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OSTROWSKITYPE INEQUALITIES FORLEBESGUEINTEGRAL 1

1. INTRODUCTION

The main aim of this survey is to present recent results concerning Ostrowski type inequal-
ities for the Lebesgue integral of various classes of complex and real-valued functions. It is
a natural continuation of the edited monograph from 20D&tjowski Type Inequalities and
Applications in Numerical IntegratiorEdited by Sever S. Dragomir and Themistocles M. Ras-
sias. Kluwer Academic Publishers, Dordrecht, 2002. xx+481 pp. ISBN: 1-4020-0562-8 26-06]
whose preprint version is availablergtp://rgmia.org/monographs/Ostrowski.
html .

As revealed by a simple search in the databdathSciNetwvith the key words'Ostrowski"
and"inequality” in the title, an exponential evolution of research papers devoted to this result
has been registered in the last decade. There are now at least 470 papers that can be found by
performing the above search. Numerous extensions, generalizations in both the integral and
discrete case have been discovered. More general versiongifoe differentiable functions,
the corresponding versions on time scales, for vector valued functions or multiple integrals
have been established as well. Numerous applications in Numerical Analysis, Approximation
Theory, Probability Theory & Statistics, Information Theory and other fields have been also
given.

In the first Chapter of the survey, some Ostrowski type inequalities for functions of bounded
variation, monotonic and convex functions are given. The case of absolutely continuous func-
tions and bounds in terms of the Lebesgueorms of the derivatives are presented in Chapter
2 . Then, in Chapter 3, by applying Cauchy Mean Value Theorem and Pompeiu Mean Value
Theorem some Ostrowski type inequalities for differentiable functions are provided. In Chapter
4 , more Pompeiu type inequalities for absolutely continuous functions, powers and exponential
are given, while in Chapter 5, Ostrowski type inequalities for convex derivatives, derivatives
that are convex ok-convex in modulus are presented. In Chapter 6 we introduce the class of
and H-dominated functions and establish the corresponding Ostrowski type inequalities as well
as some inequalities for products of two functions. Further, in Chapter 7 , we established var-
ious perturbed Ostrowski type inequalities while in Chapter 8 we present some companions of
Ostrowski inequality for various classes of functions, including functions of bounded variation,
Lipschitzian functions, convex functions and absolutely continuous functions whose derivatives
satisfy certain properties. The last part, Chapter 9 , deals with Ostrowski-Jensen type inequal-
ities in the general setting of abstract Lebesgue integral for composite functions in which one
function is Lebesgue integrable on a measurable space while the second is either of bounded
variation or absolutely continuous and with the derivative satisfying some usual properties such
as boundedness or of Lipschitz type etc...

The survey also provides a chronological list of published papers, the corresponding ver-
sions on time scales, for vector valued functions or multiple integrals devoted to Ostrowski
inequality in different settings including the integral and discrete case, the corresponding ver-
sions on time scales, fractional integrals, for vector valued functions or multiple integrals.

The survey is intended for use by both researchers in various fields of Classical and Modern
Analysis and Mathematical Inequalities and their Applications, domains which have grown
exponentially in the last decade, as well as by postgraduate students and scientists applying
inequalities in their specific areas.

Each chapter contains the necessary references and therefore can be read independently.

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA


http://rgmia.org/monographs/Ostrowski.html
http://rgmia.org/monographs/Ostrowski.html
http://ajmaa.org




CHAPTER 1

Inequalities for Functions of Bounded Variation

1. OSTROWSKI INEQUALITY FOR FUNCTIONS OF BOUNDED VARIATION

The following inequality for functions of bounded variation holds:

THEOREM 1.1 (Dragomir, 19994]). Let f : [a,b] — C be a function of bounded variation
on|a,b]. Then for allz € [a, b] , we have the inequality

g{%w_ayqx_a;buﬁwn,

a

(1.1)

b
/f@ﬁ—w—wﬂm

Where\/’; (f) denotes the total variation gf. The constant is the best possible one.

