ≥ max
k∈{1,...,n}

{
(qk − pk) ln

[
(1− pk) qk

(1− qk) pk

]}
(3.12)

≥ max
k∈{1,...,n}

[
(qk − pk)

2

pk + qk − 2pkqk

]
≥ 0.

PROOF. Writing the first inequality in Theorem 3.1 forf (t) = (t− 1) ln t, we have

J (p, q) ≥ max
k∈{1,...,n}

{
(1− qk)

[(
1− pk

1− qk

− 1

)
ln

(
1− pk

1− qk

)]
+ qk

(
pk

qk

− 1

)
ln

(
pk

qk

)}
= max

k∈{1,...,n}

{
(qk − pk) ln

(
1− pk

1− qk

)
− (qk − pk) ln

(
pk

qk

)}
= max

k∈{1,...,n}

{
(qk − pk) ln

[
(1− pk) qk

(1− qk) pk

]}
,

proving the first inequality in (3.12).
Utilising the elementary inequality for positive numbers,

ln b− ln a

b− a
≥ 2

a + b
, a, b > 0
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we have

(qk − pk)

[
ln

(
1− pk

1− qk

)
− ln

(
pk

qk

)]

= (qk − pk) ·
ln
(

1−pk

1−qk

)
− ln

(
pk

qk

)
1−pk

1−qk
− pk

qk

·
[
1− pk

1− qk

− pk

qk

]

=
(qk − pk)

2

qk (1− qk)
·
ln
(

1−pk

1−qk

)
− ln

(
pk

qk

)
1−pk

1−qk
− pk

qk

≥ (qk − pk)
2

qk (1− qk)
· 2

1−pk

1−qk
+ pk

qk

=
2 (qk − pk)

2

pk + qk − 2pkqk

≥ 0,

for eachk ∈ {1, . . . , n} , giving the second inequality in (3.12).

4. MORE GENERAL RESULTS

Let C be a convex subset in the real linear spaceX and assume thatf : C → R is a convex
function onC. If xi ∈ C andpi > 0, i ∈ {1, ..., n} with

∑n
i=1 pi = 1, then for any nonempty

subsetJ of {1, ..., n} we put J̄ := {1, ..., n} \ J (6= ∅) and definePJ :=
∑

i∈J pi andP̄J :=
PJ̄ =

∑
j∈J̄ pj = 1−

∑
i∈J pi. For the convex functionf and then-tuplesx := (x1, ..., xn) and

p := (p1, ..., pn) as above, we can define the following functional

(4.1) D (f,p,x; J) := PJf

(
1

PJ

∑
i∈J

pixi

)
+ P̄Jf

 1

P̄J

∑
j∈J̄

pjxj


where here and everywhere belowJ ⊂ {1, ..., n} with J 6= ∅ andJ 6= {1, ..., n} .

It is worth to observe that forJ = {k} , k ∈ {1, ..., n} we have the functional

Dk (f,p,x) := D (f,p,x; {k})(4.2)

= pkf (xk) + (1− pk) f

(∑n
i=1 pixi − pkxk

1− pk

)

that has been investigated in the earlier paper [54].

THEOREM 4.1 (Dragomir, 2010 [55]). LetC be a convex subset in the real linear spaceX
and assume thatf : C → R is a convex function onC. If xi ∈ C andpi > 0, i ∈ {1, ..., n} with∑n

i=1 pi = 1 then for any nonempty subsetJ of {1, ..., n} we have

(4.3)
n∑

k=1

pkf (xk) ≥ D (f,p,x; J) ≥ f

(
n∑

k=1

pkxk

)
.
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PROOF. By the convexity of the functionf we have

D (f,p,x; J) = PJf

(
1

PJ

∑
i∈J

pixi

)
+ P̄Jf

 1

P̄J

∑
j∈J̄

pjxj


≥ f

PJ

(
1

PJ

∑
i∈J

pixi

)
+ P̄J

 1

P̄J

∑
j∈J̄

pjxj


= f

(
n∑

k=1

pkxk

)
for anyJ, which proves the second inequality in (4.3).

By the Jensen inequality we also have
n∑

k=1

pkf (xk) =
∑
i∈J

pif (xi) +
∑
j∈J̄

pjf (xj)

≥ PJf

(
1

PJ

∑
i∈J

pixi

)
+ P̄Jf

 1

P̄J

∑
j∈J̄

pjxj


= D (f,p,x; J)

for anyJ, which proves the first inequality in (4.3).

REMARK 4.1. We observe that the inequality (4.3) can be written in an equivalent form as

(4.4)
n∑

k=1

pkf (xk) ≥ max
∅6=J⊂{1,...,n}

D (f,p,x; J)

and

(4.5) min
∅6=J⊂{1,...,n}

D (f,p,x; J) ≥ f

(
n∑

k=1

pkxk

)
.

These inequalities imply the following results that have been obtained earlier by the author in
[54] utilising a different method of proof slightly more complicated:

(4.6)
n∑

k=1

pkf (xk) ≥ max
k∈{1,...,n}

Dk (f,p,x)

and

(4.7) min
k∈{1,...,n}

Dk (f,p,x) ≥ f

(
n∑

k=1

pkxk

)
.

Moreover, since
max

∅6=J⊂{1,...,n}
D (f,p,x; J) ≥ max

k∈{1,...,n}
Dk (f,p,x)

and
min

k∈{1,...,n}
Dk (f,p,x) ≥ min

∅6=J⊂{1,...,n}
D (f,p,x; J) ,

then the new inequalities (4.4) and (4.4) are better than the earlier results developed in [54].
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The case of uniform distribution, namely, whenpi = 1
n

for all {1, ..., n} is of interest as
well. If we consider a natural numberm with 1 ≤ m ≤ n− 1 and if we define

(4.8) Dm (f,x) :=
m

n
f

(
1

m

m∑
i=1

xi

)
+

n−m

n
f

(
1

n−m

n∑
j=m+1

xj

)
then we can state the following result:

COROLLARY 4.2 (Dragomir, 2010 [55]). LetC be a convex subset in the real linear space
X and assume thatf : C → R is a convex function onC. If xi ∈ C, then for anym ∈
{1, ..., n− 1} we have

(4.9)
1

n

n∑
k=1

f (xk) ≥ Dm (f,x) ≥ f

(
1

n

n∑
k=1

xk

)
.

In particular, we have the bounds

(4.10)
1

n

n∑
k=1

f (xk)

≥ max
m∈{1,...,n−1}

[
m

n
f

(
1

m

m∑
i=1

xi

)
+

n−m

n
f

(
1

n−m

n∑
j=m+1

xj

)]
and

(4.11) min
m∈{1,...,n−1}

[
m

n
f

(
1

m

m∑
i=1

xi

)
+

n−m

n
f

(
1

n−m

n∑
j=m+1

xj

)]

≥ f

(
1

n

n∑
k=1

xk

)
.

The following version of the inequality (4.3) may be useful for symmetric convex functions:

COROLLARY 4.3 (Dragomir, 2010 [55]). LetC be a convex function with the property that
0 ∈ C. If yj ∈ X such that forpi > 0, i ∈ {1, ..., n}with

∑n
i=1 pi = 1 we haveyj−

∑n
i=1 piyi ∈

C for anyj ∈ {1, ..., n} , then for any nonempty subsetJ of {1, ..., n} we have

(4.12)
n∑

k=1

pkf

(
yk −

n∑
i=1

piyi

)
≥ PJf

P̄J

 1

PJ

∑
i∈J

piyi −
1

P̄J

∑
j∈J̄

pjyj


+ P̄Jf

PJ

 1

P̄J

∑
j∈J̄

pjyj −
1

PJ

∑
i∈J

piyi

 ≥ f (0) .

REMARK 4.2. If C is as in Corollary 4.3 andyj ∈ X such thatyj − 1
n

∑n
i=1 yi ∈ C for any

j ∈ {1, ..., n} then for anym ∈ {1, ..., n− 1} we have

(4.13)
1

n

n∑
k=1

f

(
yk −

1

n

n∑
i=1

yi

)
≥ m

n
f

[
n−m

n

(
1

m

m∑
i=1

yi −
1

n−m

n∑
j=m+1

yj

)]

+
n−m

n
f

[
m

n

(
1

n−m

n∑
j=m+1

yj −
1

m

m∑
i=1

yi

)]
≥ f (0) .
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REMARK 4.3. It is also useful to remark that ifJ = {k} wherek ∈ {1, ..., n} then the
particular form we can derive from (4.12) can be written as

(4.14)
n∑

`=1

p`f

(
y` −

n∑
i=1

piyi

)

≥ pkf

[
(1− pk)

(
yk −

1

1− pk

(
n∑

j=1

pjyj − pkyk

))]

+ (1− pk) f

[
pk

(
1

1− pk

(
n∑

j=1

pjyj − pkyk

)
− yk

)]
≥ f (0)

which is equivalent with

(4.15)
n∑

`=1

p`f

(
y` −

n∑
i=1

piyi

)
≥ pkf

(
yk −

n∑
j=1

pjyj

)

+ (1− pk) f

[
pk

1− pk

(
n∑

j=1

pjyj − yk

)]
≥ f (0)

for anyk ∈ {1, ..., n} .

5. A L OWER BOUND FOR M EAN f -DEVIATION

Let X be a real linear space. For a convex functionf : X → R with the properties that
f (0) = 0, define themeanf -deviationof ann-tuple of vectorsx = (x1, ..., xn) ∈ Xn with the
probability distributionp = (p1, ..., pn) by the non-negative quantity

(5.1) Kf (p,x) :=
n∑

i=1

pif

(
xi −

n∑
k=1

pkxk

)
.

The fact thatKf (p,x) is non-negative follows by Jensen’s inequality, namely

Kf (p,x) ≥ f

(
n∑

i=1

pi

(
xi −

n∑
k=1

pkxk

))
= f (0) = 0.

A natural example of such deviations can be provided by the convex functionf (x) := ‖x‖r

with r ≥ 1 defined on a normed linear space(X, ‖·‖) . We denote this by

(5.2) Kr (p,x) :=
n∑

i=1

pi

∥∥∥∥∥xi −
n∑

k=1

pkxk

∥∥∥∥∥
r

and call it themeanr-absolute deviationof then-tuple of vectorsx = (x1, ..., xn) ∈ Xn with
the probability distributionp = (p1, ..., pn) .

The following result that provides a lower bound for the meanf -deviation holds:

THEOREM 5.1 (Dragomir, 2010 [55]). Let f : X → [0,∞) be a convex function with
f (0) = 0. If x = (x1, ..., xn) ∈ Xn andp = (p1, ..., pn) is a probability distribution with allpi
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nonzero, then

(5.3) Kf (p,x) ≥ max
∅6=J⊂{1,...,n}

PJf

P̄J

 1

PJ

∑
i∈J

pixi −
1

P̄J

∑
j∈J̄

pjxj


+PJf

 1

P̄J

∑
j∈J̄

pjyj −
1

PJ

∑
i∈J

piyi

 (≥ 0) .

In particular, we have

(5.4) Kf (p,x)

≥ max
k∈{1,...,n}

{
(1− pk) f

[
pk

1− pk

(
n∑

l=1

plxl − xk

)]
+ pkf

(
xk −

n∑
l=1

plxl

)}
(≥ 0) .

The proof follows from Corollary 4.3 and Remark 4.3.
As a particular case of interest, we have the following:

COROLLARY 5.2 (Dragomir, 2010 [55]). Let (X, ‖·‖) be a normed linear space. Ifx =
(x1, ..., xn) ∈ Xn andp = (p1, ..., pn) is a probability distribution with allpi nonzero, then for
r ≥ 1 we have

(5.5) Kr (p,x)

≥ max
∅6=J⊂{1,...,n}

PJ P̄J

(
P̄ r−1

J + P r−1
J

) ∥∥∥∥∥∥ 1

PJ

∑
i∈J

pixi −
1

P̄J

∑
j∈J̄

pjxj

∥∥∥∥∥∥
r (≥ 0) .

REMARK 5.1. By the convexity of the power functionf (t) = tr, r ≥ 1 we have

PJ P̄J

(
P̄ r−1

J + P r−1
J

)
= PJ P̄ r

J + P̄JP r
J

≥
(
PJ P̄J + P̄JPJ

)r
= 2rP r

J P̄ r
J

therefore

(5.6) PJ P̄J

(
P̄ r−1

J + P r−1
J

) ∥∥∥∥∥∥ 1

PJ

∑
i∈J

pixi −
1

P̄J

∑
j∈J̄

pjxj

∥∥∥∥∥∥
r

≥ 2rP r
J P̄ r

J

∥∥∥∥∥∥ 1

PJ

∑
i∈J

pixi −
1

P̄J

∑
j∈J̄

pjxj

∥∥∥∥∥∥
r

= 2r

∥∥∥∥∥∥P̄J

∑
i∈J

pixi − PJ

∑
j∈J̄

pjxj

∥∥∥∥∥∥
r

.

Since

P̄J

∑
i∈J

pixi − PJ

∑
j∈J̄

pjxj = (1− PJ)
∑
i∈J

pixi − PJ

(
n∑

k=1

pkxk −
∑
i∈J

pixi

)
(5.7)

=
∑
i∈J

pixi − PJ

n∑
k=1

pkxk,

then by (5.5)-(5.7) we deduce the coarser but perhaps more useful lower bound

(5.8) Kr (p,x) ≥ 2r max
∅6=J⊂{1,...,n}

{∥∥∥∥∥∑
i∈J

pixi − PJ

n∑
k=1

pkxk

∥∥∥∥∥
r}

(≥ 0) .
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The case for meanr-absolute deviation is incorporated in:

COROLLARY 5.3 (Dragomir, 2010 [55]). Let (X, ‖·‖) be a normed linear space. Ifx =
(x1, ..., xn) ∈ Xn andp = (p1, ..., pn) is a probability distribution with allpi nonzero, then for
r ≥ 1 we have

(5.9) Kr (p,x) ≥ max
k∈{1,...,n}

{[
(1− pk)

1−r pr
k + pk

] ∥∥∥∥∥xk −
n∑

l=1

plxl

∥∥∥∥∥
r}

.

REMARK 5.2. Since the functionhr (t) := (1− t)1−r tr + t, r ≥ 1, t ∈ [0, 1) is strictly
increasing on[0, 1) , then

min
k∈{1,...,n}

{
(1− pk)

1−r pr
k + pk

}
= pm + (1− pm)1−r pr

m,

wherepm := min
k∈{1,...,n}

pk.

We then obtain the following simpler inequality:

(5.10) Kr (p,x) ≥
[
pm + (1− pm)1−r · pr

m

]
max

k∈{1,...,n}

∥∥∥∥∥xk −
n∑

l=1

plxl

∥∥∥∥∥
p

,

which is perhaps more useful for applications(see also [54]).

6. APPLICATIONS FOR f -DIVERGENCE M EASURES

We endeavour to extend the concept off -divergence for functions defined on a cone in a
linear space as follows.

Firstly, we recall that the subsetK in a linear spaceX is aconeif the following two condi-
tions are satisfied:

(i) for anyx, y ∈ K we havex + y ∈ K;
(ii) for anyx ∈ K and anyα ≥ 0 we haveαx ∈ K.
For a givenn-tuple of vectorsz = (z1, ..., zn) ∈ Kn and a probability distributionq ∈ Pn

with all values nonzero, we can define, for the convex functionf : K → R, the following
f -divergence ofz with the distributionq

(6.1) If (z,q) :=
n∑

i=1

qif

(
zi

qi

)
.

It is obvious that ifX = R, K = [0,∞) andx = p ∈Pn then we obtain the usual concept of
thef -divergence associated with a functionf : [0,∞) → R.

Now, for a givenn-tuple of vectorsx = (x1, ..., xn) ∈ Kn, a probability distributionq ∈ Pn

with all values nonzero and for any nonempty subsetJ of {1, ..., n} we have

qJ :=
(
QJ , Q̄J

)
∈ P2

and
xJ :=

(
XJ , X̄J

)
∈ K2

where, as above
XJ :=

∑
i∈J

xi, and X̄J := XJ̄ .

It is obvious that

If (xJ ,qJ) = QJf

(
XJ

QJ

)
+ Q̄Jf

(
X̄J

Q̄J

)
.

The following inequality for thef -divergence of ann-tuple of vectors in a linear space
holds:
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THEOREM 6.1 (Dragomir, 2010 [55]). Letf : K → R be a convex function on the coneK.
Then for anyn-tuple of vectorsx = (x1, ..., xn) ∈ Kn, a probability distributionq ∈ Pn with
all values nonzero and for any nonempty subsetJ of {1, ..., n} we have

If (x,q) ≥ max
∅6=J⊂{1,...,n}

If (xJ ,qJ) ≥ If (xJ ,qJ)(6.2)

≥ min
∅6=J⊂{1,...,n}

If (xJ ,qJ) ≥ f (Xn)

whereXn :=
∑n

i=1 xi.

The proof follows by Theorem 4.1 and the details are omitted.
We observe that, for a givenn-tuple of vectorsx = (x1, ..., xn) ∈ Kn, a sufficient condition

for the positivity ofIf (x,q) for any probability distributionq ∈ Pn with all values nonzero
is thatf (Xn) ≥ 0. In the scalar case and ifx = p ∈Pn, then a sufficient condition for the
positivity of thef -divergenceIf (p,q) is thatf (1) ≥ 0.

The case of functions of a real variable that is of interest for applications is incorporated in:

COROLLARY 6.2 (Dragomir, 2010 [55]). Let f : [0,∞) → R be a normalized convex
function. Then for anyp,q ∈ Pn we have

(6.3) If (p,q) ≥ max
∅6=J⊂{1,...,n}

[
QJf

(
PJ

QJ

)
+ (1−QJ) f

(
1− PJ

1−QJ

)]
(≥ 0) .

In what follows we provide some lower bounds for a number off -divergences that are used
in various fields of Information Theory, Probability Theory and Statistics.

The total variation distanceis defined by the convex functionf (t) = |t− 1| , t ∈ R and
given in:

(6.4) V (p, q) :=
n∑

j=1

qj

∣∣∣∣pj

qj

− 1

∣∣∣∣ =
n∑

j=1

|pj − qj| .

The following improvement of the positivity inequality for the total variation distance can
be stated as follows.

PROPOSITION6.3. For anyp,q ∈ Pn, we have the inequality:

(6.5) V (p, q) ≥ 2 max
∅6=J⊂{1,...,n}

|PJ −QJ | (≥ 0) .

The proof follows by the inequality (6.3) forf (t) = |t− 1| , t ∈ R.
The K. Pearsonχ2-divergenceis obtained for the convex functionf (t) = (1− t)2 , t ∈ R

and given by

(6.6) χ2 (p, q) :=
n∑

j=1

qj

(
pj

qj

− 1

)2

=
n∑

j=1

(pj − qj)
2

qj

.

PROPOSITION6.4. For anyp,q ∈ Pn,

χ2 (p, q) ≥ max
∅6=J⊂{1,...,n}

{
(PJ −QJ)2

QJ (1−QJ)

}
(6.7)

≥ 4 max
∅6=J⊂{1,...,n}

(PJ −QJ)2 (≥ 0) .
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PROOF. On applying the inequality (6.3) for the functionf (t) = (1− t)2 , t ∈ R, we get

χ2 (p, q) ≥ max
∅6=J⊂{1,...,n}

{
(1−QJ)

(
1− PJ

1−QJ

− 1

)2

+ QJ

(
PJ

QJ

− 1

)2
}

= max
∅6=J⊂{1,...,n}

{
(PJ −QJ)2

QJ (1−QJ)

}
.

Since

QJ (1−QJ) ≤ 1

4
[QJ + (1−QJ)]2 =

1

4
,

then
(PJ −QJ)2

QJ (1−QJ)
≥ 4 (PJ −QJ)2

for eachJ ⊂ {1, . . . , n} , which proves the last part of (6.7).

TheKullback-Leibler divergencecan be obtained for the convex functionf : (0,∞) → R,
f (t) = t ln t and is defined by

(6.8) KL (p, q) :=
n∑

j=1

qj ·
pj

qj

ln

(
pj

qj

)
=

n∑
j=1

pj ln

(
pj

qj

)
.

PROPOSITION6.5. For anyp,q ∈ Pn, we have:

(6.9) KL (p, q) ≥ ln

[
max

∅6=J⊂{1,...,n}

{(
1− PJ

1−QJ

)1−PJ

·
(

PJ

QJ

)PJ

}]
≥ 0.

PROOF. The first inequality is obvious by Corollary 6.2. Utilising the inequality between
thegeometric mean and the harmonic mean,

xαy1−α ≥ 1
α
x

+ 1−α
y

, x, y > 0, α ∈ [0, 1]

we have forx = PJ

QJ
, y = 1−PJ

1−QJ
andα = PJ that(

1− PJ

1−QJ

)1−PJ

·
(

PJ

QJ

)PJ

≥ 1,

for anyJ ⊂ {1, . . . , n} , which implies the second part of (6.9).

Another divergence measure that is of importance in Information Theory is theJeffreys
divergence

(6.10) J (p, q) :=
n∑

j=1

qj ·
(

pj

qj

− 1

)
ln

(
pj

qj

)
=

n∑
j=1

(pj − qj) ln

(
pj

qj

)
,

which is anf -divergence forf (t) = (t− 1) ln t, t > 0.

PROPOSITION6.6. For anyp,q ∈ Pn, we have:

J (p, q) ≥ ln

(
max

∅6=J⊂{1,...,n}

{[
(1− PJ) QJ

(1−QJ) PJ

](QJ−PJ )
})

(6.11)

≥ max
∅6=J⊂{1,...,n}

[
(QJ − PJ)2

PJ + QJ − 2PJQJ

]
≥ 0.
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PROOF. On making use of the inequality (6.3) forf (t) = (t− 1) ln t, we have

J (p, q)

≥ max
k∈{1,...,n}

{
(1−QJ)

[(
1− PJ

1−QJ

− 1

)
ln

(
1− PJ

1−QJ

)]
+ QJ

(
PJ

QJ

− 1

)
ln

(
PJ

QJ

)}
= max

k∈{1,...,n}

{
(QJ − PJ) ln

(
1− PJ

1−QJ

)
− (QJ − PJ) ln

(
PJ

QJ

)}
= max

k∈{1,...,n}

{
(QJ − PJ) ln

[
(1− PJ) QJ

(1−QJ) PJ

]}
,

proving the first inequality in (6.11).
Utilising the elementary inequality for positive numbers,

ln b− ln a

b− a
≥ 2

a + b
, a, b > 0

we have

(QJ − PJ)

[
ln

(
1− PJ

1−QJ

)
− ln

(
PJ

QJ

)]

= (QJ − PJ) ·
ln
(

1−PJ

1−QJ

)
− ln

(
PJ

QJ

)
1−PJ

1−QJ
− PJ

QJ

·
[

1− PJ

1−QJ

− PJ

QJ

]

=
(QJ − PJ)2

QJ (1−QJ)
·
ln
(

1−PJ

1−QJ

)
− ln

(
PJ

QJ

)
1−PJ

1−QJ
− PJ

QJ

≥ (QJ − PJ)2

QJ (1−QJ)
· 2

1−PJ

1−QJ
+ PJ

QJ

=
2 (QJ − PJ)2

PJ + QJ − 2PJQJ

≥ 0,

for eachJ ⊂ {1, . . . , n} , giving the second inequality in (6.11).
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CHAPTER 10

Inequalities in Terms of Gâteaux Derivatives

1. GÂTEAUX DERIVATIVES

Assume thatf : X → R is a convex functionon the real linear spaceX. Since for any
vectorsx, y ∈ X the functiongx,y : R → R, gx,y (t) := f (x + ty) is convex it follows that the
following limits exist

∇+(−)f (x) (y) := lim
t→0+(−)

f (x + ty)− f (x)

t

and they are called theright(left) Gâteaux derivativesof the functionf in the pointx over the
directiony.

It is obvious that for anyt > 0 > s we have

(1.1)
f (x + ty)− f (x)

t
≥ ∇+f (x) (y) = inf

t>0

[
f (x + ty)− f (x)

t

]
≥ sup

s<0

[
f (x + sy)− f (x)

s

]
= ∇−f (x) (y) ≥ f (x + sy)− f (x)

s

for anyx, y ∈ X and, in particular,

(1.2) ∇−f (u) (u− v) ≥ f (u)− f (v) ≥ ∇+f (v) (u− v)

for anyu, v ∈ X. We call thisthe gradient inequalityfor the convex functionf. It will be used
frequently in the sequel in order to obtain various results related to Jensen’s inequality.

The following properties are also of importance:

(1.3) ∇+f (x) (−y) = −∇−f (x) (y) ,

and

(1.4) ∇+(−)f (x) (αy) = α∇+(−)f (x) (y)

for anyx, y ∈ X andα ≥ 0.
The right Gâteaux derivative issubadditivewhile the left one issuperadditive, i.e.,

(1.5) ∇+f (x) (y + z) ≤ ∇+f (x) (y) +∇+f (x) (z)

and

(1.6) ∇−f (x) (y + z) ≥ ∇−f (x) (y) +∇−f (x) (z)

for anyx, y, z ∈ X .
Some natural examples can be provided by the use of normed spaces.
Assume that(X, ‖·‖) is a real normed linear space. The functionf : X → R, f (x) :=

1
2
‖x‖2 is a convex function which generatesthe superiorandthe inferior semi-inner products

〈y, x〉s(i) := lim
t→0+(−)

‖x + ty‖2 − ‖x‖2

t
.

For a comprehensive study of the properties of these mappings in the Geometry of Banach
Spaces see the monograph [49].
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For the convex functionfp : X → R, fp (x) := ‖x‖p with p > 1, we have

∇+(−)fp (x) (y) =

 p ‖x‖p−2 〈y, x〉s(i) if x 6= 0

0 if x = 0

for anyy ∈ X.
If p = 1, then we have

∇+(−)f1 (x) (y) =

 ‖x‖−1 〈y, x〉s(i) if x 6= 0

+ (−) ‖y‖ if x = 0

for anyy ∈ X.
This class of functions will be used to illustrate the inequalities obtained in the general case

of convex functions defined on an entire linear space.
The following result holds:

THEOREM 1.1 (Dragomir, 2011 [57]). Let f : X → R be a convex function. Then for any
x, y ∈ X andt ∈ [0, 1] we have

(1.7) t (1− t) [∇−f (y) (y − x)−∇+f (x) (y − x)]

≥ tf (x) + (1− t) f (y)− f (tx + (1− t) y)

≥ t (1− t) [∇+f (tx + (1− t) y) (y − x)−∇−f (tx + (1− t) y) (y − x)] ≥ 0.

PROOF. Utilising the gradient inequality (1.2) we have

(1.8) f (tx + (1− t) y)− f (x) ≥ (1− t)∇+f (x) (y − x)

and

(1.9) f (tx + (1− t) y)− f (y) ≥ −t∇−f (y) (y − x) .

If we multiply (1.8) with t and (1.9) with1− t and add the resultant inequalities we obtain

f (tx + (1− t) y)− tf (x)− (1− t) f (y)

≥ (1− t) t∇+f (x) (y − x)− t (1− t)∇−f (y) (y − x)

which is clearly equivalent with the first part of (1.7).
By the gradient inequality we also have

(1− t)∇−f (tx + (1− t) y) (y − x) ≥ f (tx + (1− t) y)− f (x)

and
−t∇+f (tx + (1− t) y) (y − x) ≥ f (tx + (1− t) y)− f (y)

which by the same procedure as above yields the second part of (1.7).

The following particular case for norms may be stated:

COROLLARY 1.2 (Dragomir, 2011 [57]). If x and y are two vectors in the normed linear
space(X, ‖·‖) such that0 /∈ [x, y] := {(1− s) x + sy, s ∈ [0, 1]} , then for anyp ≥ 1 we have
the inequalities

(1.10) pt (1− t)
[
‖y‖p−2 〈y − x, y〉i − ‖x‖

p−2 〈y − x, x〉s
]

≥ t ‖x‖p + (1− t) ‖y‖p − ‖tx + (1− t) y‖p

≥ pt (1− t) ‖tx + (1− t) y‖p−2 [〈y − x, tx + (1− t) y〉s − 〈y − x, tx + (1− t) y〉i] ≥ 0

for anyt ∈ [0, 1] . If p ≥ 2 the inequality holds for anyx andy.
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REMARK 1.1. We observe that forp = 1 in (1.10) we derive the result

(1.11) t (1− t)

[〈
y − x,

y

‖y‖

〉
i

−
〈

y − x,
x

‖x‖

〉
s

]
≥ t ‖x‖+ (1− t) ‖y‖ − ‖tx + (1− t) y‖

≥ t (1− t)

[〈
y − x,

tx + (1− t) y

‖tx + (1− t) y‖

〉
s

−
〈

y − x,
tx + (1− t) y

‖tx + (1− t) y‖

〉
i

]
≥ 0

while for p = 2 we have

(1.12) 2t (1− t) [〈y − x, y〉i − 〈y − x, x〉s]
≥ t ‖x‖2 + (1− t) ‖y‖2 − ‖tx + (1− t) y‖2

≥ 2t (1− t) [〈y − x, tx + (1− t) y〉s − 〈y − x, tx + (1− t) y〉i] ≥ 0.

We notice that the inequality (1.12) holds for anyx, y ∈ X while in the inequality (1.11) we
must assume thatx, y andtx + (1− t) y are not zero.

REMARK 1.2. If the normed space is smooth, i.e., the norm is Gâteaux differentiable in
any nonzero point, then the superior and inferior semi-inner products coincide with the Lumer-
Giles semi-inner product[·, ·] that generates the norm and is linear in the first variable (see for
instance [49]). In this situation the inequality (1.10) becomes

(1.13) pt (1− t)
(
‖y‖p−2 [y − x, y]− ‖x‖p−2 [y − x, x]

)
≥ t ‖x‖p + (1− t) ‖y‖p − ‖tx + (1− t) y‖p ≥ 0

and holds for any nonzerox andy.
Moreover, if(X, 〈·, ·〉) is an inner product space, then (1.13) becomes

(1.14) pt (1− t)
〈
y − x, ‖y‖p−2 y − ‖x‖p−2 x

〉
≥ t ‖x‖p + (1− t) ‖y‖p − ‖tx + (1− t) y‖p ≥ 0.

From (1.14) we deduce the particular inequalities of interest

(1.15) t (1− t)

〈
y − x,

y

‖y‖
− x

‖x‖

〉
≥ t ‖x‖+ (1− t) ‖y‖ − ‖tx + (1− t) y‖ ≥ 0

and

(1.16) 2t (1− t) ‖y − x‖2 ≥ t ‖x‖2 + (1− t) ‖y‖2 − ‖tx + (1− t) y‖2 ≥ 0.

Obviously, the inequality (1.16) can be proved directly on utilising the properties of the inner
products.

2. A REFINEMENT OF JENSEN’ S I NEQUALITY

For a convex functionf : X → R defined on a linear spaceX, perhaps one of the most
important result is the well known Jensen’s inequality

(2.1) f

(
n∑

i=1

pixi

)
≤

n∑
i=1

pif (xi) ,

which holds for anyn-tuple of vectorsx = (x1, ..., xn) ∈ Xn and any probability distribution
p = (p1, ..., pn) ∈ Pn.

The following refinement of Jensen’s inequality holds:
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THEOREM 2.1 (Dragomir, 2011 [57]). Let f : X → R be a convex function defined on a
linear spaceX. Then for anyn-tuple of vectorsx = (x1, ..., xn) ∈ Xn and any probability
distributionp = (p1, ..., pn) ∈ Pn we have the inequality

(2.2)
n∑

i=1

pif (xi)− f

(
n∑

i=1

pixi

)

≥
n∑

k=1

pk∇+f

(
n∑

i=1

pixi

)
(xk)−∇+f

(
n∑

i=1

pixi

)(
n∑

i=1

pixi

)
≥ 0.

In particular, for the uniform distribution, we have

(2.3)
1

n

n∑
i=1

f (xi)− f

(
1

n

n∑
i=1

xi

)

≥ 1

n

[
n∑

k=1

∇+f

(
1

n

n∑
i=1

xi

)
(xk)−∇+f

(
1

n

n∑
i=1

xi

)(
n∑

i=1

xi

)]
≥ 0.

PROOF. Utilising the gradient inequality (1.2) we have

(2.4) f (xk)− f

(
n∑

i=1

pixi

)
≥ ∇+f

(
n∑

i=1

pixi

)(
xk −

n∑
i=1

pixi

)
for anyk ∈ {1, ..., n} .

By the subadditivity of the functional∇+f (·) (·) in the second variable we also have

(2.5) ∇+f

(
n∑

i=1

pixi

)(
xk −

n∑
i=1

pixi

)

≥ ∇+f

(
n∑

i=1

pixi

)
(xk)−∇+f

(
n∑

i=1

pixi

)(
n∑

i=1

pixi

)
for anyk ∈ {1, ..., n} .

Utilising the inequalities (2.4) and (2.5) we get

(2.6) f (xk)− f

(
n∑

i=1

pixi

)

≥ ∇+f

(
n∑

i=1

pixi

)
(xk)−∇+f

(
n∑

i=1

pixi

)(
n∑

i=1

pixi

)
for anyk ∈ {1, ..., n} .

Now, if we multiply (2.6) withpk ≥ 0 and sum overk from 1 to n, then we deduce the
first inequality in (2.2). The second inequality is obvious by the subadditivity property of the
functional∇+f (·) (·) in the second variable.

The following particular case that provides a refinement for the generalised triangle inequal-
ity in normed linear spaces is of interest

COROLLARY 2.2 (Dragomir, 2011 [57]). Let (X, ‖·‖) be a normed linear space. Then for
anyp ≥ 1, for anyn-tuple of vectorsx = (x1, ..., xn) ∈ Xn and any probability distribution
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p = (p1, ..., pn) ∈ Pn with
∑n

i=1 pixi 6= 0 we have the inequality

(2.7)
n∑

i=1

pi ‖xi‖p −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
p

≥ p

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
p−2
 n∑

k=1

pk

〈
xk,

n∑
j=1

pjxj

〉
s

−

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2
 ≥ 0.

If p ≥ 2 the inequality holds for anyn-tuple of vectors and probability distribution.

In particular, we have the norm inequalities

(2.8)
n∑

i=1

pi ‖xi‖ −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
≥

[
n∑

k=1

pk

〈
xk,

∑n
i=1 pixi

‖
∑n

i=1 pixi‖

〉
s

−

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
]
≥ 0.

and

(2.9)
n∑

i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2

≥ 2

 n∑
k=1

pk

〈
xk,

n∑
i=1

pixi

〉
s

−

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2
 ≥ 0.

We notice that the first inequality in (2.9) is equivalent with

n∑
i=1

pi ‖xi‖2 +

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2

≥ 2
n∑

k=1

pk

〈
xk,

n∑
i=1

pixi

〉
s

which provides the result

(2.10)
1

2

 n∑
i=1

pi ‖xi‖2 +

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2
 ≥ n∑

k=1

pk

〈
xk,

n∑
i=1

pixi

〉
s ≥ ∥∥∥∥∥

n∑
i=1

pixi

∥∥∥∥∥
2


for anyn-tuple of vectors and probability distribution.

REMARK 2.1. If in the inequality (2.7) we consider the uniform distribution, then we get

(2.11)
n∑

i=1

‖xi‖p − n1−p

∥∥∥∥∥
n∑

i=1

xi

∥∥∥∥∥
p

≥ pn1−p

∥∥∥∥∥
n∑

i=1

xi

∥∥∥∥∥
p−2
 n∑

k=1

〈
xk,

n∑
i=1

xi

〉
s

−

∥∥∥∥∥
n∑

i=1

xi

∥∥∥∥∥
2
 ≥ 0.
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3. A REVERSE OF JENSEN’ S I NEQUALITY

The following result is of interest as well:

THEOREM 3.1 (Dragomir, 2011 [57]). Let f : X → R be a convex function defined on a
linear spaceX. Then for anyn-tuple of vectorsx = (x1, ..., xn) ∈ Xn and any probability
distributionp = (p1, ..., pn) ∈ Pn we have the inequality

(3.1)
n∑

k=1

pk∇−f (xk) (xk)−
n∑

k=1

pk∇−f (xk)

(
n∑

i=1

pixi

)

≥
n∑

i=1

pif (xi)− f

(
n∑

i=1

pixi

)
.

In particular, for the uniform distribution, we have

(3.2)
1

n

[
n∑

k=1

∇−f (xk) (xk)−
n∑

k=1

∇−f (xk)

(
1

n

n∑
i=1

xi

)]

≥ 1

n

n∑
i=1

f (xi)− f

(
1

n

n∑
i=1

xi

)
.

PROOF. Utilising the gradient inequality (1.2) we can state that

(3.3) ∇−f (xk)

(
xk −

n∑
i=1

pixi

)
≥ f (xk)− f

(
n∑

i=1

pixi

)
for anyk ∈ {1, ..., n} .

By the superadditivity of the functional∇−f (·) (·) in the second variable we also have

(3.4) ∇−f (xk) (xk)−∇−f (xk)

(
n∑

i=1

pixi

)
≥ ∇−f (xk)

(
xk −

n∑
i=1

pixi

)
for anyk ∈ {1, ..., n} .

Therefore, by (3.3) and (3.4) we get

(3.5) ∇−f (xk) (xk)−∇−f (xk)

(
n∑

i=1

pixi

)
≥ f (xk)− f

(
n∑

i=1

pixi

)
for anyk ∈ {1, ..., n} .

Finally, by multiplying (3.5) withpk ≥ 0 and summing overk from 1 to n we deduce the
desired inequality (3.1).

REMARK 3.1. If the functionf is defined on the Euclidian spaceRn and is differentiable
and convex, then from (3.1) we get the inequality

(3.6)
n∑

k=1

pk 〈∇f (xk) , xk〉 −

〈
n∑

k=1

pk∇f (xk) ,
n∑

i=1

pixi

〉

≥
n∑

i=1

pif (xi)− f

(
n∑

i=1

pixi

)
where, as usual, forxk = (x1

k, ..., x
n
k) ,∇f (xk) =

(
∂f(xk)

∂x1 , ..., ∂f(xk)
∂xn

)
. This inequality was

obtained firstly by Dragomir & Goh in 1996, see [70].
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For one dimension we get the inequality

(3.7)
n∑

k=1

pkxkf
′ (xk)−

n∑
i=1

pixi

n∑
k=1

pkf
′ (xk)

≥
n∑

i=1

pif (xi)− f

(
n∑

i=1

pixi

)
that was discovered in 1994 by Dragomir and Ionescu, see [62].

The following reverse of the generalised triangle inequality holds:

COROLLARY 3.2 (Dragomir, 2011 [57]). Let (X, ‖·‖) be a normed linear space. Then for
anyp ≥ 1, for anyn-tuple of vectorsx = (x1, ..., xn) ∈ Xn \ {(0, ..., 0)} and any probability
distributionp = (p1, ..., pn) ∈ Pn we have the inequality

(3.8) p

[
n∑

k=1

pk ‖xk‖p −
n∑

k=1

pk ‖xk‖p−2

〈
n∑

i=1

pixi, xk

〉
i

]

≥
n∑

i=1

pi ‖xi‖p −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
p

.

In particular, we have the norm inequalities

(3.9)
n∑

k=1

pk ‖xk‖ −
n∑

k=1

pk

〈
n∑

i=1

pixi,
xk

‖xk‖

〉
i

≥
n∑

i=1

pi ‖xi‖ −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
for xk 6= 0, k ∈ {1, ..., n} and

(3.10) 2

 n∑
k=1

pk ‖xk‖2 −
n∑

k=1

pk

〈
n∑

j=1

pjxj, xk

〉
i


≥

n∑
i=1

pi ‖xi‖2 −

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2

,

for anyxk.
We observe that the inequality (3.10) is equivalent with

n∑
i=1

pi ‖xi‖2 +

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2

≥ 2
n∑

k=1

pk

〈
n∑

j=1

pjxj, xk

〉
i

which provides the interesting result

(3.11)
1

2

 n∑
i=1

pi ‖xi‖2 +

∥∥∥∥∥
n∑

i=1

pixi

∥∥∥∥∥
2
 ≥ n∑

k=1

pk

〈
n∑

j=1

pjxj, xk

〉
i(
≥

n∑
k=1

n∑
j=1

pjpk 〈xj, xk〉i

)
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holding for anyn-tuple of vectors and probability distribution.

REMARK 3.2. If in the inequality (3.8) we consider the uniform distribution, then we get

(3.12) p

 n∑
k=1

‖xk‖p − 1

n

n∑
k=1

‖xk‖p−2

〈
n∑

j=1

xj, xk

〉
i


≥

n∑
i=1

‖xi‖p − n1−p

∥∥∥∥∥
n∑

i=1

xi

∥∥∥∥∥
p

.

Forp ∈ [1, 2) all vectorsxk should not be zero.

4. BOUNDS FOR THE M EAN f -DEVIATION

Let X be a real linear space. For a convex functionf : X → R with the property that
f (0) ≥ 0 we define themeanf -deviationof ann-tuple of vectorsy= (y1, ..., yn) ∈ Xn with
the probability distributionp = (p1, ..., pn) ∈ Pn by the non-negative quantity

(4.1) Kf(·) (p,y) = Kf (p,y) :=
n∑

i=1

pif

(
yi −

n∑
k=1

pkyk

)
.

The fact thatKf (p,y) is non-negative follows by Jensen’s inequality, namely

Kf (p,y) ≥ f

(
n∑

i=1

pi

(
yi −

n∑
k=1

pkyk

))
= f (0) ≥ 0.

Of course the concept can be extended for any function defined onX, however if the func-
tion is not convex or if it is convex butf (0) < 0, then we are not sure about the positivity of
the quantityKf (p,y) .

A natural example of such deviations can be provided by the convex functionf (y) := ‖y‖r

with r ≥ 1 defined on a normed linear space(X, ‖·‖) . We denote this by

(4.2) Kr (p,y) :=
n∑

i=1

pi

∥∥∥∥∥yi −
n∑

k=1

pkyk

∥∥∥∥∥
r

and call it themeanr-absolute deviationof then-tuple of vectorsy= (y1, ..., yn) ∈ Xn with
the probability distributionp = (p1, ..., pn) .

Utilising the result from [54] we can state then the following result providing a non-trivial
lower bound for the meanf -deviation:

THEOREM4.1. Letf : X → [0,∞) be a convex function withf (0) = 0. If y= (y1, ..., yn) ∈
Xn andp = (p1, ..., pn) is a probability distribution with allpi nonzero, then

(4.3) Kf (p,y)

≥ max
k∈{1,...,n}

{
(1− pk) f

[
pk

1− pk

(
yk −

n∑
l=1

plyl

)]
+ pkf

(
yk −

n∑
l=1

plyl

)}
(≥ 0) .

The case for meanr-absolute deviation is incorporated in

COROLLARY 4.2. Let (X, ‖·‖) be a normed linear space. Ify= (y1, ..., yn) ∈ Xn and
p = (p1, ..., pn) is a probability distribution with allpi nonzero, then forr ≥ 1 we have

(4.4) Kr (p,y) ≥ max
k∈{1,...,n}

{[
(1− pk)

1−r pr
k + pk

] ∥∥∥∥∥yk −
n∑

l=1

plyl

∥∥∥∥∥
r}

.
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REMARK 4.1. Since the functionhr (t) := (1− t)1−r tr + t, r ≥ 1, t ∈ [0, 1) is strictly
increasing on[0, 1) , then

min
k∈{1,...,n}

{
(1− pk)

1−r pr
k + pk

}
= pm + (1− pm)1−r pr

m,

wherepm := min
k∈{1,...,n}

pk. We then obtain the following simpler inequality:

(4.5) Kr (p,y) ≥
[
pm + (1− pm)1−r · pr

m

]
max

k∈{1,...,n}

∥∥∥∥∥yk −
n∑

l=1

plyl

∥∥∥∥∥
p

,

which is perhaps more useful for applications.