PROOF Using the integration by parts formula for Riemann-Stieltjes integrals we have

/%u—awﬁuw:fmﬂx—ar—/fﬂwﬁ
and
b b
/@—®#®=¢@Hhﬂﬁ—/fﬁwt

If we add the above two equalities, we obtain the following equality of interestcsee [

b b
(1.2) v-af@- [ fod= [ s,
where
_ [t—aiftela,x)
pt) = {t—bifxe [z, 0]

forall z,t € [a,b].
It is well known 1, p. 177] that ifp : [a, b] — C is continuous ofa, b| andv : [a, b] — C is of
bounded variation ofu, b] , then

b
(1.3) /p@wum

< sup |p (@) \/(v).

x€la,b]

Applying the inequality[(1]3) fop (z, t) as above and (z) = f (z), z € [a, b] , we get

b

/zmuwﬁ@ﬂssmwpuxvaﬂ—nmﬂx—mb—ﬂ\/q>

t€la,b]

(1.4)

a

[ b ve
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and then by[(1]4), via the identity (1.2), we deduce the desired inequality (1.1).
Now to prove that; is the best possible constant assume that the inequalify (1.1) holds with a

constant”' > 0. That is,
a+b b
v

(1.5)

t)di — f(x)(b—a)

S{C(b—a)Jr

forall z € [a,].
Consider the functiorf : [a,b] — R, given by

f(x):{ 0if z € [a,b] \ {42}

1ifx:a7+b

in ) Thenf is of bounded variation ofa, 0], and\/ =2 f f(t)dt=0.Forz =«
we get in ) < 2C', which implies that” 2 and the theorem IS completely proved.

COROLLARY 1.2 (Dragomir, 20005]). Let f : [a,b] — C be of bounded variation. Then
we have the inequality:

(1.6)

t>dx—<b—a>f<a;b)‘ s%(b—a)\:/(f)

The constang is best possible.

For other Ostrowski type inequalities, s2g [

2. REFINEMENTS FOR FUNCTIONS OF BOUNDED VARIATION

2.1. A Holder Type Inequality for Total Variation. The following lemma is of interest
in itself as well.

LEMMA 2.1 (Dragomir, 200810)). Let f,u : [a,b] — C. If f is continuous ona, b] andu
is of bounded variation ofu, b] , then

) du (t ’ /|f |d< )>
M{/WW

§max| |\/

PROOF Since the Riemann-Stieltjes integgfélf (t) du (t) exists, then for any divisiof, :
a=1t <t < - <thq <t,=>bwiththe normv (l,) := maxeo,.n-1}y (tix1 —t;) — 0

.....

and for any intermediate poings € [¢;,t;11], 7 € {0,...,n — 1} we have:

(2.1)

IN

@2 ()] = | im 7€) 0 (tn) — (0]
<t S ultin) — ult)

1=
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However,

tit1 tit1

(2.3) u(tin) — ()] <\ () = \/ () — \/ ().

ti a

forany: € {0,...,n — 1}, and by [2.B) we have

tMW)‘Sy&}JHLOZ\f [i/ \7(U)1=/|f(t)ld<V(u)>>

and the last Riemann-Stieltjes integral exists siff¢és continuous and/;, is monotonic non-
decreasing ofu, b] .

The last part follows from the following well known Hélder type inequality for the Riemann-
Stieltjes integral with monotonic integrator, namely:

b
24) [ atao)
<[v( fll{/ lg ()P dv (t) } ifp>1,%—|—$:1,
<gg[a>;]\ sl

holding for anyg continuous orla, b] andv monotonic nondecreasing ¢m b| .
The details are omittea

2.2. Refinement of the Ostrowski Inequality. The following result that provides a refine-
ments of Ostrowski inequality for functions of bounded variation may be stated:

THEOREMZ2.2 (Dragomir, 200810)). Letf : [a,b] — R be a function of bounded variation
onfa,b]. Then

(2.5) tydt — f (z) (b —a)| < Q(x)
foranyz € [a, b] , where
T b t
(2.6) Q(z) =22 — (a+0)]\/ (f) sgn(m—t)\/(f)dt
b T
(b—x) \/ (x—a \/

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA
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We also have

(2.7) Q (z) < [\/ (f)]

IN
§<c~
-
L

Q=
+ PR, N
=
|
)
hS]
H<c-
=
+
0
|
s
S~—

S|
p<s~a
=
S~—
—

<|5(0b—a)

e
for anyz € [a,0], wherep > 1,1 + 1 = 1 andr, : [a,b]" — R with

(t—a)’" if t €la,x],
(2.8) rp (2, 1) = {
(b—t)"" if t e (x,0b).

PROOF We use the identity obtained i6][

(2.9) ) (b—a) /f t)dt = / (@, ) df (1),

wherep : [a,b]> — R is given by

t—a if t€la,z,
p(x,t) :{

t—b if te (0],

andz € [a, b].
Now, if f is of bounded variation ofx, b] , then on applying the first inequality ip (2.1) we

deduce
b b t
/p(:v,t)df(t)‘é/ |p<x,t>|d<\/<f>)

a

for eachz € [a,b], and the inequality (2]5) is proved.