We have the following double inequality for the meanf -mean deviation:

THEOREM 4.3 (Dragomir, 2011 [57]). Let f : X → [0,∞) be a convex function with
f (0) = 0. If y= (y1, ..., yn) ∈ Xn andp = (p1, ..., pn) is a probability distribution with allpi

nonzero, then

(4.6) K∇−f(·)(·) (p,y) ≥ Kf(·) (p,y) ≥ K∇+f(0)(·) (p,y) ≥ 0.

PROOF. If we use the inequality (2.2) forxi = yi −
∑n

k=1 pkyk we get

n∑
i=1

pif

(
yi −

n∑
k=1

pkyk

)
− f

(
n∑

i=1

pi

(
yi −

n∑
k=1

pkyk

))

≥
n∑

j=1

pj∇+f

(
n∑

i=1

pi

(
yi −

n∑
k=1

pkyk

))(
yj −

n∑
k=1

pkyk

)

−∇+f

(
n∑

i=1

pi

(
yi −

n∑
k=1

pkyk

))(
n∑

i=1

pi

(
yi −

n∑
k=1

pkyk

))
≥ 0

which is equivalent with the second part of (4.6).
Now, by utilising the inequality (3.1) for the same choice ofxi we get

n∑
j=1

pj∇−f

(
yj −

n∑
k=1

pkyk

)(
yj −

n∑
k=1

pkyk

)

−
n∑

k=1

pj∇−f

(
yj −

n∑
k=1

pkyk

)(
n∑

i=1

pi

(
yi −

n∑
k=1

pkyk

))

≥
n∑

i=1

pif

(
yi −

n∑
k=1

pkyk

)
− f

(
n∑

i=1

pi

(
yi −

n∑
k=1

pkyk

))
,

which in its turn is equivalent with the first inequality in (4.6).

We observe that as examples of convex functions defined on the entire normed linear space
(X, ‖·‖) that are convex and vanishes in0 we can consider the functions

f (x) := g (‖x‖) , x ∈ X

whereg : [0,∞) → [0,∞) is a monotonic nondecreasing convex function withg (0) = 0.
For this kind of functions we have by direct computation that

∇+f (0) (u) = g′+ (0) ‖u‖ for anyu ∈ X
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and

∇−f (u) (u) = g′− (‖u‖) ‖u‖ for anyu ∈ X.

We then have the following norm inequalities that are of interest:

COROLLARY 4.4 (Dragomir, 2011 [57]). Let (X, ‖·‖) be a normed linear space. Ifg :
[0,∞) → [0,∞) is a monotonic nondecreasing convex function withg (0) = 0, then for any
y= (y1, ..., yn) ∈ Xn andp = (p1, ..., pn) a probability distribution, we have

(4.7)
n∑

i=1

pig
′
−

(∥∥∥∥∥yi −
n∑

k=1

pkyk

∥∥∥∥∥
)∥∥∥∥∥yi −

n∑
k=1

pkyk

∥∥∥∥∥
≥

n∑
i=1

pig

(∥∥∥∥∥yi −
n∑

k=1

pkyk

∥∥∥∥∥
)
≥ g′+ (0)

n∑
i=1

pi

∥∥∥∥∥yi −
n∑

k=1

pkyk

∥∥∥∥∥ .

5. BOUNDS FOR f -DIVERGENCE M EASURES

We endeavour to extend this concept for functions defined on a cone in a linear space as
follows (see also [55]).

Firstly, we recall that the subsetK in a linear spaceX is aconeif the following two condi-
tions are satisfied:

(i) for anyx, y ∈ K we havex + y ∈ K;
(ii) for anyx ∈ K and anyα ≥ 0 we haveαx ∈ K.
For a givenn-tuple of vectorsz = (z1, ..., zn) ∈ Kn and a probability distributionq ∈ Pn

with all values nonzero, we can define, for the convex functionf : K → R, the following
f -divergence ofz with the distributionq

(5.1) If (z,q) :=
n∑

i=1

qif

(
zi

qi

)
.

It is obvious that ifX = R, K = [0,∞) andx = p ∈Pn then we obtain the usual concept of
thef -divergence associated with a functionf : [0,∞) → R.

Now, for a givenn-tuple of vectorsx = (x1, ..., xn) ∈ Kn, a probability distributionq ∈ Pn

with all values nonzero and for any nonempty subsetJ of {1, ..., n} we have

qJ :=
(
QJ , Q̄J

)
∈ P2

and

xJ :=
(
XJ , X̄J

)
∈ K2

where, as above

XJ :=
∑
i∈J

xi, and X̄J := XJ̄ .

It is obvious that

If (xJ ,qJ) = QJf

(
XJ

QJ

)
+ Q̄Jf

(
X̄J

Q̄J

)
.

The following inequality for thef -divergence of ann-tuple of vectors in a linear space holds
[55]:
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THEOREM 5.1. Let f : K → R be a convex function on the coneK. Then for anyn-tuple
of vectorsx = (x1, ..., xn) ∈ Kn, a probability distributionq ∈ Pn with all values nonzero and
for any nonempty subsetJ of {1, ..., n} we have

If (x,q) ≥ max
∅6=J⊂{1,...,n}

If (xJ ,qJ) ≥ If (xJ ,qJ)(5.2)

≥ min
∅6=J⊂{1,...,n}

If (xJ ,qJ) ≥ f (Xn)

whereXn :=
∑n

i=1 xi.

We observe that, for a givenn-tuple of vectorsx = (x1, ..., xn) ∈ Kn, a sufficient condition
for the positivity ofIf (x,q) for any probability distributionq ∈ Pn with all values nonzero
is thatf (Xn) ≥ 0. In the scalar case and ifx = p ∈Pn, then a sufficient condition for the
positivity of thef -divergenceIf (p,q) is thatf (1) ≥ 0.

The case of functions of a real variable that is of interest for applications is incorporated in
[55]:

COROLLARY 5.2. Let f : [0,∞) → R be a normalized convex function. Then for any
p,q ∈ Pn we have

(5.3) If (p,q) ≥ max
∅6=J⊂{1,...,n}

[
QJf

(
PJ

QJ

)
+ (1−QJ) f

(
1− PJ

1−QJ

)]
(≥ 0) .

In what follows, by the use of the results in Theorem 2.1 and Theorem 3.1 we can provide
an upper and a lower bound for the positive differenceIf (x,q)− f (Xn) .

THEOREM 5.3 (Dragomir, 2011 [57]). Letf : K → R be a convex function on the coneK.
Then for anyn-tuple of vectorsx = (x1, ..., xn) ∈ Kn and a probability distributionq ∈ Pn

with all values nonzero we have

(5.4) I∇−f(·)(·) (x,q)− I∇−f(·)(Xn) (x,q) ≥ If (x,q)− f (Xn)

≥ I∇+f(Xn)(·) (x,q)−∇+f (Xn) (Xn) ≥ 0.

The case of functions of a real variable that is useful for applications is as follows:

COROLLARY 5.4. Let f : [0,∞) → R be a normalized convex function. Then for any
p,q ∈ Pn we have

(5.5) If ′−(·)(·) (p,q)− If ′−(·) (p,q) ≥ If (p,q) ≥ 0,

or, equivalently,

(5.6) If ′−(·)[(·)−1] (p,q) ≥ If (p,q) ≥ 0.

The above corollary is useful to provide an upper bound in terms of the variational distance
for thef -divergenceIf (p,q) of normalized convex functions whose derivatives are bounded
above and below.

PROPOSITION5.5. Let f : [0,∞) → R be a normalized convex function andp,q ∈ Pn. If
there exists the constantsγ andΓ with

−∞ < γ ≤ f ′−

(
pk

qk

)
≤ Γ < ∞ for all k ∈ {1, ..., n} ,

then we have the inequality

(5.7) 0 ≤ If (p,q) ≤ 1

2
(Γ− γ) V (p,q) ,

whereV (p,q) =
∑n

i=1 qi

∣∣∣pi

qi
− 1
∣∣∣ =

∑n
i=1 |pi − qi| .
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PROOF. By the inequality (5.6) we have successively that

0 ≤ If (p,q) ≤ If ′−(·)[(·)−1] (p,q)

=
n∑

i=1

qi

(
pi

qi

− 1

)[
f ′−

(
pi

qi

)
− Γ + γ

2

]

≤
n∑

i=1

qi

∣∣∣∣pi

qi

− 1

∣∣∣∣ ∣∣∣∣f ′−(pi

qi

)
− Γ + γ

2

∣∣∣∣
≤ 1

2
(Γ− γ)

n∑
i=1

qi

∣∣∣∣pi

qi

− 1

∣∣∣∣
which proves the desired result (5.7).

COROLLARY 5.6. Let f : [0,∞) → R be a normalized convex function andp,q ∈ Pn. If
there exist the constantsr andR with

0 < r ≤ pk

qk

≤ R < ∞ for all k ∈ {1, ..., n} ,

then we have the inequality

(5.8) 0 ≤ If (p,q) ≤ 1

2

[
f ′− (R)− f ′− (r)

]
V (p,q) .

The K. Pearsonχ2-divergenceis obtained for the convex functionf (t) = (1− t)2 , t ∈ R
and given by

χ2 (p, q) :=
n∑

j=1

qj

(
pj

qj

− 1

)2

=
n∑

j=1

(pj − qj)
2

qj

.

Finally, the following proposition giving another upper bound in terms of theχ2-divergence can
be stated:

PROPOSITION5.7. Let f : [0,∞) → R be a normalized convex function andp,q ∈ Pn. If
there exists the constant0 < ∆ < ∞ with

(5.9)

∣∣∣∣∣∣
f ′−

(
pi

qi

)
− f ′− (1)

pi

qi
− 1

∣∣∣∣∣∣ ≤ ∆ for all k ∈ {1, ..., n} ,

then we have the inequality

(5.10) 0 ≤ If (p,q) ≤ ∆χ2 (p, q) .

In particular, if f ′− (·) satisfies the local Lipschitz condition

(5.11)
∣∣f ′− (x)− f ′− (1)

∣∣ ≤ ∆ |x− 1| for anyx ∈ (0,∞)

then (5.10) holds true for anyp,q ∈ Pn.
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PROOF. We have from (5.6) that

0 ≤ If (p,q) ≤ If ′−(·)[(·)−1] (p,q)

=
n∑

i=1

qi

(
pi

qi

− 1

)[
f ′−

(
pi

qi

)
− f ′− (1)

]

≤
n∑

i=1

qi

(
pi

qi

− 1

)2

∣∣∣∣∣∣
f ′−

(
pi

qi

)
− f ′− (1)

pi

qi
− 1

∣∣∣∣∣∣
≤ ∆

n∑
i=1

qi

(
pi

qi

− 1

)2

and the inequality (5.10) is obtained.

REMARK 5.1. It is obvious that if one chooses in the above inequalities particular normal-
ized convex functions that generates the Kullback-Leibler, Jeffreys, Hellinger or other diver-
gence measures or discrepancies, that one can obtain some results of interest. However the
details are not provided here.
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CHAPTER 11

Inequalities of Slater’s Type

1. INTRODUCTION

Suppose thatI is an interval of real numbers with interiorI̊ and f : I → R is a convex
function onI. Thenf is continuous on̊I and has finite left and right derivatives at each point of
I̊. Moreover, ifx, y ∈I̊ andx < y, thenf ′− (x) ≤ f ′+ (x) ≤ f ′− (y) ≤ f ′+ (y) which shows that
bothf ′− andf ′+ are nondecreasing function onI̊. It is also known that a convex function must
be differentiable except for at most countably many points.

For a convex functionf : I → R, the subdifferential off denoted by∂f is the set of all

functionsϕ : I → [−∞,∞] such thatϕ
(

I̊
)
⊂ R and

f (x) ≥ f (a) + (x− a) ϕ (a) for anyx, a ∈ I.

It is also well known that iff is convex onI, then∂f is nonempty,f ′−, f ′+ ∈ ∂f and if
ϕ ∈ ∂f , then

f ′− (x) ≤ ϕ (x) ≤ f ′+ (x) for anyx ∈ I̊.
In particular,ϕ is a nondecreasing function.

If f is differentiable and convex on̊I, then∂f = {f ′} .
The following result is well known in the literature asthe Slater inequality:

THEOREM 1.1 (Slater, 1981, [123]). If f : I → R is a nonincreasing (nondecreasing)
convex function,xi ∈ I, pi ≥ 0 with Pn :=

∑n
i=1 pi > 0 and

∑n
i=1 piϕ (xi) 6= 0, whereϕ ∈ ∂f,

then

(1.1)
1

Pn

n∑
i=1

pif (xi) ≤ f

(∑n
i=1 pixiϕ (xi)∑n
i=1 piϕ (xi)

)
.

As pointed out in [48, p. 208], the monotonicity assumption for the derivativeϕ can be
replaced with the condition

(1.2)

∑n
i=1 pixiϕ (xi)∑n
i=1 piϕ (xi)

∈ I,

which is more general and can hold for suitable points inI and for not necessarily monotonic
functions.

The main aim of the present paper is to extend Slater’s inequality for convex functions
defined on general linear spaces. A reverse of the Slater’s inequality is also obtained. Natural
applications for norm inequalities andf -divergence measures are provided as well.

2. SLATER ’ S I NEQUALITY FOR FUNCTIONS DEFINED ON L INEAR SPACES

Assume thatf : X → R is a convex functionon the real linear spaceX. Since for any
vectorsx, y ∈ X the functiongx,y : R → R, gx,y (t) := f (x + ty) is convex it follows that the
following limits exist

∇+(−)f (x) (y) := lim
t→0+(−)

f (x + ty)− f (x)

t

140
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and they are called theright(left) Gâteaux derivativesof the functionf in the pointx over the
directiony.

It is obvious that for anyt > 0 > s we have

(2.1)
f (x + ty)− f (x)

t
≥ ∇+f (x) (y) = inf

t>0

[
f (x + ty)− f (x)

t

]
≥ sup

s<0

[
f (x + sy)− f (x)

s

]
= ∇−f (x) (y) ≥ f (x + sy)− f (x)

s

for anyx, y ∈ X and, in particular,

(2.2) ∇−f (u) (u− v) ≥ f (u)− f (v) ≥ ∇+f (v) (u− v)

for anyu, v ∈ X. We call thisthe gradient inequalityfor the convex functionf. It will be used
frequently in the sequel in order to obtain various results related toSlater’s inequality.

The following properties are also of importance:

(2.3) ∇+f (x) (−y) = −∇−f (x) (y) ,

and

(2.4) ∇+(−)f (x) (αy) = α∇+(−)f (x) (y)

for anyx, y ∈ X andα ≥ 0.
The right Gâteaux derivative issubadditivewhile the left one issuperadditive, i.e.,

(2.5) ∇+f (x) (y + z) ≤ ∇+f (x) (y) +∇+f (x) (z)

and

(2.6) ∇−f (x) (y + z) ≥ ∇−f (x) (y) +∇−f (x) (z)

for anyx, y, z ∈ X .
Some natural examples can be provided by the use of normed spaces.
Assume that(X, ‖·‖) is a real normed linear space. The functionf : X → R, f (x) :=

1
2
‖x‖2 is a convex function which generatesthe superiorandthe inferior semi-inner products

〈y, x〉s(i) := lim
t→0+(−)

‖x + ty‖2 − ‖x‖2

t
.

For a comprehensive study of the properties of these mappings in the Geometry of Banach
Spaces see the monograph [49].

For the convex functionfp : X → R, fp (x) := ‖x‖p with p > 1, we have

∇+(−)fp (x) (y) =

 p ‖x‖p−2 〈y, x〉s(i) if x 6= 0,

0 if x = 0

for anyy ∈ X.
If p = 1, then we have

∇+(−)f1 (x) (y) =

 ‖x‖−1 〈y, x〉s(i) if x 6= 0,

+ (−) ‖y‖ if x = 0

for anyy ∈ X.
For a given convex functionf : X → R and a givenn-tuple of vectorsx = (x1, ..., xn) ∈

Xn we consider the sets

(2.7) Sla+(−) (f,x) :=
{
v ∈ X | ∇+(−)f (xi) (v − xi) ≥ 0 for all i ∈ {1, ..., n}

}
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and

(2.8) Sla+(−) (f,x,p) :=

{
v ∈ X |

n∑
i=1

pi∇+(−)f (xi) (v − xi) ≥ 0

}
wherep = (p1, ..., pn) ∈ Pn is a given probability distribution.

Since∇+(−)f (x) (0) = 0 for anyx ∈ X, then we observe that{x1, ..., xn} ⊂ Sla+(−) (f,x,p) ,
therefore the setsSla+(−) (f,x,p) are not empty for eachf,x andp as above.

The following properties of these sets hold:

LEMMA 2.1 (Dragomir, 2012 [58]). For a given convex functionf : X → R, a givenn-
tuple of vectorsx = (x1, ..., xn) ∈ Xn and a given probability distributionp = (p1, ..., pn) ∈
Pn we have

(i) Sla− (f,x) ⊂ Sla+ (f,x) andSla− (f,x,p) ⊂ Sla+ (f,x,p) ;
(ii) Sla− (f,x) ⊂ Sla− (f,x,p) andSla+ (f,x) ⊂ Sla+ (f,x,p)

for all p = (p1, ..., pn) ∈ Pn;
(iii) The setsSla− (f,x) andSla− (f,x,p) are convex.

PROOF. The properties (i) and (ii) follow from the definition and the fact that∇+f (x) (y) ≥
∇−f (x) (y) for anyx, y.

(iii) Let us only prove thatSla− (f,x) is convex.
If we assume thaty1, y2 ∈ Sla− (f,x) andα, β ∈ [0, 1] with α + β = 1, then by the

superadditivity and positive homogeneity of the Gâteaux derivative∇−f (·) (·) in the second
variable we have

∇−f (xi) (αy1 + βy2 − xi) = ∇−f (xi) [α (y1 − xi) + β (y2 − xi)]

≥ α∇−f (xi) (y1 − xi) + β∇−f (xi) (y2 − xi) ≥ 0

for all i ∈ {1, ..., n} , which shows thatαy1 + βy2 ∈ Sla− (f,x) .
The proof for the convexity ofSla− (f,x,p) is similar and the details are omitted.

For the convex functionfp : X → R, fp (x) := ‖x‖p with p ≥ 1, defined on the normed
linear space(X, ‖·‖) and for then-tuple of vectorsx = (x1, ..., xn) ∈ Xn\{(0, ..., 0)}we have,
by the well known property of the semi inner products

〈y + αx, x〉s(i) = 〈y, x〉s(i) + α ‖x‖2 for anyx, y ∈ X andα ∈ R,

that

Sla+(−) (‖·‖p ,x) = Sla+(−) (‖·‖ ,x)

:=
{

v ∈ X | 〈v, xj〉s(i) ≥ ‖xj‖2 for all j ∈ {1, ..., n}
}

which, as can be seen, does not depend ofp. We observe that, by the continuity of the semi-inner
products in the first variable thatSla+(−) (‖·‖ ,x) is closed in(X, ‖·‖) . Also, we should remarks
that if v ∈ Sla+(−) (‖·‖ ,x) then for anyγ ≥ 1 we also have thatγv ∈ Sla+(−) (‖·‖ ,x) .

The larger classes, which are dependent on the probability distributionp ∈ Pn are described
by

Sla+(−) (‖·‖p ,x,p) :=

{
v ∈ X |

n∑
j=1

pj ‖xj‖p−2 〈v, xj〉s(i) ≥
n∑

j=1

pj ‖xj‖p

}
.

If the normed space is smooth, i.e., the norm is Gâteaux differentiable in any nonzero point,
then the superior and inferior semi-inner products coincide with the Lumer-Giles semi-inner
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product[·, ·] that generates the norm and is linear in the first variable (see for instance [49]). In
this situation

Sla (‖·‖ ,x) =
{
v ∈ X | [v, xj] ≥ ‖xj‖2 for all j ∈ {1, ..., n}

}
and

Sla (‖·‖p ,x,p) =

{
v ∈ X |

n∑
j=1

pj ‖xj‖p−2 [v, xj] ≥
n∑

j=1

pj ‖xj‖p

}
.

If (X, 〈·, ·〉) is an inner product space thenSla (‖·‖p ,x,p) can be described by

Sla (‖·‖p ,x,p) =

{
v ∈ X |

〈
v,

n∑
j=1

pj ‖xj‖p−2 xj

〉
≥

n∑
j=1

pj ‖xj‖p

}
and if the family{xj}j=1,...,n is orthogonal, then obviously, by the Pythagoras theorem, we have
that the sum

∑n
j=1 xj belongs toSla (‖·‖ ,x) and therefore toSla (‖·‖p ,x,p) for anyp ≥ 1

and any probability distributionp = (p1, ..., pn) ∈ Pn.
We can state now the following results that provides a generalization of Slater’s inequality

as well as a counterpart for it.

THEOREM 2.2 (Dragomir, 2012 [58]). Let f : X → R be a convex function on the real
linear spaceX, x = (x1, ..., xn) ∈ Xn an n-tuple of vectors andp = (p1, ..., pn) ∈ Pn a
probability distribution. Then for anyv ∈ Sla+ (f,x,p) we have the inequalities

(2.9) ∇−f (v) (v)−
n∑

i=1

pi∇−f (v) (xi) ≥ f (v)−
n∑

i=1

pif (xi) ≥ 0.

PROOF. If we write the gradient inequality forv ∈ Sla+ (f,x,p) andxi, then we have that

(2.10) ∇−f (v) (v − xi) ≥ f (v)− f (xi) ≥ ∇+f (xi) (v − xi)

for anyi ∈ {1, ..., n}.
By multiplying (2.10) withpi ≥ 0 and summing overi from 1 to n we get

(2.11)
n∑

i=1

pi∇−f (v) (v − xi) ≥ f (v)−
n∑

i=1

pif (xi) ≥
n∑

i=1

pi∇+f (xi) (v − xi) .

Now, sincev ∈ Sla+ (f,x,p) , then the right hand side of (2.11) is nonnegative, which proves
the second inequality in (2.9).

By the superadditivity of the Gâteaux derivative∇−f (·) (·) in the second variable we have

∇−f (v) (v)−∇−f (v) (xi) ≥ ∇−f (v) (v − xi) ,

which, by multiplying withpi ≥ 0 and summing overi from 1 to n, produces the inequality

(2.12) ∇−f (v) (v)−
n∑

i=1

pi∇−f (v) (xi) ≥
n∑

i=1

pi∇−f (v) (v − xi) .

Utilising (2.11) and (2.12) we deduce the desired result (2.9).

REMARK 2.1. The above result has the following form for normed linear spaces. Let
(X, ‖·‖) be a normed linear space,x = (x1, ..., xn) ∈ Xn ann-tuple of vectors fromX and
p = (p1, ..., pn) ∈ Pn a probability distribution. Then for any vectorv ∈ X with the property

(2.13)
n∑

j=1

pj ‖xj‖p−2 〈v, xj〉s ≥
n∑

j=1

pj ‖xj‖p , p ≥ 1,
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we have the inequalities

(2.14) p

[
‖v‖p −

n∑
j=1

pj ‖xj‖p−2 〈v, xj〉i

]
≥ ‖v‖p −

n∑
j=1

pj ‖xj‖p ≥ 0.

Rearranging the first inequality in (2.14) we also have that

(2.15) (p− 1) ‖v‖p +
n∑

j=1

pj ‖xj‖p ≥ p

n∑
j=1

pj ‖xj‖p−2 〈v, xj〉i .

If the space is smooth, then the condition (2.13) becomes

(2.16)
n∑

j=1

pj ‖xj‖p−2 [v, xj] ≥
n∑

j=1

pj ‖xj‖p , p ≥ 1,

implying the inequality

(2.17) p

[
‖v‖p −

n∑
j=1

pj ‖xj‖p−2 [v, xj]

]
≥ ‖v‖p −

n∑
j=1

pj ‖xj‖p ≥ 0.

Notice also that the first inequality in (2.17) is equivalent with

(2.18) (p− 1) ‖v‖p +
n∑

j=1

pj ‖xj‖p ≥ p
n∑

j=1

pj ‖xj‖p−2 [v, xj] (
≥ p

n∑
j=1

pj ‖xj‖p ≥ 0

)
.

The following corollary is of interest:

COROLLARY 2.3 (Dragomir, 2012 [58]). Let f : X → R be a convex function on the
real linear spaceX, x = (x1, ..., xn) ∈ Xn an n-tuple of vectors andp = (p1, ..., pn) ∈ Pn a
probability distribution. If

(2.19)
n∑

i=1

pi∇+f (xi) (xi) ≥ (<) 0

and there exists a vectors ∈ X with

(2.20)
n∑

i=1

pi∇+(−)f (xi) (s) ≥ (≤) 1

then

(2.21) ∇−f

(
n∑

j=1

pj∇+f (xj) (xj) s

)(
n∑

j=1

pj∇+f (xj) (xj) s

)

−
n∑

i=1

pi∇−f

(
n∑

j=1

pj∇+f (xj) (xj) s

)
(xi)

≥ f

(
n∑

j=1

pj∇+f (xj) (xj) s

)
−

n∑
i=1

pif (xi) ≥ 0.
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PROOF. Assume that
∑n

i=1 pi∇+f (xi) (xi) ≥ 0 and
∑n

i=1 pi∇+f (xi) (s) ≥ 1 and define
v :=

∑n
j=1 pj∇+f (xj) (xj) s. We claim thatv ∈ Sla+ (f,x,p) .

By the subadditivity and positive homogeneity of the mapping∇+f (·) (·) in the second
variable we have

n∑
i=1

pi∇+f (xi) (v − xi)

≥
n∑

i=1

pi∇+f (xi) (v)−
n∑

i=1

pi∇+f (xi) (xi)

=
n∑

i=1

pi∇+f (xi)

(
n∑

j=1

pj∇+f (xj) (xj) s

)
−

n∑
i=1

pi∇+f (xi) (xi)

=
n∑

j=1

pj∇+f (xj) (xj)
n∑

i=1

pi∇+f (xi) (s)−
n∑

i=1

pi∇+f (xi) (xi)

=
n∑

j=1

pj∇+f (xj) (xj)

[
n∑

i=1

pi∇+f (xi) (s)− 1

]
≥ 0,

as claimed. Applying Theorem 2.2 for thisv we get the desired result.
If
∑n

i=1 pi∇+f (xi) (xi) < 0 and
∑n

i=1 pi∇−f (xi) (s) ≤ 1 then for

w :=
n∑

j=1

pj∇+f (xj) (xj) s

we also have that
n∑

i=1

pi∇+f (xi) (w − xi)

≥
n∑

i=1

pi∇+f (xi)

(
n∑

j=1

pj∇+f (xj) (xj) s

)
−

n∑
i=1

pi∇+f (xi) (xi)

=
n∑

i=1

pi∇+f (xi)

((
−

n∑
j=1

pj∇+f (xj) (xj)

)
(−s)

)
−

n∑
i=1

pi∇+f (xi) (xi)

=

(
−

n∑
j=1

pj∇+f (xj) (xj)

)
n∑

i=1

pi∇+f (xi) (−s)−
n∑

i=1

pi∇+f (xi) (xi)

=

(
−

n∑
j=1

pj∇+f (xj) (xj)

)(
1 +

n∑
i=1

pi∇+f (xi) (−s)

)

=

(
−

n∑
j=1

pj∇+f (xj) (xj)

)(
1−

n∑
i=1

pi∇−f (xi) (s)

)
≥ 0

where, for the last equality we have used the property (2.3). Thereforew ∈ Sla+ (f,x,p) and
by Theorem 2.2 we get the desired result.

It is natural to consider the case of normed spaces.
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REMARK 2.2. Let(X, ‖·‖) be a normed linear space,x = (x1, ..., xn) ∈ Xn ann-tuple of
vectors fromX andp = (p1, ..., pn) ∈ Pn a probability distribution. Then for any vectors ∈ X
with the property that

(2.22) p

n∑
i=1

pi ‖xi‖p−2 〈s, xi〉s ≥ 1,

we have the inequalities

pp ‖s‖p−1

(
n∑

j=1

pj ‖xj‖p

)p−1(
p ‖s‖

n∑
j=1

pj ‖xj‖p −
n∑

j=1

pj 〈xj, s〉i

)

≥ pp ‖s‖p

(
n∑

j=1

pj ‖xj‖p

)p

−
n∑

j=1

pj ‖xj‖p ≥ 0.

The case of smooth spaces can be easily derived from the above, however the details are left
to the interested reader.

3. THE CASE OF FINITE DIMENSIONAL L INEAR SPACES

Consider now the finite dimensional linear spaceX = Rm and assume thatC is an open
convex subset ofRm. Assume also that the functionf : C → R is differentiable and convex on
C. Obviously, ifx = (x1, ..., xm) ∈ C then for anyy = (y1, ..., ym) ∈ Rm we have

∇f (x) (y) =
m∑

k=1

∂f (x1, ..., xm)

∂xk
· yk

For the convex functionf : C → R and a givenn-tuple of vectorsx = (x1, ..., xn) ∈ Cn with
xi = (x1

i , ..., x
m
i ) with i ∈ {1, ..., n} , we consider the sets

(3.1) Sla (f,x,C) :=

{
v ∈ C |

m∑
k=1

∂f (x1
i , ..., x

m
i )

∂xk
· vk

≥
m∑

k=1

∂f (x1
i , ..., x

m
i )

∂xk
· xk

i for all i ∈ {1, ..., n}

}
and

(3.2) Sla (f,x,p,C) :=

{
v ∈ C |

n∑
i=1

m∑
k=1

pi
∂f (x1

i , ..., x
m
i )

∂xk
· vk

≥
n∑

i=1

m∑
k=1

pi
∂f (x1

i , ..., x
m
i )

∂xk
· xk

i

}
wherep = (p1, ..., pn) ∈ Pn is a given probability distribution.

As in the previous section the setsSla (f,x,C) andSla (f,x,p,C) are convex and closed
subsets of clo(C) , the closure ofC. Also {x1, ..., xn} ⊂ Sla (f,x,C) ⊂ Sla (f,x,p,C) for
anyp = (p1, ..., pn) ∈ Pn a probability distribution.

PROPOSITION3.1. Let f : C → R be a convex function on the open convex setC in the
finite dimensional linear spaceRm, (x1, ..., xn) ∈ Cn an n-tuple of vectors and(p1, ..., pn) ∈
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Pn a probability distribution. Then for anyv = (v1, ..., vn) ∈ Sla (f,x,p,C) we have the
inequalities

(3.3)
m∑

k=1

∂f (v1, ..., vm)

∂xk
· vk −

n∑
i=1

m∑
k=1

pi
∂f (x1

i , ..., x
m
i )

∂xk
· vk

≥ f
(
v1, ..., vn

)
−

n∑
i=1

pif
(
x1

i , ..., x
m
i

)
≥ 0.

The unidimensional case, i.e.,m = 1 is of interest for applications. We will state this case
with the general assumption thatf : I → R is a convex function on anopenintervalI. For a
givenn-tuple of vectorsx = (x1, ..., xn) ∈ In we have

Sla+(−) (f,x,I) :=
{
v ∈ I | f ′+(−) (xi) · (v − xi) ≥ 0 for all i ∈ {1, ..., n}

}
and

Sla+(−) (f,x,p, I) :=

{
v ∈ I|

n∑
i=1

pif
′
+(−) (xi) · (v − xi) ≥ 0

}
,

where(p1, ..., pn) ∈ Pn is a probability distribution. These sets inherit the general properties
pointed out in Lemma 2.1. Moreover, if we make the assumption that

∑n
i=1 pif

′
+ (xi) 6= 0 then

for
∑n

i=1 pif
′
+ (xi) > 0 we have

Sla+ (f,x,p, I) =

{
v ∈ I| v ≥

∑n
i=1 pif

′
+ (xi) xi∑n

i=1 pif ′+ (xi)

}
while for

∑n
i=1 pif

′
+ (xi) < 0 we have

v =

{
v ∈ I| v ≤

∑n
i=1 pif

′
+ (xi) xi∑n

i=1 pif ′+ (xi)

}
.

Also, if we assume thatf ′+ (xi) ≥ 0 for all i ∈ {1, ..., n} and
∑n

i=1 pif
′
+ (xi) > 0 then

vs :=

∑n
i=1 pif

′
+ (xi) xi∑n

i=1 pif ′+ (xi)
∈ I

due to the fact thatxi ∈ I andI is a convex set.

PROPOSITION3.2. Let f : I → R be a convex function on an open intervalI. For a given
n-tuple of vectorsx = (x1, ..., xn) ∈ In and(p1, ..., pn) ∈ Pn a probability distribution we have

(3.4) f ′− (v)

(
v −

n∑
i=1

pixi

)
≥ f (v)−

n∑
i=1

pif (xi) ≥ 0

for anyv ∈ Sla+ (f,x,p, I) .
In particular, if we assume that

∑n
i=1 pif

′
+ (xi) 6= 0 and∑n

i=1 pif
′
+ (xi) xi∑n

i=1 pif ′+ (xi)
∈ I
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then

(3.5) f ′−

(∑n
i=1 pif

′
+ (xi) xi∑n

i=1 pif ′+ (xi)

)[∑n
i=1 pif

′
+ (xi) xi∑n

i=1 pif ′+ (xi)
−

n∑
i=1

pixi

]

≥ f

(∑n
i=1 pif

′
+ (xi) xi∑n

i=1 pif ′+ (xi)

)
−

n∑
i=1

pif (xi) ≥ 0

Moreover, iff ′+ (xi) ≥ 0 for all i ∈ {1, ..., n} and
∑n

i=1 pif
′
+ (xi) > 0 then (3.5) holds true

as well.

REMARK 3.1. We remark that the first inequality in (3.5) provides a reverse inequality for
the classical result due to Slater.

4. SOME APPLICATIONS FOR f -DIVERGENCES

It is obvious that the above definition ofIf (p,q) can be extended to any functionf :
[0,∞) → R however the positivity condition will not generally hold for normalized functions
andp,q ∈ Rn

+ with
∑n

i=1 pi =
∑n

i=1 qi.
For a normalized convex functionf : [0,∞) → R and two probability distributionsp,q ∈

Pn we define the set

(4.1) Sla+ (f,p,q) :=

{
v ∈ [0,∞)|

n∑
i=1

qif
′
+

(
pi

qi

)
·
(

v − pi

qi

)
≥ 0

}
.

Now, observe that
n∑

i=1

qif
′
+

(
pi

qi

)
·
(

v − pi

qi

)
≥ 0

is equivalent with

(4.2) v
n∑

i=1

qif
′
+

(
pi

qi

)
≥

n∑
i=1

pif
′
+

(
pi

qi

)
.

If
∑n

i=1 qif
′
+

(
pi

qi

)
> 0, then (4.2) is equivalent with

v ≥

∑n
i=1 pif

′
+

(
pi

qi

)
∑n

i=1 qif ′+

(
pi

qi

)
therefore in this case

(4.3) Sla+ (f,p,q) =


[0,∞) if

∑n
i=1 pif

′
+

(
pi

qi

)
< 0

[Pn
i=1 pif

′
+

�
pi
qi

�

Pn
i=1 qif ′+

�
pi
qi

� ,∞
)

if
∑n

i=1 pif
′
+

(
pi

qi

)
≥ 0.

If
∑n

i=1 qif
′
+

(
pi

qi

)
< 0, then (4.2) is equivalent with

v ≤

∑n
i=1 pif

′
+

(
pi

qi

)
∑n

i=1 qif ′+

(
pi

qi

)
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therefore

(4.4) Sla+ (f,p,q) =


[
0,

Pn
i=1 pif

′
+

�
pi
qi

�

Pn
i=1 qif ′+

�
pi
qi

�
]

if
∑n

i=1 pif
′
+

(
pi

qi

)
≤ 0

∅ if
∑n

i=1 pif
′
+

(
pi

qi

)
> 0.

Utilising the extendedf -divergences notation, we can state the following result:

THEOREM4.1 (Dragomir, 2012 [58]). Letf : [0,∞) → R be a normalized convex function
andp,q ∈ Pn two probability distributions. Ifv ∈ Sla+ (f,p,q) then we have

(4.5) f ′− (v) (v − 1) ≥ f (v)− If (p,q) ≥ 0.

In particular, if we assume thatIf ′+
(p,q) 6= 0 and

If ′+(·)(·) (p,q)

If ′+
(p,q)

∈ [0,∞)

then

(4.6) f ′−

(
If ′+(·)(·) (p,q)

If ′+
(p,q)

)[
If ′+(·)(·) (p,q)

If ′+
(p,q)

− 1

]

≥ f

(
If ′+(·)(·) (p,q)

If ′+
(p,q)

)
− If (p,q) ≥ 0.

Moreover, iff ′+
(

pi

qi

)
≥ 0 for all i ∈ {1, ..., n} andIf ′+

(p,q) > 0 then (4.6) holds true as well.

The proof follows immediately from Proposition 3.2 and the details are omitted.
The K. Pearsonχ2-divergenceis obtained for the convex functionf (t) = (1− t)2 , t ∈ R

and given by

(4.7) χ2 (p,q) :=
n∑

j=1

qj

(
pj

qj

− 1

)2

=
n∑

j=1

(pj − qj)
2

qj

=
n∑

j=1

p2
i

qi

− 1.

TheKullback-Leibler divergencecan be obtained for the convex functionf : (0,∞) → R,
f (t) = t ln t and is defined by

(4.8) KL (p,q) :=
n∑

j=1

qj ·
pj

qj

ln

(
pj

qj

)
=

n∑
j=1

pj ln

(
pj

qj

)
.

If we consider the convex functionf : (0,∞) → R, f (t) = − ln t, then we observe that

(4.9) If (p,q) :=
n∑

i=1

qif

(
pi

qi

)
= −

n∑
i=1

qi ln

(
pi

qi

)
=

n∑
i=1

qi ln

(
qi

pi

)
= KL (q,p) .
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For the functionf (t) = − ln t we have obviously have that

Sla (− ln,p,q) :=

{
v ∈ [0,∞)| −

n∑
i=1

qi

(
pi

qi

)−1

·
(

v − pi

qi

)
≥ 0

}
(4.10)

=

{
v ∈ [0,∞)| v

n∑
i=1

q2
i

pi

− 1 ≤ 0

}

=

[
0,

1

χ2 (q,p) + 1

]
.

Utilising the first part of the Theorem 4.1 we can state the following

PROPOSITION4.2. Let p,q ∈ Pn two probability distributions. Ifv ∈
[
0, 1

χ2(q,p)+1

]
then

we have

(4.11)
1− v

v
≥ − ln (v)−KL (q,p) ≥ 0.

In particular, for v = 1
χ2(q,p)+1

we get

(4.12) χ2 (q,p) ≥ ln
[
χ2 (q,p) + 1

]
−KL (q,p) ≥ 0.

If we consider now the functionf : (0,∞) → R, f (t) = t ln t , thenf ′ (t) = ln t + 1 and

Sla ((·) ln (·) ,p,q)(4.13)

:=

{
v ∈ [0,∞)|

n∑
i=1

qi

(
ln

(
pi

qi

)
+ 1

)
·
(

v − pi

qi

)
≥ 0

}

=

{
v ∈ [0,∞)| v

n∑
i=1

qi

(
ln

(
pi

qi

)
+ 1

)
−

n∑
i=1

pi ·
(

ln

(
pi

qi

)
+ 1

)
≥ 0

}
= {v ∈ [0,∞)| v (1−KL (q,p)) ≥ 1 + KL (p,q)} .

We observe that ifp,q ∈ Pn two probability distributions such that0 < KL (q,p) < 1, then

Sla ((·) ln (·) ,p,q) =

[
1 + KL (p,q)

1−KL (q,p)
,∞
)

.

If KL (q,p) ≥ 1 thenSla ((·) ln (·) ,p,q) = ∅.
By the use of Theorem 4.1 we can state now the following

PROPOSITION4.3. Letp,q ∈ Pn two probability distributions such that0 < KL (q,p) <

1. If v ∈
[

1+KL(p,q)
1−KL(q,p)

,∞
)

then we have

(4.14) (ln v + 1) (v − 1) ≥ v ln (v)−KL (p,q) ≥ 0.

In particular, for v = 1+KL(p,q)
1−KL(q,p)

we get

(4.15)

(
ln

[
1 + KL (p,q)

1−KL (q,p)

]
+ 1

)(
1 + KL (p,q)

1−KL (q,p)
− 1

)
≥ 1 + KL (p,q)

1−KL (q,p)
ln

[
1 + KL (p,q)

1−KL (q,p)

]
−KL (p,q) ≥ 0.

Similar results can be obtained for other divergence measures of interest such as theJeffreys
divergence, Hellinger discrimination,etc...However the details are left to the interested reader.
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CHAPTER 12

Approximation of f -Divergence Via Ostrowski Type Inequalities

1. SOME PRELIMINARY RESULTS

The difference between two probability measuresp, q on a setA = {αi|1 ≤ i ≤ n} is
commonly measured in a variety of ways. Denote bypi, qi the associated point probabilities for
the eventαi ∈ A. To avoid triviality we assume thatpi + qi > 0 for eachi. Thevariational
distance(`1–distance) andinformation divergence(Kullback–Leibler divergence) between the
distributionsp andq are defined respectively by

V (p, q) :=
n∑

i=1

|pi − qi|,

D(p, q) :=
n∑

i=1

pi ln
pi

qi

.

Another measure, which proves a useful benchmark in our analysis, is the chi–squared diver-
gence ofp, q, which is defined by

Dχ2(p, q) :=
n∑

i=1

p2
i

qi

− 1 =
n∑

i=1

(pi − qi)
2

qi

.

The last two measures are unfortunately infinite ifpi > 0 but qi = 0 for somei. This
complication is obviated in thetriangular discriminationbetweenp andq, which is defined as
in [127] by

∆(p, q) :=
n∑

i=1

|pi − qi|2

pi + qi

.

A generalization of this measure, parameterized by a natural numberυ, is

∆υ(p, q) :=
n∑

i=1

|pi − qi|2υ

(pi + qi)
2υ−1 ,

which we refer to astriangular discrimination of orderυ (see [127]). Another common choice
is theHellinger discrimination

h2(p, q) :=
1

2

n∑
i=1

(
√

pi −
√

qi)
2 .

For applications it is important to know how these divergences compare with one another.
The basic relations betweenV , ∆ andh2 are

1

2
V 2(p, q) ≤ ∆(p, q) ≤ V (p, q)

and
2h2(p, q) ≤ ∆(p, q) ≤ 4h2(p, q)
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(see LeCam [99] and Dacunha–Castelle [27]). From these we may deduce that

1

8
V 2(p, q) ≤ h2(p, q) ≤ 1

2
V (p, q).

The coefficients in these inequalities are best possible (cf. [127]).
The first half of this result has been improved by Kraft [92], who showed that

1

8
V 2(p, q) ≤ h2(p, q)

(
1− 1

2
h2(p, q)

)
.

We note also the important inequality

D(p, q) ≥ −2 ln
(
1− h2(p, q)

)
(see Dacunha–Castelle [27]). It follows from this that

D(p, q) ≥ 2h2(p, q).