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA
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Now, since\/;, is monotonic nondecreasing @n b], then

and the inequality| (2]6) is proved.
Utilising the second part of the second inequality{in](2.1) we deduce that

b % b t %
e oyl {fueora(io))

Now, observe that

(2.11) R(x / p (z,1)[" d (\/ ))

wherer, is given in [2.8). Utilising[(2.9), we deduce the first part[of [2.7).
Since\/,, (t) is increasing, we also have

which proves the last part df (2.79.

The following particular case that provides a refinement of the midpoint inequality is of
interest.

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA
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COROLLARY 2.3. Let f : [a,b] — C be a function of bounded variation ¢m b] . Then

(2.12) /abf<t>dt—f(“jb) (b~ a)
s/absgn(t—“jb)-i/<f>dt
< [\i/(f)]i [/abm)sgn(t—“;”) -\Z(f)dt]p
S%(b—a)-\j:/(f),

where

(t—a)" if t € [a, 2],
(b—t)"" if te (4]
1 1 _
andp>1,5+5—1.
REMARK 2.1. The inequalitie$ (2.5)—(2.7) provide refinements for the Ostrowski inequality

x—a;bu\b/(f)

a

(2.13) / f@)ydt— f(x)(b—a)

sE(b—aH

for anyx € [a, ], obtained by the author il and [6]. The inequalities|(2.12) are refinements
of the midpoint inequality for functions of bounded variation obtaine@]n [

3. OSTROWSKI FOR CUMULATIVE VARIATION

3.1. Cumulative Variation Function. For a function of bounded variatian: [a,b] — C
we define theCumulative Variation Functio(CVF) V : [a, b] — [0, c0) by

i.e., the total variation of the functiomon the intervala, t] with ¢ € [a, b] .

It is know that the CVF is monotonic nondecreasing|@rb] and is continuous in a point
c € [a,b] if and only if the generating functionis continuing in that point. 1¥ is Lipschitzian
with the constanL > 0, i.e.

lv(t) —v(s)| < L|t — s| foranyt,s € [a, 1],

thenV is also Lipschitzian with the same constant.
The following lemma is of interest in itself as well,[p. 177], see alsdll] for a general-
ization.

LEMMA 3.1. Let f,u : [a,b] — C. If fis continuous ot, b] andw is of bounded variation
on[a, b], then the Riemann-Stieltjes integrﬁj f (t) du (t) exists and

(3.1)

t€[a,b]

/f(t)dU(t)‘S/ [f (@) d(V (1) < max |f ()] \/ (u).

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA
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3.2. Some RefinementsThe following result may be stated.

THEOREM3.2 (Dragomir, 201311]). Letf : [a,b] — C be a function of bounded variation
onla,b]. Then

(3.2)

foranyz € [a, b].

PROOF We start with the equality

(3.3) fao-o- [ f(t)dt=/x(t—a)df(t)+/ (t = by df (1

that holds for any: € [a,b] andf : [a,b] — C a function of bounded variation dn, b] (see ]
or [6]).
Taking the modulus irf (3]3) and using the propefrty|(3.1) we have

(3.9) ‘f(:w v-a- | i

/:(t—a)df(t)‘+

t

s/j(t—a)d<\/(f))+/:(b—t)d<\t/(f)>

a T

<

/b(t—b)df(t)‘

x

foranyz € [a,b].
Utilising the integration by parts formula for the Riemann-Stieltjes integral, we have

(3.5) /j(t—a)d(\t/ > t—a\t/ ' /:(\t/(f)>dt

a

H

|

8
®<E~2 S
@\é
/=
<

=

=

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA
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and

(3.6) / (b—t)d(\/(f)>:(b—t)\/(f) - / (\/(f)) dt

= / <\/ (f)) it

T

b

foranyz € [a,b].
Utilising (3.4)-(3.6) we deduce the first inequality jn (3.2).
Since\/7 (f) <V (f) fort € [a,z] and\/" (f) < /2 (f) fort € [z,b], then

/x<\/(f))dt+/ (\/(f))dtg(m—a)\/(f>+<b—w>\/<f>

t T a

for anyxz € [a, b] , which proves the second inequality jn (3.2).
The last part is obvious by the max properties and the fact that,tbre R we have
max {¢,d} = 4 The details are omitteds

The following midpoint inequality holds:

COROLLARY 3.3. Let f : [a,b] — C be a function of bounded variation ga b] . Then

/abf(t)dt—f<a;rb>(b—a)

s/a2 (\7<f>) dt%% (\/(f)) dts%(b—@\a/m.

t 2 atb
2

(3.7)

The first inequality in7) is sharp and the constér'm the second, is best possible.