Again the coefficient 2 is best–possible (see [127]).
The key to unity in this diversity is that all the discrepancy measures considered above

are particular instances of Csiszárf–divergences. Iff : [0,∞) → R is convex, theCsiszár
f -divergencebetweenp andq is defined by

(1.1) If (p, q) :=
n∑

i=1

qif (pi/qi)

(see Csiszár [22]–[24]). Thus the family(fs)s≥1 of functions with

fs(u) = |u− 1|s(u + 1)1−s

gives rise to variational distance whens = 1, triangular discrimination whens = 2 and tri-
angular discrimination of orderυ whens = 2υ (see [127]). The choicef(u) = 1

2
(
√

u − 1)2

gives rise to Hellinger discrimination andf(u) = u ln u to Kullback-Leibler divergence. The
chi–squared divergence is given byf(u) = (u− 1)2.

For all of the above choicesf(1) = 0, so thatIf (p, p) = 0. The convexity off then ensures
thatIf (p, q) is nonnegative.

In Section 2 we derive, by the use of Ostrowski’s integral inequality for absolutely con-
tinuous mappings with essentially bounded first derivative, an approximation for the Csiszár
f–divergence in terms of an integral mean. With many concrete examples this provides very
simple approximations. Section 3 considers some of the examples noted above and Section 4
the case when each pairpi, qi are very close. Finally, in Section 5, we look at applications to
mutual information.

It needs to be stressed that as these estimates lose most of the detailed information involved
in the valuespi, qi, the approximations, while very simple, can also be very crude.

2. AN INEQUALITY FOR CSISZÁR f–DIVERGENCE

In some applications it is convenient to make use of definition (1.1) for functionsf :
[0,∞) → R which are continuous but not necessarily convex. An illustrative example is given
in Section 3. Accordingly our main result, Theorem 1 below, does not assume convexity.

We assume in what follows that there exist real numbersr, R with

0 < r ≤ pi/qi ≤ R < ∞
for all i ∈ {1, ..., n}. Note that ifr > 1, thenpi > qi for eachi, which gives1 =

∑
i pi >∑

i qi = 1, a contradiction. Hencer ≤ 1. A similar argument givesR ≥ 1.
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Further suppose that the restriction off to the compact interval[r, R] is absolutely continu-
ous. We derive an approximation to the Csiszárf–divergence in terms of the integral mean of
f over[r, R]. We shall show in Theorem 1 below that ifp andq are close in the sense thatR− r
is small, then the integral mean

1

R− r

R∫
r

f(t)dt

approximates the Csiszárf–divergence to first order.
We make use of Ostrowski’s integral inequality, which states the following. See [77] for a

short proof and some applications to numerical integration and special means.

THEOREM2.1. Assume thatg : [a, b] → R is absolutely continuous withg
′ ∈ L∞[a, b], that

is, that
∥∥g′∥∥∞ := ess sup

t∈[a,b]

∣∣g′(t)∣∣ < ∞.

Then ∣∣∣∣∣∣g(x)− 1

b− a

b∫
a

g(t)dt

∣∣∣∣∣∣ ≤
1

4
+

(
x− a+b

2

b− a

)2
 (b− a)

∥∥∥g′∥∥∥
∞

for all x ∈ [a, b].

A further key result is due to Diaz and Metcalf (see [109, p. 61]).

THEOREM 2.2. Supposeak(6= 0) and bk (k = 1, ..., n) are real numbers satisfyingm ≤
bk/ak ≤ M . Then

n∑
k=1

b2
k + mM

n∑
k=1

a2
k ≤ (M + m)

n∑
k=1

akbk.

Equality holds if and only if for eachk eitherbk = mak or bk = Mak.

We shall make use of a slight extension of this.

Suppose the conditions of the Diaz–Metcalf result hold andtk > 0 for k = 1, ..., n. Then
n∑

k=1

tkb
2
k + mM

n∑
k=1

tka
2
k ≤ (M + m)

n∑
k=1

tkakbk.

Equality holds if and only if for eachk eitherbk = mak or bk = Mak.
We have fork = 1, 2, . . . , n that

(bk/ak −m)(M − bk/ak)tka
2
k ≥ 0.

The desired result follows on summation overk.

THEOREM 2.3 (Dragomir et al., 2000 [69]). Assume thatf : [r, R] → R is absolutely
continuous on[r, R] andf

′ ∈ L∞[r, R]. Then∣∣∣∣∣∣If (p, q)−
1

R− r

R∫
r

f(t)dt

∣∣∣∣∣∣(2.1)

≤

[
1

4
+

1

(R− r)2

{
Dχ2(p, q) +

(
R + r

2
− 1

)2
}]

(R− r)
∥∥∥f ′
∥∥∥
∞

≤ 1

2
(R− r)

∥∥∥f ′
∥∥∥
∞

.
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PROOF. By Ostrowski’s integral inequality, we have∣∣∣∣∣∣f
(

pi

qi

)
− 1

R− r

R∫
r

f(t)dt

∣∣∣∣∣∣ ≤
1

4
+

(
pi

qi
− R+r

2

R− r

)2
 (R− r)

∥∥∥f ′
∥∥∥
∞

for eachi ∈ {1, ..., n}.
We may multiply byqi, sum the resultant inequalities and use the generalized triangle in-

equality to obtain∣∣∣∣∣∣If (p, q)−
1

R− r

R∫
r

f(t)dt

∣∣∣∣∣∣
≤

n∑
i=1

qi

∣∣∣∣∣∣f
(

pi

qi

)
− 1

R− r

R∫
r

f(t)dt

∣∣∣∣∣∣
≤

[
1

4
+

1

(R− r)2

n∑
i=1

qi

(
pi

qi

− R + r

2

)2
]

(R− r)
∥∥∥f ′
∥∥∥
∞

.

Since
n∑

i=1

qi

(
pi

qi

− R + r

2

)2

=
n∑

i=1

p2
i

qi

− (R + r) +

(
R + r

2

)2

≤
n∑

i=1

p2
i

qi

− 1 +

(
R + r

2
− 1

)2

= Dχ2(p, q) +

(
R + r

2
− 1

)2

,

this yields the first inequality in (2.1).
For the second, setbk =

√
pk/qk andak =

√
qk/pk (k = 1, ..., n). Thenak/bk = pk/qk ∈

[r, R] (k ∈ {1, ..., n}). On applying Proposition 1 fortk = pk (k = 1, ..., n), we get
n∑

k=1

pk

(√
pk

qk

)2

+ rR

n∑
k=1

pk

(√
qk

pk

)2

≤ (r + R)
n∑

k=1

pk

√
pk

qk

·
√

qk

pk

,

or equivalently
n∑

k=1

p2
k

qk

+ rR ≤ R + r.

Thus
Dχ2(p, q) ≤ r + R− rR− 1 = (1− r)(R− 1)

and so
1

4
+

1

(R− r)2

[
Dχ2(p, q) +

1

4
(R + r − 2)2

]
≤ 1

2

and the theorem is proved.

COROLLARY 2.4 (Dragomir et al., 2000 [69]). Letf satisfy the conditions of Theorem 2.3.
If ε > 0 and

0 ≤ R− r ≤ 2ε/
∥∥∥f ′
∥∥∥
∞

,
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then ∣∣∣∣∣∣If (p, q)−
1

R− r

R∫
r

f(t)dt

∣∣∣∣∣∣ ≤ ε.

Theorem 1 can be reformulated to emphasize the approximation aspect.
Let f : [0, 2] → R be absolutely continuous withf

′ ∈ L∞[0, 2]. If η ∈ (0, 1) andp(η), q(η)
are such that ∣∣∣∣pi(η)

qi(η)
− 1

∣∣∣∣ ≤ η

for all i ∈ {1, ..., n}, then

If (p(η), q(η)) =
1

2η

1+η∫
1−η

f(t)dt + Rf (p, q, η)

and the remainderRf (p, q, η) satisfies

|Rf (p, q, η)| ≤ η

2

[
1 +

1

η2
Dχ2 (p(η), q(η))

] ∥∥∥f ′
∥∥∥
∞
≤ η

∥∥∥f ′
∥∥∥
∞

.

This follows by Theorem 2.3 with the choicesR = 1 + η andr = 1− η (η ∈ (0, 1)).

3. PARTICULAR CASES

For Kullback–Leibler distance, we takef(u) = u ln u. With this choice we have
∥∥f ′∥∥

∞ =
ln(eR) and

R∫
r

f(t)dt =
1

4

[
R2 ln R2 − r2 ln r2 −

(
R2 − r2

)]

=
R2 − r2

4
ln

((R2)(R2)

(r2)(r2)

)1/(R2−r2)

· 1

e


=

R2 − r2

4
I
[(

R2, r2
)]

,

where the identric meanI(a, b) for positive arguments is given by

I(a, b) :=

{
a if b = a

1
e

(
bb

aa

)1/(b−a)

if b 6= a.

The conclusion of Theorem 1 reads∣∣∣∣D(p, q)− R + r

4
ln
[
I
(
R2, r2

)]∣∣∣∣(3.1)

≤

[
1

4
+

1

(R− r)2

[
Dχ2(p, q) +

(
R + r

2
− 1

)2
]]

(R− r) ln(eR)

≤ 1

2
(R− r) ln(eR).
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If we take the concave mapf : (0,∞) → R given byf(u) = ln u, then we have

If (p, q) =
n∑

k=1

qi ln
pi

qi

= −D(q, p).

With this choice
∥∥f ′∥∥

∞ = 1/r and the identric mean reappears through

1

R− r

R∫
r

f(t)dt = ln [I(r, R)] .

Theorem 1 provides∣∣∣∣D(q, p)− ln

[
1

I(r, R)

]∣∣∣∣(3.2)

≤

[
1

4
+

1

(R− r)2

[
Dχ2(p, q) +

(
R + r

2
− 1

)2
]](

R

r
− 1

)
≤ 1

2

(
R

r
− 1

)
.

For Hellinger discriminationf(u) = (
√

u− 1)
2
/2, so

f
′
(u) =

√
u− 1

2
√

u
, f

′′
(u) =

1

4u

for u ∈ (0,∞) and ∥∥∥f ′
∥∥∥
∞

= sup
u∈[r,R]

|f ′
(u)| = |f ′

(R)| =
√

R− 1

2
√

R
.

Also

1

R− r

R∫
r

f(t)dt =
R + r

4
− 2

3
· R +

√
rR + r

√
r +

√
R

+
1

2
,

and inequality (2.1) becomes∣∣∣∣∣h2(p, q)−

[
R + r

4
− 2

3
· R +

√
rR + r

√
r +

√
R

+
1

2

]∣∣∣∣∣
≤

[
1

4
+

1

(R− r)2

{
Dχ2(p, q) +

(
R + r

2
− 1

)2
}]

(R− r)

[√
R− 1

2
√

R

]
≤ 1

4
√

R
(R− r)(

√
R− 1).

For variational distance,f(u) = |u− 1|, which is absolutely continuous on[r, R]. We have

f
′
(u) :=

{
−1 if u ∈ (r, 1)
1 if u ∈ (1, R),

so that ∥∥∥f ′
∥∥∥
∞

= sup
t∈[r,R]

|f ′
(t)| = 1.
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Further

1

R− r

R∫
r

f(t)dt =
1

R− r

 1∫
r

(1− u)du +

R∫
1

(u− 1)du


=

1

R− r

[
(r − 1)2

2
+

(R− 1)2

2

]
=

1

R− r

[
(R− r)2

4
+

(
r + R

2
− 1

)2
]

.

Theorem 1 provides∣∣∣∣∣V (p, q)− 1

R− r

[
(R− r)2

4
+

(
r + R

2
− 1

)2
]∣∣∣∣∣

≤

[
1

4
+

1

(R− r)2

{
Dχ2(p, q) +

(
R + r

2
− 1

)2
}]

(R− r)

≤ 1

2
(R− r).

Our final example relates to triangular discrimination, which arises withf(u) = (u −
1)2/(u + 1). We have

f(u) = u + 1− 4u

u + 1
, f

′
(u) = 1− 4

(u + 1)2

for u ∈ [0,∞), so that∥∥∥f ′
∥∥∥
∞

= sup
u∈[r,R]

|f ′
(u)| = |f ′

(R)| = (R− 1)(R + 1)

(R + 1)2
.

Also

1

R− r

R∫
r

f(u)du =
R + r

2
+ ln

(
R + 1

r + 1

)4/(R−r)

− 3

and Theorem 1 provides∣∣∣∣∣∆(p, q)−

[
R + r

2
+ ln

(
R + 1

r + 1

)4/(R−r)

− 3

]∣∣∣∣∣
≤

[
1

4
+

1

(R− r)2

{
Dχ2(p, q) +

(
R + r

2
− 1

)2
}]

(R− r)(R− 1)(R + 3)

(R + 1)2

≤ 1

2

(R− r)(R− 1)(R + 3)

(R + 1)2
.

4. SOME NUMERICAL EXAMPLES

One situation of practical interest is wherepi andqi are close, so that we havepi = pi(ε),
qi = qi(ε) and

(4.1)

∣∣∣∣pi(ε)

qi(ε)
− 1

∣∣∣∣ ≤ ε ε ∈ (0, 1)
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for all i ∈ {1, ..., n}. With R = ε + 1 andr = 1− ε, we obtain from (3.1) that∣∣∣∣D(p(ε), q(ε))− 1

2
ln
[
I
(
(1 + ε)2 , (1− ε)2

)]∣∣∣∣
≤ ε

2

[
1 +

1

ε2
Dχ2(p(ε), q(ε))

]
ln [e(1 + ε)]

≤ ε ln [e(1 + ε)] .

Consequently ifp(ε), q(ε) are in the sense of (4.1), we can approximate the Kullback-
Leibler distanceD(p(ε), q(ε)) by (1/2) ln

[
I
(
(1 + ε)2 , (1− ε)2

)]
and the error of the approx-

imation is less than

E(ε) := ε ln[e(1 + ε)].

From (3.2), we derive∣∣∣∣D(q(ε), p(ε))− ln

[
1

I(1− ε, 1 + ε)

]∣∣∣∣ ≤ 1

2

ε

1− ε

[
1 +

1

ε2
Dχ2(p(ε), q(ε))

]
≤ ε

1− ε

for ε ∈ (0, 1).
Consequently forp(ε), q(ε) satisfying (4.1), we can approximate the Kullback–Leibler dis-

tanceD(p(ε), q(ε)) by ln [I−1(1− ε, 1 + ε)] and the error of the approximation is less than
ε/(1− ε) for ε ∈ (0, 1).

5. APPLICATION TO MUTUAL INFORMATION

We consider mutual information, which is a measure of the amount of information that one
random variable provides about another. It is the reduction of uncertainty about one variable
due to knowledge of the other (see, for example, [21]).

Consider two discrete–valued random variablesX andY with a joint probability mass func-
tion t(x, y) and marginal probability mass functionsp(x) (x ∈ X ) andq(y) (y ∈ Y). The mutual
information is the relative entropy between the joint distribution and the product distribution,
that is,

I(X; Y ) =
∑
x∈X

∑
y∈Y

t(x, y) ln

[
t(x, y)

p(x)q(y)

]
= D (t(x, y), p(x)q(y)) ,

where as beforeD(·, ·) denotes Kullback–Leibler distance.
We assume that

(5.1) s ≤ t(x, y)

p(x)q(y)
≤ S for all (x, y) ∈ X × Y .

Much as withr, R we haves ≤ 1 ≤ S.
We also may consider mutual information in a chi–squared sense, that is,

Iχ2 (X; Y ) :=
∑

(x,y)∈X×Y

t2(x, y)

p(x)q(y)
− 1.

Inequality (3.1) yields the following proposition.
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If t, p andq satisfy (5.1), then∣∣∣∣I(X; Y )− s + S

4
ln
[
I
(
s2, S2

)]∣∣∣∣
≤

[
1

4
+

1

(S − s)2

[
Iχ2 (X; Y ) +

(
s + S

2
− 1

)2
]]

(S − s) ln[eS]

≤ 1

2
(S − s) ln(eS).

The conditiont(x, y) = p(x)p(y) for all (x, y) ∈ X × Y means that the random variables
X andY are independent. We may refer to them as “quasi–independent” if∣∣∣∣ t(x, y)

p(x)q(y)
− 1

∣∣∣∣ ≤ δ (δ ∈ (0, 1))

for all (x, y) ∈ X ×Y. When this occurs, we can approximate the mutual informationI(X; Y )
by

1

2

[
(1 + δ)2 ln(1 + δ)2 − (1− δ)2 ln(1− δ)2

4δ
− 1

]
(δ ∈ (0, 1))

with an error less thanE(δ) for t ∈ (0, 1).

6. PRELIMINARIES

The Csiszárf–divergence betweenp = (p1, . . . , pn) andq = (q1, . . . , qn) is defined by the
functional

If (p, q) :=
n∑

i=1

qif(pi/qi).

Two important instances, which we shall invoke shortly, are the variational distanceV (p, q) and
the chi–squared divergenceDχ2(p, q), for which

f(u) = |u− 1|m

with m = 1, 2 respectively. We address the situation in which there exist constantsr, R with

(6.1) 0 < r < 1 < R < ∞ andr ≤ pi/qi ≤ R for i = 1, . . . , n.

LEMMA 6.1. If (6.1) is satisfied, then

V (p, q) ≤ 2(R− 1)(1− r)

R− r
≤ R− r

2
.

The first inequality is an equality if and only if for eachi eitherpi/qi = r or pi/qi = R. The
second inequality is an equality if and only ifR + r = 2.

We start with the following proposition which provides an Ostrowski–type inequality for
mappings of bounded variation. This has been established by the author in the preprint [34].
We give a simple proof.

PROPOSITION6.2 (Dragomir, 1999 [34]). Supposeg : [a, b] → R is of bounded variation
on [r, R]. Then for allx ∈ [a, b],

(6.2)

∣∣∣∣∣∣
b∫

a

g(t)dt− g(x)(b− a)

∣∣∣∣∣∣ ≤
[
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣] b∨
a

(g) ≤ (b− a)
b∨
a

(g),

where
b∨
a

(g) denotes the total variation ofg on [a, b]. The constant1/2 is best–possible.
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PROOF. Using the integration by parts formula for a Riemann–Stieltjes integral, we have

that
x∫
a

(t− a)dg(t) and
b∫

x

(t− b)dg(t) exist and that

x∫
a

(t− a)dg(t) = g(x)(x− a)−
x∫

a

g(t)dt

and
b∫

x

(t− b)dg(t) = g(x)(b− x)−
b∫

x

g(t)dt

for all x ∈ [a, b].
Addition provides

g(x)(b− a)−
b∫

a

g(t)dt =

x∫
a

(t− a)dg(t) +

b∫
x

(t− b)dg(t)

for all x ∈ [a, b].
Now if p, g : [a, b] → R with p continuous andg of bounded variation, then

∫ b

a
p(t)dg(t)

exists and ∣∣∣∣∣∣
b∫

a

p(t)dg(t)

∣∣∣∣∣∣ = sup
t∈[a,b]

|p(t)|
b∨
a

(g).

Hence ∣∣∣∣∣∣g(x)(b− a)−
b∫

a

g(t)dt

∣∣∣∣∣∣ =

∣∣∣∣∣∣
x∫

a

(t− a)dg(t) +

b∫
x

(t− b)dg(t)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
x∫

a

(t− a)dg(t)

∣∣∣∣∣∣+
∣∣∣∣∣∣

b∫
x

(t− b)dg(t)

∣∣∣∣∣∣
≤ sup

t∈[a,x]

|t− a|
x∨
a

(g) + sup
t∈[x,b]

|t− b|
b∨
x

(g)

= (x− a)
x∨
a

(g) + (b− x)
b∨
x

(g)

≤ max{x− a, b− x}

[
x∨
a

(g) +
b∨
x

(g)

]

=

[
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣] b∨
a

(g),

and the first inequality in (6.2) is proved. The second follows, since|x− (a + b)/2| ≤ (b−a)/2.
Suppose that (6.2) holds with a constantc > 0, that is,

(6.3)

∣∣∣∣∣∣
b∫

a

g(t)dt− g(x)(b− a)

∣∣∣∣∣∣ ≤
[
c(b− a) +

∣∣∣∣x− a + b

2

∣∣∣∣] b∨
a

(g)
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for all x ∈ [a, b], and defineg1 : [a, b] → R by

g1(x) =

{
1 if x = (a + b)/2
0 otherwise.

Theng1 is of bounded variation on[a, b] and

b∨
a

(g1) = 2,

b∫
a

g1(t)dt = 0.

Put g = g1 andx = (a + b)/2 in (6.3). Then we get1 ≤ 2c, which shows thatc = 1/2 is
best–possible.

PROPOSITION6.3. If g : [a, b] → R is of bounded variation, then for allx1, x2 ∈ [a, b],

(6.4)

∣∣∣∣∣∣
b∫

a

g(t)dt− b− a

2

2∑
i=1

g(xi)

∣∣∣∣∣∣ ≤
[

b− a

2
+

1

2

2∑
i=1

∣∣∣∣xi −
a + b

2

∣∣∣∣
]

b∨
a

(g).

PROOF. This follows by puttingx = xi in Proposition 6.2, summing overi and then using
the triangle inequality.

LEMMA 6.4. Supposef : [r, R] → R is differentiable, so thatf
′
is of bounded variation on

[r, R]. If r < 1 < R andx ∈ [r, R], then

(6.5)

∣∣∣∣f(x)− f(1)− x− 1

2

[
f
′
(1) + f

′
(x)
]∣∣∣∣ ≤ |x− 1|

R∨
r

(f
′
).

PROOF. Forx ≥ 1, we setg = f
′
, x1 = a = 1 andx2 = b = x in (6.4) to derive

∣∣∣∣f(x)− f(1)− x− 1

2

[
f
′
(1) + f

′
(x)
]∣∣∣∣ ≤ (x− 1)

x∨
1

(f
′
) ≤ (x− 1)

R∨
r

(f
′
).

Similarly if x < 1, we setg = f
′
, x1 = a = x andx2 = b = 1 in (6.4) to derive

∣∣∣∣f(1)− f(x)− 1− x

2

[
f
′
(1) + f

′
(x)
]∣∣∣∣ ≤ (1− x)

1∨
x

(f
′
) ≤ (1− x)

R∨
r

(f
′
).

The desired result follows in both cases.

AJMAA, Vol. 15, No. 1, Art. 1, pp. 1-275, 2018 AJMAA

http://ajmaa.org


162 S. S. DRAGOMIR

7. BOUNDS IN TERMS OF TOTAL VARIATION

THEOREM 7.1 (Dragomir et al., 2001 [68]). If f : [r, R] → R is of bounded variation and
(6.1) applies, then∣∣∣∣∣∣If (p, q)−

1

R− r

R∫
r

f(t)dt

∣∣∣∣∣∣(7.1)

≤

[
1

2
+

1

R− r

n∑
k=1

∣∣∣∣pi −
r + R

2
· qi

∣∣∣∣
]

R∨
r

(f)

≤
{

1

2
+

1

R− r

[
V (p, q) +

∣∣∣∣r + R

2
− 1

∣∣∣∣]} R∨
r

(f)

≤
[
1 +

1

R− r
· V (p, q)

] R∨
r

(f)

≤ 3

2

R∨
r

(f).

PROOF. The choicesg = f , x = pi/qi (i = 1, ..., n), a = r, b = R in (6.2) give∣∣∣∣∣∣f
(

pi

qi

)
− 1

R− r

R∫
r

f(t)dt

∣∣∣∣∣∣ ≤
[
1

2
+

1

R− r

∣∣∣∣pi

qi

− r + R

2

∣∣∣∣] R∨
r

(f)

for all i ∈ {1, ..., n}.
If we multiply by qi and sum overi, we obtainvia the generalized triangle inequality that∣∣∣∣∣∣If (p, q)−

1

R− r

R∫
r

f(t)dt

∣∣∣∣∣∣ ≤
[

1

2
+

1

R− r

n∑
i=1

qi

∣∣∣∣pi

qi

− r + R

2

∣∣∣∣
]

R∨
r

(f),

whence we have the first inequality in (7.1).
The second follows from

n∑
i=1

qi

∣∣∣∣pi

qi

− 1−
(

r + R

2
− 1

)∣∣∣∣ ≤ n∑
i=1

qi

∣∣∣∣pi

qi

− 1

∣∣∣∣+ ∣∣∣∣r + R

2
− 1

∣∣∣∣
= V (p, q) +

∣∣∣∣r + R

2
− 1

∣∣∣∣
and the third from ∣∣∣∣r + R

2
− 1

∣∣∣∣ ≤ R− r

2
.

The final inequality follows by Lemma 6.1.

The following corollary emphasizes better the approximation aspect of the theorem.

COROLLARY 7.2. Letf : [0, 2] → R be a mapping of bounded variation. Ifη ∈ (0, 1) and
p(η) andq(η) are probability distributions satisfying∣∣∣∣pi(η)

qi(η)
− 1

∣∣∣∣ ≤ η for all i ∈ {1, ..., n},
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then

If (p(η), q(η) =
1

2ε

1+η∫
1−η

f(t)dt + Rf (p, q, η)

and the reminder termRf satisfies

|Rf (p, q, η)| ≤ 1

2

[
1 +

1

η
V (p(η), q(η))

] 1+η∨
1−η

(f).

We note that the best inequality we can get from (6.2) is

(7.2)

∣∣∣∣∣∣
b∫

a

g(t)dt− g

(
a + b

2

)
(b− a)

∣∣∣∣∣∣ ≤ b− a

2

b∨
a

(g),

which arises forx = (a + b)/2.
Suppose

f ∗(u) := f(1) + (u− 1)f
′
(

1 + u

2

)
.

Similarly define

f †(u) := f(1) +
u− 1

2
f
′
(u).

THEOREM 7.3 (Dragomir et al., 2001 [68]). Supposef : [r, R] → R is differentiable and
sof

′
is of bounded variation. If (6.1) applies, then

(7.3) |If (p, q)− If∗(p, q)| ≤
1

2
V (p, q)

R∨
r

(f
′
) ≤ R− 1

4

R∨
r

(f
′
),

(7.4)
∣∣If (p, q)− If†(p, q)

∣∣ ≤ V (p, q)
R∨
r

(f
′
) ≤ R− 1

2

R∨
r

(f
′
).

PROOF. Taking (7.2) withg = f
′
, a = 1, andb = x ∈ [r, R] gives

|f (x)− f ∗(x)| ≤ |x− 1|
2

x∨
1

(f
′
) ≤ |x− 1|

2

R∨
r

(f
′
)

for all x ∈ [r, R]. The first inequality in (7.3) follows by puttingx = pi/qi, multiplying by qi,
summing overi = 1, . . . , n and using the generalized triangle inequality. The second inequality
is given by Lemma 6.1.

The proof of (7.4) follows similarly from (6.5).

Both parts may be viewed in terms of approximation. Thus for (7.3) we have the following.

COROLLARY 7.4. Supposef : [0, 2] → R has its first derivative of bounded variation. If
η ∈ (0, 1) andp(η), q(η) are probability distributions satisfying,∣∣∣∣pi(η)

qi(η)
− 1

∣∣∣∣ ≤ η for all i ∈ {1, ..., n},

then
If (p(η), q(η) = If∗((p(η), q(η)) + Rf (p, q, η)
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and the reminderRf is such that

|Rf (p, q, η)| ≤ 1

2
V (p(η), q(η))

1+η∨
1−η

(f
′
) ≤ η

2

1+η∨
1−η

(f
′
).

8. EXAMPLES

Suppose (6.1) holds andf : [r, R] → R is given byf(u) = u ln u, so thatIf (p, q) is the
Kullback–Leibler distance

D(p, q) :=
n∑

i=1

pi ln(pi/qi).

We have
R∫

r

f(t)dt =
1

4

[
R2 ln R2 − r2 ln r2 −

(
R2 − r2

)]
=

R2 − r2

4
ln
[
I
(
R2, r2

)]
,

whereI(a, b) is the identric mean of two positive numbersa, b and is given by

I(a, b) :=

{
a if b = a

1
e

(
bb

aa

)1/(b−a)

otherwise.

Also
R∨
r

(f) =

b∫
a

∣∣∣f ′
(t)
∣∣∣ dt =

b∫
a

|ln(et)| dt =: λ(r, R).

If 0 < r ≤ 1/e, then

λ(r, R) =

1/e∫
r

[− ln(et)] dt +

R∫
1/e

ln(et)dt

= −1

e

1/e∫
r

ln(et)d(et) +
1

e

R∫
1/e

ln(et)d(et).

Since
β∫

α

ln x dx = ln I(α, β) for α, β > 0,

we have

λ(r, R) = −1

e
ln
[
I
(
r, e−1

)]
+

1

e
ln
[
I(e−1, R)

]
= ln

[
I(e−1, R)

I(r, e−1)

]1/e

.

If on the other hand1/e < r < 1, then

λ(r, R) =

R∫
r

ln(et)dt =
1

e
ln I(r, R) = ln [I(r, R)]1/e .
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Thus (7.1) gives ∣∣∣∣D(p, q)− R + r

4
ln
[
I
(
R2, r2

)]∣∣∣∣
≤

[
1

2
+

1

R− r

n∑
i=1

∣∣∣∣pi −
r + R

2
· qi

∣∣∣∣
]

λ(r, R)

≤
{

1

2
+

1

R− r

[
V (p, q) +

∣∣∣∣r + R

2
− 1

∣∣∣∣]}λ(r, R)

≤
[
1 +

1

R− r
V (p, q)

]
λ(r, R)

≤ 3

2
λ(r, R).

Also

If∗(p, q) =
n∑

i=1

(pi − qi) ln

(
pi + qi

2qi

)
and

R∨
r

(f
′
) =

R∫
r

∣∣∣f ′′
(t)
∣∣∣ dt =

R∫
r

dt

t
= ln

(
R

r

)
.

Hence by (7.3) we have∣∣∣∣∣D(p, q)−
n∑

i=1

(pi − qi) ln

(
pi + qi

2qi

)∣∣∣∣∣ ≤ 1

2
V (p, q) ln

(
R

r

)
≤ R− r

4
(ln R− ln r)

=
(R− r)2

4L(r, R)
,

whereL(a, b) is the logarithmic mean which for positive argumentsa, b is given by

L(a, b) :=

{
a if b = a

b−a
ln b−ln a

otherwise.

Therefore we have the inequality∣∣∣∣∣D(p, q)−
n∑

i=1

(pi − qi) ln

(
pi + qi

2qi

)∣∣∣∣∣ ≤ 1

4
· R− r

L(r, R)
V (p, q) ≤ (R− r)2

4L(r, R)
.

Finally supposef : [r, R] → R is given byf(u) = |u− 1|, so If (p, q) becomes the
variational distance

V (p, q) :=
n∑

i=1

|pi − qi| .
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We have

1

R− r

R∫
r

f(t)dt =
1

R− r

R∫
r

|u− 1| du

=
1

R− r

 1∫
r

(1− u)du +
1

R− r

R∫
1

(u− 1) du


=

1

R− r

[
(r − 1)2

2
+

(R− 1)2

2

]
=

1

R− r

[
(R− r)2

4
+

(
r + R

2
− 1

)2
]

and
R∨
r

(f) =
1∨
r

(f) +
R∨
1

(f) = 1− r + R− 1 = R− r.

By (7.1) we have∣∣∣∣∣V (p, q)− 1

R− r

[
(R− r)2

4
+

(
r + R

2
− 1

)2
]∣∣∣∣∣

≤

[
1

2
+

1

R− r

n∑
i=1

∣∣∣∣pi −
r + R

2
· qi

∣∣∣∣
]

(R− r)

≤
{

1

2
+

1

R− r

[
V (p, q) +

∣∣∣∣r + R

2
− 1

∣∣∣∣]} (R− r)

≤
[
1 +

1

R− r
V (p, q)

]
(R− r)

≤ 3(R− r)

2
.
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CHAPTER 13

Approximation of f -Divergence Via Midpoint and Trapezoid Inequalities

1. INTRODUCTION

By A = {ai|1 ≤ i ≤ n} we denote ann-set, the alphabet. Distributions overA, always
assumed to be probability distributions are typically denoted byp, q and the associated point
probabilities are denoted bypi, qi.

Variational distance(l1-distance) andinformation divergence(Kullback-Leibler divergence)
are defined as usual (see for example [21])

(1.1) V (p, q) =
n∑

i=1

|pi − qi|,

(1.2) D(p, q) =
n∑

i=1

pi log
pi

qi

.

Here, log denotes natural logarithm.
As in [127], we definetriangular discriminationbetweenp andq by

(1.3) ∆(p, q) =
n∑

i=1

|pi − qi|2

pi + qi

.

A variant of this measure, depending on a natural numberυ as a parameter, are called
triangular discrimination of orderυ [127], will also be considered.

It is defined by the equation

(1.4) ∆υ(p, q) =
n∑

i=1

|pi − qi|2υ

(pi + qi)
2υ−1 .

For υ = 1, we are back to (1.3), i.e.∆1 = ∆.
All measures of discrepancy considered above are particular instances of Csiszárf -divergences.

Recall, cf. Csiszár [22], [23], [24] that for a convex functionf : [0,∞) → R theCsiszárf -
divergencebetweenp andq is defined by

(1.5) If (p, q) :=
n∑

i=1

qif

(
pi

qi

)
.

The family of function(fs)s≥1 with fs(u) = |u− 1|s (u + 1)1−s gives rise to variational
distanceV (s = 1), triangular discrimination∆(s = 2) and triangular discrimination of order
υ, ∆υ (s = 2υ) [127].
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Among the most popular choices we mentionf(u) = 1
2
(
√

u − 1)2 which gives rise to the
Hellinger discriminationh2:

(1.6) h2(p, q) =
1

2

n∑
i=1

(
√

pi −
√

qi)
2 .

Forf(u) = u log u, we obtain also the Kullback-Leibler divergenceD(p, q).
The basic relations betweenV , ∆ andh2 are the following (see also [127])

(1.7)
1

2
V 2(p, q) ≤ ∆(p, q) ≤ V (p, q)

(cf. (11) in [127]),

(1.8) 2h2(p, q) ≤ ∆(p, q) ≤ 4h2(p, q)

(cf. LeCam [99] and Dacunha-Castelle [27]), and, lastly, the relation

(1.9)
1

8
V 2(p, q) ≤ h2(p, q) ≤ 1

2
V (p, q)

(follows from the two first).
The occurring coefficient are best possible (cf. [127]).
Kraft [92] improved part of this by pointing out that

(1.10)
1

8
V 2(p, q) ≤ h2(p, q)

(
1− 1

2
h2(p, q)

)
.

In Dacunha-Castelle [27] we find the important inequality

(1.11) D(p, q) ≥ −2 log
(
1− h2(p, q)

)
,

in particular

(1.12) D(p, q) ≥ 2h2(p, q).

This is the best possible as the inequalityD(p, q) ≥ ch2 cannot hold for anyc < 2 ([127]).
In the recent paper [66], by the use of Ostrowski’s integral inequality for absolutely contin-

uous functions, we proved the following approximation result:

(1.13) If (p, q) =
1

2ε

1+ε∫
1−ε

f(t)dt + Rf (p, q, ε), ε ∈ (0, 1)

where the remainderRf (p, q, ε) satisfies the estimate

Rf (p, q, ε) ≤ 1

2

[
1 +

1

ε2
Dχ2(p, q)

]
ε
∥∥∥f ′
∥∥∥
∞

(1.14)

≤ ε
∥∥∥f ′
∥∥∥
∞

and provided
(i) f is absolutely continuous on[0, 2] whose derivativef

′ ∈ L∞[0, 2] and
∥∥f ′∥∥

∞ :=

ess sup
t∈[0,2]

∣∣f ′
(t)
∣∣ ;

(ii) p andq satisfy the condition

(1.15)

∣∣∣∣pi

qi

− 1

∣∣∣∣ ≤ ε for all i ∈ {1, ..., n}.

Application for particular divergence measures (variational distance, information divergence,
triangular discrimination, Hellinger discrimination etc..) were also given.
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In the present chapter we point out other approximations for the Csiszárf -divergence of
orderO(ε2) andO(ε3) by the use of some mid-point inequalities. Application for particular
divergence measure are also given.

2. AN I NEQUALITY FOR CSISZÁR f -DIVERGENCE

Assume thatf : [0,∞) → R is a continuous mapping (not necessarily convex) and consider
the Csiszárf -divergence betweenp andq as considered above

If (p, q) =
n∑

i=1

qif

(
pi

qi

)
.

We assume in what follows that there exists the real numbersr, R so that0 < r ≤ ri := pi

qi
≤

R < ∞ for all i ∈ {1, ..., n}. Obviously1 ≤ r ≤ R.
Using this basically assumption and supposing thatf restricted to the compact interval[r, R]

has the first derivative (the second derivative) absolutely continuous andf
′′
(f

′′′
) ∈ L∞[r, R],

then we are able to point out two approximation results of the Csiszárf -divergence as follows.
If p, q are close in the following sense:∣∣∣∣pi

qi

− 1

∣∣∣∣ ≤ η, η > 0 ( η-small)

then we have

If (p, q) ≈ f(1) +
n∑

i=1

(pi − qi)f
′
(

pi + qi

2qi

)
,

and the accuracy is of orderO(η2) respectivelyO(η3).
To be more precise, we state the first result.

THEOREM 2.1 (Dragomir et al., 2001 [65]). Assume that the mappingf : [0,∞) → R is
so thatf

′
: [r, R] → R is absolutely continuous on[r, R] andf

′′ ∈ L∞[r, R], i.e.,
∥∥f ′∥∥

∞ :=

ess sup
t∈[r,R]

∣∣f ′
(t)
∣∣ < ∞. Then we have the inequality:∣∣∣∣∣If (p, q)− f(1)−

n∑
i=1

(pi − qi)f
′
(

pi + qi

2qi

)∣∣∣∣∣(2.1)

≤ 1

4

∥∥∥f ′′
∥∥∥
∞

Dχ2(p, q) ≤ 1

4

∥∥∥f ′′
∥∥∥
∞

(R− 1)(1− r)

≤ 1

16

∥∥∥f ′′
∥∥∥
∞

(R− r)2,

where

Dχ2(p, q) :=
n∑

i=1

p2
i

qi

− 1 =
n∑

i=1

(pi − qi)
2

qi

is the Chi-Square divergence ofp, q.

PROOF. Firstly, let us recall Ostrowski’s integral inequality for absolutely continuous func-
tionsg : [a, b] → R whose derivativesg

′ ∈ L∞[a, b]

(2.2)

∣∣∣∣∣∣g(x)− 1

b− a

b∫
a

g(t)dt

∣∣∣∣∣∣ ≤
1

4
+

(
x− a+b

2

b− a

)2
 (b− a)

∥∥∥g′∥∥∥
∞

,

for all x ∈ [a, b].
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For a simple proof of this, see [77] where some applications in numerical integration and
for special means are given.

It is obvious that the best inequality you can have in (2.2) is forx = a+b
2

obtaining the
mid-point inequality

(2.3)

∣∣∣∣∣∣g
(

a + b

2

)
(b− a)−

b∫
a

g(t)dt

∣∣∣∣∣∣ ≤ 1

4
(b− a)2

∥∥∥g′∥∥∥
∞

.

Choose in (2.3)g = f
′
, a = 1, b = x ∈ [r, R] (note thatr ≤ 1 ≤ R) to get∣∣∣∣f(x)− f(1)− (x− 1)f

′
(

1 + x

2

)∣∣∣∣(2.4)

≤ 1

4
(x− 1)2

∥∥∥f ′′
∥∥∥
∞

.

for all x ∈ [r, R].
If we putx = pi

qi
∈ [r, R] in (2.4), then we obtain∣∣∣∣qif

(
pi

qi

)
− qif(1)− (pi − qi)f

′
(

pi + qi

2qi

)∣∣∣∣(2.5)

≤ 1

4

(
pi − qi

qi

)2

qi

∥∥∥f ′′
∥∥∥
∞

for all i ∈ {1, ..., n}.
Summing (2.5), overi from 1 to n and using the generalized triangle inequality, we get∣∣∣∣∣If (p, q)− f(1)−

n∑
i=1

(pi − qi)f
′
(

pi + qi

2qi

)∣∣∣∣∣(2.6)

≤ 1

4

∥∥∥f ′′
∥∥∥
∞

n∑
i=1

(pi − qi)
2

qi

and the first inequality in (2.1) is proved.
We prove now that ( see also [66])

Dχ2(p, q) ≤ (R− 1)(1− r).

For this purpose, we use the following well known result due to Diaz and Metcalf (see for
example [109, p. 61]):

Let tk > 0 (k = 1, ..., n) with
n∑

k=1

tk = 1. If ak(6= 0) andbk (k = 1, ..., n) are real numbers

and if

(2.7) m ≤ bk

ak

≤ M

for k = 1, ..., n; then

(2.8)
n∑

k=1

tkb
2
k + mM

n∑
k=1

tka
2
k ≤ (M + m)

n∑
k=1

tkakbk.

Equality holds in (2.8) if and only if for eachk, 1 ≤ k ≤ n eitherbk = mak or bk = Mak.
Define

bk =

√
pk

qk

, ak =

√
qk

pk

, k = 1, ..., n.
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Then
ak

bk

=
pk

qk

= rk ∈ [r, R]

for all k ∈ {1, ..., n}. Applying the inequality (2.8) fortk = pk (k = 1, ..., n), we get

n∑
k=1

pk

(√
pk

qk

)2

+ rR

n∑
k=1

pk

(√
qk

pk

)2

≤ (r + R)
n∑

k=1

pk

√
pk

qk

·
√

qk

pk

which is equivalent to
n∑

k=1

p2
k

qk

+ rR ≤ r + R

and the inequality (2.6) is proved.
The last inequality (2.1) is obvious by the elementary fact

αβ ≤ 1

4
(α + β)2, α, β ∈ R

in choosingα = R− 1, β = 1− r.

COROLLARY 2.2 (Dragomir et al., 2001 [65]). Letf be as in Theorem 2.1. Ifε > 0 and

(2.9) 0 ≤ R− r ≤ 4 ·
√

ε

‖f ′′‖∞
then ∣∣∣∣∣If (p, q)− f(1)−

n∑
i=1

(pi − qi)f

(
pi + qi

2qi

)∣∣∣∣∣ ≤ ε.

The above theorem has the following corollary which emphasizes better the approximation
aspect of the problem for distributionp andq which are close in a certain sense.

COROLLARY 2.3 (Dragomir et al., 2001 [65]). Let f : [0, 2] → R be so that the derivative
f
′
: [0, 2] → R is absolutely continuous andf

′′ ∈ L∞[0, 2]. If η ∈ (0, 1) andp(η), q(η) are so
that

(2.10)

∣∣∣∣pi(η)

qi(η)
− 1

∣∣∣∣ ≤ η for all i ∈ {1, ..., n} ,

then

(2.11) If (p(η), q(η)) = f(1) +
n∑

i=1

(pi(η)− qi(η))f
′
(

pi(η) + qi(η)

2qi(η)

)
+ Rf (p, q, η)

and the remainderRf (p, q, η) satisfies the estimate

Rf (p, q, η) ≤ 1

4

∥∥∥f ′′
∥∥∥
∞

Dχ2(p(η), q(η)) ≤ 1

4

∥∥∥f ′′
∥∥∥
∞

η2.

If we have more information about the generating functionf , for example, if we know that
the second derivativef

′′
is absolutely continuous on[r, R] andf

′′′ ∈ L∞[r, R], then we can
state the following theorem as well.
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THEOREM 2.4 (Dragomir et al., 2001 [65]). If f : [a, b] → R be a mapping such that
f
′′′ ∈ L∞[r, R], then we have the following:∣∣∣∣∣If (p, q)− f(1)−

n∑
i=1

(pi − qi)f
′
(

pi + qi

2qi

)∣∣∣∣∣(2.12)

≤ 1

24

∥∥∥f ′′′∥∥∥
∞

D|χ|3(p, q)

≤ 1

24

∥∥∥f ′′′
∥∥∥
∞

(R− r)3

where

D|χ|3(p, q) :=
n∑

i=1

|pi − qi|3

q2
i

,

is the absolute Chi-Cube divergence ofp, q.