PROOF We must prove only the sharpness of the inequalitigs in (3.7).
If we consider the functiorf : [a,b] — R given by

0, t€ [a,?)
F) =41, t=o

0 te (%920,

SN

then this function is of bounded variation, we observe Wié% (f) = 1foranyt € (%t b]

a+b
and\/,> (f) = 1foranyt € [a, 2). Also, we havey/” (f) = 2.
If we replace these values in (B.7) we obtain in all terms the same quéntity §

COROLLARY 3.4. Let f : [a,b] — C be a function of bounded variation da, b] . If p €
(a,b) is @a median point in variation, namely? (f) = V; (f), then we have the inequality

(3.8)

/f(t)dt—f(p)(b—a)
g/ap<\/(f)>dt+/p (\Z(f))dtéé(b—a)\{(f)-

t

The first inequality in[(3]2) is useful when some properties for the CVF are available, like
for instance, below:

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA
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COROLLARY 3.5. Let f : [a,b] — C be a function of bounded variation da, ] . If for
x € (a,b) there existL, > 0 anda > —1 such that

(3.9) \/ ()| < Le |t — 2| foranyt € [a, b] \ {x},
then

’ < 1 a+1 a+1
(3.10) /a f@)ydt— f(x)(b—a) _Q—HLJE [(z—a)" + (b—2)""].

In particular, fora = 1 in (3.9) we get from[(3.10) that

2
1 xr — «tb
< [rr ( b_; ) ] L. (b—a)’.
REMARK 3.1. Ifthe CVFV/! (f) is K-Lipschitzian, i.e.,

\ (f)

(3.11) / F)di— f (@) (b—a)

< K |t — s| foranyt, s € [a,b],

then

(3.12)

b
/f(t)dt—f(x)(b—a)

foranyzx € [a, b].

COROLLARY 3.6. If there exists a constalﬂ%b > 0 anda > —1 such that

\ () foranyte[a,b]\{a+b},

2
then we have the midpoint inequality
1
LLH) (b — a)aJrl .

b a+b
_ — < -
[ rwa-s (550 0= 0 < e
In particular, if we taken = 1 in (3.13), then we get from (3.114)

[rwa-s () 0-a

The constant is best possible iff (3.15).

PROOF First, we notice that if. : [a,b] — C is of bounded variation, theji| : [a,b] —
[0, 00) is of bounded variation and

(0]

a+b
— —
2

(3.13) < Lass

(3.14)

1
(3.15) < L (b a)’.

(3.16) \ () < \/ (h).

Indeed, by the continuity property of the modulus, we have that

USRI SIAC R
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for any divisiona =ty < t; < ... < t,_1 < t, = b, which, by taking the supremum over all
divisions of[a, b] , produces the desired inequality (3.16).

If we consider the functiorfy : [a,b] — R, f, (s) := |s — “2| then, by denoting witle the
identity function ona, b ,i.e.e(t) =t, t € [a,b] , we have

SI(==L)
V(-5

2
a+b
2

t

\V (fo)

IA

for anyt € [a,b].
Therefore the functiory, satisfies the conditiorj (3.13) fer = 1 and with the constant

L%b = 1. Since
/ Jo (t)dt =

then we obtain in both sides of the |nequal.15) the same qu%r(t[bt)L a)2

REMARK 3.2. The inequalitie§ (3.12) and (3]15) are known in the case of Lipschitzian
functions with the constant > 0. We obtained them here under weaker conditions for the
function f. This show that the refinement in terms of the CVF for the Ostrowski inequiality (3.2)
is also useful to extend known results to larger classes of functions.

3.3. Bounds for Shifted Function. We have the following result as well:

THEOREM3.7 (Dragomir, 201311]). Letf : [a,b] — C be a function of bounded variation
on|a,b]. Then

a—l—b

1
‘dw:iw—af,

(3.17) t)dt — f (z) (b—a)
g/ (\/<|f<> r>> a+ | <\/<rf<x>—f\>> t
e —a)\/ (If (=) \/ (1f () = f)

foranyx € |a, b].
PrRoOOFE Observe that

(3.18) f@b—a— | r) dt‘ _

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA
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foranyzx € [a, b].

13

For a fixedz € [a, b], define the functiony, : [a,b] — [0,00) by g, (t) :== |f () — f (t)].