PROOF. We know the following mid-point inequality arising in Numerical Integration

(2.13)

∣∣∣∣∣∣g
(

a + b

2

)
(b− a)−

b∫
a

g (t) dt

∣∣∣∣∣∣ ≤ 1

24
(b− a)3

∥∥∥g′′∥∥∥
∞

providedg
′′ ∈ L∞[a, b].

Using the same argument as in Theorem 2.1, we can state that

(2.14)

∣∣∣∣f(x)− f(1)− (x− 1)f
′
(

1 + x

2

)∣∣∣∣ ≤ 1

24
|x− 1|3

∥∥∥f ′′′
∥∥∥
∞

for all x ∈ [r, R] (we knowr ≤ 1 ≤ R).
Now, choosingx = pi

qi
∈ [r, R] and doing as in the proof of Theorem 2.1, we deduce the

first inequality in (2.12).
To prove the second part of (2.12), we take into account that∣∣∣∣pi

qi

− 1

∣∣∣∣ ≤ R− r for all i ∈ {1, ..., n}.

Consequently,

D|χ|3(p, q) =
n∑

i=1

qi

∣∣∣∣pi

qi

− 1

∣∣∣∣3 ≤ (R− r)3

n∑
i=1

qi = (R− r)3

and the theorem is then proved.

COROLLARY 2.5 (Dragomir et al., 2001 [65]). Letf be as in Theorem 2.4. Itε > 0 and

(2.15) 0 ≤ R− r ≤ 2 · 3

√
3ε

‖f ′′′‖∞
then ∣∣∣∣∣If (p, q)− f(1)−

n∑
i=1

(pi − qi)f
′
(

pi + qi

2qi

)∣∣∣∣∣ ≤ ε.

Also, the following approximation result holds.
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COROLLARY 2.6 (Dragomir et al., 2001 [65]). Letf : [0, 2] → R be so thatf
′′′ ∈ L∞[0, 2]

. If η ∈ (0, 1) andp(η), q(η) are so that (2.10) holds, then we have the representation (2.11)
and the remainderRf (p, q, η) satisfies the estimate:

|Rf (p, q, η)| ≤ 1

3

∥∥∥f ′′′
∥∥∥
∞

η3.

3. SOME PARTICULAR I NEQUALITIES

1. Consider the mappingf : (0,∞) → R, f(u) = u ln u. Then we have

(3.1) If (p, q) = D(p, q) =
n∑

i=1

pi ln
pi

qi

(Kulback-Leibler distance)

n∑
i=1

(pi − qi)f
′
(

pi + qi

2qi

)
=

n∑
i=1

(pi − qi)

[
ln

(
pi + qi

2qi

)
+ 1

]
(3.2)

=
n∑

i=1

(pi − qi) ln

(
pi + qi

2qi

)
.

As f
′′
(u) = 1

u
, we have

(3.3)
∥∥∥f ′′

∥∥∥
∞

= sup
u∈[r,R]

∣∣∣f ′′
(u)
∣∣∣ =

1

r
.

Consequently, by (2.1), we can state the inequality:∣∣∣∣∣D(p, q)−
n∑

i=1

(pi − qi) ln

(
pi + qi

2qi

)∣∣∣∣∣(3.4)

≤ 1

4r
Dχ2(p, q) ≤ 1

4r
(R− 1)(1− r) ≤ 1

16r
(R− r)2.

2. Consider the mappingf : (0,∞) → R, f(u) = ln u. Then we have

(3.5) If (p, q) =
n∑

i=1

pi ln
pi

qi

= −D(q, p),

n∑
i=1

(pi − qi) f
′
(

pi + qi

2qi

)
=

n∑
i=1

(pi − qi)
2qi

pi + qi

(3.6)

= 2
n∑

i=1

qi ·
pi − qi

pi + qi

.

As f
′′
(u) = − 1

u2 , we have

(3.7)
∥∥∥f ′′

∥∥∥
∞

=
1

r2
.

Consequently, by (2.1), we can state the inequality∣∣∣∣∣D(q, p)− 2
n∑

i=1

qi

(
qi − pi

pi + qi

)∣∣∣∣∣(3.8)

≤ 1

4r2
Dχ2(p, q) ≤ 1

4r2
(R− 1)(1− r) ≤ 1

16

(
R

r
− 1

)2

.
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3. Consider the mappingf : (0,∞) → R, f(u) = 1
2
(
√

u− 1)
2
. Then we have

(3.9) If (p, q) =
1

2

n∑
i=1

qi

(√
pi

qi

− 1

)2

= h2(p, q), (Hellinger discrimination)

n∑
i=1

(pi − qi) f
′
(

pi + qi

2qi

)
(3.10)

=
n∑

i=1

(pi − qi)

√
pi+qi

2qi
− 1

2
√

pi+qi

2qi

=
n∑

i=1

(pi − qi)

√
pi + qi −

√
2qi

2
√

pi + qi

=
1

2

n∑
i=1

(pi − qi)

√
pi + qi

(√
pi + qi −

√
2qi

)
pi + qi

.

As f
′′
(u) = 1

4u2/3 , u ∈ (0,∞), then

(3.11)
∥∥∥f ′′

∥∥∥
∞

= sup
u∈[r,R]

∣∣∣f ′′
(u)
∣∣∣ =

1

4r2/3
.

Using the inequality (2.1), we may state the inequality∣∣∣∣∣h2(p, q)− 1

2

n∑
i=1

pi − qi

pi + qi

[√
pi + qi

(√
pi + qi −

√
2qi

)]∣∣∣∣∣(3.12)

≤ 1

16r2/3
Dχ2(p, q) ≤ 1

16r2/3
(R− 1)(1− r) ≤ 1

64r2/3
(R− r)2 .

4. Consider the mappingf : (0,∞) → R, f(u) = uα, α > 1, u ∈ [0,∞). Then

(3.13) If (p, q) =
n∑

i=1

pα
i q1−α

i = Rα(p, q), (Renyiα-order distance)

n∑
i=1

(pi − qi) f
′
(

pi + qi

2qi

)
=

n∑
i=1

(pi − qi) α

(
pi + qi

2qi

)α−1

(3.14)

=
α

2α−1

n∑
i=1

(pi − qi)

(
pi + qi

qi

)α−1

,

and asf
′′
(u) = α(α− 1)uα−2, we have

(3.15)
∥∥∥f ′′

∥∥∥
∞

= δα(r, R) =

{
α(α− 1)Rα−2 if 2 < α < ∞
α(α− 1)rα−2 if 1 < α < 2.
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Using (2.1), we may state the inequality∣∣∣∣∣Rα(p, q)− α

2α−1

n∑
i=1

(pi − qi)

(
pi

qi

+ 1

)α−1
∣∣∣∣∣(3.16)

≤ 1

4
δα(r, R)Dχ2(p, q)

≤ 1

4
×
{

α(α− 1)Rα−2(R− 1)(1− r) if 2 < α < ∞
α(α− 1)rα−2(R− 1)(1− r) if 1 < α < 2.

Using Theorem 2.4, we may point out other bounds which may be more useful in application.
5. If we reconsider the mappingf : (0,∞) → R, f(u) = u ln u. Thenf

′′′
(u) = − 1

u2 ,∥∥f ′′′∥∥
∞ = 1

r2 and then, by (2.12) we can state the inequality∣∣∣∣∣D(p, q)−
n∑

i=1

(pi − qi) ln

(
pi + qi

2qi

)∣∣∣∣∣(3.17)

≤ 1

24r2
D|χ|3(p, q) ≤

1

24r2
(R− r)3.

6. In the case whenf(u) = ln u, we have obviouslyf
′′′
(u) = 2

3u3 , u ∈ [r, R] and then∥∥f ′′′∥∥
∞ = 2

3r3 , and then by (2.12), we can state the inequality

(3.18)

∣∣∣∣∣D(q, p)− 2
n∑

i=1

qi

(
qi − pi

pi + qi

)∣∣∣∣∣ ≤ 1

36r3
D|χ|3(p, q) ≤

1

36

(
R

r
− 1

)3

.

7. Whenf : (0,∞) → R, f(u) = 1
2
(
√

u− 1)
2
, we havef

′′′
(u) = −1

6
· u−5/3, u ∈ [r, R] and

then
∥∥f ′′′∥∥

∞ = 1
6
· 1

r5/3 Consequently, by (2.12) we can state that∣∣∣∣∣h2(q, p)− 1

2

n∑
i=1

pi − qi

pi + qi

[√
pi + qi

(√
pi + qi −

√
2qi

)]∣∣∣∣∣(3.19)

≤ 1

144r5/3
D|χ|3(p, q) ≤

1

144r5/3
(R− r)3 .

8. Finally, if f : (0,∞) → R, f(u) = uα, α > 1 we havef
′′′

(u) = α(α − 1)(α − 2)uα−3 and
then ∥∥∥f ′′′

∥∥∥
∞

= ηα(r, R) =

{
α(α− 1)(α− 2)Rα−3 if 3 < α < ∞
α(α− 1)(α− 2)rα−3 if 1 < α < 3.

Consequently, using (2.12), we may state∣∣∣∣∣Rα(p, q)− α

2α−1

n∑
i=1

(pi − qi)

(
pi

qi

+ 1

)α−1
∣∣∣∣∣(3.20)

≤ 1

24
ηα(r, R)D|χ|3(p, q)

≤ 1

24
×
{

α(α− 1)(α− 2)Rα−2(R− r)3 if 3 < α < ∞
α(α− 1)(α− 2)rα−2(R− r)3 if 1 < α < 3.

4. APPLICATION FOR M UTUAL I NFORMATION

We consider mutual information, which is a measure of the amount of information that one
random variable contains about another random variable. It is the reduction of uncertainty of
one variable due to the knowledge of the other.

AJMAA, Vol. 15, No. 1, Art. 1, pp. 1-275, 2018 AJMAA

http://ajmaa.org


176 S. S. DRAGOMIR

DEFINITION 4.1. Consider two random variablesX andY with a joint probability mass
function t(x, y) and marginal probability mass functionp(x), x ∈ X andq(y), y ∈ Y. The
mutual information is the relative entropy between the joint distribution and the product distri-
bution, i.e.,

(4.1) I(X; Y ) =
∑
x∈X

∑
y∈Y

t(x, y) log

[
t(x, y)

p(x)p(y)

]
= D(t(x, y), p(x)q(y))

whereD(., .) is the Kullback-Leibler distance.

We assume in what follows that

(4.2) s ≤ t(x, y)

p(x)q(y)
≤ S(x, y) for all (x, y) ∈ X × Y .

It is obvious thats ≤ 1 ≤ S.
We also define the mutual information on Chi-Square sum

(4.3) Iχ2(X; Y ) =
∑

(x,y)∈X×Y

t2(x, y)

p(x)q(y)
− 1.

Using the inequality (3.4), we can state the following proposition.

PROPOSITION4.1 (Dragomir et al., 2001 [65]). Under the above assumption, we have the
inequality ∣∣∣∣∣∣I(X; Y )−

∑
(x,y)∈X×Y

(t(x, y)− p(x)q(y)) ln

[
t(x, y) + p(x)q(y)

2p(x)p(y)

]∣∣∣∣∣∣
≤ 1

4s
Iχ2(X; Y ) ≤ 1

4s
(S − 1)(1− s) ≤ 1

16s
(S − s)2.

A similar result can be stated if we apply the inequality (3.8). We omit the details.

5. BASIC THEOREMS

Racall the Iyengar inequality [111], which states the following.

THEOREM 5.1 (Iyengar inequality).Supposeg : [a, b] → R is absolutely continuous on
[a, b] andg

′
: [a, b] → R is essentially bounded, that is,g

′ ∈ L∞[a, b]. Then∣∣∣∣∣∣
b∫

a

g(t)dt− 1

2
(b− a)[g(a) + g(b)]

∣∣∣∣∣∣
≤ 1

4

∥∥∥g′∥∥∥
∞

(b− a)2 − 1

4 ‖g′‖∞
[g(b)− g(a)]2.

Suppose that there exist distinct real numbersr, R with

(5.1) 0 < r ≤ pi/qi ≤ R < ∞ for all i ∈ {1, ..., n}.
We assume (5.1) throughout without further comment and keep the assumption thatr, R are
distinct, which is easily seen to entail thatr < 1 < R. Supposef † : [r, R] → R is given by

f †(u) := f(1) +
u− 1

2
f
′
(u).

We shall also make use of Proposition 1 of [65], which provides the following.
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PROPOSITION5.2. Suppose that (5.1) is satisfied withr < R and thatm ≥ 1. Then

D|χ|m(p, q) ≤ (R− 1)(1− r)

R− r

[
(1− r)m−1 + (R− 1)m−1

]
≤
(

R− r

2

)m

.

The first inequality is an equality if and only ifp, q form a boundary pair with respect tor and
R, that is, for eachi eitherpi/qi = r or pi/qi = R. The second inequality is an equality if and
only if R + r = 2, that is,r andR are equidistant from unity.

We now proceed to our first basic result. We shall make use off0 : [r, R] → R given by

f0(u) :=
[
f
′
(u)− f

′
(1)
]2

.

THEOREM 5.3 (Dragomir et al.,2001 [67]). Supposef : [r, R] → R with f
′

absolutely
continuous on[r, R] andf

′′ ∈ L∞[r, R]. Then∣∣If (p, q)− If†(p, q)
∣∣ ≤ 1

4

∥∥∥f ′′
∥∥∥
∞

Dχ2(p, q)− 1

4 ‖f ′′‖∞
If0(p, q)(5.2)

≤ 1

4

∥∥∥f ′′
∥∥∥
∞

Dχ2(p, q) ≤ 1

4

∥∥∥f ′′
∥∥∥
∞

(R− 1)(1− r)

≤ 1

16

∥∥∥f ′′
∥∥∥
∞

(R− r)2.

PROOF. We choosea = 1, b = x andg = f
′
in Theorem 5.1 to obtain∣∣∣∣∣∣

x∫
1

f
′
(t)dt− 1

2
(x− 1)

[
f
′
(1) + f

′
(x)
]∣∣∣∣∣∣

≤ 1

4

∥∥∥f ′′
∥∥∥
∞

(x− 1)2 − 1

4 ‖f ′′‖∞
f0(x),

or equivalently ∣∣∣∣f(x)− f(1)− 1

2
f
′
(1)(x− 1)− 1

2
f
′
(x)(x− 1)

∣∣∣∣
≤ 1

4

∥∥∥f ′′
∥∥∥
∞

(x− 1)2 − 1

4 ‖f ′′‖∞
f0(x)

for all x ∈ [r, R].
If we choosex = pi/qi, multiply by qi and sum overi from 1 to n, we derive the first

inequality in (5.2)via the extended triangle inequality. The second inequality is immediate,
sincef0 and so alsoIf0 is nonnegative. The remaining inequalities are given by Proposition 5.2
with m = 2.

COROLLARY 5.4. Suppose the assumptions of Theorem 5.3 hold. Ifε > 0 and

0 ≤ R− r ≤ 4 ·
√

ε/ ‖f ′′‖∞,

then ∣∣If (p, q)− If†(p, q)
∣∣ ≤ ε.

The following corollary emphasizes the approximation aspect of Theorem 5.3 for distribu-
tionsp andq which are close.
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COROLLARY 5.5. Let f : [0, 2] → R be such thatf
′
: [0, 2] → R is absolutely continuous

andf
′′ ∈ L∞[0, 2]. If η ∈ (0, 1) andp(η), q(η) satisfy

(5.3)

∣∣∣∣pi(η)

qi(η)
− 1

∣∣∣∣ ≤ η for all i ∈ {1, ..., n} ,

then

(5.4) If (p(η), q(η)) = If† (p(η), q(η)) + Rf (p, q, η)

and the remainderRf (p, q, η) satisfies

Rf (p, q, η) ≤ 1

4

∥∥∥f ′′
∥∥∥
∞

η2.

PROOF. Chooser = 1− η, R = 1 + η in Theorem 5.3.

Our other basic theorem makes use of the trapezoid inequality

(5.5)

∣∣∣∣∣∣
b∫

a

g (t) dt− 1

2
(b− a) [g(a) + g(b)]

∣∣∣∣∣∣ ≤ 1

12
(b− a)3

∥∥∥g′′∥∥∥
∞

from numerical integration, which holds providedg
′′ ∈ L∞[a, b].

THEOREM5.6 (Dragomir et al.,2001 [67]). If f : [r, R] → R with f
′′

absolutely continuous
on [r, R] andf

′′′ ∈ L∞[r, R], then∣∣If (p, q)− If†(p, q)
∣∣ ≤ 1

12

∥∥∥f ′′′∥∥∥
∞

D|χ|3(p, q)(5.6)

≤ 1

24

∥∥∥f ′′′∥∥∥
∞

(R− 1)(1− r)

R− r

[
(1− r)2 + (R− 1)2

]
≤ 1

96

∥∥∥f ′′′
∥∥∥
∞

(R− r)3.

The constants on the right are best–possible.

PROOF. The first inequality is derived from (5.5) along the same lines as the first inequality
in Theorem 5.3. The remaing inequalities follow from Proposition 5.2 withm = 3.

For f(u) = |u − 1|3 we haveIf (p, q) = D|χ|3(p, q). Also f †(u) = (3/2)f(u), so asI is
linear inf we have

|If (p, q)− If†(p, q)| =
1

2
D|χ|3(p, q).

Since
∥∥f ′′′∥∥ = 6, the first inequality in (5.6) is thus an equality for this choice off and the cor-

responding constant is best–possible. That the following constants are best–possible is inherited
from Proposition 5.2.

COROLLARY 5.7. Letf be as in Theorem 5.6. Ifε > 0 and

0 ≤ R− r ≤ 2 · 3

√
12ε/ ‖f ′′′‖∞,

then ∣∣If (p, q)− If†(p, q)
∣∣ ≤ ε.

Also, the following approximation result holds.
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COROLLARY 5.8. Let f : [0, 2] → R with f
′′

absolutely continuous on[0, 2] and f
′′′ ∈

L∞[0, 2]. If η ∈ (0, 1) andp(η), q(η) are such that (5.3) holds, then we have the representation
(5.4) and the remainderRf (p, q, η) satisfies

|Rf (p, q, η)| ≤ 1

12

∥∥∥f ′′′
∥∥∥
∞

η3.

REMARK 5.1. The last bound in Theorem 5.6 is tighter than that of Theorem 5.3 if

6
∥∥f ′′∥∥

∞
‖f ′′′‖∞

> R− r,

while the reverse is true if
6
∥∥f ′′∥∥

∞
‖f ′′′‖∞

< R− r.

As we shall see, both possibilities can arise in practice. In the examples we consider, Theorem
5.6 gives the better bound whenr/R is large and Theorem 5.3 when it is small.

6. ONE– AND TWO –POINT DISTRIBUTIONS

Suppose we wish to obtain the error bound involved in estimatingIf (p, q) by Ig(p, q) for
some functiong. Since

If (p, q)− Ig(p, q) = If−g(p, q),

we wish to findsup |Ih(p, q)|, whereh = f − g and the supremum is taken over alln–point
probability distribution pairs(p, q) satisfying (5.1). In this section we approach this question
directly and establish some basic results. We shall find it convenient for clarity and succinctness
to adopt the notationIh,n(p, q) and to writeui := pi/qi for i ∈ {1, 2, . . . , n} in this and the
following section.

PROPOSITION6.1 (Dragomir et al.,2001 [67]). Let n ≥ 1 and assumep, q are n–point
distributions all of whose components are nonzero.
(a) There existk–point distributionspU , qU , wherek takes one of the values 1 or 2 andpU , qU

depend onp andq, such that

pU
i /qU

i ∈ {u1, . . . , un} for i = 1, . . . , k

and

Ih,k(p
U , qU) ≥ Ih,n(p, q).

(b) There existk–point distributionspL, qL, wherek takes one of the values 1 or 2 andpL, qL

depend onp andq, such that

pL
i /qL

i ∈ {u1, . . . , un} for i = 1, . . . , k

and

Ih,k(p
L, qL) ≤ Ih,n(p, q).

PROOF. Consider the first half of the enunciation. If there arej distinct valuesu(1), u(2), . . . , u(j)

(1 ≤ j ≤ n), then for each such we may sum the associated valuesqi to obtainq(j)
1 , q

(j)
2 , . . . , q

(j)
j .

Likewise we derivep(j)
` associated withu(`) (1 ≤ ` ≤ j). We have at once thatp(j)

` /q
(j)
` = u(`),

and thatp(j) = (p
(j)
1 , . . . , p

(j)
j ) andq(j) = (q

(j)
1 , . . . , q

(j)
j ) arej–point probability distributions

for which Ih,j(p
(j), q(j)) has the same value asIh,n(p, q).

AJMAA, Vol. 15, No. 1, Art. 1, pp. 1-275, 2018 AJMAA

http://ajmaa.org


180 S. S. DRAGOMIR

To derive the desired result (a) by mathematical induction, we need to show that ifm is such
that3 ≤ m ≤ j then there exist(m − t)–point probability distributionsp(m−t), q(m−t) (with t
equal to 1 or 2) depending onp(m) andq(m) with

p
(m−t)
` /q

(m−t)
` = u(`) (1 ≤ ` ≤ m− t)

and
Ih,m−t(p

(m−t), q(m−t)) ≥ Ih,j(p
(m), q(m)).

We may without loss of generality assume that there are at least three distinct valuesui, for
otherwise there is nothing to prove.

To achieve the induction, we shall show that such a reduction fromm–point support to
(m − t)–point support can be brought about by replacing the last three components ofp(m) by
two suitably chosen components and a zero or one suitably chosen component and two zeros,
with a corresponding replacement inq(m), the zeros being in the same position or positions.

For notational convenience, putv1 := u(m−2), v2 := u(m−1), v3 := u(m). With relabelling if

necessary, we may assumev1 < v2 < v3. Likewise we putp(m)
m−2 = ρ1, p

(m)
m−1 = ρ2, p

(m)
m = ρ3

andq
(m)
m−2 = σ1, q

(m)
m−1 = σ2, q

(m)
m = σ3, so thatρi/σi = vi for i = 1, 2, 3. Define

λ :=
v3 − v2

v3 − v1

,

so that0 < λ, 1− λ < 1 andv2 = λv1 + (1− λ)v3. We address in turn three possible cases.
(i) If h(v2) ≤ λh(v1) + (1− λ)h(v3), then

3∑
i=1

σih(vi) ≤
∑
i=1,3

σ′ih(vi),

whereσ′1 = σ1 + λσ2 andσ′3 = σ3 + (1− λ)σ2. Note that
∑3

i=1 σi =
∑

i=1,3 σ′i. If we define
ρ′i = σ′ivi for i = 1, 3, thenρ′i/σ

′
i = vi (i = 1, 3) and∑

i=1,3

ρ′i =
∑
i=1,3

σivi + σ2[λ1v1 + (1− λ)v3] =
3∑

i=1

σivi =
3∑

i=1

ρi.

This shows that the reduction can be effected in this case witht = 1.
(ii) Next we suppose

(6.1) h(v2) > λh(v1) + (1− λ)h(v3)

with

(6.2) σ1/λ ≤ σ3/(1− λ).

Put

σ′2 := σ2 + σ1/λ, σ′3 := σ3 −
1− λ

λ
σ1.

Thenσ′2 > 0 and by (6.2)σ′3 ≥ 0. Further
∑

i=2,3 σ′i =
∑3

i=1 σi. Also by (6.1),∑
i=2,3

σ′ih(vi) >
σ1

λ
[λh(v1) + (1− λ)h(v3)] + σ2h(v2) +

[
σ3 −

1− λ

λ
σ1

]
h(v3)

=
3∑

i=1

σih(vi).
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If we defineρ′i = σ′ivi for i = 2, 3, thenρ′i/σ
′
i = vi (i = 2, 3) and much as above∑

i=2,3

ρ′i =
3∑

i=1

ρi.

If (6.2) holds with equality, thenσ′3 = 0 and the reduction holds witht = 2. Otherwise it holds
with t = 1.

(iii) Finally we have the possibility that (6.1) holds with

(6.3) σ1/λ > σ3/(1− λ).

We may argue as in (ii), this time starting with

σ′1 := σ1 −
λ

1− λ
σ3, σ′2 := σ2 +

1

1− λ
σ3.

Thenσ′1, σ′2 are positive and ∑
i=1,2

σ′i =
∑
i=13

σi.

By (3.1), ∑
i=1,2

σ′ih(vi) =
∑
i=1,2

σih(vi) +
σ3

1− λ
[h(v2)− λh(v1)]

>
3∑

i=1

σih)vi).

If ρ′i = σ′ivi for i = 1, 2, thenρ′i/σ
′
i = vi (i = 1, 2) and∑

i=1,2

ρ′i =
∑
i=1,2

σ′ivi =
∑
i=1,2

σivi +
σ3

1− λ
[v2 − λv1] =

3∑
i=1

σivi =
3∑

i=1

ρi.

Thus we have a reduction witht = 1.
This completes the proof of part (a). Part (b) follows by applying part (a) to the function

−h.

Supposeh is bounded on[r, R]. By letting pi, qi tend to zero for different choices ofi
successively while keepingp`/q` ∈ [r, R] for all ` ∈ {1, 2, . . . , n}, we can obtain one– and
two–point distributions satisfying (5.1) as limiting cases ofn–point distributions. With this
convention, the following result is natural.

PROPOSITION6.2 (Dragomir et al.,2001 [67]). Supposeh is continuous and bounded on
[r, R]. ThenIh,n achieves its supremum and infimum overn–point distributionsp, q satisfying
(5.1). These are realised by one– or two–point distributions.

PROOF. The first part is immediate. The second followsvia Proposition 6.1, by relating
extremum–achieving distributions toIh evaluated at one– or two–point distributions at which
Ih is dominating (in the supremum case) or dominated (in the infimum case).

COROLLARY 6.3. The supremum and infimum ofIh subject to (5.1) take one of the forms

(6.4) qh(u) + (1− q)h

(
1− qu

1− q

)
, h(1),

whereu ∈ [r, R].
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PROOF. The first form in (6.4) is immediate, since ifp/q = u, then

1− p

1− q
=

1− qu

1− q
.

The second is trivial, sincep/q = 1 whenp andq are one–point distributions.

The ideas of this section provide the means for obtaining tight bounds on|Ih| in terms of
r, R. This we pursue in the following section. In practice the calculations can be quite intri-
cate even whenh has a relatively simple functional form, although they are suited to efficient
numerical implementation, such as by bifurcation search.

Finite–point distributions have a special role in extremal theory. For a general discussion,
the reader is referred to [93].

7. EVALUATING EXTREMA

We now draw together the ideas of the preceding section to codify the treatment of some
broad classes of functionh. For notational convenience we introduce

F (x, y) :=
y − 1

y − x
h(x) +

1− x

y − x
h(y),

which gives the value ofIh for two–point distributionsp, q with support atu = x, y. We assume
throughout that (5.1) applies and thatx, y ∈ [r, R].

THEOREM 7.1 (Dragomir et al.,2001 [67]). SupposerT , RT satisfyr ≤ rT < 1 < RT ≤ R
and the line joining(rT , h(rT )) to (RT , h(RT )) lies strictly above the graph ofh(u) for u ∈
[r, R] \ {rT , RT}. Then

sup Ih(p, q) = F (rT , RT ).

PROOF. Putv1 = rT , v3 = RT and suppose if possibleu = v2 ∈ (rT , RT ) is in the support
of one– or two–point distributionsp0, q0 for which If realises its supremum. By assumption

h(v2) < λh(v1) + (1− λ)h(v3)

in the notation of Proposition 6.1 (a) case (i). The argument of case (i) shows thatIf (p0, q0)
experiences a strict increase ifp0, q0 are modified by a suitable redistribution of probability
mass fromv2 to v1 andv3, a contradiction to the extremality ofIf (p0, q0). Thus the support of
p0 andq0 must have empty intersection with(rT , RT ). There is nothing more to prove ifrT = r
andRT = R. In any case, we see that since1 ∈ (rT , RT ), p0 andq0 must have two–point
support.

If RT < R, suppose if possiblep0 and q0 have a point of supportr0 ∈ (RT , R]. Then
(RT , h(RT )) lies above the chord joining(rT , h(rT )) to (r0, h(r0)), so we may derive a con-
tradiction by the construction of case (ii) or case (iii) of Proposition 6.1 (a). Sincep0 andq0

must have a point of support greater than unity, that point must therefore beu = RT . A similar
argument show that the support point less than unity must be atu = rT .

By taking−h in place ofh in the preceding theorem, we derive the following corresponding
theorem for infima.

THEOREM 7.2 (Dragomir et al.,2001 [67]). SupposerS, RS satisfyr ≤ rS < 1 < RS ≤ R
and the line joining(rS, h(rS)) to (RS, h(RS)) lies strictly below the graph ofh(u) for u ∈
[r, R] \ {rS, RS}. Then

inf Ih(p, q) = F (rS, RS).
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Whenever the above theorems are applicable, we may derivesup |If (p, q)| from

sup |If (p, q)| = max [sup If (p, q),− inf If (p, q)] .

Some modification to Theorem 7.1 is necessary ifrT < 1 < RT is violated. This has not
been found to occur in the examples we have looked at but could be dealt with on anad hoc
basis. For this reason we have not seen fit to strive for further generality in Theorem 7.1 at the
cost of complicating it. The same comment applies to Theorem 7.2.

8. EXAMPLES

For the mappingf : (0,∞) → R given byf(u) = u ln u, If (p, q) becomes the Kulback–
Leibler distance

D(p, q) :=
n∑

i=1

pi ln(ui).

We have

If (p, q) =
1

2

n∑
i=1

[
ln

(
pi

qi

)
+ 1

]
(pi − qi)

=
1

2

n∑
i=1

(pi − qi) ln

(
pi

qi

)
=

1

2
[D(p, q) + D(q, p)],

n∑
i=1

qif0(ui) =
n∑

i=1

qi [ln (ui)]
2

and ∥∥∥f ′′
∥∥∥
∞

= sup
u∈[r,R]

∣∣∣f ′′
(u)
∣∣∣ = 1/r.

Consequently Theorem 5.3 provides

0 ≤ |D(p, q)−D(q, p)|(8.1)

≤ 1

2r
Dχ2(p, q)− r

2

n∑
i=1

qi

[
ln

(
pi

qi

)]2

≤ 1

2r
Dχ2(p, q) ≤ 1

2r
(R− 1)(1− r) ≤ 1

8r
(R− r)2

which measures the asymmetry of the Kullback–Leibler distance.
A simple calculation gives ∥∥∥f ′′′

∥∥∥
∞

= 1/r2,

so that Theorem 5.6 gives the bounds

0 ≤ |D(p, q)−D(q, p)| ≤ 1

6r2
D|χ|3(p, q) ≤

1

48r2
(R− r)3.

The last bound here can be seen to be strictly better than that in (8.1) ifr > R/7.
Tight bounds for1

2
|D(p, q)−D(q, p)| involving only r, R can be derived using the ideas of

the previous section. We have

h(u) =
u + 1

2
[ln u− (u− 1)] ,

so that

h
′
(u) =

1

2

[
ln u +

1

u

]
andh

′′
(u) =

u− 1

2u2
.
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Thush
′
(u) > 0 for u ≥ 1. By the elementary inequality

1

u
+ ln u > 1 for 0 < u < 1,

we have thath
′
(u) > 0 holds for0 < u < 1 as well and soh is strictly increasing for allu < 0.

Also h is strictly concave for0 < u < 1 and strictly convex foru > 1.
This falls within the scope of Theorems 7.1 and 7.2. Ifr1 is the demonstrably unique value

of u less than unity at which the tangent to the graph ofh passes through(R, h(R)), then we may
chooserT = max(r, r1). If R1 is the demonstrably unique value ofu greater than unity at which
the tangent to the graph ofh passes through(r, h(r)), then we may chooseRT = min(R,R1).

Now consider the mappingf : (0,∞) → R given byf(u) = ln u. We have

If (p, q) =
n∑

i=1

qi ln (ui) = −D(q, p),

n∑
i=1

f
′
(ui) (pi − qi) =

n∑
i=1

qi

pi

(pi − qi) = 1−
n∑

i=1

q2
i

pi

= −Dχ2(q, p),

n∑
i=1

qif0(ui) =
n∑

i=1

qi

(
qi

pi

− 1

)2

=
n∑

i=1

qi(qi − pi)

p2
i

2

and
∥∥f ′′∥∥

∞ = 1/r2.
Consequently, by (5.2), we have

0 ≤
∣∣∣∣D(q, p) +

1

2
Dχ2(q, p)

∣∣∣∣(8.2)

≤ 1

4r2
Dχ2(p, q)− r2

4

n∑
i=1

qi(qi − pi)

p2
i

2

≤ 1

4r2
Dχ2(p, q) ≤ 1

4r2
(R− 1)(1− r) ≤ 1

16r2
(R− r)2.

A simple calculation shows that
∥∥f ′′′∥∥

∞ = 2/r3, so that by Theorem 5.6

0 ≤
[
D(q, p) +

1

2
Dχ2(q, p)

]
≤ 1

6r3
D|χ|3(p, q) ≤

1

48

(
R

r
− 1

)3

.

The last bound here can be seen to be better than that in (8.2) ifr > R/4.
Again we may obtain a tight bound for|D(q, p)− 1

2
Dχ2(q, p)| in terms ofr, R alone by use

of Theorems 7.1 and 7.2. We have

h(u) = ln u− u− 1

2u
,

so that

h
′
(u) =

2u− 1

2u2
andh

′′
(u) =

1− u

u3
.

Thush is decreasing for0 < u < 1/2 and increasing foru > 1/2. Further it is strictly convex
for 0 < u < 1 and strictly concave foru > 1, and so is quasiconvex. We may definerT andRT

exactly as in the previous example.
Finally supposef : (0,∞) → R is given byf(u) = 1

2
(
√

u− 1)
2
. ThenIf (p, q) becomes

the Hellinger discrimination

h2(p, q) :=
1

2

n∑
i=1

qi (
√

ui − 1)
2
.
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We have
n∑

i=1

f
′
(

pi

qi

)
(pi − qi) =

1

2

n∑
i=1

(qi − pi)

√
qi√
pi

,

n∑
i=1

qif0(ui) =
n∑

i=1

qi

pi

(
√

pi −
√

qi)
2

and ∥∥∥f ′′
∥∥∥
∞

= sup
u∈[r,R]

∣∣∣f ′′
(u)
∣∣∣ =

1

4r3/2
.

Consequently Theorem 5.3 provides∣∣∣∣∣h2(p, q)− 1

4

n∑
i=1

(qi − pi)

√
qi

pi

∣∣∣∣∣ ≤ 1

16r3/2
Dχ2(p, q)− r3/2

n∑
i=1

qi

pi

(
√

pi −
√

qi)
2

≤ 1

16r3/2
Dχ2(p, q) ≤ 1

16r3/2
(R− 1)(1− r)

≤ 1

64r3/2
(R− r)2.

Also, asf
′′′
(u) = −3

8
u−5/2, we have

∥∥f ′′′∥∥
∞ = sup

u∈[r,R]

∣∣f ′′′
(u)
∣∣ = 3

8
r−5/2, and Theorem 5.6

gives

(8.3)

∣∣∣∣∣h2(p, q)− 1

4

n∑
i=1

(qi − pi)

√
qi

pi

∣∣∣∣∣ ≤ 1

32r5/2
D|χ|3(p, q) ≤

1

256r5/2
(R− r)3.

The largest bound here is better than the largest provided by Theorem 5.3 providedr > R/5.
The use of Theorems 7.1 and 7.2 to obtain an absolute upper bound for the left–hand side

of the first inequality in (8.3) is more complicated than in the previous examples. We have

h(u) =
(
√

u− 1)
3

4
√

u
.

Hence

h
′
(u) =

(
√

u− 1)2

8u3/2

[
2
√

u + 1
]

andh
′′
(u) =

√
u− 1

16u3

[
2 + 3u1/2 + 3u− 6u3/2

]
.

Thush is strictly increasing foru > 0. It is strictly concave for0 < u < 1, strictly convex for
1 < u < u0 and strictly concave foru > u0, whereu0 is the unique zero exceeding unity of the
cubic polynomial2 + 3x + 3x2 − 6x3.

There exist a unique pair of points(r1, h(r1)), (R1, h(R1)) with r1 < 1 < R1 at which
the graph ofh has a common tangent which lies above the graph for allu > 0 except at the
two osculating points. Ifr ≤ r1 < R1 ≤ R, we may takerT = r1 andRT = R1. Suppose
r1 < r. Then there exists a uniqueu = R2 > 1 such that the tangent to the graph at(R2, h(R2))
passes through(r, h(r)) and lies above the graph forr < u < R2. We may chooserT = r,
RT = min(R2, R).

If the join of (r, h(r)) to (R, h(R)) lies below the graph forr < u < R, or is tangential
to the graph at an intermediate point, we may takerS = r, RS = R. Otherwise,(r, h(r)) lies
on the tangent to the graph at a unique point(r2, h(r2)) with 1 < r2 < u0 and this tangent
meets the graph again at(r3, h(r3)) with r3 > R. Similarly (R, h(R)) lies on the tangent to the
graph at a unique point(R2, h(R2)) with 1 < R2 < u0 and this tangent meets the graph again
at (R3, h(R3)) with R3 < r. At least one ofr2, R2 is not unity. Ifr2 6= 1, we may takerS = r,
RT = r2. If R2 6= 1, we may takerS = R2, RS = R.
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CHAPTER 14

Deviation of a Function From the Chord and Applications for
f -Divergence

1. INTRODUCTION

Consider a functionf : [a, b] → R and assume that it is bounded on[a, b] . The chord that
connects its end pointsA = (a, f (a)) andB = (b, f (b)) has the equation

df : [a, b] → R, df (t) =
1

b− a
[f (a) (b− t) + f (b) (t− a)] .

We introduce the error in approximating the value of the functionf (t) by df (t) with t ∈ [a, b]
by Φf (t) , i.e., Φf (t) is defined by:

(1.1) Φf (t) :=
b− t

b− a
· f (a) +

t− a

b− a
· f (b)− f (t) .

The main aim of this paper is to provide sharp upper bounds for the absolute value of the
differenceΦf (t) in each pointt ∈ [a, b] and under various assumptions on the functionf or its
derivativef ′.

Applications for thef -divergence functional

(1.2) If (p,q) :=
n∑

i=1

qif

(
pi

qi

)
,

wherep = (p1, . . . , pn) , q = (q1, . . . , qn) are positive sequences, that was introduces by
Csiszár, as a generalised measure of information, a “distance function” on the set of proba-
bility distributionsPn are also provided.

2. PRELIMINARY RESULTS

The following simple result, which provides a sharp upper bound for the case of bounded
functions, has been stated in [51] as an intermediate result needed to obtain a Grüss type in-
equality.

THEOREM 2.1 (Dragomir, 2008 [53]). If f : [a, b] → R is a bounded function with−∞ <
m ≤ f (t) ≤ M < ∞ for anyt ∈ [a, b] , then

(2.1) |Φf (t)| ≤ M −m.

The multiplicative constant1 in front ofM −m cannot be replaced by a smaller quantity.

PROOF. For the sake of completeness, we present a short proof.
Sincef is bounded, we havem (b− t) ≤ (b− t) f (a) ≤ (b− t) M, m (t− a) ≤ (t− a) f (b) ≤

(t− a) M and− (b− a) M ≤ − (b− a) f (t) ≤ − (b− a) m, which gives, by addition and di-
vision with b− a that

− (M −m) ≤ (b− t) f (a) + (t− a) f (b)

b− a
− f (t) ≤ M −m,

for eacht ∈ [a, b] , i.e., the desired inequality (2.1) holds.
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Now, assume that there exists a constantC > 0 such that|Φf (t)| ≤ C (M −m) for anyf
as in the statement of the theorem. Then, fort = a+b

2
, we should have

(2.2)

∣∣∣∣f (a) + f (b)

2
− f

(
a + b

2

)∣∣∣∣ ≤ C (M −m) .

If f : [a, b] → R, f (t) =
∣∣t− a+b

2

∣∣ , thenf (a) = f (b) = b−a
2

, f
(

a+b
2

)
= 0, M = b−a

2
and

m = 0 and the inequality (2.2) becomesb−a
2
≤ C · b−a

2
, which implies thatC ≥ 1.

The case of convex functions has been considered in [52] in order to prove another Grüss
type inequality. The sharpness of the constant has not been analyzed in the earlier paper.

THEOREM 2.2 (Dragomir, 2007 [52]). If f : [a, b] → R is a convex function on[a, b] , then

(2.3) 0 ≤ Φf (t) ≤ (b− t) (t− a)

b− a

[
f ′− (b)− f ′+ (a)

]
≤ 1

4
(b− a)

[
f ′− (b)− f ′+ (a)

]
for anyt ∈ [a, b] .

If the lateral derivativesf ′− (b) and f ′+ (a) are finite, then the second inequality and the
constant1

4
are sharp.

PROOF. For the sake of completeness, we present a complete proof of (2.3) below.
Sincef is convex, then

t− a

b− a
· f (b) +

b− t

b− a
· f (a) ≥ f

[
(b− t) a + (t− a) b

b− a

]
= f (t)

for anyt ∈ [a, b] , i.e.,Φ (t) ≥ 0 for anyt ∈ [a, b] .
If eitherf ′− (b) or f ′+ (a) are infinite, then the last part of (2.3) is obvious.
Suppose thatf ′− (b) andf ′+ (a) are finite. Then, by the convexity off we havef (t)−f (b) ≥

f ′− (b) (t− b) for anyt ∈ (a, b) . If we multiply this inequality witht− a ≥ 0, we deduce

(2.4) (t− a) f (t)− (t− a) f (b) ≥ f ′− (b) (t− b) (t− a) , t ∈ (a, b) .

Similarly, we get

(2.5) (b− t) f (t)− (b− t) f (a) ≥ f ′+ (a) (t− a) (b− t) , t ∈ (a, b) .

Adding (2.4) to (2.5) and dividing byb− a, we deduce

f (t)− (t− a) f (b) + (b− t) f (a)

b− a
≥ (b− t) (t− a)

b− a

[
f ′− (b)− f ′+ (a)

]
,

for anyt ∈ (a, b) , which proves the second inequality fort ∈ (a, b) .
If t = a or t = b, the inequality also holds.
Now, assume that (2.3) holds withD andE greater than zero, i.e.,

Φf (t) ≤ D · (b− t) (t− a)

b− a

[
f ′− (b)− f ′+ (a)

]
≤ E (b− a)

[
f ′− (b)− f ′+ (a)

]
for anyt ∈ [a, b] . If we chooset = a+b

2
, then we get

f (a) + f (b)

2
− f

(
a + b

2

)
≤ 1

4
D (b− a)

[
f ′− (b)− f ′+ (a)

]
(2.6)

≤ E (b− a)
[
f ′− (b)− f ′+ (a)

]
.

Considerf : [a, b] → R, f (t) =
∣∣t− a+b

2

∣∣ . Thenf is convex,f (a) = f (b) = b−a
2

, f
(

a+b
2

)
=

0, f ′− (b) = 1, f ′+ (a) = −1 and by (2.6) we deduce

b− a

2
≤ 1

2
D (b− a) ≤ 2E (b− a) ,
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which implies thatD ≥ 1 andE ≥ 1
4
.

3. THE CASE WHEN f IS OF BOUNDED VARIATION

We start with the following representation result:

LEMMA 3.1 (Dragomir, 2008 [53]). If f : [a, b] → R is bounded on[a, b] andQ : [a, b]2 →
R is defined by

(3.1) Q (t, s) :=

 t− b if a ≤ s ≤ t

t− a if t < s ≤ b,

then we have the representation

(3.2) Φf (t) =
1

b− a

∫ b

a

Q (t, s) df (s) , t ∈ [a, b] ,

where the integral in (3.2) is taken in the sense of Riemann-Stieltjes.