We observe thag, is of bounded variation ofu, b| and

go () (b—a) — /gx £) dt| = /!f

Writing the inequality[(3.R) for the function, we have

(3.19)

(3.20)

g (2) <b—a>—/:gx (t)dt‘

< (@ —a)\/(If @) =)+ & =2)\/ (If () = f1).

a x

Utilising (3.18)-[3.20) we deduce the first two inequalities in (B.17).

By the inequality[(3.16) we have

\/ — f1) §\7

a

and
b

T

which proves the third inequality if (3.[L7§.

COROLLARY 3.8. If f : [a,b] — C is a function of bounded variation dn, b] , then

(3.21)

rwa-r(*5) 0-0
L (B¢ )
L (V) ))

2

S%(b—a)\i/(‘f(a;b) —f’) s%(b—a)\i/(f»

All inequalities in [3.2]L) are sharp.
PrROOF If we consider the functiotf : [a, b] — R, with

0, te [a, “%”)
ft):= { 1, = ag
0 te (952, ]

Y
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then this function is of bounded variation, we observe that

(CORTE

and

V{Ir(5) 1)

Replacing these values 21) we get in all terms of this inequality the same quantitys

COROLLARY 3.9. Let f : [a,b] — C be a function of bounded variation da, b]. If ¢ €
(a, b) is a point for which

V(f@—=f=\Vf(@-

REMARK 3.3. Since

(z=a)\/ (If () = f)+ 0 =2) \/ (If () = f])

a

( max{x—a,b—x}\/2|f($)—f|

| max {VE (1 () = £ V2 (@) = S} (0= )
(B0—a)+|e— S Valf @) - f

SEAUCEIES

IN

S(f @) = £ = Ve dlf (@) = £1)

I

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA


http://ajmaa.org

OSTROWSKITYPE INEQUALITIES FORLEBESGUEINTEGRAL

then from @7) we also have the string of inequalities

(3.23) t)dt — f(z)(b—a)
s/ (\/(If() )dt+/ (\/ ) it
<@-a)\/(f @)=+ 0—2)\/(f (=)

[Lb—a) + o — 2] VA 1f () £
S BVAHCEYEY

S @) = )= VoIS @) = 1)

foranyz € [a,b].

REMARK 3.4. If the functionf : [a, b] — R is monotonic nondecreasing ¢n b, then

(3.24) tydt — f (z) (b—a)

g/ sgn(x —t) [f (x) — f(t)]dt

<(@—a)[f(@)—f@]+Ob—2)[f®) - f()
{[%(baHxTH[f() f ()],
<

foranyz € [a,b].
In particular, forz = “T“’, we get the midpoint inequality

(t)dt—f<a§b> (b a)

L1 0~ ()] + 1}

(@) = L0 (b~ a),

(3.25)

< [ (520 [ (50) - s 0| < 5150 - r@i0- 0.

Moreover, ifp € (a, b) is such that

b
ﬂmzf@;fﬁ
then we have the trapezoid inequality
(3.26) ‘f JREAG /f dt‘

g/sgm ﬂ%’ Fo <310 - s @lo-a.

N | —
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4., OSTROWSKI INEQUALITY FOR MONOTONIC FUNCTIONS

The following results of Ostrowski type holds.

THEOREM 4.1 (Dragomir, 19993]). Let f : [a,b] — R be a monotonic nondecreasing
function onfa, b] . Then for allx € [a, b] , we have the inequality

(4.1)

/f(t)dt—(b—a)f<fv>

< [Qw—(a—l—b)]f(:c)—ir/ sgn(t —x)f (t)dt
<(@-a)[f(z)=f(@)]+O—2z)[f(b)— f(z)

< b—a+
- 2

All the inequalities in1) are sharp and the constér’nﬂ; the best possible one.

PROOF Using the integration by parts formula for Riemann-Stieltjes integrals we have

[e-od0-s@e-o- [ 1o
and
b b
[a-varo=r@e-o- [ s

If we add the above two equalities, we obtain the following equality of interesticsee [

b b
(4.2) @—@ﬂ@—/f@ﬁ=/pmﬂ#@,

where

t—aift € a,x)
t—0bif z € [x,b]’

p(z,t) ;:{

forall z,t € [a,b].
If p: [a,b] — Cis continuous ora, b] andv : [a,b] — R is monotonic nondecreasing on
la,b], then [1, p. 155]

4.3) / p (@) dv (2)| < / Ip (2)] dv (z).
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Now, by the property[(4]3) we have
s

[e-awo+ [ e-nae

[ e-aww|+|[-nao)