PROOF. We have:∫ b

a

Q (t, s) df (s) =

∫ t

a

(t− b) df (s) +

∫ b

t

(t− a) df (s)

= (t− b)

∫ t

a

df (s) + (t− a)

∫ b

t

df (s)

= (t− b) [f (t)− f (a)] + (t− a) [f (b)− f (t)]

= (b− a) Φf (t)

and the identity is proved.

The following estimation result holds.

THEOREM 3.2 (Dragomir, 2008 [53]). If f : [a, b] → R is of bounded variation, then

|Φf (t)| ≤
(

b− t

b− a

)
·

t∨
a

(f) +

(
t− a

b− a

)
·

b∨
t

(f)(3.3)

≤



[
1
2

+
∣∣∣ t−a+b

2

b−a

∣∣∣]∨b
a (f) ;

[(
b−t
b−a

)p
+
(

t−a
b−a

)p] 1
p

[(∨t
a (f)

)q
+
(∨b

t (f)
)q] 1

q

if p > 1, 1
p

+ 1
q

= 1;

1
2

∨b
a (f) + 1

2

∣∣∣∨t
a (f)−

∨b
t (f)

∣∣∣ .
The first inequality in (3.3) is sharp. The constant1

2
is best possible in the first and third

branches.

PROOF. We use the fact that forp : [α, β] → R continuous andv : [α, β] → R of bounded
variation the Riemann-Stieltjes integral

∫ β

α
p (t) dv (t) exists and∣∣∣∣∫ β

α

p (t) dv (t)

∣∣∣∣ ≤ sup
t∈[α,β]

|p (t)|
β∨
α

(v) .
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Then, by the identity (3.2), we have

|Φf (t)| ≤ 1

b− a

∣∣∣∣(t− b)

∫ t

a

df (s) + (t− a)

∫ b

t

df (s)

∣∣∣∣
≤ 1

b− a

[
(b− t)

∣∣∣∣∫ t

a

df (s)

∣∣∣∣+ (t− a)

∣∣∣∣∫ b

t

df (s)

∣∣∣∣]
≤ 1

b− a

[
(b− t)

t∨
a

(f) + (t− a)
b∨
t

(f)

]
,

and the first inequality in (3.3) is proved.
Now, by the Hölder inequality, we have

(b− t)
t∨
a

(f) + (t− a)
b∨
t

(f) ≤



max {b− t, t− a}
[

t∨
a

(f) +
b∨
t

(f)

]
;

[(b− t)p + (t− a)p]
1
p

[(
t∨
a

(f)

)q

+

(
b∨
t

(f)

)q] 1
q

if p > 1, 1
p

+ 1
q

= 1;

(b− t + t− a) max

{
t∨
a

(f) ,
b∨
t

(f)

}
,

which produces the last part of (3.3).
For t = 1

2
(a + b) , (3.3) becomes∣∣∣∣f (a + b

2

)
− f (a) + f (b)

2

∣∣∣∣ ≤ 1

2

b∨
a

(f) .

Assume that there exists a constantA > 0 such that

(3.4)

∣∣∣∣f (a + b

2

)
− f (a) + f (b)

2

∣∣∣∣ ≤ A
b∨
a

(f) .

If in this inequality we choosef : [a, b] → R, f (t) =
∣∣t− a+b

2

∣∣ , then we deduceb−a
2

≤
A (b− a) , which implies thatA ≥ 1

2
.

COROLLARY 3.3. If f : [a, b] → R is L1−Lipschitzian on[a, t] andL2−Lipschitzian on
[t, b] , L1, L2 > 0, then

(3.5) |Φf (t)| ≤ (b− t) (t− a)

b− a
(L1 + L2) ≤

1

4
(b− a) (L1 + L2)

for anyt ∈ [a, b] .
In particular, if f is L−Lipschitzian on[a, b], then

(3.6) |Φf (t)| ≤ 2 (b− t) (t− a)

b− a
L ≤ 1

2
(b− a) L.

The constants1
4
, 2 and 1

2
are best possible.

The proof is obvious by Theorem 3.2 on taking into account that anyL−Lipschitzian func-
tion is of bounded variation and

∨b
a (f) ≤ (b− a) L. The sharpness of the constants follows by

choosing the functionf : [a, b] → R, f (t) =
∣∣t− a+b

2

∣∣ which is Lipschitzian withL = 1.
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COROLLARY 3.4. If f : [a, b] → R is monotonic nondecreasing on[a, b] , then

|Φf (t)| ≤
(

b− t

b− a

)
[f (t)− f (a)] +

(
t− a

b− a

)
[f (b)− f (t)](3.7)

≤



[
1
2

+
∣∣∣ t−a+b

2

b−a

∣∣∣] [f (b)− f (a)] ;

[(
b−t
b−a

)p
+
(

t−a
b−a

)p] 1
p [[f (t)− f (a)]q + [f (b)− f (t)]q]

1
q

if p > 1, 1
p

+ 1
q

= 1;

1
2
[f (b)− f (a)] + 1

2

∣∣∣f (t)− f(a)+f(b)
2

∣∣∣ .
The first inequality and the constant1

2
in the first branch of the second inequality are sharp.

The inequality is obvious from (3.3). Fort = a+b
2

, we get in (3.7)

(3.8)

∣∣∣∣f (a + b

2

)
− f (a) + f (b)

2

∣∣∣∣ ≤ 1

2
[f (b)− f (a)] .

In (3.8), the constant1
2

is sharp since for the monotonic nondecreasing functionf : [a, b] → R

f (t) =

 0 if t ∈
[
a, a+b

2

]
;

1 if t ∈
(

a+b
2

, b
]
,

we obtain in both sides of (3.8) the same quantity1
2
.

4. THE CASE WHEN f IS ABSOLUTELY CONTINUOUS

Now, if f : [a, b] → R is absolutely continuous, thenf is differentiable almost everywhere
and

∫ b

a
f ′ (s) ds = f (b)− f (a) , where the integral is taken in the Lebesgue sense, and we can

state the following representation result.

LEMMA 4.1. If f : [a, b] → R is absolutely continuous, then

(4.1) Φf (t) =
1

b− a

∫ b

a

Q (t, s) f ′ (s) ds, t ∈ [a, b] ,

where the integral is in the Lebesgue sense andQ has been defined in (3.1).

The proof is similar to the proof of Lemma 3.1 and the details are omitted.
We define the Lebesguep−norms as follows:

‖g‖[α,β],s :=


ess sup

t∈[α,β]

|g (t)| if s = ∞,

(∫ β

α
|g (t)|s dt

) 1
s

if s ∈ [1,∞).

The following estimation holds:
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THEOREM 4.2 (Dragomir, 2008 [53]). If f is absolutely continuous, then

|Φf (t)| ≤
(

b− t

b− a

)
· ‖f ′‖[a,t],1 +

(
t− a

b− a

)
· ‖f ′‖[t,b],1(4.2)

≤


(b−t)(t−a)

b−a
‖f ′‖[a,t],∞ if f ′ ∈ L∞ [a, b]

(b−t)(t−a)
1
q

b−a
‖f ′‖[a,t],p if f ′ ∈ Lp [a, b] , p > 1, 1

p
+ 1

q
= 1

+


(t−a)(b−t)

b−a
‖f ′‖[t,b],∞ if f ′ ∈ L∞ [a, b]

(t−a)(b−t)
1
β

b−a
‖f ′‖[t,b],α if f ′ ∈ Lα [a, b] , α > 1, 1

α
+ 1

β
= 1

where the second part should be seen as all four possible combinations.

PROOF. The first inequality holds from the representation (4.1) on taking the modulus and
applying its properties.

By the integral Hölder inequality, we have

∫ t

a

|f ′ (s)| ds ≤


(t− a) ess sup

s∈[a,t]

|f ′ (s)| if f ′ ∈ L∞ [a, b]

(t− a)
1
q

(∫ t

a
|f ′ (s)|p ds

) 1
p

if f ′ ∈ Lp [a, b] ,

p > 1, 1
p

+ 1
q

= 1

and

∫ b

t

|f ′ (s)| ds ≤


(b− t) ess sup

s∈[t,b]

|f ′ (s)| if f ′ ∈ L∞ [a, b]

(b− t)
1
q

(∫ b

t
|f ′ (s)|p ds

) 1
p

if f ′ ∈ Lp [a, b] ,

p > 1, 1
p

+ 1
q

= 1

which provides the second part of (4.2).

REMARK 4.1. Some particular inequalities of interest are as follows. Iff ′ ∈ L∞ [a, b] , then

|Φf (t)| ≤ (b− t) (t− a)

b− a

[
‖f ′‖[a,t],∞ + ‖f ′‖[t,b],∞

]
(4.3)

≤ 2 (b− t) (t− a)

b− a
‖f ′‖[a,b],∞ ≤ 1

2
(b− a) ‖f ′‖[a,b],∞ ,

for anyt ∈ [a, b] . The first inequality in (4.3) and the constants2 and 1
2

are best possible.
If f ′ ∈ Lp [a, b] , p > 1, 1

p
+ 1

q
= 1, then

|Φf (t)| ≤
[
(b− t) (t− a)

b− a

] 1
q

[(
b− t

b− a

) 1
p

‖f ′‖[a,t],p +

(
t− a

b− a

) 1
p

‖f ′‖[t,b],p

]
(4.4)

≤
[
(b− t) (t− a)

b− a

] 1
q

[(
b− t

b− a

) q
p

+

(
t− a

b− a

) q
p

] 1
q

‖f ′‖[a,b],p

for anyt ∈ [a, b] .
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In particular, forp = q = 2, we have

|Φf (t)| ≤
√

(b− t) (t− a)

b− a

[√
b− t

b− a
· ‖f ′‖[a,t],2 +

√
t− a

b− a
· ‖f ′‖[t,b],2

]
(4.5)

≤
√

(b− t) (t− a)

b− a
‖f ′‖[a,b],2

for anyt ∈ [a, b] .

5. THE CASE WHEN f ′ IS OF BOUNDED VARIATION

The following representation of the errorΦf can be stated:

LEMMA 5.1 (Dragomir, 2008 [53]). If f : [a, b] → R is absolutely continuous on[a, b]
and such that the derivativef ′ is Riemann integrable on[a, b] , then we have the following
representation in terms of the Riemann-Stieltjes integral:

(5.1) Φf (t) =
1

b− a

∫ b

a

K (t, s) df ′ (s) , t ∈ [a, b] ,

where the kernelK : [a, b]2 → R is given by

(5.2) K (t, s) :=

{
(b− t) (s− a) if a ≤ s ≤ t

(t− a) (b− s) if t < s ≤ b.

PROOF. Sincef ′ is Riemann integrable on[a, b] , it follows that the Riemann-Stieltjes inte-
grals

∫ t

a
(s− a) df ′ (s) and

∫ b

t
(b− s) df ′ (s) exist for eacht ∈ [a, b] . Now, integrating by parts

in the Riemann-Stieltjes integral, we have:∫ b

a

K (t, s) df ′ (s) = (b− t)

∫ t

a

(s− a) df ′ (s) + (t− a)

∫ b

t

(b− s) df ′ (s)

= (b− t)

[
(s− a) f ′ (s)

∣∣t
a
−
∫ t

a

f ′ (s) ds

]
+ (t− a)

[
(b− s) f ′ (s)

∣∣b
t
−
∫ b

t

f ′ (s) ds

]
= (b− t) [(t− a) f ′ (t)− (f (t)− f (a))] + (t− a) [− (b− t) f ′ (t) + f (b)− f (t)]

= (t− a) [f (b)− f (t)]− (b− t) [f (t)− f (a)] = (b− a) Φf (t)

for anyt ∈ [a, b] , which provides the desired representation (5.1).

REMARK 5.1. If we define∆f : (a, b) → R,

∆f (t) =
f (b)− f (t)

b− t
− f (t)− f (a)

t− a
,

then by the above identity (5.1), we have the representation

(5.3) ∆f (t) =
1

(t− a) (b− t)

∫ b

a

K (t, s) df ′ (s) =

∫ b

a

R (t, s) df ′ (s) , t ∈ (a, b) ,

where the new kernelR : (a, b)2 → R is defined by

R (t, s) :=


s−a
t−a

if a < s ≤ t

b−s
b−t

if t < s < b.
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We notice that, forf (s) :=
∫ s

a
g (z) dz, the last equality in (5.3) produces the following

identity:

(5.4)
1

b− t

∫ b

t

g (z) dz − 1

t− a

∫ t

a

g (z) dz =

∫ b

a

R (t, s) dg (s) ,

which has been obtained by P. Cerone in [13] (see eq. (2.12)).
Notice that, in (5.4), the functiong can be Riemann integrable and not only absolutely

continuous as assumed in [13].

THEOREM 5.2 (Dragomir, 2008 [53]). Assume thatf : [a, b] → R is absolutely continuous
on [a, b] . If f ′ is of bounded variation on[a, b] , then

(5.5) |Φf (t)| ≤ (t− a) (b− t)

b− a
·

b∨
a

(f ′) ≤ 1

4
(b− a)

b∨
a

(f ′) ,

where
∨b

a (f ′) denotes the total variation off ′ on [a, b] .
The inequalities are sharp and the constant1

4
is best possible.

PROOF. It is well known that, ifp : [α, β] → R is continuous andv : [α, β] → R is of
bounded variation, then the Riemann-Stieltjes integral

∫ β

α
p (s) dv (s) exists and

∣∣∣∣∫ β

α

p (s) dv (s)

∣∣∣∣ ≤ sup
s∈[α,β]

|p (s)|
β∨
α

(v) .

Now, utilising the representation (5.1) and the above property, we have

|Φf (t)| = 1

b− a

∣∣∣∣(b− t)

∫ t

a

(s− a) df ′ (s) + (t− a)

∫ b

t

(t− s) df ′ (s)

∣∣∣∣(5.6)

≤ 1

b− a

[
(b− t)

∣∣∣∣∫ t

a

(s− a) df ′ (s)

∣∣∣∣+ (t− a)

∣∣∣∣∫ b

t

(t− s) df ′ (s)

∣∣∣∣]
≤ 1

b− a

[
(b− t)

t∨
a

(f ′) sup
s∈[a,t]

(s− a) + (t− a)
b∨
t

(f ′) sup
s∈[t,b]

(t− s)

]
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=
(t− a) (b− t)

b− a

[
t∨
a

(f ′) +
b∨
t

(f ′)

]
=

(t− a) (b− t)

b− a

b∨
a

(f ′) .

The last part of (5.5) is obvious by the fact that(t− a) (b− t) ≤ 1
4
(b− a)2 , t ∈ [a, b] .

For the sharpness of the inequalities in (5.5), assume that there existsF, G > 0 such that

|Φf (t)| ≤ F · (t− a) (b− t)

b− a

b∨
a

(f ′) ≤ G (b− a)
b∨
a

(f ′) ,

with f as in the assumption of the theorem. Then, fort = a+b
2

, we get

(5.7)

∣∣∣∣f (a) + f (b)

2
− f

(
a + b

2

)∣∣∣∣ ≤ 1

4
F (b− a)

b∨
a

(f ′) ≤ G (b− a)
b∨
a

(f ′) .

Consider the functionf : [a, b] → R, f (t) =
∣∣t− a+b

2

∣∣ . This function is absolutely continuous,
f ′ (t) = sgn

(
t− a+b

2

)
, t ∈ [a, b] \

{
a+b
2

}
and

∨b
a (f ′) = 2. Thus, (5.7) becomes

b− a

2
≤ 1

2
F (b− a) ≤ 2G (b− a) ,

which implies thatF ≥ 1 andG ≥ 1
4
.

6. THE CASE WHEN f ′ IS L IPSCHITZIAN

The case when the derivative is a Lipschitzian function provides better accuracy in approx-
imating the functionf by the straight linedf as follows:

THEOREM 6.1 (Dragomir, 2008 [53]). Assume thatf : [a, b] → R is absolutely continuous
on [a, b] . If f ′ is K1−Lipschitzian on[a, t] andK2−Lipschitzian on[t, b] (t ∈ [a, b]) , then

|Φf (t)| ≤ 1

2
· (t− a) (b− t)

b− a
[(K1 −K2) t + K2b−K1a](6.1)

≤ 1

8
· (b− a) [(K1 −K2) t + K2b−K1a] , t ∈ [a, b] .

In particular, if f ′ is K−Lipschitzian on[a, b] , then

(6.2) |Φf (t)| ≤ 1

2
(b− t) (t− a) K ≤ 1

8
(b− a)2 K, t ∈ [a, b] .

The constants1
2

and 1
8

are best possible.

PROOF. We utilize the fact that for anL−Lipschitzian function,p : [α, β] → R and a
Riemann integrable functionv : [α, β] → R, the Riemann-Stieltjes integral

∫ β

α
p (s) dv (s)

exists and ∣∣∣∣∫ β

α

p (s) dv (s)

∣∣∣∣ ≤ L

∫ β

α

|p (s)| ds.

Then we have

(6.3)

∣∣∣∣∫ t

a

(s− a) df ′ (s)

∣∣∣∣ ≤ K1 ·
∫ t

a

(s− a) ds =
1

2
K1 (t− a)2

and

(6.4)

∣∣∣∣∫ b

t

(t− s) df ′ (s)

∣∣∣∣ ≤ K2 ·
∫ b

t

(t− s) ds =
1

2
K2 (b− t)2 .
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Now, on making use of the inequality (5.6) we have, by (6.3) and (6.4), that

|Φf (t)| ≤ 1

b− a

[
1

2
(b− t) (t− a)2 ·K1 +

1

2
(t− a) (b− t)2 ·K2

]
=

1

2
· (t− a) (b− t)

b− a
[L1 (t− a) + L2 (b− t)] ,

which produces the first inequality in (6.1). The other inequalities are obvious.
To prove the sharpness of the constants in (6.2), let us assume that there existH, K > 0 so

that

(6.5) |Φf (t)| ≤ H (b− t) (t− a) L ≤ K (b− a)2 L

for anyt ∈ [a, b] andf anL−Lipschitzian function on[a, b] . For t = a+b
2

we get from (6.5) that

(6.6)

∣∣∣∣f (a) + f (b)

2
− f

(
a + b

2

)∣∣∣∣ ≤ 1

4
HL (b− a)2 ≤ LK (b− a)2 .

Considerf : [a, b] → R, f (t) = 1
2

(
t− a+b

2

)2
. Thenf ′ (t) = t − a+b

2
is Lipschitzian with the

constantL = 1 and (6.6) becomes
1

8
(b− a)2 ≤ 1

4
H (b− a)2 ≤ K (b− a)2 ,

which implies thatH ≥ 1
2

andK ≥ 1
8
.

7. THE CASE WHEN f ′ IS ABSOLUTELY CONTINUOUS

The following representation result also holds.

LEMMA 7.1. If f : [a, b] → R is differentiable and the derivativef ′ is absolutely continu-
ous, then

(7.1) Φf (t) =
1

b− a

∫ b

a

K (t, s) f ′′ (s) ds

for anyt ∈ [a, b] , where the integral in (7.1) is considered in the Lebesgue sense.

The proof is similar to the one in Lemma 5.1 on integrating by parts in the Lebesgue integral∫ b

a
K (t, s) f ′′ (s) ds. The details are omitted.

THEOREM 7.2 (Dragomir, 2008 [53]). If f is as in Lemma 7.1, then

(7.2) |Φf (t)| ≤ (b− t) (t− a)

b− a
·K (t) , t ∈ [a, b] ,

where

(7.3) K (t) :=


‖f ′′‖[a,t],1 ;

(t−a)1/q

(q+1)1/q ‖f ′′‖[a,t],p if p > 1, 1
p

+ 1
q

= 1,

f ′′ ∈ Lp [a, b] ;
1
2
(t− a) ‖f ′′‖[a,t],∞ if f ′′ ∈ L∞ [a, b] ;

+


‖f ′′‖[t,b],1

(b−t)1/β

(β+1)1/β ‖f ′′‖[t,b],α if α > 1, 1
α

+ 1
β

= 1,

f ′′ ∈ Lα [a, b] ;
1
2
(b− t) ‖f ′′‖[t,b],∞ if f ′′ ∈ L∞ [a, b] ;

and the definition ofK should be seen as all 9 possible combinations.
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PROOF. We have, by (5.6) that

(7.4) |Φf (t)| ≤ 1

b− a

[
(b− t)

∣∣∣∣∫ t

a

(s− a) f ′′ (s) ds

∣∣∣∣
+ (t− a)

∣∣∣∣∫ b

t

(t− s) f ′′ (s) ds

∣∣∣∣]
for anyt ∈ [a, b] .

Utilising Hölder’s inequality, we have∣∣∣∣∫ t

a

(s− a) f ′′ (s) ds

∣∣∣∣(7.5)

≤



sup
s∈[a,t]

(s− a)
∫ t

a
|f ′′ (s)| ds;(∫ t

a
(s− a)q ds

)1/q (∫ t

a
|f ′′ (s)|p ds

)1/p

if p > 1, 1
p

+ 1
q

= 1,

f ′′ ∈ Lp [a, b] ;

ess sup
s∈[a,t]

|f ′′ (s)|
∫ t

a
(s− a) ds if f ′′ ∈ L∞ [a, b] ;

=



(t− a) ‖f ′′‖[a,t],1 ,

(t−a)1+1/q

(q+1)1/q ‖f ′′‖[a,t],p if p > 1, 1
p

+ 1
q

= 1,

f ′′ ∈ Lp [a, b] ;
1

2
(t− a)2 ‖f ′′‖[a,t],∞ if f ′′ ∈ L∞ [a, b] ;

and, similarly,

(7.6)

∣∣∣∣∫ b

t

(b− s) f ′′ (s) ds

∣∣∣∣ ≤


(b− t) ‖f ′′‖[t,b],1

(b−t)1+1/β

(β+1)1/β ‖f ′′‖[t,b],α if α > 1, 1
α

+ 1
β

= 1,

f ′′ ∈ Lα [a, b] ;
1

2
(b− t)2 ‖f ′′‖[t,b],∞ if f ′′ ∈ L∞ [a, b] ,

for anyt ∈ [a, b] .
Finally, on making use of (7.4) – (7.6), we deduce the desired inequality (7.2).

REMARK 7.1. The inequalities in (7.2) have some instances of interest that are useful in
applications. For example, in terms of the sup-norm we have:

|Φf (t)| ≤ 1

2
· (b− t) (t− a)

b− a

[
(t− a) ‖f ′′‖[a,t],∞ + (b− t) ‖f ′′‖[t,b],∞

]
(7.7)

≤ 1

2
· (b− t) (t− a) ‖f ′′‖[a,b],∞ , t ∈ [a, b] ,

wheref ′′ ∈ L∞ [a, b] . The constant1
2

is best possible in both inequalities. The functionf (t) =
1
2

(
t− a+b

2

)2
produces an equality in (7.7) fort = a+b

2
.
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If we assume thatα = p, β = q in (7.2), then we also have:

|Φf (t)| ≤ (b− t) (t− a)

(q + 1)1/q (b− a)

[
(t− a)1/q ‖f ′′‖[a,t],p + (b− t)1/q ‖f ′′‖[t,b],p

]
(7.8)

≤ (b− t) (t− a)

(q + 1)1/q (b− a)1/p
‖f ′′‖[a,b],p , t ∈ [a, b] ,

for p > 1, 1
p

+ 1
q

= 1, f ′′ ∈ Lp [a, b] , since, by Hölder’s inequality, we have

(t− a)1/q ‖f ′′‖[a,t],p + (b− t)1/q ‖f ′′‖[t,b],p

≤
[
(t− a)q/q + (b− t)q/q

]1/q [
‖f ′′‖p

[a,t],p + ‖f ′′‖p
[t,b],p

]1/p

= (b− a)1/p ‖f ′′‖[a,b],p .

In the case thatp = q = 2, we get the following inequality for the Euclidean norm‖f ′′‖[a,b],2 :

|Φf (t)| ≤
√

3

3
· (b− t) (t− a)

b− a

[√
t− a ‖f ′′‖[a,t],2 +

√
b− t ‖f ′′‖[t,b],2

]
(7.9)

≤
√

3

3
· (b− t) (t− a)

b− a
‖f ′′‖[a,b],2 , t ∈ [a, b] .

It is an open question whether or not the constant
√

3
3

is best possible in (7.9).
Finally, from (7.2) we also have:

(7.10) |Φf (t)| ≤ (b− t) (t− a)

b− a
‖f ′′‖[a,b],1 ≤

1

4
(b− a) ‖f ′′‖[a,b],1

for anyt ∈ [a, b] .

8. APPLICATIONS FOR WEIGHTED M EANS

For a functionf : [a, b] → R, x = (x1, . . . , xn) ∈ [a, b]n andp = (p1, . . . , pn) a probability
sequence, i.e.,pi ≥ 0, i ∈ {1, . . . , n} and

∑n
i=1 pi = 1, we define the mean:

(8.1) Mf (p;x) :=
n∑

i=1

pif (xi) .

If f (t) = t, t ∈ [a, b] , then

Mf (p;x) = A (p;x) =
n∑

i=1

pixi,

which is thearithmetic meanof x with the weightsp.
The main aim of the present section is to provide sharp bounds for the error in approximating

Mf (p;x) in terms of the simpler quantity

(8.2) f (a) · b− A (p;x)

b− a
+ f (b) · A (p;x)− a

b− a
.

The following proposition contains some results of this type.

PROPOSITION8.1 (Dragomir, 2008 [53]). Let f : [a, b] → R be a bounded function on
[a, b] , x = (x1, . . . , xn) ∈ [a, b]n and p a probability sequence. Define the error functional
Ef (p;x) by:

(8.3) Ef (p;x) := f (a) · b− A (p;x)

b− a
+ f (b) · A (p;x)− a

b− a
−Mf (p;x) .
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(i) If −∞ < m ≤ f (t) ≤ M < ∞ for anyt ∈ [a, b] , then

(8.4) |Ef (p;x)| ≤ M −m.

The inequality is sharp.
(ii) If f : [a, b] → R is of bounded variation on[a, b] , then

(8.5) |Ef (p;x)| ≤

[
1

2
+

n∑
i=1

pi

∣∣∣∣∣xi − a+b
2

b− a

∣∣∣∣∣
]

b∨
a

(f) .

The constant1
2

is best possible in (8.5).
(iii) If f : [a, b] → R is L−Lipschitzian on[a, b] , then

|Ef (p;x)| ≤ 2L

b− a

n∑
i=1

pi (b− xi) (xi − a)(8.6)

≤ 2L

b− a
[b− A (p;x)] [A (p;x)− a] ≤ 1

2
L (b− a) .

All the inequalities in (8.6) are sharp.

PROOF. Let us prove only the inequality (8.6). The other inequalities follow likewise. Ap-
plying the inequality (3.6) fort = xi, i ∈ {1, . . . , n} , we have

(8.7)

∣∣∣∣f (xi)−
f (a) (b− xi) + f (b) (xi − a)

b− a

∣∣∣∣ ≤ 2L

b− a
(b− xi) (xi − a) ,

for anyi ∈ {1, . . . , n} . Multiplying (8.7) with pi, summing overi from 1 to n and utilising the
generalised triangle inequality

∑n
i=1 |αi| ≥ |

∑n
i=1 αi| , we deduce the first inequality in (8.6).

Further, we use the followinǧCebyšev inequality:

(8.8)
n∑

i=1

piαiβi ≤
n∑

i=1

piαi

n∑
i=1

piβi,

provided thatpi ≥ 0,
∑n

i=1 pi = 1 and(αi)i=1,n , (βi)i=1,n areasynchronous,i.e.,

(αi − αj)
(
βi − βj

)
≤ 0 for anyi, j ∈ {1, . . . , n} .

Then we have from (8.8)
n∑

i=1

pi (b− xi) (xi − a) ≤
n∑

i=1

pi (b− xi)
n∑

i=1

pi (xi − a)

= [b− A (p;x)] [A (p;x)− a]

and the second inequality in (8.6) is proved. The last part is obvious.
The sharpness of the inequality follows from the casen = 1. The details are omitted.

If f : [a, b] → R is a convex function, then the following result is known in the literature as
the (discrete)Lah-Ribarić inequality:

(8.9)
n∑

i=1

pif (xi) ≤
1

b− a
{f (a) [b− A (p;x)] + f (b) [A (p;x)− a]} .

For a generalisation to positive linear functional that incorporates both the original Lah-Ribarić
integral inequality and the discrete version of it due to Beesack and Pečaric [8], see [113, p.
98].
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In terms of the error functionalEf (p;x) , we then haveEf (p;x) ≥ 0, whenf is convex
andp,x are as above. Now, on utilising Theorem 2.2, we can state the following reverse of the
Lah-Ribaríc inequality (8.9).

PROPOSITION8.2 (Dragomir, 2008 [53]). If f : [a, b] → R is convex on[a, b] and the
lateral derivativesf ′− (b), f ′+ (a) are finite, then

(0 ≤) Ef (p;x) ≤
f ′− (b)− f ′+ (a)

b− a

n∑
i=1

pi (b− xi) (xi − a)(8.10)

≤
f ′− (b)− f ′+ (a)

b− a
[b− A (p;x)] [A (p;x)− a]

≤ 1

4
(b− a)

[
f ′− (b)− f ′+ (a)

]
.

The inequalities are sharp and1
4

is best possible.

The following results in terms of the derivative of a functionf can be stated as well.

PROPOSITION8.3 (Dragomir, 2008 [53]). Assume thatf : [a, b] → R is absolutely contin-
uous on[a, b] .

(i) If f ′ is of bounded variation on[a, b] , then

|Ef (p;x)| ≤ 1

b− a

b∨
a

(f ′)
n∑

i=1

pi (b− xi) (xi − a)(8.11)

≤ 1

b− a

b∨
a

(f ′) [A (p;x)− a] [b− A (p;x)] ≤ 1

4
(b− a)

b∨
a

(f ′) .

All inequalities in (8.11) are sharp. The constant1
4

is best possible.
(ii) If f ′ is K−Lipschitzian on[a, b] (K > 0) , then

|Ef (p;x)| ≤ 1

2
K

n∑
i=1

pi (b− xi) (xi − a)(8.12)

≤ 1

2
K [b− A (p;x)] [A (p;x)− a] ≤ 1

8
(b− a)2 K.

The constants1
2

and 1
8

are best possible.

The proof is obvious by Theorem 5.2 and Theorem 6.1 and the details are omitted.
The above results can be useful in providing various inequalities between means. For in-

stance, if we denote byG (p,x) the geometric mean
∏n

i=1 xpi

i , then for the convex function
f (t) = − ln t, we have for0 < m ≤ xi ≤ M < ∞, i ∈ {1, . . . , n} that:

Ef (p;x) = ln G (p;x)− ln
[
m

M−A(p;x)
M−m ·M

A(p;x)−m
M−m

]
= ln

[
G (p;x)

m
M−A(p;x)

M−m ·M
A(p;x)−m

M−m

]
,

M∨
m

(f) = ln

(
M

m

)
,

f is L−Lipschitzian with the constantL = ‖f ′‖∞,[m,M ] = 1
m

and

f ′ (M)− f ′ (m)

M −m
=

1

mM
,

M∨
m

(f ′) =
M −m

mM
.
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Also, f ′ is K−Lipschitzian with the constantK = ‖f ′′‖∞,[m,M ] = 1
m2 .

Applying Proposition 8.1, we get

0 ≤ ln

[
G (p;x)

m
M−A(p;x)

M−m ·M
A(p;x)−m

M−m

]
≤

[
1

2
+

n∑
i=1

pi

∣∣∣∣∣xi − m+M
2

M −m

∣∣∣∣∣
]

ln

(
M

m

)
,

while from Propositions 8.2 – 8.3 we get

0 ≤ ln

[
G (p;x)

m
M−A(p;x)

M−m ·M
A(p;x)−m

M−m

]
≤ min

{
2

m (M −m)
,

1

mM
,

1

2m2

}
·

n∑
i=1

pi (M − xi) (xi −m)

≤ min

{
2

m (M −m)
,

1

mM
,

1

2m2

}
· [M − A (p;x)] [A (p;x)−m]

≤ min

{
M −m

2m
,
(M −m)2

4mM
,
(M −m)2

8m2

}
.

REMARK 8.1. All the results in this section can be stated for positive linear functionals
defined on linear spaces of functions. Applications for Lebesgue integrals in the general setting
of measurable spaces can be provided as well. However, for the sake of brevity, we do not state
them here.

9. APPLICATIONS FOR f -DIVERGENCES

Now, for 0 < r < 1 < R < ∞ we consider the expression

1

R− r
[(R− 1) f (r) + (1− r) f (R)]

and are interested to compare it with thef -divergenceIf (p,q) which can be extended for larger
classes than convex functions with the same definition and the same conventions as in the case
of convex functions outlined at the begining of the book.

PROPOSITION9.1 (Dragomir, 2008 [53]). Letf : [r, R] → R be a bounded function on the
interval [r, R] with 0 < r < 1 < R < ∞. Assume thatp,q ∈ Pn are such that

(9.1) r ≤ pi

qi

≤ R for eachi ∈ {1, ..., n}

and define the error functional

δf (p,q;r, R) :=
1

R− r
[(R− 1) f (r) + (1− r) f (R)]− If (p,q) .

(i) If −∞ < m ≤ f (t) ≤ M < ∞ for anyt ∈ [r, R] , then

(9.2) |δf (p,q;r, R)| ≤ M −m.

The inequality is sharp.
(ii) If f : [r, R] → R is of bounded variation on[r, R] , then

(9.3) |δf (p,q;r, R)| ≤

[
1

2
+

1

R− r

n∑
i=1

∣∣∣∣pi −
r + R

2
· qi

∣∣∣∣
]

R∨
r

(f) .

The constant1
2

is best possible in (8.5).
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(iii) If f : [r, R] → R is L−Lipschitzian on[r, R] , then

|δf (p,q;r, R)| ≤ 2L

R− r

[
(R− 1) (1− r)− χ2 (p, q)

]
(9.4)

≤ 2L

R− r
(R− 1) (1− r) ≤ 1

2
L (R− r) ,

where the K. Pearsonχ2-divergence is obtained from the general case for the convex
functionf (t) = (1− t)2 , t ∈ R and given by the equivalent expressions:

(9.5) χ2 (p, q) :=
n∑

j=1

qj

(
pj

qj

− 1

)2

=
n∑

j=1

(pj − qj)
2

qj

=
n∑

j=1

p2
j

qj

− 1.

PROOF. The proof follows in a similar manner with the one from Proposition 8.1 on choos-
ing a = r, b = R, pi = qi andxi = pi

qi
with i ∈ {1, ..., n} and the details are omitted.

In the case of convex functions we have

PROPOSITION9.2 (Dragomir, 2008 [53]). If f : [r, R] → R is convex on[r, R] and the
lateral derivativesf ′− (R), f ′+ (r) are finite, then

(0 ≤) δf (p,q;r, R) ≤
f ′− (R)− f ′+ (r)

R− r

[
(R− 1) (1− r)− χ2 (p, q)

]
(9.6)

≤
f ′− (R)− f ′+ (r)

R− r
(R− 1) (1− r)

≤ 1

4
(R− r)

[
f ′− (R)− f ′+ (r)

]
,

provided thatp,q ∈ Pn are such that (9.1) holds.
The inequalities are sharp and1

4
is best possible.

We notice that the result from Proposition 9.2 has been firstly obtained by the author in the
paper [36].

Finally, we can state:

PROPOSITION9.3 (Dragomir, 2008 [53]). Assume thatf : [r, R] → R is absolutely contin-
uous on[r, R] and thatp,q ∈ Pn are such that (9.1) holds.

(i) If f ′ is of bounded variation on[r, R] , then

|δf (p,q;r, R)| ≤ 1

R− r

R∨
r

(f ′)
[
(R− 1) (1− r)− χ2 (p, q)

]
(9.7)

≤ 1

R− r
(R− 1) (1− r)

R∨
r

(f ′) ≤ 1

4
(R− r)

R∨
r

(f ′) .

All inequalities in (9.7) are sharp. The constant1
4

is best possible.
(ii) If f ′ is K−Lipschitzian on[r, R] (K > 0) , then

|δf (p,q;r, R)| ≤ 1

2
K
[
(R− 1) (1− r)− χ2 (p, q)

]
(9.8)

≤ 1

2
K (R− 1) (1− r) ≤ 1

8
(R− r)2 K.

The constants1
2

and 1
8

are best possible.
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CHAPTER 15

Approximation of Kullback-Leibler Distance

1. SOME I NEQUALITIES FOR THE L OGARITHMIC M APPING

The following theorem is well known in the literature as Taylor’s formula or Taylor’s theo-
rem with the integral remainder.

THEOREM 1.1. Let I ⊂ R be a closed interval,a ∈ I and letn be a positive integer. If
f : I −→ R is such thatf (n) is absolutely continuous onI, then for eachx ∈ I

(1.1) f (x) = Tn (f ; a, x) + Rn (f ; a, x)

whereTn (f ; a, x) is Taylor’s polynomial, i.e.,

Tn (f ; a, x) :=
n∑

k=0

(x− a)k

k!
f (k) (a) .

(Note thatf (0) := f and0! := 1), and the remainder is given by

Rn (f ; a, x) :=
1

n!

∫ x

a

(x− t)n f (n+1) (t) dt.

A simple proof of this theorem can be achieved by mathematical induction using the inte-
gration by parts formula.

The following corollary concerning the estimation of the remainder is useful when we want
to approximate real functions by their Taylor expansions.

COROLLARY 1.2. With the above assumptions, we have the estimation

(1.2) |Rn (f ; a, x)| ≤ |x− a|n

n!

∣∣∣∣∫ x

a

∣∣f (n+1) (t)
∣∣ dt

∣∣∣∣
or

(1.3) |Rn (f ; a, x)| ≤ 1

n!

|x− a|n+ 1
β

(nβ + 1)
1
β

∣∣∣∣∫ x

a

∣∣f (n+1) (t)
∣∣α dt

∣∣∣∣ 1
α

whereα > 1 and 1
α

+ 1
β

= 1, and the estimation:

(1.4) |Rn (f ; a, x)| ≤ |x− a|n+1

(n + 1)!
max

{∣∣f (n+1) (t)
∣∣ , t ∈ [a, x] or [x, a]

}
respectively.
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PROOF. The inequalities(1.2) and(1.4) are obvious.
Using Hölder’s integral inequality, we have that∣∣∣∣∫ x

a

(x− t)n f (n+1) (t) dt

∣∣∣∣ ≤ ∣∣∣∣∫ x

a

∣∣f (n+1) (t)
∣∣α dt

∣∣∣∣ 1
α
∣∣∣∣∫ x

a

|x− t|nβ dt

∣∣∣∣ 1
β

=

[
|x− a|nβ+1

nβ + 1

] 1
β ∣∣∣∣∫ x

a

∣∣f (n+1) (t)
∣∣α dt

∣∣∣∣ 1
α

and the inequality(1.3) is also proved.

The following result for the logarithmic mapping holds.

COROLLARY 1.3. Leta, b > 0, then we have the equality:

(1.5) ln b− ln a− b− a

a
+

n∑
k=2

(−1)k (b− a)k

kak
= (−1)n

∫ b

a

(b− t)n

tn+1
dt.

PROOF. Consider the mappingf : (0,∞) −→ R, f (x) = ln x, then,

f (n) (x) =
(−1)n−1 (n− 1)!

xn
, n ≥ 1, x > 0,

Tn (f ; a, x) = ln a +
n∑

k=1

(−1)k−1 (x− a)k

kak
, a > 0

and

Rn (f ; a, x) = (−1)n

∫ x

a

(x− t)n

tn+1
dt.

Now, using(1.1) , we have the equality,

ln x = ln a +
n∑

k=1

(−1)k−1 (x− a)k

kak
+ (−1)n

∫ x

a

(x− t)n

tn+1
dt,

i.e.,

ln x− ln a +
n∑

k=1

(−1)k (x− a)k

kak
= (−1)n

∫ x

a

(x− t)n

tn+1
dt, x, a > 0.

Choosing in the last equalityx = b, we get(1.5) .

The following inequality for logarithms holds.

COROLLARY 1.4. For all a, b > 0, we have the inequality:

(1.6)

∣∣∣∣∣ln b− ln a− b− a

a
+

n∑
k=2

(−1)k (b− a)k

kak

∣∣∣∣∣

≤



|b−a|n|bn−an|
nanbn ;

|b−a|n+ 1
β

[(n+1)α−1]
1
α (nβ+1)

1
β

[
|b(n+1)α−1−a(n+1)α−1|

b(n+1)α−1a(n+1)α−1

] 1
α

, α > 1, 1
α

+ 1
β

= 1;

|b−a|n+1

n+1

[
1

min{a,b}

]n+1

.

The equality holds if and only ifa = b.
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PROOF. We use Corollary1.2 for mappingf : (0,∞) → R, f (x) = ln x for which we
have, ∫ b

a

∣∣f (n+1) (t)
∣∣ dt = n!

∫ b

a

dt

tn+1
= n!

[
t−n+1−1

−n + 1− 1

∣∣∣∣b
a

]

=
n!

n

[
1

an
− 1

bn

]
=

n!

n
· bn − an

anbn
.

Also, ∫ b

a

∣∣f (n+1) (t)
∣∣α dt = (n!)α

∫ b

a

dt

tα(n+1)
=

(n!)α

(n + 1) α− 1
· b(n+1)α−1 − a(n+1)α−1

b(n+1)α−1 · a(n+1)α−1

and

max
{∣∣f (n+1) (t)

∣∣ , t ∈ [a, b] or t ∈ [b, a]
}

= max

{
n!

1

tn+1
, t ∈ [a, b] or t ∈ [b, a]

}
= n!

1

min {an+1, bn+1}
= n!

[
1

min {a, b}

]n+1

.

The equality in(1.6) holds via the representation(1.5), the details are omitted.

REMARK 1.1. By the concavity property ofln (·) we have

ln b− ln a ≤ b− a

a

and then, if we choosen = 1 in (1.6), we get the following counterpart result.

0 ≤ b− a

a
− ln b + ln a

≤


(b−a)2

ab
;

|b−a|1+
1
β |b2α−1−a2α−1|

1
α

(2α−1)
1
α (β+1)

1
β a2− 1

α b2−
1
α

, α > 1, 1
α

+ 1
β

= 1;

(b−a)2

2
· 1

min2{a,b} .

The equality holds in both inequalities simultaneously if and only ifa = b.

REMARK 1.2. If we choosen = 2 in (1.6) , we get,∣∣∣∣∣ln b− ln a− b− a

a
+

(b− a)2

2a2

∣∣∣∣∣
≤


(b−a)3

a2b2
· a+b

2
;

|b−a|2+
1
β |b3α−1−a3α−1|

1
α

(3α−1)
1
α (2β+1)

1
β a3− 1

α b3−
1
α

, α > 1, 1
α

+ 1
β

= 1;

(b−a)3

3
· 1

min3{a,b} .

The equality holds in both inequalities simultaneously if and only ifa = b.
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2. INEQUALITIES FOR RELATIVE ENTROPY

Let X andY be two random variables having the probabilitypi, qi, i ∈ {1, ...,m} , then we
have the following representation of relative entropy [63].

THEOREM 2.1 (Dragomir & Gluš̌cevíc, 2001 [63]). With the above assumptions ofX and
Y , we have,

(2.1) DKL (p, q) =
n∑

k=2

m∑
i=1

(pi − qi)
k

kpk−1
i

+ (−1)n−1
m∑

i=1

pi

(∫ qi

pi

(qi − t)n

tn+1
dt

)
or

(2.2) DKL (p, q) =
n∑

k=1

m∑
i=1

pi

(
(−1)k−1 (pi − qi)

k

kqk
i

)

+ (−1)n
m∑

i=1

pi

(∫ pi

qi

(pi − t)n

tn+1
dt

)
.

PROOF. Choosea = pi, b = qi, i ∈ {1, ...,m} in (1.5) to get,

(2.3) ln qi − ln pi −
qi − pi

pi

+
n∑

k=2

(−1)k (qi − pi)
k

kpk
i

= (−1)n

∫ qi

pi

(qi − t)n

tn+1
dt.

Multiply (2.3) by pi and sum overi to obtain,

(2.4) −DKL (p, q)−
m∑

i=1

(qi − pi)

+
m∑

i=1

(
n∑

k=2

(−1)k (qi − pi)
k

kpk−1
i

)

= (−1)n
m∑

i=1

pi

(∫ qi

pi

(qi − t)n

tn+1
dt

)
.

However,
m∑

i=1

(qi − pi) = 0,

therefore, by(2.4) we get(2.1) .
To prove the second equality, chooseb = pi, a = qi, i ∈ {1, ...,m} in (1.5) to get,

(2.5) ln pi − ln qi −
pi − qi

qi

+
n∑

k=2

(−1)k (pi − qi)
k

kqk
i

= (−1)n

∫ pi

qi

(pi − t)n

tn+1
dt.

AJMAA, Vol. 15, No. 1, Art. 1, pp. 1-275, 2018 AJMAA

http://ajmaa.org


206 S. S. DRAGOMIR

Multiply (2.5) by pi and sum overi to get,

DKL (p, q) =
m∑

i=1

pi

(
n∑

k=1

(−1)k−1 (pi − qi)
k

kqk
i

)

+ (−1)n
m∑

i=1

pi

(∫ pi

qi

(pi − t)n

tn+1
dt

)
from which we deduce(2.2) .

Using Corollary1.4, we can give the following result containing an approximation of the
relative entropy [63].

THEOREM2.2 (Dragomir & Gluš̌cevíc, 2001 [63]). With the above assumption overX and
Y , we have,∣∣∣∣∣DKL (p, q)−

n∑
k=2

m∑
i=1

(pi − qi)
k

kpk−1
i

∣∣∣∣∣

≤ M :=



1
n

∑m
i=1

|qi−pi|n|qn
i −pn

i |
pn−1

i qn
i

;

1

[(n+1)α−1]
1
α (nβ+1)

1
β

∑m
i=1 pi |qi − pi|n+ 1

β

×
[ ���q(n+1)α−1

i −p
(n+1)α−1
i

���
q
(n+1)α−1
i p

(n+1)α−1
i

] 1
α

;

1
n+1

∑m
i=1 pi |qi − pi|n+1

×
[

1
min{pi,qi}

]n+1

;

and ∣∣∣∣∣DKL (p, q)−
m∑

i=1

pi

(
n∑

k=1

(−1)k−1 (pi − qi)
k

kqk
i

)∣∣∣∣∣ ≤ M.

PROOF. Proof of the first inequality is obvious by Corollary 1.4, choosinga = pi, b = qi,
multiplying by qi and summing overi ∈ {1, ...,m} . Proof for second inequality is obvious by
Corollary 1.4, choosingb = pi, a = qi, multiplying by qi and summing overi ∈ {1, ...,m}.

COROLLARY 2.3 (Dragomir & Gluš̌cevíc, 2001 [63]). Under the assumptions of Theorem
2.2 forn = 1, we have,

(2.6) DKL (p, q) ≤ M1

where

M1 :=



∑m
i=1

(qi−pi)
2

qi
= Dχ2 (q, p) ;

1

(2α−1)
1
α (β+1)

1
β

∑m
i=1 pi |qi − pi|1+

1
β × |q2α−1

i −p2α−1
i |

1
α

q
2− 1

α
i p

2− 1
α

i

;

1
2

∑m
i=1 pi (qi − pi)

2 × 1
min2{pi,qi}

;

and

(2.7) 0 ≤ Dχ2 (q, p)−DKL (p, q) ≤ M1,

where α > 1 and 1
α

+ 1
β

= 1.
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REMARK 2.1. The first inequality in(2.6) is equivalent to (see also [78]):

DKL (p, q) ≤ Dχ2 (q, p)− 1.

We introduce the notationMα,β for the second term inM1 and apply Hölder’s inequality.
We can then write,

Mα,β :=
m∑

i=1

pi |qi − pi|
β+1

β ×
∣∣q2α−1

i − p2α−1
i

∣∣ 1
α

q
2− 1

α
i p

2− 1
α

i

≤

(
m∑

i=1

pi |qi − pi|β+1

) 1
β
(

m∑
i=1

∣∣q2α−1
i − p2α−1

i

∣∣
q2α−1
i p2α−2

i

) 1
α

:= M̃α,β

and from the second inequality of (2.6) we obtain,

DKL (p, q) ≤ 1

(2α− 1)
1
α (β + 1)

1
β

M̃α,β.

Forα = β = 2, we get the particular inequality,

DKL (p, q) ≤ 1

3

(
m∑

i=1

pi |qi − pi|3
) 1

2
(

m∑
i=1

|q3
i − p3

i |
q3
i p

2
i

) 1
2

.

If we assume that

(2.8) inf
x∈Γ

[min {pi, qi}] = δ > 0

then from the third inequality of (2.6) we have,

DKL (p, q) ≤ 1

2δ2

m∑
i=1

pi (qi − pi)
2 .

REMARK 2.2. Since
m∑

i=1

pi

qi

(pi − qi) = Dχ2 (q, p) ,

then the first inequality in (2.7) is obvious.
Using Hölder’s inequality, from the second inequality in (2.7) we get,

Dχ2 (q, p)−DKL (p, q) ≤ 1

(2α− 1)
1
α (β + 1)

1
β

M̃α,β.

If, as above, we assume that (2.8) holds, then from the third inequality in (2.7) we have,

Dχ2 (q, p)−DKL (p, q) ≤ 1

2δ2

m∑
i=1

pi (qi − pi)
2 .

3. INEQUALITIES FOR THE ENTROPY M APPING

Let X be a random variable having the probability mass functionpi, i ∈ {1, ...,m} . Con-
sider theentropy mapping,

H (X) =
m∑

i=1

pi

(
ln

1

pi

)
.

We have the following representation ofH (X) [63].
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THEOREM 3.1 (Dragomir & Gluš̌cevíc, 2001 [63]). With the above assumption forX, we
have,

(3.1) H (X) = ln m−
n∑

k=2

m∑
i=1

(mpi − 1)k

kmkpk−1 (x)

+
(−1)n

mn

m∑
i=1

pi

(∫ 1
m

pi

(1−mt)n

tn+1
dt

)
or

(3.2) H (X) = ln m +
n∑

k=1

m∑
i=1

pi

(
(−1)k (mpi − 1)k

k

)

+ (−1)n+1
m∑

i=1

pi

(∫ pi

1
m

(pi − t)n

tn+1
dt

)
.

PROOF. Putq = u in (2.1), whereu is the uniform distribution, i.e.,ui = 1
m

, then,

ln m−H (X) =
n∑

k=2

m∑
i=1

(
pi − 1

m

)k
kpk−1

i

+ (−1)n−1
m∑

i=1

pi

(∫ 1
m

pi

(
1
m
− t
)n

tn+1
dt

)

=
n∑

k=2

m∑
i=1

(mpi − 1)k

kmkpk−1
i

+
(−1)n−1

mn

m∑
i=1

pi

(∫ 1
m

pi

(1−mt)n

tn+1
dt

)
from which results(3.1) .
Putq = u in (2.2) to get,

ln m−H (X) =
m∑

i=1

pi

n∑
k=1

(−1)k−1 (pi − 1
m

)k
k 1

mk

+ (−1)n
m∑

i=1

pi

(∫ pi

1
m

(pi − t)n

tn+1
dt

)

=
n∑

k=1

m∑
i=1

pi
(−1)k−1 (mpi − 1)k

k

+ (−1)n
m∑

i=1

pi

(∫ pi

1
m

(pi − t)n

tn+1
dt

)
,

from which results(3.2) .

Using Theorem 2.2, we can state the following result concerning the approximation of the
entropy mapping [63].
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THEOREM 3.2 (Dragomir & Gluš̌cevíc, 2001 [63]). With the above assumption forX, we
have,∣∣∣∣∣H (X)− ln m +

n∑
k=2

m∑
i=1

(mpi − 1)k

kmkpk−1
i

∣∣∣∣∣

≤ µ :=



1
nmn

∑m
i=1

|1−mpi|n|1−[m]npn
i |

pn−1
i

;

1

[(n+1)α−1]
1
α (nβ+1)

1
β

∑m
i=1 pi

∣∣ 1
m
− pi

∣∣n+ 1
β

×
[ ���1−m(n+1)α−1p

(n+1)α−1
i

���
p
(n+1)α−1
i

] 1
α

;

1
n+1

∑m
i=1 pi

∣∣ 1
m
− pi

∣∣n+1 ×
[

1

min{pi,
1
m}

]n+1

;

and ∣∣∣∣∣H (X)− ln m−
m∑

i=1

pi

n∑
k=1

(−1)k (mpi − 1)k

k

∣∣∣∣∣ ≤ µ.

4. INEQUALITIES FOR M UTUAL I NFORMATION

Let X andY be random variables having the probability distributionspi, qj, i ∈ {1, ...,m} ,
j ∈ {1, ...,m}. Consider themutual information[21],

I (X, Y ) =
m∑

i=1

m∑
i=1

pij ln
pij

piqj

,

wherepij, i ∈ {1, ...,m} , j ∈ {1, ...,m} is the mutual probability distribution.
We have the following representation forI (X, Y ) [63].

THEOREM 4.1 (Dragomir & Gluš̌cevíc, 2001 [63]). With the above assumption forX and
Y ,

I (X, Y ) =
n∑

k=2

m∑
i=1

m∑
j=1

(pij − piqj)
k

kpk−1
ij

+ (−1)n−1
m∑

j=1

m∑
i=1

pij

(∫ piqj

pij

(piqj − t)n

tn+1
dt

)
or

I (X, Y ) =
n∑

k=1

m∑
i=1

m∑
j=1

pij

(
(−1)k−1 (pij − piqj)

k

kpk
i q

k
j

)

+ (−1)n
m∑

i=1

m∑
j=1

pij

(∫ pij

piqj

(pij − t)n

tn+1
dt

)
.

The proof follows by Theorem 2.1, taking into account that

I (X, Y ) = D (pij ‖piqj ) .

Finally, using Theorem 2.2, we can state the following estimation of themutual information.
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THEOREM4.2 (Dragomir & Gluš̌cevíc, 2001 [63]). With the above assumption overX and
Y , we have: ∣∣∣∣∣I (X, Y )−

n∑
k=2

m∑
i=1

m∑
j=1

(pij − piqj)
k

kpk−1
ij

∣∣∣∣∣

≤ M̃ :=



1
n

∑m
i=1

∑m
j=1

|piqj−pij |n

pn−1
ij pn−1

i qn−1
j (y)

×
∣∣pn

i q
n
j − pn

ij

∣∣ ;
1

[(n+1)α−1]
1
α (nβ+1)

1
β

∑m
i=1

∑m
j=1 pij × |piqj − pij|n+ 1

β

×
[ ���p(n+1)α−1

i q
(n+1)α−1
j −p

(n+1)α−1
ij

���
p
(n+1)α−1
i q

(n+1)α−1
j p

(n+1)α−1
ij

] 1
α

;

1
n+1

∑m
i=1

∑m
j=1 pij × |piqj − pij|n+1

×
[

1
min{pij ,piqj}

]n+1

;

and ∣∣∣∣∣I (X, Y )−
n∑

k=1

m∑
i=1

m∑
j=1

pij
(−1)k−1 (pij − piqj)

k

kpk
i q

k
j

∣∣∣∣∣ ≤ M̃.
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CHAPTER 16

Approximation of f -Divergences Via Taylor Expansions

1. GENERAL RESULTS

We start with the following result [4].

THEOREM 1.1 (Barnett et al., 2002 [4]). Let f : (0,∞) → R ben−time differentiable and
such thatf (n) is absolutely continuous on[r, R], where0 < r ≤ 1 ≤ R < ∞. Assume that the
probability distributionsp, q satisfy the condition,

(1.1) r ≤ pi

qi

≤ R, i ∈ {1, ...,m} .

We then have,∣∣∣∣∣If (p, q)− f (1)−
n∑

k=1

f (k) (1)

k!
Dχk (p, q)

∣∣∣∣∣(1.2)

≤



1
(n+1)!

∥∥f (n+1)
∥∥
∞ D|χ|n+1 (p, q) if f (n+1) ∈ L∞ [r, R] ;

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α
D
|χ|n+ 1

β
(p, q) if f (n+1) ∈ Lα [r, R] ,

α > 1, 1
α

+ 1
β

= 1;

1
n!

∥∥f (n+1)
∥∥

1
D|χ|n (p, q) ;

≤



1
(n+1)!

∥∥f (n+1)
∥∥
∞ (R− r)n+1 if f (n+1) ∈ L∞ [r, R] ;

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α
(R− r)n+ 1

β if f (n+1) ∈ Lα [r, R] ,

α > 1, 1
α

+ 1
β

= 1;
1
n!

∥∥f (n+1)
∥∥

1
(R− r)n ;

where

Dχk (p, q) :=
m∑

i=1

(pi − qi)
k

qk−1
i

,

D|χ|s (p, q) :=
m∑

i=1

|pi − qi|s

qs−1
i

(k ∈ N, s ≥ 0)

and‖·‖α are the usual Lebesgue norms, i.e.,

∥∥f (n+1)
∥∥

α
:=

(∫ R

r

∣∣f (n+1)
∣∣α dt

) 1
α

, α ≥ 1,∥∥f (n+1)
∥∥
∞ := ess sup

t∈[r,R]

∣∣f (n+1) (t)
∣∣ .
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PROOF. We start with a Taylor expansion with integral remainder:

(1.3) f (z) = f (a) +
n∑

k=1

(z − a)k

k!
f (k) (a) +

1

n!

∫ z

a

(z − t)n f (n+1) (t) dt

for all z, a ∈ (0,∞).
Using the properties of the modulus, we have,∣∣∣∣∣f (z)− f (a)−

n∑
k=1

(z − a)k

k!
f (k) (a)

∣∣∣∣∣ ≤ 1

n!

∣∣∣∣∫ z

a

|z − t|n
∣∣f (n+1) (t)

∣∣ dt

∣∣∣∣(1.4)

:= M
(
f (n+1); a, z

)
.

Now, assume thata, z ∈ [r, R], then, obviously,

M
(
f (n+1); a, z

)
≤ sup

t∈[r,R]

∣∣f (n+1) (t)
∣∣ 1

n!

∣∣∣∣∫ z

a

|z − t|n dt

∣∣∣∣(1.5)

=
1

(n + 1)!

∥∥f (n+1)
∥∥
∞ |z − a|n+1 ,

for all a, z ∈ [r, R].
Also, by use of Hölder’s integral inequality, we have:

M
(
f (n+1); a, z

)
(1.6)

≤ 1

n!

∣∣∣∣∫ z

a

|x− t|nβ dt

∣∣∣∣ 1
β
[∫ z

a

∣∣f (n+1) (t)
∣∣α dt

] 1
α

≤ 1

n!

∥∥f (n+1)
∥∥

α

[
|z − a|nβ+1

nβ + 1

] 1
β

=
1

n! (nβ + 1)
1
β

∥∥f (n+1)
∥∥

α
|z − a|n+ 1

β , α > 1,
1

α
+

1

β
= 1

and, obviously,

M
(
f (n+1); a, z

)
≤ 1

n!
|z − a|n

∣∣∣∣∫ z

a

∣∣f (n+1) (t)
∣∣ dt

∣∣∣∣(1.7)

≤ 1

n!
|z − a|n

∥∥f (n+1)
∥∥

1

for all z, a ∈ [r, R].
Consequently, by (1.4)-(1.7), we may write (see also [33] for a similar inequality),

(1.8)

∣∣∣∣∣f (z)− f (a)−
n∑

k=1

(z − a)k

k!
f (k) (a)

∣∣∣∣∣
≤



1
(n+1)!

∥∥f (n+1)
∥∥
∞ |z − a|n+1 if f (n+1) ∈ L∞ [r, R] ;

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α
|z − a|n+ 1

β if f (n+1) ∈ Lα [r, R] ,

α > 1, 1
α

+ 1
β

= 1;
1
n!

∥∥f (n+1)
∥∥

1
|z − a|n ,

for all z, a ∈ [r, R].
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If in (1.8) we choosez = pi

qi
, a = 1, then we obtain,∣∣∣∣∣∣∣f

(
pi

qi

)
− f (1)−

n∑
k=1

(
pi

qi
− 1
)k

k!
f (k) (1)

∣∣∣∣∣∣∣(1.9)

≤



1
(n+1)!

∥∥f (n+1)
∥∥
∞

∣∣∣pi

qi
− 1
∣∣∣n+1

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α

∣∣∣pi

qi
− 1
∣∣∣n+ 1

β

1
n!

∥∥f (n+1)
∥∥

1

∣∣∣pi

qi
− 1
∣∣∣n ,

≤


1

(n+1)!

∥∥f (n+1)
∥∥
∞ (R− r)n+1

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α
(R− r)n+ 1

β

1
n!

∥∥f (n+1)
∥∥

1
(R− r)n ,

for i ∈ {1, ...,m}.
If we multiply (1.9) byqi ≥ 0 and sum overi, and then use the generalised triangle inequal-

ity, ∣∣∣∣∣If (p, q)− f (1)−
n∑

k=1

f (k) (1)

k!
·

m∑
i=1

(pi − qi)
k

qk−1
i

∣∣∣∣∣
≤



1
(n+1)!

∥∥f (n+1)
∥∥
∞

∑m
i=1

|pi−qi|n+1

qn
i

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α

∑m
i=1

|pi−qi|
n+ 1

β

q
n+ 1

β
−1

i

1
n!

∥∥f (n+1)
∥∥

1

∑m
i=1

|pi−qi|n

qn−1
i

,

≤


1

(n+1)!

∥∥f (n+1)
∥∥
∞ (R− r)n+1

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α
(R− r)n+ 1

β

1
n!

∥∥f (n+1)
∥∥

1
(R− r)n ,

and the inequality (1.1) is proved.

The following theorem also holds [4].

THEOREM 1.2 (Barnett et al., 2002 [4]). Let f be as in Theorem 1.1. Ifp(j), q(j) (j = 1, 2)
are probability distributions such that,

(1.10) r ≤ p
(j)
i

q
(j)
i

≤ R, i ∈ {1, ...,m} andj = 1, 2,

then

(1.11) r ≤ λp
(1)
i + (1− λ) p

(2)
i

λq(1) + (1− λ) q(2)
≤ R for i ∈ {1, ...,m} and λ ∈ [0, 1]
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and we have the inequality, forf (n+1) ∈ Lα [r, R],∣∣∣∣If

(
λp(1) + (1− λ) p(2), λq(1) + (1− λ) q(2)

)
(1.12)

− λIf

(
p(1), q(1)

)
− (1− λ) If

(
p(2), q(2)

)
− λ

n∑
k=1

1

k!

m∑
i=1

(1− λ)k[
q
(1)
i

]k−1
(−1)k ηk

i f
(k)

(
p

(1)
i

q
(1)
i

)

− (1− λ)
n∑

k=1

1

k!

m∑
i=1

λk[
q
(2)
i

]k−1
ηk

i f
(k)

(
p

(2)
i

q
(2)
i

)∣∣∣∣∣∣∣

≤



1
(n+1)!

∥∥f (n+1)
∥∥
∞ λ (1− λ)

×
∑m

i=1 |ηi|
n+1

[
(1−λ)n
h
q
(1)
i

in + λnh
q
(2)
i

in

]
;

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α
λ (1− λ)

×
∑m

i=1 |ηi|
n+ 1

β

[
(1−λ)

n+ 1
β
−1

h
q
(1)
i

in+ 1
β
−1

+ λ
n+ 1

β
−1

h
q
(2)
i

in+ 1
β
−1

]
;

1
n!

∥∥f (n+1)
∥∥

1
λ (1− λ)

×
∑m

i=1 |ηi|
n

[
(1−λ)n−1

h
q
(1)
i

in−1 + λn−1
h
q
(2)
i

in−1

]
,

where

ηi = η
(
λ, p(1), p(2), q(1), q(2)

)
(i) =

det

 p
(1)
i p

(2)
i

q
(1)
i q

(2)
i


λq

(1)
i + (1− λ) q

(2)
i

,

for all λ ∈ [0, 1] andi ∈ {1, ...,m}.

PROOF. We use the inequality (1.8) to write,

(1.13)

∣∣∣∣∣f
(

λp
(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)
− f

(
p

(1)
i

q
(1)
i

)

−
n∑

k=1

1

k!

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(1)
i

q
(1)
i

)k

f (k)

(
p

(1)
i

q
(1)
i

)∣∣∣∣∣∣

≤



1
(n+1)!

∥∥f (n+1)
∥∥
∞

∣∣∣∣λp
(1)
i +(1−λ)p

(2)
i

λq
(1)
i +(1−λ)q

(2)
i

− p
(1)
i

q
(1)
i

∣∣∣∣n+1

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α

∣∣∣∣λp
(1)
i +(1−λ)p

(2)
i

λq
(1)
i +(1−λ)q

(2)
i

− p
(1)
i

q
(1)
i

∣∣∣∣n+ 1
β

1
n!

∥∥f (n+1)
∥∥

1

∣∣∣∣λp
(1)
i +(1−λ)p

(2)
i

λq
(1)
i +(1−λ)q

(2)
i

− p
(1)
i

q
(1)
i

∣∣∣∣n ,
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and

(1.14)

∣∣∣∣∣f
(

λp
(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)
− f

(
p

(2)
i

q
(2)
i

)

−
n∑

k=1

1

k!

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(2)
i

q
(2)
i

)k

f (k)

(
p

(2)
i

q
(2)
i

)∣∣∣∣∣∣

≤



1
(n+1)!

∥∥f (n+1)
∥∥
∞

∣∣∣∣λp
(1)
i +(1−λ)p

(2)
i

λq
(1)
i +(1−λ)q

(2)
i

− p
(2)
i

q
(2)
i

∣∣∣∣n+1

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α

∣∣∣∣λp
(1)
i +(1−λ)p

(2)
i

λq
(1)
i +(1−λ)q

(2)
i

− p
(2)
i

q
(2)
i

∣∣∣∣n+ 1
β

1
n!

∥∥f (n+1)
∥∥

1

∣∣∣∣λp
(1)
i +(1−λ)p

(2)
i

λq
(1)
i +(1−λ)q

(2)
i

− p
(2)
i

q
(2)
i

∣∣∣∣n .

If we multiply (1.13) byλq
(1)
i and (1.14) by(1− λ) q

(2)
i , add them and apply the triangle in-

equality, we obtain,

(1.15)

∣∣∣∣∣(λq
(1)
i + (1− λ) q

(2)
i

)
f

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)

− λq
(1)
i f

(
p

(1)
i

q
(1)
i

)
− (1− λ) q

(2)
i f

(
p

(2)
i

q
(2)
i

)

− λq
(1)
i

n∑
k=1

1

k!

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(1)
i

q
(1)
i

)k

f (k)

(
p

(1)
i

q
(1)
i

)

− (1− λ)
n∑

k=1

1

k!

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

− p
(2)
i

q
(2)
i

)k

f (k)

(
p

(2)
i

q
(2)
i

)∣∣∣∣∣∣

≤



1
(n+1)!

∥∥f (n+1)
∥∥
∞

[
λq

(1)
i

∣∣∣∣λp
(1)
i +(1−λ)p

(2)
i

λq
(1)
i +(1−λ)q

(2)
i

− p
(1)
i

q
(1)
i

∣∣∣∣n+1

+ (1− λ) q
(2)
i

∣∣∣∣λp
(1)
i +(1−λ)p

(2)
i

λq
(1)
i +(1−λ)q

(2)
i

− p
(2)
i

q
(2)
i

∣∣∣∣n+1
]

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α

[
λq

(1)
i

∣∣∣∣λp
(1)
i +(1−λ)p

(2)
i

λq
(1)
i +(1−λ)q

(2)
i

− p
(1)
i

q
(1)
i

∣∣∣∣n+ 1
β

+ (1− λ) q
(2)
i

∣∣∣∣λp
(1)
i +(1−λ)p

(2)
i

λq
(1)
i +(1−λ)q

(2)
i

− p
(2)
i

q
(2)
i

∣∣∣∣n+ 1
β

]
1
n!

∥∥f (n+1)
∥∥

1

[
λq

(1)
i

∣∣∣∣λp
(1)
i +(1−λ)p

(2)
i

λq
(1)
i +(1−λ)q

(2)
i

− p
(1)
i

q
(1)
i

∣∣∣∣n
+ (1− λ) q

(2)
i

∣∣∣∣λp
(1)
i +(1−λ)p

(2)
i

λq
(1)
i +(1−λ)q

(2)
i

− p
(2)
i

q
(2)
i

∣∣∣∣n] ,
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which is equivalent to

(1.16)

∣∣∣∣∣(λq
(1)
i + (1− λ) q

(2)
i

)
f

(
λp

(1)
i + (1− λ) p

(2)
i

λq
(1)
i + (1− λ) q

(2)
i

)

− λq
(1)
i f

(
p

(1)
i

q
(1)
i

)
− (1− λ) q

(2)
i f

(
p

(2)
i

q
(2)
i

)

− λ
n∑

k=1

1

k!

(1− λ)k (Det2,1 (i))k[
λq

(1)
i + (1− λ) q

(2)
i

]k [
q
(1)
i

]k−1
f (k)

(
p

(1)
i

q
(1)
i

)

− (1− λ)
n∑

k=1

1

k!

λk (Det1,2 (i))k[
λq

(1)
i + (1− λ) q

(2)
i

]k [
q
(2)
i

]k−1
f (k)

(
p

(2)
i

q
(2)
i

)∣∣∣∣∣∣∣

≤



1
(n+1)!

∥∥f (n+1)
∥∥
∞

[
λ(1−λ)n+1|Det2,1(i)|n+1

h
λq

(1)
i +(1−λ)q

(2)
i

in+1h
q
(1)
i

in

+ (1−λ)λn+1|Det2,1(i)|n+1

h
λq

(1)
i +(1−λ)q

(2)
i

in+1h
q
(2)
i

in

]
;

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α

[
λ(1−λ)

n+ 1
β |Det2,1(i)|n+ 1

β

h
λq

(1)
i +(1−λ)q

(2)
i

in+ 1
β
h
q
(1)
i

in+ 1
β
−1

+ (1−λ)λ
n+ 1

β |Det2,1(i)|n+ 1
β

h
λq

(1)
i +(1−λ)q

(2)
i

in+ 1
β
h
q
(2)
i

in+ 1
β
−1

]
;

1
n!

∥∥f (n+1)
∥∥

1

[
λ(1−λ)n|Det2,1(i)|nh

λq
(1)
i +(1−λ)q

(2)
i

inh
q
(1)
i

in−1

+ (1−λ)λn|Det2,1(i)|nh
λq

(1)
i +(1−λ)q

(2)
i

inh
q
(2)
i

in−1

]
;

=



1
(n+1)!

∥∥f (n+1)
∥∥
∞

λ(1−λ)|Det2,1(i)|n+1

h
λq

(1)
i +(1−λ)q

(2)
i

in+1

[
(1−λ)n
h
q
(1)
i

in + λnh
q
(2)
i

in

]
;

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α

λ(1−λ)|Det2,1(i)|n+ 1
β

h
λq

(1)
i +(1−λ)q

(2)
i

in+ 1
β

×

[
(1−λ)

n+ 1
β
−1

h
q
(1)
i

in+ 1
β
−1

+ λ
n+ 1

β
−1

h
q
(2)
i

in+ 1
β
−1

]
;

1
n!

∥∥f (n+1)
∥∥

1

λ(1−λ)|Det2,1(i)|nh
λq

(1)
i +(1−λ)q

(2)
i

in

[
(1−λ)n−1

h
q
(1)
i

in−1 + λn−1
h
q
(2)
i

in−1

]
,

where

Dety,z (i) = det

[
p

(y)
i p

(z)
i

q
(y)
i q

(z)
i

]
, (y, z) ∈ {(1, 2) , (2, 1)} .

Summing (1.16) overi and using the generalised triangle inequality, we deduce the desired
inequality (1.12).
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In [35], S.S. Dragomir proved the following perturbed Taylor’s formula which is an im-
provement of a result due to Matić, Pěcaríc and Ujevíc [106]. It is instructive to give the details
here for the sake of completeness.

LEMMA 1.3 (Dragomir, 2000 [35]). Let f : I ⊆ R → R be such thatf (n) is absolutely
continuous andf (n+1) ∈ L2 (I), then we have,

(1.17) f (z) =
n∑

k=0

(z − a)k

k!
f (k) (a) +

(z − a)n+1

(n + 1)!

[
f (n); a, z

]
+ Gn (f ; a, z)

for all z ∈ I, where, [
f (n); a, z

]
=

f (n) (z)− f (n) (a)

z − a

andGn (f ; a, z) satisfies the estimate,

(1.18) |Gn (f ; a, z)| ≤ n (z − a)n+1

(n + 1)!
√

2n + 1

[
1

z − a

∥∥f (n+1)
∥∥2

2
−
([

f (n); a, z
])2] 1

2

for all z ≥ a.

PROOF. Recall Korkine’s identity for the mappingsh, g,

(1.19)
1

z − a

∫ z

a

h (t) g (t) dt− 1

(z − a)2

∫ z

a

h (t) dt ·
∫ z

a

g (t) dt

=
1

2 (z − a)

∫ z

a

∫ z

a

(h (t)− h (s)) (g (t)− g (s)) dtds.

Using (1.19), we have,∫ z

a

(z − t)n

n!
f (n+1) (t) dt− 1

z − a

∫ z

a

(z − t)n

n!
dt ·

∫ z

a

f (n+1) (t) dt

=
1

2 (z − a)

∫ z

a

∫ z

a

(
(z − t)n − (z − s)n

n!

)(
f (n+1) (t)− f (n+1) (s)

)
dtds

and using Taylor’s representation (1.3) and the formula (1.17), we conclude that,

(1.20) Gn (f ; a, z)

=
1

2 (z − a)

∫ z

a

∫ z

a

[
(z − t)n − (z − s)n

n!

] (
f (n+1) (t)− f (n+1) (s)

)
dtds.

Now, using the Cauchy-Buniakowski-Schwartz integral inequality for double integrals, we
have,

(1.21) |Gn (f ; a, z)| ≤ 1

2 (z − a)

[∫ z

a

∫ z

a

[
(z − t)n − (z − s)n

n!

]2

dtds

×
∫ z

a

∫ z

a

[
f (n+1) (t)− f (n+1) (s)

]2
dtds

] 1
2

.

Elementary calculations show that,

1

2 (z − a)2

∫ z

a

∫ z

a

[
(z − t)n − (z − s)n

n!

]2

dtds =
n2 (z − a)2n

[(n + 1)!]2 (2n + 1)
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and (see also [106])

1

2 (z − a)2

∫ z

a

∫ z

a

[
f (n+1) (t)− f (n+1) (s)

]2
dtds

=
1

z − a

∥∥f (n+1)
∥∥2

2
−
([

f (n); a, z
])2

,

and so, by (1.21), we deduce (1.18).

Now, by the Grüss inequality, we may state that,

0 ≤ 1

z − a

∫ z

a

[
f (n+1) (t)

]2
dt−

(
1

z − a

∫ z

a

f (n+1) (t) dt

)2

≤ 1

4
(Γ (z)− γ (z)) ,

where

(1.22) γ (z) ≤ f (n+1) (t) ≤ Γ (z) for all t ∈ [a, z] .

By Lemma 1.3, we can obtain the result in [35], showing that (1.18) is an improvement on the
pre-Grüss result obtained in [106].

COROLLARY 1.4. Let f : I ⊆ R → R be such thatf (n) is absolutely continuous and
f (n+1) is bounded and satisfies (1.22), then we have the representation (1.17) and the remainder
Gn (f ; a, z) satisfies the estimate,

(1.23) |Gn (f ; a, z)| ≤ n (z − a)n+1

2 (n + 1)!
√

2n + 1
(Γ (z)− γ (z))

for all z ≥ a.

If z ≤ a, then a similar bound can be stated and so, in general, for anya ∈ I, we have the
representation (1.17) and the bounds,

|Gn (f ; a, z)|(1.24)

≤ n |z − a|n+1

(n + 1)!
√

2n + 1

[∫ z

a

[
f (n+1) (t)

]2
dt

z − a
−
([

f (n); a, z
])2] 1

2

≤ n |z − a|n+1

2 (n + 1)!
√

2n + 1
(Γ (z)− γ (z)) ,

where

Γ := sup
z∈I

f (n+1) (z) < ∞ and γ := inf
z∈I

f (n+1) (z) > −∞.

In what follows, we use the estimate (1.24) [4].

THEOREM 1.5 (Barnett et al., 2002 [4]). Let f : (0,∞) → R ben-time differentiable and
such thatf (n) is absolutely continuous on[r, R], where0 < r ≤ 1 ≤ R < ∞. Assume that the
probability distributionsp, q satisfy the condition,

(1.25) r ≤ pi

qi

≤ R a.e onΓ,
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then we have the inequalities,∣∣∣∣∣If (p, q)− f (1)−

[
n∑

k=1

f (k) (1)

k!
Dχk (p, q)

]
(1.26)

− 1

(n + 1)!
I(·−1)kf (k)(·) (p, q) +

f (n) (1)

(n + 1)!
Dχn (p, q)

∣∣∣∣
≤ n

(n + 1)!
√

2n + 1
B
(
p, q, f (n+1)

)
≤ n (Φ− φ)

(n + 1)!
√

2n + 1
D|χ|n+1 (p, q) ≤ n (Φ− φ)

(n + 1)!
√

2n + 1
(R− r)n+1 ,

where

Φ := sup
z∈[r,R]

f (n+1) (z) < ∞ and φ := inf
z∈[r,R]

f (n+1) (z) > −∞

and

B
(
p, q, f (n+1)

)
:= Ig (p, q)

where

g (z) = |z − 1|n+1

[
1

z − 1

∫ z

1

[
f (n+1) (t)

]2
dt−

(
f (n) (z)− f (n) (1)

z − 1

)2
] 1

2

.

PROOF. Apply the inequality (1.24) fora = 1 andz = pi

qi
to obtain,∣∣∣∣∣f

(
pi

qi

)
− f (1)−

n∑
k=1

f (k) (1)

k!

(
pi

qi

− 1

)k

−

(
pi

qi
− 1
)n

(n + 1)!

[
f (n)

(
pi

qi

)
− f (n) (1)

]∣∣∣∣∣∣
≤

n
∣∣∣pi

qi
− 1
∣∣∣n

(n + 1)!
√

2n + 1

qi

pi − qi

∫ pi
qi

1

[
f (n+1) (t)

]2
dt

−

f (n)
(

pi

qi

)
− f (n) (1)

pi

qi
− 1

2


1
2

≤
n
∣∣∣pi

qi
− 1
∣∣∣n+1

(Φ− φ)

(n + 1)!
√

2n + 1
.

If we multiply by pi ≥ 0, sum overi and use the generalised triangle inequality, we deduce,∣∣∣∣∣If (p, q)− f (1)−
n∑

k=1

f (k) (1)

k!
Dχk (p, q)

− 1

(n + 1)!

m∑
i=1

qi

(
pi

qi

− 1

)k

f (k)

(
pi

qi

)
+

f (n) (1)

(n + 1)!
Dχn (p, q)

∣∣∣∣∣
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≤ n (Φ− φ)

(n + 1)!
√

2n + 1

m∑
i=1

qi

∣∣∣∣pi

qi

− 1

∣∣∣∣n+1
[

qi

pi − qi

∫ pi
qi

1

[
f (n+1) (t)

]2
dt

−q2
i

∣∣∣f (n)
(

pi

qi

)
− f (n) (1)

∣∣∣2
(pi − qi)

2


1
2

≤ n (Φ− φ)

2 (n + 1)!
√

2n + 1
D|χ|n+1 (p, q) ≤ n (Φ− φ)

2 (n + 1)!
√

2n + 1
(R− r)n+1

and the theorem is proved.

2. SOME PARTICULAR I NEQUALITIES

The following proposition holds [4].

PROPOSITION2.1 (Barnett et al., 2002 [4]). Let p, q be two probability distributions satis-
fying the condition

(2.1) 0 < r ≤ pi

qi

≤ R < ∞ a.e onΓ,

then, forn ≥ 1, we have the inequality,

(2.2)

∣∣∣∣∣DKL (q, p)−
n∑

k=1

(−1)k

k!
Dχk (p, q)

∣∣∣∣∣

≤



1
(n+1)rn+1 D|χ|n+1 (p, q) ;

1

(nβ+1)
1
β [(n+1)α−1]

1
α

[
R(n+1)α−1−r(n+1)α−1

R(n+1)α−1r(n+1)α−1

] 1
α

D
|χ|n+ 1

β
(p, q) ,

α > 1, 1
α

+ 1
β

= 1;
1
n
· Rn−rn

Rnrn D|χ|n (p, q) ;

≤



1
(n+1)rn+1 (R− r)n+1 ;

1

(nβ+1)
1
β [(n+1)α−1]

1
α

[
R(n+1)α−1−r(n+1)α−1

R(n+1)α−1r(n+1)α−1

] 1
α

(R− r)n+ 1
β ,

α > 1, 1
α

+ 1
β

= 1;
1
n
· Rn−rn

Rnrn (R− r)n ;

PROOF. Consider the mappingf (t) = ln t. We have,

If (p, q) =
m∑

i=1

qif

(
pi

qi

)
=

m∑
i=1

qi ln

(
pi

qi

)

= −
m∑

i=1

qi ln

(
qi

pi

)
= −DKL (q, p) ,

f (k) (t) =
(−1)k−1 (k − 1)!

tk
, k ∈ N, k ≥ 1
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for α > 1 and

∥∥f (n+1)
∥∥
∞ := sup

t∈[r,R]

∣∣f (n+1) (t)
∣∣ = n! sup

t∈[r,R]

{
1

tn+1

}
=

n!

rn+1
;

∥∥f (n+1)
∥∥

α
:=

(∫ R

r

∣∣f (n+1) (t)
∣∣α dt

) 1
α

= n!

[∫ R

r

dt

t(n+1)α

] 1
α

= n!

[
t−(n+1)α+1

− (n + 1) α + 1
dt

∣∣∣∣R
r

] 1
α

= n!

[
R(n+1)α−1 − r(n+1)α−1

[(n + 1) α− 1] R(n+1)α−1r(n+1)α−1

] 1
α

.

Applying Theorem 1.1 and using the above assumptions, we deduce the desired inequality
(2.2).

The following proposition also holds [4].

PROPOSITION2.2 (Barnett et al., 2002 [4]). Let p, q be as in the above Proposition 2.1,
then we have the inequality,

∣∣∣∣∣DKL (q, p)−
n∑

k=2

(−1)k

(k − 1) k
Dχk (p, q)

∣∣∣∣∣(2.3)

≤



1
n(n+1)rn+1 D|χ|n+1 (p, q) ;

1

n(nβ+1)
1
β (nα−1)

1
α

[
Rnα−1−rnα−1

Rnα−1rnα−1

] 1
α

D
|χ|n+ 1

β
(p, q) ,

α > 1, 1
α

+ 1
β

= 1;

1
(n−1)n

· Rn−1−rn−1

Rn−1rn−1 D|χ|n (p, q) ;

≤



1
n(n+1)rn+1 (R− r)n+1 ;

1

n(nβ+1)
1
β (nα−1)

1
α

[
Rnα−1−rnα−1

Rnα−1rnα−1

] 1
α

(R− r)n+ 1
β ,

α > 1, 1
α

+ 1
β

= 1;

1
(n−1)n

· Rn−1−rn−1

Rn−1rn−1 (R− r)n .

PROOF. Consider the mappingf (t) = t ln (t) . We have,

If (p, q) =
m∑

i=1

qif

(
pi

qi

)
=

m∑
i=1

qi
pi

qi

ln

(
pi

qi

)

=
m∑

i=1

pi ln

(
pi

qi

)
= DKL (p, q) ,
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f (1) (t) = ln t + 1,

f (k) (t) =
(−1)k (k − 2)!

tk−1
, k ≥ 2∥∥f (n+1)

∥∥
∞ =

(n− 1)!

rn
,

∥∥f (n+1)
∥∥

α
= (n− 1)!

[
Rnα−1 − rnα−1

Rnα−1rnα−1

] 1
α

, α > 1

and ∥∥f (n+1)
∥∥

1
= (n− 2)!

Rn−1 − rn−1

Rn−1rn−1
.

Applying Theorem 1.1 for the mappingf (t) = t ln t, we have,∣∣∣∣∣DKL (p, q)− f (1) (1) Dχ (p, q)−
n∑

k=2

(−1)k (k − 2)!

k!
Dχk (p, q)

∣∣∣∣∣
≤


1

(n+1)!
(n−1)!

rn D|χ|n+1 (p, q) ;

1

n(nβ+1)
1
β
· (n−1)!

(nα−1)
1
α

[
Rnα−1−rnα−1

Rnα−1rnα−1

] 1
α

D
|χ|n+ 1

β
(p, q) ;

1
n!

(n− 2)!Rn−1−rn−1

Rn−1rn−1 D|χ|n (p, q) ,

i.e.,∣∣∣∣∣DKL (q, p)−
n∑

k=2

(−1)k

(k − 1) k
Dχk (p, q)

∣∣∣∣∣
≤


1

n(n+1)rn+1 D|χ|n+1 (p, q) ;

1

n(nβ+1)
1
β (nα−1)

1
α

[
Rnα−1−rnα−1

Rnα−1rnα−1

] 1
α

D
|χ|n+ 1

β
(p, q) ;

1
(n−1)n

Rn−1−rn−1

Rn−1rn−1 D|χ|n (p, q)

and the first inequality in (2.3) is proved.
The second inequality is obvious and we omit the details.

REMARK 2.1. Similar results can be obtained if we apply Theorem 1.1 for other particular
mappingsf , generating the Hellinger, Jeffrey’s, Bhattacharyya, or other divergence measures
as considered in the introduction.

3. APPROXIMATING f -DIVERGENCES VIA A GENERALISED TAYLOR FORMULA

We may state the following representation result which is a reformulation of Theorem 1 in
[106]:

THEOREM 3.1. Let{Sn (·, ·)}n∈N be a sequence of polynomials of two variables satisfying
the condition:

(3.1)
∂Sn (t, x)

∂t
= Sn−1 (t, x) , S0 (t, x) = 1 for x, t ∈ R and n ∈ N,
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then we have the identity,

(3.2) f (x) = f (a) +
n∑

k=1

(−1)k+1 [Sk (x, x) f (k) (x)− Sk (a, x) f (k) (a)
]

+ Rn (f ; a, x) ,

where

Rn (f ; a, x) := (−1)n

∫ x

a

Sn (t, x) f (n+1) (t) dt

andf : I → R is such thatf (n) is absolutely continuous onI.

(1) If in (3.2) we setSn (t, x) = 1
n!

(t− x)n (n ∈ N), we get the Taylor’s identity [33]:

(3.3) f (x) = f (a) +
n∑

k=1

(x− a)k

k!
f (k) (a) +

1

n!