/|ﬁ—MW’ t [i-ow=[e-aro+ [o-vea

(t—a)f |—/f fdt— (b—1)f |+/f

_ 20— (a+D)]f /f dt+/f

=ﬁh~%a+®U()+/thf—@f®dt

a

<

which proves the first part of (4.1).
As f is monotonic nondecreasing ¢n b] , we can state that

/fﬂwmzmx—wfm>wM/“f@dﬁgw—xﬁan

so that

b
/smﬂ—wﬁﬁﬁﬁﬁw—wﬁw%%w—wfw%

Consequently

b

2z — (a+b)|f (z) + / sgn(t —x)f (t)dt

< 2o~ (a+O)f (@) + (b —2)f () — (@ —a)f (a)
— D))~ f (@] + (e —a)[f (@) - f ()

and the second part gf (4.1) is proved.
Finally, let us observe that

(b—2)[f(b) = [ (@)] + (x = a) [f (z) = [ (a)]
< max{b —x,x — a}[f (b) — f () + [ () — f ()]

okl | ORI

and the inequality (4]1) is thus proved.

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA


http://ajmaa.org

18 S. S. IRAGOMIR

Now for the sharpness of the inequalities, assume fhat (4.1) holds with a cofistarit
instead ofl. That s,

(4.4) ‘b—a /f dt‘

<

<(z—a)lf(z) = fla)]+(0—2)[f(b) - f(z)
e RO
Consider the mapping, : [a,b] — R given by

—1 if z=a

folz) = { 0 if z€(a,b °
Putting in [4.4)f = f, andz = a, we have

‘b—a /f t)dt

=2z — (a+b)|f (z )—i—/ sgn(t —x)f (t)dt

a

= (=) (@)~ S @]+ (0 2) [ )~ f @] =ba
<let-a+o- 2N @ -r@ - (c+3)0-0,

x —

2

which proves the sharpness of the first two inequalities and the facCtikahnot not be less
thani. g
2

The following corollary is interesting.

COROLLARY 4.2. Let f be as above. Then we have the midpoint inequality:

(b—a) (“b) /f ) dt /Sgn( &;b)f(t)dt

For other Ostrowski type inequalities, s [

(4.5)

5. OSTROWSKI INEQUALITY FOR CONVEX FUNCTIONS
The following results of Ostrowski type holds.

THEOREMS.1 (Dragomir, 2002]). Letf : [a,b] C R — R be a convex function dia, b].
Then for anyr € [a, b] one has the inequality

(5.1) S0 £ (@) (e — 0 £ ()]

/ f(t)di— (b—a) f (2)
1

=3 [(b—2)* f2(b) = (z — )" [ (a)] .
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The constan% is sharp in both inequalities. The second inequality also holdscfet a or
r =b.

PROOF It is easy to see that for any locally absolutely continuous funcfioifa, b) — R,
we have the identity

(5.2) /x(t—a)f’(t)dtJr/ G- f Q= f) - [ 1o

foranyzx € (a,b) , wheref’ is the derivative off which exists a.e. ofu, b) .
Since f is convex, then it is locally Lipschitzian and thiis (5.2) holds. Moreover, for any
x € (a,b), we have the inequalities

(5.3) f () < f (x) fora.e.t € [a, ]

and

(5.4) f(t) > fi (x) fora.e.t € [z,b].

If we multiply (5.3) byt —a > 0, ¢ € [a, 2] and integrate ofu, 2], we get
(5.5) [ t-arwas<;e-atr @

and if we multiply [5.4) byb — ¢ > 0, ¢ € [z, b], and integrate ofr, b] , we also have

b
!/ 1 !
56 [o-0rwaz30-0 1.
If we subtract[(5.6) fronT (5]5) and use the representafion (5.2), we deduce the first inequality in

G.3).
Now, assume that the first inequalify (5.1) holds with> 0 instead of}, i.e.,

67)  Clb-2>F () - (-] (2)] < / ft)ydt—(b—a) f (x).

Consider the convex functiofy (t) := k |t — 2|, k > 0, ¢ € [a,b]. Then
a+b a+b a+b

b
/ fo(t)dt = }lk(b—a)Q.
Ifin (6.7) we choosef = fy, = = %5, then we get

and

C’E(b—a)zk—Fi(b—a)Qk} < th(b—ay

which givesC' < % and the sharpness of the constant in the first pa (5.1) is proved.
If either f’ (a) = —oo or f” (b) = —oo, then the second inequality in ($.1) holds true.
Assume thaff| (a) andf’ (b) are finite. Sincef is convex ona, b| , we have

(5.8) f(t) > fi (a) fora.e.t € [a,z] (z may be equal td)
and
(5.9) f (@) < f(b) fora.e.t € [z,b] (zmaybe equalta).
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If we multiply (5.8) byt — a > 0, ¢ € [a, 2] and integrate ofu, z| , then we deduce

(5.10) [ a-armazje-otr@

and if we multiply [5.9) byb — ¢ > 0, ¢ € [z, b], and integrate ofx, b], then we also have

(5.11) /: (b—1) f (1) dt < % (b— )2 f" (b).

Finally, if we subtract{(5.7)0) fronj (5.11) and use the representdtion (5.2), we deduce the second

inequality in [5.1). Now, assume that the second inequality in (5.1) holds with a constarit
instead of}, i.e.,

(5.12) / f(tydt—(b—a) f (@) < D[(b—2)2f" () — (x —a) f, (a)]

If we consider the convex functiofy, (t) = k|t — 25|, k > 0, t € [a,b], then we have
f-(b) =k, f} (a) = —k and by (5.1P) applied fof, in z = “* we get

ik:(b—a)QgDEk(b—a)2+}lk(b—a)2],

giving D > % which proves the sharpness of the consWthe second inequality i.1].

COROLLARY 5.2. With the assumptions of Theor¢m|5.1 and iE (a,b) is a point of
differentiability for f, then

a+b
2

(5.13) ( x) fla)< o / Fydt— ().

Now, recall that the following inequality, which is well known in the literature as the
Hermite-Hadamard inequality for convex functions, holds

a+b I f(a)+ [ (D)
(5.14) f( ! )sb_a/af(wdtsT.

The following corollary provides both a sharper lower bound for the difference,

1 b a+0b
o [ 0w ("5,

which we know is honnegative, and an upper bound.

COROLLARY 5.3. Let f : [a,b] — R be a convex function of, b]. Then we have the

inequality
(5.15) 0 < é {f; (a;b) —f <a;b>} (b—a)
< ot [rwa-r (5
< Sl e-o.

The constan§ is sharp in both inequalities.
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ExAMPLE 5.1. Assume that-co < a < 0 < b < oo and consider the convex function
f:]a,b] = R, f(x) =expl|z|. We have

—e  if z <0,

e’ if x> 0;

andf’ (0) = —1, f1 (0) = 1. Also,

b 0 b
dt = —d Tdr = b —a) — 2.
/a f(t)dt /a e a:—l—/o edr = exp (b) + exp (—a)

Now, if 2 2 0, then by ((5.1p) we deduce the elementary inequality

b —a) — 2 b 1
(5.16) 0< exp (b) + exp (=) — exp ot < —[exp (b) + exp (—a)] (b—a).
b—a 2 8
If «tb = 0 and if we denoté = u, u > 0, thusa = —u and by ((5.1p) we also have
1 exp (u) — 1 1
_ Su< A T 1< = ,
(5.17) 2u < » 1< 2uexp (u)

The reader may produce other elementary inequalities by choosing in an appropriate way
the convex functiory. We omit the details.
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CHAPTER 2

Inequalities for Absolutely Continuous Functions

1. OSTROWSKI FOR L,,-NORM

1.1. Ostrowski's Inequality. In 1938, A. Ostrowskil10], proved the following inequality
concerning the distance between the integral nzégrfab f (t) dt and the valu¢g (z), x € [a, b].

THEOREM 1.1 (Ostrowski, 193810)). Letf : [a,b] — R be continuous ofu, b] and differ-

entiable on(a, b) such thatf’ : (a,b) — R is bounded orfa, b), i.e.,||f'||., := sup |f' (t)] <
te(a,b)
oco. Then

@ e f®d4<!i+<i)%?>]fon@,

forall z € [a,b] and the constani is the best possible.

In [7], S.S. Dragomir and S. Wang, by the use of the Montgomery integral ideBtity. [
565],

b b
Fa) =y [ = e r@d o o),

wherep : [a,b]> — R is given by

t—a if te]a,z],
p(x,t) =
t—>b if te(x,b),

gave a simple proof of Ostrowski’s inequality and applied it for special means (identric mean,
logarithmic mean, etc.) and to the problem of estimating the error bound in approximating the

Riemann integraff f (t) dt by one arbitrary Riemann sum (sé&,[Section 3).

1.2. A Refinement for L..,-norm. The following result, which is an improvement on Os-
trowski’s inequality, holds.

23
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THEOREM 1.2 (Dragomir, 20022]). Let f : [a,b] — C be an absolutely continuous func-
tion on|a, b] whose derivativg’ € L., [a,b]. Then

b
(1.2) 'f(ar)— bia/ f(t)dt’
< 57 (1 Mo (0= @0+ 1 o 0= ']

a+b

1 |2+ (555) | 0-

QI

e #1100 (227 + (22)7] 7 (0= ).