∫ x

a

(x− t)n f (n+1) (t) dt, x ∈ I.

(2) If in (3.2) we setSn (t, x) = 1
n!

(
t− a+x

2

)n
, (n ∈ N), then we have the identity [106]:

(3.4) f (x) = f (a) +
n∑

k=1

(x− a)k

2kk!

[
f (k) (a) + (−1)k+1 f (k) (x)

]
+

(−1)n

n!

∫ x

a

(
x− a + x

2

)n

f (n+1) (t) dt, x ∈ I.

(3) If in (3.2) we setSn (t, x) = (x−a)n

n!
Bn

(
t−a
x−a

)
, n ∈ N, S0 (t, x) = 1, whereBn denotes

the Bernoulli polynomial andBn := Bn (0) are the Bernoulli numbers, then we have
the following representation [106],

(3.5) f (x) = f (a) +
x− a

2
[f ′ (x) + f ′ (a)]

−
[n
2 ]∑

k=1

(x− a)2k

(2k)!
B2k

[
f (2k) (x)− f (2k) (a)

]
+ (−1)n (x− a)n

n!

∫ x

a

Bn

(
t− a

x− a

)
f (n+1) (t) dt.

(4) If in (3.2) we setSn (t, x) = (x−a)n

n!
En

(
t−a
x−a

)
, n ∈ N, S0 (t, x) = 1, whereEn (t)

denotes the Euler polynomials andBn are the Bernoulli numbers, then we have the
representation [106],

(3.6) f (x) = f (a) + 2

[n+1
2 ]∑

k=1

(x− a)2k−1 (4k − 1
)

(2k)!

×B2k

[
f (2k−1) (x) + f (2k−1) (a)

]
+ (−1)n (x− a)n

n!

∫ x

a

En

(
t− a

x− a

)
f (n+1) (t) dt.

We are now able to point out the following representation for thef−divergence [64].
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THEOREM 3.2. Let {Sn (t, z)}n∈N andf : I ⊆ R → R be as in Theorem 3.1. Ifp, q ∈ Ω,
then we have the representation,

(3.7) If (p, q) = f (1) +
n∑

k=1

(−1)k+1 [ISk(·,·)f (k)(·) (p, q)

− ISk(1,·)f (k)(1) (p, q)
]
+ Rf (p, q) ,

where the remainderRf (p, q) can be given by,

(3.8) Rf (p, q) = (−1)n
m∑

i=1

qi

(∫ pi
qi

1

Sn

(
t,

pi

qi

)
f (n+1) (t) dt

)
.

PROOF. From the representation (3.2), we may write,

(3.9) f

(
pi

qi

)
= f (1) +

n∑
k=1

(−1)k+1

[
Sk

(
pi

qi

,
pi

qi

)
f (k)

(
pi

qi

)

−Sk

(
1,

pi

qi

)
f (k) (1)

]
+ (−1)n

∫ pi
qi

1

Sn

(
t,

pi

qi

)
f (n+1) (t) dt

for all i ∈ {1, ...,m}.
If we multiply (3.9) byqi ≥ 0 , sum overi and take into account that

∑m
i=1 qi = 1, then we

obtain the desired representation (3.7).

The following particular cases are important in applications.

(1) If we use the representation (3.3), we get,

(3.10) If (p, q) = f (1) +
n∑

k=1

f (k) (1)

k!
Dk (p, q)

+
1

n!

m∑
i=1

qi

[∫ pi
qi

1

(
pi

qi

− t

)n

f (n+1) (t) dt

]

for all p, q, where,

Dk (p, q) :=
m∑

i=1

q−k+1
i (pi − qi)

k , k = 1, . . . , n.

(2) From the identity (3.4),

(3.11) If (p, q) = f (1) +
n∑

k=1

f (k) (1)

2kk!
Dk (p, q) +

n∑
k=1

(−1)k+1

2kk!
I(·−1)kf (k)(·) (p, q)

+
1

n!

m∑
i=1

qi

[∫ pi
qi

1

(
1− pi + qi

qi

)n

f (n+1) (t) dt

]

for all p, q.
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(3) If we use the identity (3.5), we may obtain:

(3.12) If (p, q) = f (1) +
m∑

i=1

(
pi − qi

2

)
f ′
(

pi

qi

)

+

[n
2 ]∑

k=1

f (2k) (1)

(2k)!
D2k (p, q)−

[n
2 ]∑

k=1

B2k

(2k)!
I(·−1)2kf (2k)(·) (p, q)

+
(−1)n

n!

m∑
i=1

q−n+1
i (pi − qi)

n

×

[∫ pi
qi

1

Bn

(
t− 1
pi

qi
− 1

)
f (n+1) (t) dt

]

for all p, q.
(4) Finally, by use of identity (3.6), we may write,

(3.13) If (p, q) = f (1) + 2

[n+1
2 ]∑

k=1

(
4k − 1

)
B2kf

(k) (1)

(2k)!
D2k−1 (p, q)

+ 2

[n+1
2 ]∑

k=1

B2k

(
4k − 1

)
(2k)!

I(·−1)2k−1f (2k−1) (p, q)

+
(−1)n

n!

m∑
i=1

q−n+1
i (pi − qi)

n

×

[∫ pi
qi

1

En

(
t− 1
pi

qi
− 1

)
f (n+1) (t) dt

]

for all p, q.

4. BOUNDS FOR THE REMAINDER

Fora, b ∈ R, we denote

‖f‖[a,b],p :=

∣∣∣∣∫ b

a

|f (t)|p dt

∣∣∣∣
1
p

if p ∈ [1,∞)

and

‖f‖[a,b],∞ := ess sup
t∈[a,b]

(t∈[b,a])

|f (t)| .

It is obvious that the ordera < b or a > b is irrelevant in the definitions of the above Lebesgue
p−norms.

The following general theorem involving the estimation of the remainderRf (p, q) holds
[64].
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THEOREM 4.1 (Dragomir & Gluš̌cevíc, 2001 [64]). Assume that{Sn (t, x)}n∈N andf are
as in Theorem 3.1. Ifp, q ∈ Ω, then we have the inequality,

(4.1) |Rf (p, q)| ≤



∑m
i=1 qi

∥∥f (n+1)
∥∥h

1,
pi
qi

i
,∞ ×

∥∥∥Sn

(
·, pi

qi

)∥∥∥h
1,

pi
qi

i
,1

,∑m
i=1 qi

∥∥f (n+1)
∥∥h

1,
pi
qi

i
,α
×
∥∥∥Sn

(
·, pi

qi

)∥∥∥h
1,

pi
qi

i
,β

,

if α > 1, 1
α

+ 1
β

= 1,∑m
i=1 qi

∥∥f (n+1)
∥∥h

1,
pi
qi

i
,1
×
∥∥∥Sn

(
·, pi

qi

)∥∥∥h
1,

pi
qi

i
,∞

.

PROOF. We have that

(4.2) |Rf (p, q)| ≤
m∑

i=1

qi

∣∣∣∣∣
∫ pi

qi

1

Sn

(
t,

pi

qi

)
f (n+1) (t) dt

∣∣∣∣∣ .
Now, observe that,

(4.3)

∣∣∣∣∣
∫ pi

qi

1

Sn

(
t,

pi

qi

)
f (n+1) (t) dt

∣∣∣∣∣
≤
∥∥f (n+1)

∥∥h
1,

pi
qi

i
,∞ ×

∥∥∥∥Sn

(
·, pi

qi

)∥∥∥∥h
1,

pi
qi

i
,1

and, by Hölder’s inequality forα > 1, 1
α

+ 1
β

= 1,∣∣∣∣∣
∫ pi

qi

1

Sn

(
t,

pi

qi

)
f (n+1) (t) dt

∣∣∣∣∣(4.4)

≤

∣∣∣∣∣
∫ pi

qi

1

∣∣∣∣Sn

(
t,

pi

qi

)∣∣∣∣β dt

∣∣∣∣∣
1
β

×

∣∣∣∣∣
∣∣∣∣∣
∫ pi

qi

1

f (n+1) (t)

∣∣∣∣∣
α

dt

∣∣∣∣∣
1
α

=

∥∥∥∥Sn

(
·, pi

qi

)∥∥∥∥h
1,

pi
qi

i
,β

×
∥∥f (n+1)

∥∥h
1,

pi
qi

i
,α

.

Finally,

(4.5)

∣∣∣∣∣
∫ pi

qi

1

Sn

(
t,

pi

qi

)
f (n+1) (t) dt

∣∣∣∣∣
≤
∥∥f (n+1)

∥∥h
1,

pi
qi

i
,1
×
∥∥∥∥Sn

(
·, pi

qi

)∥∥∥∥h
1,

pi
qi

i
,∞

for all i ∈ {1, ...,m}.
Using (4.2) and (4.3) – (4.5), we deduce (4.1).
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REMARK 4.1. If we assume that0 ≤ r ≤ pi

qi
≤ R < ∞ for i ∈ {1, ...,m}, then obviously

r ≤ 1 ≤ R and the right side of the inequality (4.1) may be upper bounded by,

∥∥f (n+1)
∥∥

[r,R],∞

∑m
i=1 qi

∥∥∥Sn

(
·, pi

qi

)∥∥∥h
1,

pi
qi

i
,1

,

∥∥f (n+1)
∥∥

[r,R],α

∑m
i=1 qi

∥∥∥Sn

(
·, pi

qi

)∥∥∥h
1,

pi
qi

i
,β

,

∥∥f (n+1)
∥∥

[r,R],1

∑m
i=1 qi

∥∥∥Sn

(
·, pi

qi

)∥∥∥h
1,

pi
qi

i
,∞

,

If we choose some particular instances of polynomialsSn (·, ·) we may compute the Lebesgue

norm
∥∥∥Sn

(
·, pi

qi

)∥∥∥
s
, s ∈ [1,∞], obtaining more explicit bounds for the remainderRf (p, q).

(1) If we chooseSn (t, z) = 1
n!

(t− z)n, then,

‖Sn (·, z)‖[1,z],1 =
1

n!

∣∣∣∣∫ z

1

|t− z|n dt

∣∣∣∣ =
1

(n + 1)!
|z − 1|n+1 ,

‖Sn (·, z)‖[1,z],α =
1

n!

∣∣∣∣∫ z

1

|t− z|αn dt

∣∣∣∣ 1
α

=
1

n!

[
|z − 1|αn+1

αn + 1

] 1
α

=
|z − 1|n+

1
α

n! (αn + 1)
1
α

,

and

‖Sn (·, z)‖[1,z],∞ =
1

n!
|z − 1|n .

Consequently, we may state the following corollary which is useful in practice.

COROLLARY 4.2. Letf be as in Theorem 3.1, then, forp, q two probability distri-
butions, we have

(4.6) If (p, q) = f (1) +
n∑

k=1

f (k) (1)

k!
Dk (p, q) + Rf (p, q) ,

where

Dk (p, q) :=
m∑

i=1

q−k+1
i (pi − qi)

k

and the remainderRf (p, q) satisfies the bound

(4.7) |Rf (p, q)|

≤



1
(n+1)!

∑m
i=1 |pi − qi|n+1 q−n

i

∥∥f (n+1)
∥∥h

1,
pi
qi

i
,∞ ,

1

n!(αn+1)
1
α

∑m
i=1 |pi − qi|n+ 1

α q
−n− 1

α
+1

i

∥∥f (n+1)
∥∥h

1,
pi
qi

i
,β

,

if α > 1, 1
α

+ 1
β

= 1,

1
n!

∑m
i=1 |pi − qi|n q−n+1

i

∥∥f (n+1)
∥∥h

1,
pi
qi

i
,1

.
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Moreover, if0 ≤ r ≤ pi

qi
≤ R < ∞ for i ∈ {1, ...,m}, then the right hand side of (4.7)

can be upper bounded by,

(4.8)



‖f (n+1)‖
[r,R],∞

(n+1)!

∑m
i=1 |pi − qi|n+1 q−n

i ,

‖f (n+1)‖
[r,R],β

n!(αn+1)
1
α

∑m
i=1 |pi − qi|n+ 1

α q
−n− 1

α
+1

i ,

if α > 1, 1
α

+ 1
β

= 1,

‖f (n+1)‖
[r,R],1

n!

∑m
i=1 |pi − qi|n q−n+1

i ,

≤



‖f (n+1)‖
[r,R],∞

(R−r)n+1

(n+1)!
,

‖f (n+1)‖
[r,R],β

(R−r)n+ 1
α

n!(αn+1)
1
α

,

‖f (n+1)‖
[r,R],1

(R−r)n

n!
.

(2) If we chooseSn (t, z) = 1
n!

(
t− 1+z

2

)n
, then,

‖Sn (·, z)‖[1,z],1 =
1

n!

∣∣∣∣∫ z

1

∣∣∣∣t− 1 + z

2

∣∣∣∣n dt

∣∣∣∣ .
If we assume thatz ≥ 1,∫ z

1

∣∣∣∣t− 1 + z

2

∣∣∣∣n dt =

∫ 1+z
2

1

(
1 + z

2
− t

)n

dt +

∫ z

1+z
2

(
t− 1 + z

2

)n

dt

=
1

n + 1

(
z − 1

2

)n+1

+
1

n + 1

(
z − 1

2

)n+1

=
(z − 1)n+1

(n + 1) 2n
.

If we assume thatz ≤ 1, then,∫ 1

z

∣∣∣∣t− 1 + z

2

∣∣∣∣n dt =
(1− z)n+1

(n + 1) 2n

and thus, we may state that,

‖Sn (·, z)‖[1,z],1 =
1

(n + 1)!
· |z − 1|n+1

2n
.

Similarly, we have,

‖Sn (·, z)‖[1,z],α =
1

n!

∣∣∣∣∫ z

1

∣∣∣∣t− 1 + z

2

∣∣∣∣nα

dt

∣∣∣∣ 1
α

=
1

n!

[
|z − 1|nα+1

(nα + 1) 2nα

] 1
α

=
1

n!
· |z − 1|n+ 1

α

(nα + 1)
1
α 2n

, α ≥ 1

and

‖Sn (·, z)‖[1,z],∞ =
1

n!
· |z − 1|n

2n
.

Consequently, we may state the following corollary.
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COROLLARY 4.3. Letf be as in Theorem 3.1. Then, for for anyp, q we have

(4.9) If (p, q) = f (1) +
n∑

k=1

f (k) (1)

2kk!
Dk (p, q)

+
n∑

k=1

(−1)k+1

2kk!
I(·−1)kf (k)(·) (p, q) + R̃f (p, q)

and the remainder̃Rf (p, q) satisfies the bound

(4.10)
∣∣∣R̃f (p, q)

∣∣∣

≤



1
(n+1)!2n

∑m
i=1 q−n

i |pi − qi|n+1
∥∥f (n+1)

∥∥h
1,

pi
qi

i
,∞ ,

1

n!2n(αn+1)
1
α

∑m
i=1 q

−n+1− 1
α

i |pi − qi|n+ 1
α

∥∥f (n+1)
∥∥h

1,
pi
qi

i
,β

,

if α > 1, 1
α

+ 1
β

= 1,

1
n!2n

∑m
i=1 q−n+1

i |pi − qi|n
∥∥f (n+1)

∥∥h
1,

pi
qi

i
,1

.

Moreover, if0 ≤ r ≤ pi

qi
≤ R < ∞ for i ∈ {1, ...,m}, then the right hand side of

(4.10) can be upper bounded by:

(4.11)



‖f (n+1)‖
[r,R],∞

(n+1)!2n

∑m
i=1 |pi − qi|n+1 q−n

i ,

‖f (n+1)‖
[r,R],β

2nn!(αn+1)
1
α

∑m
i=1 |pi − qi|n+ 1

α q
−n− 1

α
+1

i ,

if α > 1, 1
α

+ 1
β

= 1,

‖f (n+1)‖
[r,R],1

2nn!

∑m
i=1 |pi − qi|n q−n+1

i ,

≤



‖f (n+1)‖
[r,R],∞

(R−r)n+1

(n+1)!2n ,

‖f (n+1)‖
[r,R],β

(R−r)n+ 1
α

n!(αn+1)
1
α 2n

, α > 1, 1
α

+ 1
β

= 1,

‖f (n+1)‖
[r,R],1

(R−r)n

n!
.
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CHAPTER 17

Approximations Via Some Integral Identities

1. REPRESENTATION OF CSISZÁR f -DIVERGENCE

In [16] (see also [15]), the authors proved the following integral identity generalising the
mid-point rule.

LEMMA 1.1. Let g : [a, b] → R be a function such thatg(n−1) is absolutely continuous.
Then for allx ∈ [a, b], we have the identity:∫ b

a

g (t) dt =
n−1∑
k=0

1

(k + 1)!

[
(b− x)k+1 + (−1)k (x− a)k+1

]
g(k) (x)(1.1)

+ (−1)n

∫ b

a

Kn (x, t) g(n) (t) dt,

where the kernelKn : [a, b]2 → R is given by

(1.2) Kn (x, t) :=


(t−a)n

n!
, a ≤ t ≤ x ≤ b

(t−b)n

n!
, a ≤ x < t ≤ b.

In particular, if x = a+b
2

, then∫ b

a

g (t) dt =
n−1∑
k=0

1

2k+1

[
1 + (−1)k

(k + 1)!

]
(b− a)k+1 g(k)

(
a + b

2

)
(1.3)

+ (−1)n

∫ b

a

Mn (t) g(n) (t) dt,

where

(1.4) Mn (t) :=


(t−a)n

n!
, a ≤ t ≤ a+b

2

(t−b)n

n!
, a+b

2
< t ≤ b.

Another integral identity generalising the trapezoid rule is embodied in the following lemma
(see [17] or [14]).

LEMMA 1.2. Let g : [a, b] → R be as in Lemma 1.1. Then for allx ∈ [a, b], we have the
representation∫ b

a

g (t) dt =
n−1∑
k=0

1

(k + 1)!

[
(x− a)k+1 g(k) (a) + (−1)k (b− x)k+1 g(k) (b)

]
(1.5)

+
1

n!

∫ b

a

(x− t)n g(n) (t) dt,
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In particular, if x = a+b
2

, then∫ b

a

g (t) dt =
n−1∑
k=0

1

2k+1 (k + 1)!
(b− a)k+1

[
g(k) (a) + (−1)k g(k) (b)

]
(1.6)

+
(−1)n

n!

∫ b

a

(
t− a + b

2

)n

g(n) (t) dt.

Let us considerx = (1− λ) a + λb, λ ∈ [0, 1], then from (1.1) we obtain∫ b

a

g (t) dt(1.7)

=
n−1∑
k=0

1

(k + 1)!

[
(1− λ)k+1 + (−1)k λk+1

]
(b− a)k+1 g(k) ((1− λ) a + λb)

+ (−1)n

∫ b

a

Kn ((1− λ) a + λb, t) g(n) (t) dt,

and from (1.5) we obtain∫ b

a

g (t) dt(1.8)

=
n−1∑
k=0

1

(k + 1)!

[
λk+1g(k) (a) + (−1)k (1− λ)k+1 g(k) (b)

]
(b− a)k+1

+
1

n!

∫ b

a

[(1− λ) a + λb− t]n g(n) (t) dt.

We are now able to state and prove the following representation result for the Csiszárf -
divergence.

THEOREM 1.3 (Barnett et al., 2002 [5]). Let f : R → R be a function such thatf (n) is
absolutely continuous on any[a, b] ⊂ R. If p, q ∈ Pm, then

If (p, q) = f (1) +
n−1∑
k=0

1

(k + 1)!

[
(1− λ)k+1 + (−1)k λk+1

]
(1.9)

× I(·−1)k+1f (k+1)[(1−λ)+λ·] (p, q) + (−1)n
m∑

i=1

qi

×

(∫ pi
qi

1

Kn

[
(1− λ) qi + λpi

qi

, t

]
f (n+1) (t) dt

)
, λ ∈ [0, 1]

and

If (p, q) = f (1) +
n−1∑
k=0

λk+1

(k + 1)!
f (k+1) (1) Dk (p, q)(1.10)

+
n−1∑
k=0

(−1)k (1− λ)k+1

(k + 1)!
I(·−1)k+1f (k+1)(·) (p, q) +

1

n!

m∑
i=1

q−n+1
i

×

(∫ pi
qi

1

[λpi + [(1− λ)− t] qi]
n f (n+1) (t) dt

)
,
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where

Dk (p, q) =
m∑

i=1

(pi − qi)
k q−k+1

i .

PROOF. If we apply the identity (1.7) forf ′, we get

f (b) = f (a) +
n−1∑
k=0

1

(k + 1)!

[
(1− λ)k+1 + (−1)k λk+1

]
(1.11)

× (b− a)k+1 f (k+1) ((1− λ) a + λb)

+ (−1)n

∫ b

a

Kn [(1− λ) a + λb, t] f (n+1) (t) dt.

If in (1.11) we chooseb = pi

qi
, i ∈ {1, ...,m} anda = 1, then we get

f

(
pi

qi

)
= f (1) +

n−1∑
k=0

1

(k + 1)!

[
(1− λ)k+1 + (−1)k λk+1

]
(1.12)

× (pi − qi)
k+1

[qi]
k+1

· f (k+1)

[
(1− λ) qi + λpi

qi

]
+ (−1)n

∫ pi
qi

1

Kn

[
(1− λ) qi + λpi

qi

, t

]
f (n+1) (t) dt

for all i ∈ {1, ...,m}.
If we multiply (1.12) byqi ≥ 0 (i ∈ {1, ...,m}), sum overi ∈ {1, ...,m} and take into

account that
∑m

i=1 qi = 1, then we get the representation (1.9).
If we apply the identity (1.8) forf ′, we get

f (b) = f (a) +
n−1∑
k=0

1

(k + 1)!

[
λk+1f (k+1) (a)(1.13)

+ (−1)k (1− λ)k+1 f (k+1) (b)
]
(b− a)k+1

+
1

n!

∫ b

a

[(1− λ) a + λb− t]n f (n+1) (t) dt.

If in (1.13) we chooseb = pi

qi
, i ∈ {1, ...,m} anda = 1, we get

f

(
pi

qi

)
= f (1) +

n−1∑
k=0

λk+1

(k + 1)!
f (k+1) (1)

(
pi

qi

− 1

)k+1

(1.14)

+
n−1∑
k=0

(−1)k (1− λ)k+1

(k + 1)!
f (k+1)

(
pi

qi

)(
pi

qi

− 1

)k+1

+
1

n!

∫ pi
qi

1

[
(1− λ) qi + λpi

qi

− t

]n

f (n+1) (t) dt,

for all i ∈ {1, ...,m}.
If we multiply (1.14) byqi ≥ 0 (i ∈ {1, ...,m}), sum overi ∈ {1, ...,m} and take into

account that
∑m

i=1 qi = 1, we get the representation (1.10).
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REMARK 1.1. If in (1.9) we chooseλ = 0 or, λ = 1 or, λ = 1
2
, we get, respectively

If (p, q) = f (1) +
n−1∑
k=0

1

(k + 1)!
f (k+1) (1) Dk (p, q)(1.15)

+ (−1)n
m∑

i=1

qi

(∫ pi
qi

1

Kn (1, t) f (n+1) (t) dt

)
,

If (p, q) = f (1) +
n−1∑
k=0

(−1)k

(k + 1)!
I(·−1)k+1f (k+1)(·) (p, q)(1.16)

+ (−1)n
m∑

i=1

qi

(∫ pi
qi

1

Kn

(
pi

qi

, t

)
f (n+1) (t) dt

)

and

If (p, q) = f (1) +
n−1∑
k=0

[
1 + (−1)k

2k+1 (k + 1)!

]
I(·−1)k+1f (k+1)( 1+·

2 ) (p, q)(1.17)

+ (−1)n
m∑

i=1

qi

(∫ pi
qi

1

Kn

(
qi + pi

2qi

, t

)
f (n+1) (t) dt

)
.

REMARK 1.2. If in (1.10) we chooseλ = 0, or λ = 1 or, λ = 1
2
, we get, respectively

If (p, q) = f (1) +
n−1∑
k=0

(−1)k

(k + 1)!
I(·−1)k+1f (k+1)(·) (p, q)(1.18)

+
1

n!

m∑
i=1

qi

(∫ pi
qi

1

(1− t)n f (n+1) (t) dt

)
,

If (p, q) = f (1) +
n−1∑
k=0

f (k+1) (1)

(k + 1)!
Dk (p, q)(1.19)

+
1

n!

m∑
i=1

q−n+1
i

(∫ pi
qi

1

(pi − tqi)
n f (n+1) (t) dt

)

and

If (p, q) = f (1) +
n−1∑
k=0

f (k+1) (1)

2k+1 (k + 1)!
Dk (p, q)(1.20)

+
n−1∑
k=0

(−1)k

2k+1 (k + 1)!
I(·−1)k+1f (k+1)(·) (p, q)

+
1

n!

m∑
i=1

q−n+1
i

(∫ pi
qi

1

[
1

2
pi +

(
1

2
− t

)
qi

]n

f (n+1) (t) dt

)
.
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2. BOUNDS FOR THE REMAINDER

In this section we point out some bounds for the remainders in the representations (1.9) and
(1.10), i.e.,

(2.1) Rf (p, q) := (−1)n
m∑

i=1

qi

(∫ pi
qi

1

Kn

[
(1− λ) qi + λpi

qi

, t

]
f (n+1) (t) dt

)
and

(2.2) R̃f (p, q) :=
1

n!

m∑
i=1

q−n+1
i

∫ pi
qi

1

[λpi + [(1− λ)− t] qi]
nf (n+1) (t) dt

wherep, q ∈ Pm, λ ∈ [0, 1] andKn (·, ·) is the kernel defined in equation (1.2).
Fora, b ∈ R, let us denote

‖f‖[a,b],p :=

∣∣∣∣∫ b

a

|f (t)|p dt

∣∣∣∣
1
p

, p ≥ 1

and

‖f‖[a,b],∞ := ess sup
t∈[a,b]

(t∈[b,a])

|f (t)| .

In order to obtain bounds onRf (p, q) as given in (2.1), we need to consider integrals of the
form

I1 (z) :=

∫ z

1

Kn [(1− λ) · 1 + λz, t] f (n+1) (t) dt, z ∈ (0,∞) .

Thus

|I1 (z)| ≤
∣∣∣∣∫ z

1

|Kn [(1− λ) · 1 + λz, t]|
∣∣f (n+1) (t)

∣∣ dt

∣∣∣∣
≤
∥∥f (n+1)

∥∥
[1,z],∞

∣∣∣∣∫ z

1

|Kn ((1− λ) · 1 + λz, t)| dt

∣∣∣∣
=

1

n!

∥∥f (n+1)
∥∥

[1,z],∞

∣∣∣∣∣
∫ (1−λ)·1+λz

1

|t− 1|n dt +

∫ z

(1−λ)·1+λz

|t− z|n dt

∣∣∣∣∣
=

1

n!

[
|(1− λ) + λz − 1|n+1 + |z − (1− λ) · 1− λz|n+1

n + 1

]∥∥f (n+1)
∥∥

[1,z],∞

=
1

n!

[
λn+1 |z − 1|n+1 + (1− λ)n+1 |z − 1|n+1

n + 1

]∥∥f (n+1)
∥∥

[1,z],∞

=
|z − 1|n+1

(n + 1)!

[
λn+1 + (1− λ)n+1] ∥∥f (n+1)

∥∥
[1,z],∞ .

Using Hölder’s inequality, we may write forα > 1, 1
α

+ 1
β

= 1, that:

|I1 (z)| ≤
∥∥f (n+1)

∥∥
[1,z],β

∣∣∣∣∫ z

1

|Kn ((1− λ) · 1 + λz, t)|α dt

∣∣∣∣ 1
α

.
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However, ∣∣∣∣∫ z

1

|Kn ((1− λ) · 1 + λz, t)|α dt

∣∣∣∣ 1
α

=
1

n!

∣∣∣∣∣
∫ (1−λ)·1+λz

1

|t− 1|αn dt +

∫ z

(1−λ)·1+λz

|t− z|αn dt

∣∣∣∣∣
1
α

=
1

n!

[
|(1− λ) + λz − 1|αn+1 + |z − (1− λ) · 1− λz|αn+1

αn + 1

] 1
α

=
1

n!

[
λαn+1 |z − 1|αn+1 + (1− λ)αn+1 |z − 1|αn+1

αn + 1

] 1
α

=
|z − 1|n+ 1

α

n! (αn + 1)
1
α

[
λαn+1 + (1− λ)αn+1] 1

α

and then:

|I1 (z)| ≤
∥∥f (n+1)

∥∥
[1,z],β

|z − 1|n+ 1
α

n! (αn + 1)
1
α

[
λαn+1 + (1− λ)αn+1] 1

α .

Finally, we observe that

sup
t∈[1,z]

|Kn ((1− λ) · 1 + λz, t)|

=
1

n!
max {((1− λ) + λz − 1)n + (z − (1− λ) · 1− λz)n}

=
1

n!
(z − 1)n (max {λ, 1− λ})n =

1

n!
|z − 1|n

[
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣]n

and then

|I1 (z)| ≤ 1

n!
|z − 1|n

[
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣]n ∥∥f (n+1)
∥∥

[1,z],1
.

Using the above inequalities, we may state the following result

|I1 (z)| ≤



|z−1|n+1

(n+1)!

[
λn+1 + (1− λ)n+1] ∥∥f (n+1)

∥∥
[1,z],∞

|z−1|n+ 1
α

n!(αn+1)
1
α

[
λαn+1 + (1− λ)αn+1] 1

α
∥∥f (n+1)

∥∥
[1,z],β

α > 1, 1
α

+ 1
β

= 1

1
n!
|z − 1|n

[
1
2

+
∣∣λ− 1

2

∣∣]n ∥∥f (n+1)
∥∥

[1,z],1


(2.3)

=: κ (z, n)

for all z > 0, n ∈ N.
We are now able to state the following theorem pertaining to the remainderRf (p, q).
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THEOREM 2.1 (Barnett et al., 2002 [5]). Assume that the functionf is as in Theorem 1.3.
If p, q ∈ Pm, then we have the inequality

(2.4) |Rf (p, q)|

≤ A :=



1
(n+1)!

[
λn+1 + (1− λ)n+1]∑m

i=1 q−n
i |pi − qi|n+1

∥∥f (n+1)
∥∥h

1,
pi
qi

i
,∞

1

n!(αn+1)
1
α

[
λαn+1 + (1− λ)αn+1] 1

α

×
∑m

i=1 q
−n− 1

α
+1

i |pi − qi|n+ 1
α

∥∥f (n+1)
∥∥h

1,
pi
qi

i
,β

where α > 1, 1
α

+ 1
β

= 1;

1
n!

[
1
2

+
∣∣λ− 1

2

∣∣]n∑m
i=1 q−n+1

i |pi − qi|n
∥∥f (n+1)

∥∥h
1,

pi
qi

i
,1

.

Moreover, if we assume that0 ≤ r ≤ pi

qi
≤ R < ∞, i ∈ {1, ..., n}, then the second term in (2.4)

can be upper bounded by

B :=



1
(n+1)!

[
λn+1 + (1− λ)n+1] ∥∥f (n+1)

∥∥
[r,R],∞

×
∑m

i=1 q−n
i |pi − qi|n+1

1

n!(αn+1)
1
α

[
λαn+1 + (1− λ)αn+1] 1

α
∥∥f (n+1)

∥∥
[r,R],β

×
∑m

i=1 q
−n− 1

α
+1

i |pi − qi|n+ 1
α if α > 1, 1

α
+ 1

β
= 1;

1
n!

[
1
2

+
∣∣λ− 1

2

∣∣]n ∥∥f (n+1)
∥∥

[r,R],1

∑m
i=1 q−n+1

i |pi − qi|n

(2.5)

≤ C :=



1
(n+1)!

[
λn+1 + (1− λ)n+1] ∥∥f (n+1)

∥∥
[r,R],∞ (R− r)n+1

1

n!(αn+1)
1
α

[
λαn+1 + (1− λ)αn+1] 1

α

×
∥∥f (n+1)

∥∥
[r,R],β

(R− r)n+ 1
α if α > 1, 1

α
+ 1

β
= 1;

1
n!

[
1
2

+
∣∣λ− 1

2

∣∣]n ∥∥f (n+1)
∥∥

[r,R],1
(R− r)n .

The proof of (2.4) follows by the inequality (2.3) choosingz = pi

qi
and suming overi ∈

{1, ...,m}.
The proof of (2.5) follows by the fact that

∣∣∣pi

qi
− 1
∣∣∣ ≤ R− r for all i ∈ {1, ..., n}.

We omit the details.
The following corollary may be useful in practical applications.
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COROLLARY 2.2 (Barnett et al., 2002 [5]). With the assumptions of Theorem 2.1, we have
the inequality:∣∣∣∣∣If (p, q)− f (1)−

n−1∑
k=0

f (k+1) (1)

(k + 1)!
Dk (p, q)

∣∣∣∣∣(2.6)

≤



1
(n+1)!

∑m
i=1 q−n

i |pi − qi|n+1
∥∥f (n+1)

∥∥h
1,

pi
qi

i
,∞

1

n!(αn+1)
1
α

∑m
i=1 q

−n− 1
α

+1

i |pi − qi|n+ 1
α

∥∥f (n+1)
∥∥h

1,
pi
qi

i
,β

where α > 1, 1
α

+ 1
β

= 1;

1
n!

∑m
i=1 q−n+1

i |pi − qi|n
∥∥f (n+1)

∥∥h
1,

pi
qi

i
,1


=: M1.

Furthermore, if we assume thatr ≤ pi

qi
≤ R < ∞, i ∈ {1, ..., n}, then we have

M1 ≤



1
(n+1)!

∥∥f (n+1)
∥∥

[r,R],∞

∑m
i=1 q−n

i |pi − qi|n+1

1

n!(αn+1)
1
α

∥∥f (n+1)
∥∥

[r,R],β

∑m
i=1 q

−n− 1
α

+1

i |pi − qi|n+ 1
α

where α > 1, 1
α

+ 1
β

= 1;

1
n!

∥∥f (n+1)
∥∥

[r,R],1

∑m
i=1 q−n+1

i |pi − qi|n


=: M2

≤



1
(n+1)!

∥∥f (n+1)
∥∥

[r,R],∞ (R− r)n+1

1

n!(αn+1)
1
α

∥∥f (n+1)
∥∥

[r,R],β
(R− r)n+ 1

α

where α > 1, 1
α

+ 1
β

= 1;

1
n!

∥∥f (n+1)
∥∥

[r,R],1
(R− r)n


=: M3

and ∣∣∣∣∣If (p, q)− f (1)−
n−1∑
k=0

(−1)k

(k + 1)!
I(·−1)k+1f (k+1)(·) (p, q)

∣∣∣∣∣
≤ M1 ≤ M2 ≤ M3

and if0 ≤ r ≤ pi

qi
≤ R < ∞, i ∈ {1, ..., n}, then∣∣∣∣∣If (p, q)− f (1)−

n−1∑
k=0

[
1 + (−1)k

2k+1 (k + 1)!

]
I(·−1)k+1f (k+1)( 1+·

2 ) (p, q)

∣∣∣∣∣
≤ 1

2n
M1 ≤

1

2n
M2 ≤

1

2n
M3.

Now, to obtain the bound oñRf (p, q) as defined in (2.2), consider the integral

I2 (z) :=
1

n!

∫ z

1

((1− λ) · 1 + λz − t)n f (n+1) (t) dt,
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from which we have

|I2 (z)| ≤
∥∥f (n+1)

∥∥
[1,z],∞

1

n!

∣∣∣∣∫ z

1

|(1− λ) · 1 + λz − t|n
∣∣∣∣ dt

=
1

n!

∣∣∣∣∣
∫ (1−λ)·1+λz

1

|(1− λ) · 1 + λz − t|n dt

+

∫ z

(1−λ)·1+λz

|(1− λ) · 1 + λz − t|n dt

∣∣∣∣ ∥∥f (n+1)
∥∥

[1,z],∞

=
1

n!
·

[
|(1− λ) · 1 + λz − 1|n+1 + |(1− λ) · 1 + λz − z|n+1

n + 1

]
×
∥∥f (n+1)

∥∥
[1,z],∞

=
(z − 1)n+1

(n + 1)!
·
[
λn+1 + (1− λ)n+1] · ∥∥f (n+1)

∥∥
[1,z],∞ .

Using Hölder’s inequality, we may write, forα > 1, 1
α

+ 1
β

= 1, that

|I2 (z)| ≤ 1

n!

∥∥f (n+1)
∥∥

[1,z],β

∣∣∣∣∫ z

1

|(1− λ) · 1 + λz − t|nα dt

∣∣∣∣ 1
α

=
1

n!

∥∥f (n+1)
∥∥

[1,z],β

∣∣∣∣∣
∫ (1−λ)·1+λz

1

|(1− λ) · 1 + λz − t|nα dt

+

∫ z

(1−λ)·1+λz

|(1− λ) · 1 + λz − t|nα dt

∣∣∣∣ 1
α

=
1

n!

∥∥f (n+1)
∥∥

[1,z],β

[
|(1− λ) + λz − 1|nα+1 + |z − (1− λ)− λz|nα+1

nα + 1

] 1
α

=
1

n!

∥∥f (n+1)
∥∥

[1,z],β

[
λαn+1 |z − 1|αn+1 + (1− λ)αn+1 |z − 1|αn+1

αn + 1

] 1
α

=
|z − 1|n+ 1

α

n! (αn + 1)
1
α

·
[
λαn+1 + (1− λ)αn+1] 1

α ·
∥∥f (n+1)

∥∥
[1,z],β

.

Finally, we observe that

|I2 (z)| ≤ 1

n!

∥∥f (n+1)
∥∥

[1,z],1
sup

t∈[1,z]

|(1− λ) · 1 + λz − t|n

=
1

n!

∥∥f (n+1)
∥∥

[1,z],1
max {|(1− λ) + λz − 1|n + |z − (1− λ) · 1− λz|n}

=
1

n!

∥∥f (n+1)
∥∥

[1,z],1
(z − 1)n (max {λ, 1− λ})n

=
1

n!

∥∥f (n+1)
∥∥

[1,z],1
|z − 1|n

[
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣]n

.

Using the above inequalities, we may state that

(2.7) |I2 (z)| ≤ κ (n, z) ,
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whereκ (n, z) is defined in (2.3). That is, the bounds forRf (p, q) andR̃f (p, q) are the same.
We may now state the following theorem concerning a bound for the remainderR̃f (p, q).

THEOREM 2.3 (Barnett et al., 2002 [5]). Assume that the functionf is as in Theorem 1.3.
If p, q ∈ Pm, then we have the inequality:

(2.8)
∣∣∣R̃f (p, q)

∣∣∣ ≤ A,

whereA is given in (2.4).
Moreover, if we assume that0 ≤ r ≤ pi

qi
≤ R < ∞, i ∈ {1, ..., n}, then

(2.9) A ≤ B ≤ C,

with B andC being as defined in (2.5).

The following corollary may be useful in practical applications.

COROLLARY 2.4 (Barnett et al., 2002 [5]). With the above assumptions, we have∣∣∣∣∣If (p, q)− f (1)−
n−1∑
k=0

(−1)k

(k + 1)!
I(·−1)k+1f (k+1)(·) (p, q)

∣∣∣∣∣(2.10)

≤ M1 ≤ M2 ≤ M3,∣∣∣∣∣If (p, q)− f (1)−
n−1∑
k=0

f (k+1) (1)

(k + 1)!
Dk (p, q)

∣∣∣∣∣(2.11)

≤ M1 ≤ M2 ≤ M3

and ∣∣∣∣∣If (p, q)− f (1)−
n−1∑
k=0

f (k+1) (1)

2k+1 (k + 1)!
Dk (p, q)(2.12)

−
n−1∑
k=0

(−1)k

2k+1 (k + 1)!
I(·−1)k+1f (k+1)(·) (p, q)

∣∣∣∣∣
≤ 1

2n
M1 ≤

1

2n
M2 ≤

1

2n
M3

for r ≤ pi

qi
≤ R, i ∈ {1, ..., n}, whereMi

(
i = 1, 3

)
are as defined in Corollary 2.2.

REMARK 2.1. If in all the above results we choosef to be a particular function generat-
ing the classical divergences listed in the introduction), then we can obtain many interesting
approximations for the above distances. We omit the details.

3. REPRESENTATION OF f -DIVERGENCE V IA A GENERAL M ONTGOMERY I DENTITY

In [16], the authors have pointed out the following integral identity generalising the Mont-
gomery identity.

LEMMA 3.1. Let f : [a, b] → R be a mapping such thatf (n−1) is absolutely continuous on
[a, b]. Then for allx ∈ [a, b], we have the identity:∫ b

a

f (t) dt =
n−1∑
k=0

[
(b− x)k+1 + (−1)k (x− a)k+1

(k + 1)!

]
f (k) (x)(3.1)

+ (−1)n

∫ b

a

Kn (x, t) f (n) (t) dt
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where the kernelKn : [a, b]2 → R is given by

(3.2) Kn (x, t) :=


(t−a)n

n!
, a ≤ t ≤ x ≤ b

(t−b)n

n!
, a ≤ x < t ≤ b

andn is a natural number,n ≥ 1.

In what follows, we need the identity (3.2) in the following equivalent form [16]:

f (z) =
1

b− a

∫ b

a

f (t) dt(3.3)

− 1

b− a

n−1∑
k=1

1

(k + 1)!

[
(b− z)k+1 + (−1)k (z − a)k+1

]
f (k) (z)

+
(−1)n+1

(b− a) n!

[∫ z

a

(t− a)n f (n) (t) dt +

∫ b

z

(t− b)n f (n) (t) dt

]
for all z ∈ [a, b].

Note that forn = 1, the sum
∑n−1

k=1 is empty and we obtain theMontgomery identity(see
for example [35])

f (z) =
1

b− a

∫ b

a

f (t) dt +
1

b− a

[∫ z

a

(t− a) f (1) (t) dt(3.4)

+

∫ b

z

(t− b) f (1) (t) dt

]
, x ∈ [a, b] .

In what follows, we assume that the probability distributionsp, q ∈ Pm satisfy the standing
condition:

(3.5) 0 ≤ r ≤ pi

qi

≤ R < ∞, for i ∈ {1, ...,m} .

Obviouslyr ≤ 1 ≤ R.
The following representation of Csiszárf−divergence holds.

THEOREM 3.2 (Barnett et al., 2002 [7]). Let f : [r, R] → R, wherer, R are as above and
f (n−1) is absolutely continuous on[r, R]. Then for allp, q ∈ Pm satisfying (3.5), we have the
representation:

If (p, q)(3.6)

=
1

R− r

∫ R

r

f (t) dt− 1

R− r

n−1∑
k=1

1

(k + 1)!
I(R−·)k+1f (k)(·) (p, q)

+
1

R− r

n−1∑
k=1

(−1)k+1

(k + 1)!
I(·−r)k+1f (k)(·) (p, q)

+
(−1)n+1

(R− r) n!

m∑
i=1

qi

(∫ pi
qi

r

(t− r)n f (n) (t) dt

)

+
(−1)n+1

(R− r) n!

m∑
i=1

qi

(∫ R

pi
qi

(t−R)n f (n) (t) dt

)
.
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PROOF. Using (3.3) forz = pi

qi
, i ∈ {1, ...,m} anda = r, b = R, we may write

f

(
pi

qi

)
(3.7)

=
1

R− r

∫ R

r

f (t) dt− 1

R− r

n−1∑
k=1

1

(k + 1)!

[(
R− pi

qi

)k+1

+ (−1)k

(
pi

qi

− r

)k+1
]

f (k)

(
pi

qi

)

+
(−1)n+1

(R− r) n!

[∫ pi
qi

r

(t− r)n f (n) (t) dt +

∫ R

pi
qi

(t−R)n f (n) (t) dt

]
for all i ∈ {1, ...,m}.

If we multiply (3.7) byqi ≥ 0, sum overi ∈ {1, ....m} and take into account that
∑m

i=1 qi =
1, we get the desired identity (3.6).

REMARK 3.1. If n = 1, then we have the representation:

If (p, q) =
1

R− r

∫ R

r

f (t) dt(3.8)

+
1

R− r

m∑
i=1

qi

(∫ pi
qi

r

(t− r) f ′ (t) dt

)

+
1

R− r

m∑
i=1

qi

(∫ R

pi
qi

(t−R) f ′ (t) dt

)
if n = 2, then we have the representation:

If (p, q) =
1

R− r

∫ R

r

f (t) dt +
1

2 (R− r)
I(R−·)2f (1)(·) (p, q)(3.9)

+
1

R− r
I(·−r)2f ′(·) (p, q)

− 1

2 (R− r)

m∑
i=1

qi

(∫ pi
qi

r

(t− r)2 f (2) (t) dt

)

− 1

2 (R− r)

m∑
i=1

qi

(∫ R

pi
qi

(t−R)2 f (2) (t) dt

)
.

4. BOUNDS FOR THE REMAINDER

In formula (3.6), we consider the remainderRf (p, q) given by

Rf (p, q) :=
(−1)n+1

(R− r) n!

[
m∑

i=1

qi

(∫ pi
qi

r

(t− r)n f (n) (t) dt

)

+
m∑

i=1

qi

(∫ R

pi
qi

(t−R)n f (n) (t) dt

)]
.

In this section, we are interested in obtaining some bounds forRf (p, q).
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For this purpose, consider

I1 (z) =

∫ z

r

(t− r)n f (n) (t) dt

and

I2 (z) :=

∫ R

z

(t−R)n f (n) (t) dt,

wherez ∈ [r, R].
Fora < b, we also define the Lebesgue norm,

‖f‖[a,b],p :=

[∫ b

a

|f (t)|p dt

] 1
p

, p ≥ 1

and
‖f‖[a,b],∞ := ess sup

t∈[a,b]

|f (t)| .

Now, we observe that

|I1 (z)| ≤
∫ z

r

|t− r|n
∣∣f (n) (t)

∣∣ dt ≤
∥∥f (n)

∥∥
[r,z],∞

(z − r)n+1

n + 1
,

|I1 (z)| ≤
∥∥f (n)

∥∥
[r,z],β

(∫ z

r

|t− r|αn dt

) 1
α

=
∥∥f (n)

∥∥
[r,z],β

[
(z − r)αn+1

αn + 1

] 1
α

=
∥∥f (n)

∥∥
[r,z],β

(z − r)n+ 1
α

(αn + 1)
1
α

if α > 1,
1

α
+

1

β
= 1,

and, finally,
|I1 (z)| ≤

∥∥f (n)
∥∥

[r,z],1
sup

t∈[r,z]

|t− r|n =
∥∥f (n)

∥∥
[r,z],1

(z − r)n .

Consequently, we have

(4.1) |I1 (z)| ≤



(z−r)n+1

n+1

∥∥f (n)
∥∥

[r,z],∞

(z−r)n+ 1
α

(αn+1)
1
α

∥∥f (n)
∥∥

[r,z],β
, α > 1, 1

α
+ 1

β
= 1;

(z − r)n
∥∥f (n)

∥∥
[r,z],1

.

In a similar fashion, we may point out that

(4.2) |I2 (z)| ≤



(R−z)n+1

n+1

∥∥f (n)
∥∥

[z,R],∞

(R−z)n+ 1
α

(αn+1)
1
α

∥∥f (n)
∥∥

[z,R],β
, α > 1, 1

α
+ 1

β
= 1;

(R− z)n
∥∥f (n)

∥∥
[z,R],1

.

The following bound for the remainderRf (p, q) holds.

THEOREM 4.1 (Barnett et al., 2002 [7]). Letf, r, R, p andq be as in Theorem 3.2. Then we
have the inequality

(4.3) |Rf (p, q)| ≤ 1

n! (R− r)
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×



1
n+1

∑m
i=1 qi

[(
R− pi

qi

)n+1 ∥∥f (n)
∥∥h

pi
qi

,R
i
,∞

+
(

pi

qi
− r
)n+1 ∥∥f (n)

∥∥h
r,

pi
qi

i
,∞

]
1

(αn+1)
1
α

∑m
i=1 qi

[(
R− pi

qi

)n+ 1
α ∥∥f (n)

∥∥h
pi
qi

,R
i
,β

+
(

pi

qi
− r
)n+ 1

α ∥∥f (n)
∥∥h

r,
pi
qi

i
,β

]
if α > 1, 1

α
+ 1

β
= 1;

∑m
i=1 qi

[(
R− pi

qi

)n ∥∥f (n)
∥∥h

pi
qi

,R
i
,1

+
(

pi

qi
− r
)n ∥∥f (n)

∥∥h
r,

pi
qi

i
,1

]

≤ 1

n! (R− r)
×



‖f (n)‖
[r,R],∞

n+1

∑m
i=1 qi

[(
R− pi

qi

)n+1

+
(

pi

qi
− r
)n+1

]
‖f (n)‖

[r,R],β

(αn+1)
1
α

∑m
i=1 qi

[(
R− pi

qi

)n+ 1
α

+
(

pi

qi
− r
)n+ 1

α

]
∥∥f (n)

∥∥
[r,R],1

∑m
i=1 qi

[(
R− pi

qi

)n

+
(

pi

qi
− r
)n]

≤



‖f (n)‖
[r,R],∞

(R−r)n

(n+1)!

‖f (n)‖
[r,R],β

(R−r)n+ 1
α−1

n!(αn+1)
1
α

if α > 1, 1
α

+ 1
β

= 1;

‖f (n)‖
[r,R],1

(R−r)n−1

n!
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PROOF. Using (4.1) and (4.2), we may write:

|Rf (p, q)| ≤ 1

n! (R− r)

[
m∑

i=1

qi

∣∣∣∣∣
∫ pi

qi

r

(t− r)n f (n) (t) dt

∣∣∣∣∣
+

m∑
i=1

qi

∣∣∣∣∣
∫ R

pi
qi

(t−R)n f (n) (t) dt

∣∣∣∣∣
]

≤ 1

(R− r) n!
×



1
n+1

∑m
i=1 qi

(
pi

qi
− r
)n+1 ∥∥f (n)

∥∥h
r,

pi
qi

i
,∞

1

(αn+1)
1
α

∑m
i=1 qi

(
pi

qi
− r
)n+ 1

α ∥∥f (n)
∥∥h

r,
pi
qi

i
,β

if α > 1, 1
α

+ 1
β

= 1;

∑m
i=1 qi

(
pi

qi
− r
)n ∥∥f (n)

∥∥h
r,

pi
qi

i
,1

+
1

(R− r) n!
×



1
n+1

∑m
i=1 qi

(
R− pi

qi

)n+1 ∥∥f (n)
∥∥h

pi
qi

,R
i
,∞

1

(αn+1)
1
α

∑m
i=1 qi

(
R− pi

qi

)n+ 1
α ∥∥f (n)

∥∥h
pi
qi

,R
i
,β

if α > 1, 1
α

+ 1
β

= 1;

∑m
i=1 qi

(
R− pi

qi

)n ∥∥f (n)
∥∥h

pi
qi

,R
i
,1

≤ 1

(R− r) n!
×



‖f (n)‖
[r,R],∞

n+1

∑m
i=1 qi

[(
pi

qi
− r
)n+1

+
(
R− pi

qi

)n+1
]

‖f (n)‖
[r,R],β

(αn+1)
1
α

∑m
i=1 qi

[(
pi

qi
− r
)n+ 1

α
+
(
R− pi

qi

)n+ 1
α

]
∥∥f (n)

∥∥
[r,R],1

∑m
i=1 qi

[(
pi

qi
− r
)n

+
(
R− pi

qi

)n]

≤ 1

(R− r) n!
×



‖f (n)‖
[r,R],∞

n+1
(R− r)n+1

‖f (n)‖
[r,R],β

(R−r)n+ 1
α

(αn+1)
1
α∥∥f (n)

∥∥
[r,R],1

(R− r)n

=



‖f (n)‖
[r,R],∞

(R−r)n

(n+1)!

‖f (n)‖
[r,R],β

(R−r)n+ 1
α−1

n!(αn+1)
1
α

‖f (n)‖
[r,R],1

(R−r)n−1

n!

and the theorem is proved.
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REMARK 4.1. Forn = 1, we obtain the estimate

|Rf (p, q)| ≤ 1

R− r
×



1
2

∑m
i=1 qi

[(
R− pi

qi

)2 ∥∥f (1)
∥∥h

pi
qi

,R
i
,∞

+
(

pi

qi
− r
)2 ∥∥f (1)

∥∥h
r,

pi
qi

i
,∞

]
1

(α+1)
1
α

∑m
i=1 qi

[(
R− pi

qi

)1+ 1
α ∥∥f (1)

∥∥h
pi
qi

,R
i
,β

+
(

pi

qi
− r
)1+ 1

α ∥∥f (1)
∥∥h

r,
pi
qi

i
,β

]
if α > 1, 1

α
+ 1

β
= 1;

∑m
i=1 qi

[(
R− pi

qi

)∥∥f (1)
∥∥h

pi
qi

,R
i
,1

+
(

pi

qi
− r
)∥∥f (1)

∥∥h
r,

pi
qi

i
,1

]

≤ 1

R− r
×



‖f (1)‖
[r,R],∞

2

∑m
i=1 qi

[(
R− pi

qi

)2

+
(

pi

qi
− r
)2
]

‖f (1)‖
[r,R],β

(α+1)
1
α

∑m
i=1 qi

[(
pi

qi
− r
)1+ 1

α
+
(
R− pi

qi

)1+ 1
α

]
if α > 1, 1

α
+ 1

β
= 1;

(R− r)
∥∥f (1)

∥∥
[r,R],1

≤



‖f (1)‖
[r,R],∞

(R−r)

2

‖f (1)‖
[r,R],β

(R−r)
1
α

(α+1)
1
α

if α > 1, 1
α

+ 1
β

= 1;

∥∥f (1)
∥∥

[r,R],1

which improves some results from [68].
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CHAPTER 18

Two Functions Associated tof -Divergences

1. INTRODUCTION

In [102], Lin and Wong (see also [101]) introduced the following divergence measure

(1.1) DLW (p, q) :=
n∑

i=1

pi log

(
pi

1
2
pi + 1

2
qi

)
, p, q ∈ Pn.

This can be represented as follows, using the Kullback-Leibler divergence:

DLW (p, q) = DKL

(
p,

1

2
p +

1

2
q

)
.

Lin and Wong have established the following inequalities

(1.2) DLW (p, q) ≤ 1

2
DKL (p, q) ;

(1.3) DLW (p, q) + DLW (q, p) ≤ Dv (p, q) ≤ 2;

(1.4) DLW (p, q) ≤ 1.

In [121], Shioya and Da-te improved(1.2)-(1.4) by showing that

DLW (p, q) ≤ 1

2
Dv (p, q) ≤ 1.

In the same paper [121], the authors have introduced the generalised Lin-Wongf−divergence
Df

(
p, 1

2
p + 1

2
q
)

and the Hermite-Hadamard divergence

Df
HH (p, q) :=

n∑
i=1

pi

∫ qi
pi

1 f (t) dt
qi

pi
− 1

, p, q ∈ Pn

and, by the use of the Hermite-Hadamard inequality for convex functions, proved the following
basic inequality

(1.5) Df

(
p,

1

2
p +

1

2
q

)
≤ Df

HH (p, q) ≤ 1

2
Df (p, q) ,

provided thatf is convex and normalised, i.e.,f (1) = 0.
In the following we point out new inequalites forHH−divergence, which also improve the

above result.

2. SOME I NEQUALITIES

In the following, we assume everywhere that the mappingf : (0,∞) → R is convex and
normalised.

The following result holds.

246
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THEOREM 2.1 (Barnett et al., 2003 [3]). Letp, q ∈ Pn. Then we have the inequality

Df

(
p,

1

2
p +

1

2
q

)
(2.1)

≤ λDf

(
p, p +

λ

2
(q − p)

)
+ (1− λ) Df

(
p,

p + q

2
+

λ

2
(q − p)

)
≤ Df

HH (p, q) ≤ 1

2
[Df (p, (1− λ) p + λq) + (1− λ) Df (p, q)]

≤ 1

2
Df (p, q) ,

for all λ ∈ [0, 1].

PROOF. Firstly, let us prove the following refinement of the Hermite-Hadamard inequality

f

(
a + b

2

)
(2.2)

≤ λf

(
a + λ · b− a

2

)
+ (1− λ) f

(
a + b

2
+ λ · b− a

2

)
≤ 1

b− a

∫ b

a

f (u) du ≤ 1

2
[f ((1− λ) a + λb) + λf (a) + (1− λ) f (b)]

≤ f (a) + f (b)

2

for all λ ∈ [0, 1].
Applying the Hermite-Hadamard inequality on every subinterval

[a, (1− λ) a + λb] , [(1− λ) a + λb, b], we have

f

(
a + (1− λ) a + λb

2

)
× [(1− λ) a + λb− a]

≤
∫ (1−λ)a+λb

a

f (u) du

≤ f ((1− λ) a + λb) + f (a)

2
× [(1− λ) a + λb− a]

and

f

(
(1− λ) a + λb + b

2

)
× [b− (1− λ) a− λb]

≤
∫ b

(1−λ)a+λb

f (u) du

≤ f (b) + f ((1− λ) a + λb)

2
× [b− (1− λ) a− λb] ,

which are clearly equivalent to

λf

(
a + λ · b− a

2

)
≤ 1

b− a

∫ (1−λ)a+λb

a

f (u) du(2.3)

≤ λf ((1− λ) a + λb) + λf (a)

2
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and

(1− λ) f

(
a + b

2
+ λ · b− a

2

)
(2.4)

≤ 1

b− a

∫ b

(1−λ)a+λb

f (u) du

≤ (1− λ) f (b) + (1− λ) f ((1− λ) a + λb)

2
.

Summing (2.3) and (2.4), we obtain the second and the first inequality in (2.2).
By the convexity property, we obtain

λf

(
a + λ · b− a

2

)
+ (1− λ) f

(
a + b

2
+ λ · b− a

2

)
≥ f

[
λ

(
a + λ · b− a

2

)
+ (1− λ)

(
a + b

2
+ λ · b− a

2

)]
= f

(
a + b

2

)
and the first inequality in (2.1) is proved.

The last inequality is obvious by the convexity property off .
Now, if we choosea = 1 andb = qi

pi
, x ∈ χ, in (2.2) and multiply bypi ≥ 0, x ∈ χ, we get

pif

(
pi + qi

2pi

)
≤ λpif

(
pi + λ (qi − pi)

2pi

)
+ (1− λ) pif

(
pi + qi

2pi

+
λ (qi − pi)

2pi

)
≤ p2 (x)

qi − pi

∫ qi
pi

1

f (u) du

≤ 1

2

[
f

(
(1− λ) pi + λqi

pi

)
pi + λpif (1) + (1− λ) pif

(
qi

pi

)]

≤
pif (1) + pif

(
qi

pi

)
2

.

Integrating onχ and taking into account the definition of Csiszárf−divergence and the Hermite-
Hadamard divergence, we obtain (2.1).

REMARK 2.1. If λ = 0 or λ = 1, then by (2.1), we obtain the inequality (1.5).

COROLLARY 2.2 (Barnett et al., 2003 [3]). Letp, q ∈ Pn. Then we have the inequality

Df

(
p,

p + q

2

)
≤ 1

2

[
Df

(
p,

3p + q

4

)
+ Df

(
p,

p + 3q

4

)]
(2.5)

≤ Df
HH (p, q) ≤ 1

2

[
Df

(
p,

p + q

2

)
+

1

2
Df (p, q)

]
≤ 1

2
Df (p, q) .
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REMARK 2.2. If we substituteλ by (1− λ) in ( 2.1), we can get

Df

(
p,

p + q

2

)
(2.6)

≤ (1− λ) Df

(
p,

p + q

2
+ λ (p− q)

)
+ λDf

(
p, q + λ

p− q

2

)
≤ Df

HH (p, q) ≤ 1

2
[Df (p, λp + (1− λ) q) + λDf (p, q)]

≤ 1

2
Df (p, q) .

Now, if we add (2.1) and (2.6) and divide by 2, we can state the following corollary.

COROLLARY 2.3 (Barnett et al., 2003 [3]). Letp, q ∈ Pn. Then we have the inequality

Df

(
p,

p + q

2

)
(2.7)

≤ λ

[
Df

(
p, p +

λ

2
(q − p)

)
+ Df

(
p, q +

λ

2
(p− q)

)]
+ (1− λ)

[
Df

(
p,

p + q

2
+

λ

2
(q − p)

)
+ Df

(
p,

p + q

2
+

1

2
(p− q)

)]
≤ Df

HH (p, q)

≤ 1

4
[Df (p, (1− λ) p + λq) + Df (p, λp + (1− λ) q) + Df (p, q)]

≤ 1

2
Df (p, q) ,

for all λ ∈ [0, 1].

We also define the divergence.

(2.8) Hf (p, q; t) :=
n∑

i=1

pif

[
tqi + (1− t) pi

pi

]
= Df (p, tq + (1− t) p) .

We can state the following theorem.

THEOREM 2.4 (Barnett et al., 2003 [3]). Letp, q ∈ Pn. Then

(i) Hf (p, q; ·) is convex on[0, 1] ;
(ii) We have the bounds

(2.9) inf
t∈[0,1]

Hf (p, q; t) = Hf (p, q; 0) = 0,

(2.10) sup
t∈[0,1]

Hf (p, q; t) = Hf (p, q; 1) = Df (p, q) ,

and the inequality

(2.11) Hf (p, q; t) ≤ tDf (p, q) for all t ∈ [0, 1] .

(iii) The mappingHf (p, q; ·) is monotonic nondecreasing on[0, 1].

PROOF. We have:
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(i) Let t1, t2 ∈ [0, 1] andα, β ∈ [0, 1] with α + β = 1. Then

Hf (p, q; αt1 + βt2)

=
n∑

i=1

pif

[
(αt1 + βt2) qi + (1− αt1 − βt2) pi

qi

]

=
n∑

i=1

pif

[
α · [t1qi + (1− t1) pi]

qi

+ β · [t2qi + (1− t2) pi]

qi

]

≤ α ·
n∑

i=1

pif

[
[t1qi + (1− t1) pi]

qi

]

+ β ·
n∑

i=1

[t2qi + (1− t2) pi]

qi

= αHf (p, q, t1) + βHf (p, q, t2)

and the convexity is proved.
(ii) Using Jensen’s inequality, we have:

Hf (p, q, t) ≥ f

[
n∑

i=1

pi

[
tqi + (1− t) pi

qi

]]

= f

[
t

n∑
i=1

qi + (1− t)
n∑

i=1

pi

]
= f (1) = 0 = Hf (p, q, 0) .

Also, by the convexity off , we have

Hf (p, q, t) ≤
n∑

i=1

pi

[
tf

(
qi

pi

)
+ (1− t) f (1)

]

≤ t
n∑

i=1

pif

(
qi

pi

)
+ (1− t) f (1)

n∑
i=1

pi

= tDf (p, q) ,

and the statement (ii) is proved.
(iii) Let t1, t2 ∈ [0, 1] with t2 > t1. As Hf (p, q; ·) is convex, then

Hf (p, q, t2)−Hf (p, q, t1)

t2 − t1
≥ Hf (p, q, t1)−Hf (p, q, 0)

t1 − 0

and as
Hf (p, q, t1) ≥ Hf (p, q, 0) = 0,

we deduce thatHf (p, q, t1) ≥ Hf (p, q, t2), which proves that monotonicity ofHf (p, q, ·).

REMARK 2.3. If we write (2.11) for1− t, we obtain

(2.12) Hf (p, q, 1− t) ≤ (1− t) Df (p, q) , t ∈ [0, 1] .

Then, adding (2.11) and (2.12), we get

(2.13) Hf (p, q, t) + Hf (p, q, 1− t) ≤ Df (p, q)

for all t ∈ [0, 1].
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REMARK 2.4. Fort ∈
[

1
2
, 1
]
, we have the inequality

(2.14) Df

(
p,

1

2
p +

1

2
q

)
≤ Df (p, tq + (1− λ) p) ≤ tDf (p, q) ,

which is similar with (1.3).

We can also define the divergence

(2.15) Ff (p, q; t) :=
n∑

i=1

n∑
j=1

pipjf

[
t · qi

pi

+ (1− t) · qj

pj

]
,

wherep, q ∈ Pn andt ∈ [0, 1].
The properties of this mapping are embodied in the following theorem.

THEOREM 2.5 (Barnett et al., 2003 [3]). Letp, q ∈ Pn. Then:

(i) Ff (p, q; ·) is symmetrical about1
2
, i.e.,

(2.16) Ff (p, q; t) = Ff (p, q; 1− t) for all t ∈ [0, 1] .

(ii) F is convex on[0, 1];
(iii) We have the bounds:

(2.17) sup
t∈[0,1]

Ff (p, q; t) = Ff (p, q; 0) = Ff (p, q; 1) = Df (p, q) ,

inf
t∈[0,1]

Ff (p, q; t) = Ff

(
p, q;

1

2

)
(2.18)

=
n∑

i=1

n∑
j=1

pipjf

(
qipj + piqj

2piqj

)
≥ 0

(iv) Ff (p, q; ·) is nondecreasing on
[
0, 1

2

]
and nonincreasing on

[
1
2
, 1
]
;

(v) We have the inequality:

(2.19) Ff (p, q; t) ≥ max {Hf (p, q; t) ; Hf (p, q; 1− t)} for all t ∈ [0, 1] .

PROOF. We have:
(i) It is obvious.
(ii) Follows by the convexity off in a similar way to that in the proof of Theorem 2.4.
(iii) For all x, y ∈ χ we have:

f

[
t · qi

pi

+ (1− t) · qj

pj

]
≤ t · f

(
qi

pi

)
+ (1− t) · f

(
qj

pj

)
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for anyt ∈ [0, 1].
Multiplying by pipj ≥ 0 and integrating onχ2, we may write

Ff (p, q; t) ≤
n∑

i=1

n∑
j=1

pipj

[
t · f

(
qi

pi

)
+ (1− t) · f

(
qj

pj

)]

= t

n∑
j=1

pj

n∑
i=1

pif

(
qi

pi

)

+ (1− t)
n∑

i=1

n∑
j=1

pjf

(
qj

pj

)
= t ·Df (p, q) + (1− t) ·Df (p, q) = Df (p, q)

= Ff (p, q; 0) = Ff (p, q; 1)

and the bound (2.17) is proved.
Sincef is convex, then for allt ∈ [0, 1] andx, y ∈ χ, we have

1

2

{
f

[
t · qi

pi

+ (1− t) · qj

pj

]
+ f

[
(1− t) · qi

pi

+ t · qj

pj

]}
≥ f

[
1

2

(
qi

pi

+
qj

pj

)]
.

Multiplying by pipj ≥ 0 and integrating onχ2, we have

1

2
[Ff (p, q; t) + Ff (p, q; 1− t)] ≥

n∑
i=1

n∑
j=1

pipjf

[
1

2

(
qi

pi

+
qj

pj

)]
and the first part of (2.18) is proved.
Using Jensen’s integral inequality, we may write:

n∑
i=1

n∑
j=1

f

[
1

2

(
qipj + piqj

piqj

)]
pipj

≥ f

[
n∑

i=1

n∑
j=1

1

2

(
qipj + piqj

piqj

)
pipj

]

= f

[
1

2

[
n∑

i=1

pi

n∑
j=1

pj +
n∑

i=1

qi

n∑
j=1

qj

]]
= f (1) = 0

and the second part of (2.18) is proved.
(iv) The mappingFf (p, q; ·) being convex on[0, 1], we may write for1 ≥ t2 > t1 ≥ 1

2
that

Ff (p, q; t2)− Ff (p, q; t1)

t2 − t1
≥

Ff (p, q; t1)− Ff

(
p, q; 1

2

)
t1 − 1

2

and as

Ff (p, q; t1) ≥ Ff

(
p, q;

1

2

)
, t1 ≥

1

2
,

we deduce thatFf (p, q; t2) ≥ Ff (p, q; t1), i.e., the mappingFf (p, q; ·) is monotonically non-
decreasing on

[
0, 1

2

]
.

Similarly, we can prove thatFf (p, q; ·) is monotonically nonincreasing on
[
0, 1

2

]
, and the state-

ment (iv) is proved.
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(v) Using Jensen’s integral inequality, we have
n∑

j=1

pjf

[
t · qi

pi

+ (1− t) · qj

pj

]

≥ f

[
n∑

j=1

pj

[
t · qi

pi

+ (1− t) · qj

pj

]]

= f

[
t · qi

pi

n∑
j=1

pj + (1− t) ·
n∑

j=1

qj

]
= f

[
t · qi

pi

+ (1− t)

]
.

Multiplying by pi ≥ 0 and integrating onχ, we have

Ff (p, q; t) ≥
n∑

i=1

pif

[
t · qi

pi

+ (1− t)

]
= Hf (p, q; t) ,

for all t ∈ [0, 1].
Now, as

Ff (p, q; 1− t) ≥ Hf (p, q; 1− t)

andFf (p, q; t) = Ff (p, q; 1− t) for all t ∈ [0, 1], the inequality (2.19) is completely proved.

3. PRELIMINARY RESULTS

In [3], the authors introduced the following divergence measure

(3.1) Hf (p, q; t) :=
m∑

i=1

pif

[
tqi + (1− t) pi

pi

]
,

wherep, q ∈ Q andt ∈ [0, 1].
It is obvious that this measure can be represented in terms off−divergence, namely, we

have the representation,

(3.2) Hf (p, q; t) = If (p, tq + (1− t) p)

for all p, q ∈ Q andt ∈ [0, 1].
The following properties ofHf (·, ·; ·) hold (see [3]).

THEOREM 3.1. Assume that the mappingf : [0,∞) → R is convex andp, q ∈ Q, then,

(i) Hf (p, q; ·) is convex on[0, 1];
(ii)

(3.3) Hf (p, q; t) ≤ If (p, q) for all t ∈ [0, 1]

with the bounds

(3.4) inf
t∈[0,1]

Hf (p, q; t) = Hf (p, q; 0) = 0

and

(3.5) sup
t∈[0,1]

Hf (p, q; t) = Hf (p, q; 1) = If (p, q) ;

(iii) The mappingHf (p, q; ·) is monotonic nondecreasing on[0, 1].
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In the same paper [3], the authors introduced the following divergence,

(3.6) Ff (p, q; t) =
m∑

i=1

m∑
j=1

pipjf

[
t · qi

pi

+ (1− t) · qj

pj

]
,

wherep, q ∈ Ω andt ∈ [0, 1].
The properties of this mapping are embodied in the following theorem [3].

THEOREM 3.2 (Barnett et al., 2003 [3]). Under the assumptions of Theorem 3.1, we have,

(i) Ff (p, q; ·) is symmetrical about1
2
, i.e.,

(3.7) Ff (p, q; t) = Ff (p, q; 1− t) for all t ∈ [0, 1] ;

(ii) Ff (p, q; ·) is convex on[0, 1];
(iii) We have the bounds

sup
t∈[0,1]

Ff (p, q; t) = Ff (p, q; 0) = Ff (p, q; 1) = If (p, q) ;(3.8)

inf
t∈[0,1]

Ff (p, q; t) = Ff

(
p, q;

1

2

)
(3.9)

=
m∑

i=1

m∑
j=1

pipjf

[
qipj + piqj

2pipj

]
≥ 0;

(iv) Ff (p, q; ·) is nondecreasing on
[
0, 1

2

]
and nonincreasing on

[
1
2
, 1
]
;

(v) and

(3.10) Ff (p, q; t) ≥ max {Hf (p, q; t) , Hf (p, q; 1− t)}
for all t ∈ [0, 1].

In this section we point out some estimates for the divergence measuresFf (·, ·; ·) and
Hf (·, ·; ·).

4. SOME ESTIMATES FOR n-T IME DIFFERENTIABLE M APPINGS

We use the following lemma (see also [33]).

LEMMA 4.1. Letf : I ∈ R → R (I interval ofR) be such thatf (n) is absolutely continuous
on I, then for allx, a ∈I̊ (I̊ is the interior ofI) we have the inequality,

(4.1)

∣∣∣∣∣f (x)− f (a)−
n∑

k=1

(x− a)k

k!
f (k) (a)

∣∣∣∣∣
≤



1
(n+1)!

∥∥f (n+1)
∥∥
∞ |x− a|n+1 if f (n+1) ∈ L∞ (I) ;

1

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α
|x− a|n+ 1

β if f (n+1) ∈ Lα (I) ,

α > 1, 1
α

+ 1
β

= 1;
1
n!

∥∥f (n+1)
∥∥

1
|x− a|n ,

where‖·‖α (α ∈ [1,∞]) are the usual Lebesgue norms onI, i.e.,

‖g‖α :=

(∫
I

|g (x)|α dx

) 1
α

, α ≥ 1

‖g‖∞ := ess sup
x∈I

|g (x)| .
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The following corollary will be useful in what follows.

COROLLARY 4.2. Assume thatf is as above anda, b ∈I̊, then for all λ ∈ [0, 1] , we have
the inequality:

(4.2)

∣∣∣∣∣f (λb + (1− λ) a)− f (a)−
n∑

k=1

λk (b− a)k

k!
f (k) (a)

∣∣∣∣∣

≤



λn+1|b−a|n+1

(n+1)!

∥∥f (n+1)
∥∥
∞ if f (n+1) ∈ L∞ (I) ;

λ
n+ 1

β |b−a|n+ 1
β

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥
∞ if f (n+1) ∈ Lα (I) ,

α > 1, 1
α

+ 1
β

= 1;
λn|b−a|n

n!

∥∥f (n+1)
∥∥

1
.

We can now point out the following estimation result for the mappingHf (p, q; ·) [6].

THEOREM 4.3 (Barnett et al., 2003 [6]). Assume that the mappingf : [0,∞) → R is such
thatf (n) is absolutely continuous on[r, R] , where0 ≤ r ≤ 1 ≤ R < ∞. If p, q are probability
distributions and

(4.3) r ≤ qi

pi

≤ R for i ∈ {1, ...,m} ,

then we have, ∣∣∣∣∣Hf (p, q; t)− f (1)−
n∑

k=1

tkf (k) (1)

k!
Dχk (p, q)

∣∣∣∣∣(4.4)

≤



tn+1‖f (n+1)‖∞
(n+1)!

D|χ|n+1 (p, q) if f (n+1) ∈ L∞ [r, R] ;

t
n+ 1

β ‖f (n+1)‖
α

n!(nβ+1)
1
β

D
|χ|n+ 1

β
(p, q) if f (n+1) ∈ Lα [r, R] ,

α > 1, 1
α

+ 1
β

= 1;
tn‖f (n+1)‖

1

n!
D|χ|n (p, q) ,

≤


tn+1(R−r)n+1

(n+1)!

∥∥f (n+1)
∥∥
∞

t
n+ 1

β (R−r)
n+ 1

β

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α

tn(R−r)n

n!

∥∥f (n+1)
∥∥

1
,

where

Dχk (p, q) :=
m∑

i=1

(qi − pi)
k

pk−1
i

, k = 1, ...

and

D|χ|r (p, q) :=
m∑

i=1

|qi − pi|r

pr−1
i

, r ≥ 0

where the Lebesgueα−norms are taken on[r, R].
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PROOF. Apply inequality (4.1) forλ = t ∈ [0, 1], b = qi

pi
, i ∈ {1, ...,m} anda = 1, to get,

(4.5)

∣∣∣∣∣∣∣f
(

t · qi

pi

+ (1− t)

)
− f (1)−

n∑
k=1

tk
(

qi

pi
− 1
)k

k!
f (k) (1)

∣∣∣∣∣∣∣

≤



tn+1
��� qi

pi
−1

���n+1

(n+1)!

∥∥f (n+1)
∥∥
∞ ;

t
n+ 1

β | qi
pi
−1|n+ 1

β

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α
;

tn
��� qi

pi
−1

���n

n!

∥∥f (n+1)
∥∥

1
;

≤


tn+1(R−r)n+1

(n+1)!

∥∥f (n+1)
∥∥
∞ ;

t
n+ 1

β (R−r)
n+ 1

β

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α
;

tn(R−r)n

n!

∥∥f (n+1)
∥∥

1
,

for i ∈ {1, ...,m}.
If we multiply (4.5) bypi ≥ 0, sum overi and use the properties of the sum, we get,∣∣∣∣∣

m∑
i=1

pif

(
tqi + (1− t) pi

pi

)

−f (1)−
n∑

k=1

tkf (k) (1)

k!

m∑
i=1

(qi − pi)
k

pk−1
i

∣∣∣∣∣

≤



tn+1‖f (n+1)‖∞
(n+1)!

∑m
i=1

|qi−pi|n+1

pn
i

;

t
n+ 1

β ‖f (n+1)‖
α

n!(nβ+1)
1
β

∑m
i=1

|qi−pi|
n+ 1

β

p
n+ 1

β
−1

i

;

tn‖f (n+1)‖
1

n!

∑m
i=1

|qi−pi|n

pn−1
i

,

≤


tn+1(R−r)n+1

(n+1)!

∥∥f (n+1)
∥∥
∞

t
n+ 1

β (R−r)
n+ 1

β

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α

tn(R−r)n

n!

∥∥f (n+1)
∥∥

1
,

and the theorem is proved.

REMARK 4.1. If n = 0, then, basically, for an absolutely continuous mappingf : [r, R] ⊂
[0,∞) → R, we have:

(4.6) |If (p, tq + (1− t) p)− f (1)|

≤


t ‖f ′‖∞ Dv (p, q)

t
1
β ‖f ′‖α D

|α|
1
β

(p, q)

‖f ′‖1

≤


t ‖f ′‖∞ (R− r)

t
1
β (R− r)

1
β · ‖f ′‖α

‖f ′‖1

for all t ∈ [0, 1], whereDv (p, q) =
∑m

i=1 |pi − qi|.
If n = 1, and taking into account thatDχ (p, q) = 0, then by (4.4) we get, for the mappings
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whose derivativesf ′ are absolutely continuous,

(4.7) |If (p, tq + (1− t) p)− f (1)|

≤



t2‖f ′‖∞
2

Dχ2 (p, q) if f ′ ∈ L∞ [r, R]

t
β+1

β ‖f ′‖α

(β+1)
1
β

D
|χ|

β+1
β

(p, q) if f ′ ∈ Lα [r, R]

t ‖f ′‖1 Dv (p, q)

for all t ∈ [0, 1].

Of course, if we assume thatf is convex and normalised, then the left hand side of both
(4.6) and (4.7) will become

0 ≤ If (p, tq + (1− t) p)

and the inequalities (4.6) and (4.7) will provide some upper bounds for the mappingHf (p, q; t),
t ∈ [0, 1].

REMARK 4.2. If we assume thatf ′′ is absolutely continuous, then from (4.4) we obtain,

(4.8)

∣∣∣∣Hf (p, q; t)− f (1)− t2

2
f ′′ (1) Dχ2 (p, q)

∣∣∣∣

≤



t3‖f ′′′‖∞
6

D|χ|3 (p, q) if f ′′′ ∈ L∞ [r, R] ;

t
2β+1

β ‖f ′′′‖α

2(2β+1)
1
β

D
|χ|2+

1
β

(p, q) if f ′′′ ∈ Lα [r, R] ,

α > 1, 1
α

+ 1
β

= 1;
t2‖f ′′′‖1

2
D|χ|2 (p, q) ,

which provides an approximation ofHf (p, q; t) by a quadratic int whose coefficient is depen-
dent on theχ2 -distance ofp andq.

We also note that Theorem 4.3 contains, as a particular case (fort = 1), an approximation
of thef−divergence dontained in the following corollary.

COROLLARY 4.4. With the assumptions of Theorem 4.3, we have,

(4.9)

∣∣∣∣∣If (p, q)− f (1)−
n∑

k=1

f (k) (1)

k!
Dχk (p, q)

∣∣∣∣∣

≤



‖f (n+1)‖∞
(n+1)!

D|χ|n+1 (p, q)

‖f (n+1)‖
α

n!(nβ+1)
1
β
D
|χ|n+ 1

β
(p, q)

‖f (n+1)‖
1

n!
D|χ|n (p, q)

≤



‖f (n+1)‖∞
(n+1)!

(R− r)n+1

‖f (n+1)‖
α

n!(nβ+1)
1
β

(R− r)n+ 1
β

‖f (n+1)‖
1

n!
(R− r)n .

We also know that fort = 1
2
, we obtain the generalised Lin-Wongf−divergence

LWf (p, q) := If

(
p,

1

2
p +

1

2
q

)
and so, from (4.4), we may state the following estimation for the Lin-Wongf−divergence.
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COROLLARY 4.5. With the assumptions of Theorem 4.3, we have,

(4.10)

∣∣∣∣∣LWf (p, q)− f (1)−
n∑

k=1

tkf (k) (1)

2kk!
Dχk (p, q)

∣∣∣∣∣

≤



‖f (n+1)‖∞
2n+1(n+1)!

D|χ|n+1 (p, q) if f (n+1) ∈ L∞ [r, R] ;

‖f (n+1)‖
α

2
n+ 1

β n!(nβ+1)
1
β
D
|χ|n+ 1

β
(p, q) if f (n+1) ∈ Lα [r, R] ,

α > 1, 1
α

+ 1
β

= 1;
‖f (n+1)‖

1

2nn!
D|χ|n (p, q) .

REMARK 4.3. Similar particular cases forn = 0, n = 1 andn = 2 may be stated but we
omit the details.

The following theorem also holds [6].

THEOREM 4.6 (Barnett et al., 2003 [6]). Assume that the mappingf : [0,∞) → R is such
that f (n) is absolutely continuous on[r, R], where0 ≤ r ≤ 1 ≤ R < ∞. If p, q satisfy the
condition

(4.11) r ≤ qi

pi

≤ R for i ∈ {1, ...,m} ,

then we have the inequality,∣∣∣∣∣Ff (p, q; t)− If (p, q)−
n∑

k=1

tk

k!
D

(∗)
f (k) (p, q)

∣∣∣∣∣(4.12)

≤



tn+1

(n+1)!
D

(∗)
n+1 (p, q)

∥∥f (n+1)
∥∥
∞ if f (n+1) ∈ L∞ [r, R] ;

t
n+ 1

β

n!(nβ+1)
1
β
D

(∗)
n+ 1

β

(p, q)
∥∥f (n+1)

∥∥
α

if f (n+1) ∈ Lα [r, R] ,

α > 1, 1
α

+ 1
β

= 1;
tn

n!
D

(∗)
n (p, q)

∥∥f (n+1)
∥∥

1

≤



tn+1

(n+1)!
(R− r)n+1

∥∥f (n+1)
∥∥
∞ if f (n+1) ∈ L∞ [r, R] ;

t
n+ 1

β

n!(nβ+1)
1
β

(R− r)n+ 1
β

∥∥f (n+1)
∥∥

α
if f (n+1) ∈ Lα [r, R] ,

α > 1, 1
α

+ 1
β

= 1;
tn

n!
(R− r)n

∥∥f (n+1)
∥∥

1
,

where

D
(∗)
f (k) (p, q) =

m∑
i=1

m∑
j=1

(
det

[
pj qj

pi qi

])k

[pi]
k−1 [pj]

k−1
f (k)

(
qj

pj

)
, k = 1, ....

D(∗)
s (p, q) =

m∑
i=1

m∑
j=1

∣∣∣∣det

[
pj qj

pi qi

]∣∣∣∣s
ps−1

i ps−1
j

, s > 0

and theα−norms are taken on[r, R].
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PROOF. We choose in Corollary 4.2,b = qi

pi
, a =

qj

pj
, to obtain,

∣∣∣∣f (t · qi

pi

+ (1− t) · qj

pj

)
− f

(
qj

pj

)

−
n∑

k=1

tk
(

qi

pi
− qj

pj

)k

k!
f (k)

(
qj

pj

)∣∣∣∣∣∣∣

≤



tn+1

(n+1)!

∣∣∣ qi

pi
− qj

pj

∣∣∣n+1 ∥∥f (n+1)
∥∥
∞

t
n+ 1

β

n!(nβ+1)
1
β

∣∣∣ qi

pi
− qj

pj

∣∣∣n+ 1
β ∥∥f (n+1)

∥∥
α

tn

n!

∣∣∣ qi

pi
− qj

pj

∣∣∣n ∥∥f (n+1)
∥∥

1

for all i, j ∈ {1, ...,m} andt ∈ [0, 1], which is clearly equivalent to,

(4.13)

∣∣∣∣f (tpjqi + (1− t) piqj

pipj

)
− f

(
qj

pj

)

−
n∑

k=1

tk

k!
·

(
det

[
pj qj

pi qi

])k

pk
i p

k
j

f (k)

(
qj

pj

)∣∣∣∣∣∣∣∣∣

≤



tn+1

(n+1)!
·

������
det

2
4 pj qj

pi qi

3
5
������

n+1

pn+1
i pn+1

j

∥∥f (n+1)
∥∥
∞

t
n+ 1

β

n!(nβ+1)
1
β
·

������
det

2
4 pj qj

pi qi

3
5
������

n+ 1
β

p
n+ 1

β
i p

n+ 1
β

j

∥∥f (n+1)
∥∥

α

tn

n!
·

������
det

2
4 pj qj

pi qi

3
5
������

n

pn
i pn

j

∥∥f (n+1)
∥∥

1

for all i, j ∈ {1, ...,m} andt ∈ [0, 1].
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If we multiply (4.13) bypipj ≥ 0 for i, j ∈ {1, ...,m}, sum overi andj, we obtain,∣∣∣∣∣
m∑

i=1

m∑
j=1

pipjf

(
tpjqi + (1− t) piqj

pipj

)

−
m∑

i=1

m∑
j=1

pipjf

(
qj

pj

)

−
n∑

k=1

tk

k!

m∑
i=1

m∑
j=1

(
det

[
pj qj

pi qi

])k

pk−1
i pk−1

j

f (k)

(
qj

pj

)∣∣∣∣∣∣∣∣∣

≤



tn+1

(n+1)!

∥∥f (n+1)
∥∥
∞ ·
∑m

i=1

∑m
j=1

������
det

2
4 pj qj

pi qi

3
5
������

n+1

pn
i pn

j

t
n+ 1

β

n!(nβ+1)
1
β

∥∥f (n+1)
∥∥

α
·
∑m

i=1

∑m
j=1

������
det

2
4 pj qj

pi qi

3
5
������

n+ 1
β

p
n+ 1

β
−1

i p
n+ 1

β
−1

j

tn

n!

∥∥f (n+1)
∥∥

1
·
∑m

i=1

∑m
j=1

������
det

2
4 pj qj

pi qi

3
5
������

n

pn−1
i pn−1

j

,

which is clearly equivalent to the first inequality in (4.12).
The second inequality is obvious by the fact that,∣∣∣∣qi

pi

− qj

pj

∣∣∣∣ ≤ R− r for all i, j ∈ {1, ...,m} .

The theorem is thus completely proved.
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[67] S. S. DRAGOMIR, V. GLUŠ̌CEVIĆ and C. E. M. PEARCE The approximation of Csiszár f-
divergence for absolutely continuous mappings.Inequality theory and applications. Vol. I, 155–
170, Nova Sci. Publ., Huntington, NY, 2001.
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