IN

1 1 _ 1.
where o > 1, sTs=1

_atb
-

b—a

(1 e+ 1] [+ 522 0= @

forall = € [a, b], where|-[|,, ,, ., denotes the usual norm dn,, [m, 7], i.e., we recall that

190l j,n),00 = €55 sUP g (£)] < o0
te[m,n]

PROOF Using the integration by parts formula for absolutely continuous functiors, 6h
we have

(1.3) /m(t—a)f’(t)dt: (z — a) /f
and ’
(1.4) /:(t—b)f’(t)d (b—2)f /f

forall z € [a,b].
Adding these two equalities, we obtain the Montgomery identity (see for exa@pfe [
565]):

b T b
(1.5) (b—a)f(ﬁ)—/ f(t)dt:/ (t—a)f’(t)dt+/ (t—10b) f (t)dt

forall z € [a, b].
Taking the modulus, we deduce

(b—a)f /f dt‘

/‘u—Mf<>w\ ARG

a

(1.6)

<

T b
< [-alr@lds [ e-nlirola
T b
< g | = @)t [ (0=t
1
= 5 1 lupoo @ = @ 4+ 1F 100 (b — )°]
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and the first inequality ir] (I} 2) is proved.
Now, let us observe that

Hf/H[a,x],oo (33 - Cl)2 + ||f,H[:C,b},oo (b o .Z')2
<025 {1 s 1 gy} [ — @) (b= 2)°]

1 a+b\?
:nmxﬁuwm@wﬁuwmwm}[§w—af+2(x— )

2
o]

(b—a)’

1
— (b — a)2 max{||f/||[a7x]7oo ) ||f/||[z,b],oo} 5 +2-

= (0= )" |/ 000

and the first part of the second inequality[in {1.2) is proved.
For the second inequality, we employ the elementary inequality for real numbers which can
be derived from Hélder’s discrete inequality

1 1
1.7) 0<ms+nt < (m*+n*)e x (" +179)7,

provided thatn, s,n,t > 0, > 1and; + 4 = 1.
Using [1.7), we obtain

2 2
Hf/H[a,z],oo (SU o CL) + ||f/H[x,b},oo (b o ZI}')

1
o o % E
< (1Moo + 1 W)™ [ = @)%+ (0= )

and the second part of the second inequality in| (1.2) is also obtained.
Finally, we observe that

Hf/”[a,a:],oo ('I - CL)2 + ||f/H[:c,b},oo (b - 13)2
< max {(z = @, (0= 2} (1 oo+ 117 0]

b—a a+b 2 / /
o ek | N (TR T

and the last part of the second inequality[in|1.2) is prowed.

The following corollary is also natural.
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COROLLARY 1.3. Under the above assumptions, we have the midpoint inequality

b
(L8) ‘f (“b) e AL

< 5 0= 0) [ Negiy o + 17 I )

(10— a) [/l g 00

Q=

IN

s (0= @) (1717, e + 11t ]

\ where o > 1, + =1.

1
g

2. OSTROWSKI FOR L;-NORM

2.1. Ly-norm Inequality. In 1997, Dragomir and Wang proved the following Ostrowski
type inequality 5].

THEOREM2.1. Let f : [a,b] — R be an absolutely continuous function [anb]. Then we
have the inequality

a+b

{__

(2.1) 0o — ] 17 a1

dt‘

for all = € [a, b], where||-||, is the Lebesgue norm dn [a, b], i.e., we recall it

190l / g ()] dt.

The constang is best possible.

Note that the fact thaj is the best constant for differentiable functions was provedh [
and [2.1) can also be obtained from a more general result obtained by A. M. F8jlkchojpsing
n = 1 and doing some appropriate computation. However the inequality (2.1) was not stated
explicitly in [8].

2.2. A Refinement for L;-norm. The following result, which is an improvement on the
inequality {2.1), holds.
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THEOREM 2.2 (Dragomir, 20021]). Let f : [a,b] — C be an absolutely continuous func-
tion onfa, b]. Then

1 b
(2.2) AL
xT—a, b—x
< 5 1 e, [2,b],1
(
3 [0 Mo + |1 Mg = 17 N
r—a IB —x ﬁ % « (63 é
[(E) + (Z—_a) } ()Hfln[w},l) + ||f/||[x,b],1>
<

wherea > 1and; + 5 =1,

[+ 1

for all = € [a, 0], wherel|-[|, ., , denotes the usual norm ab [m,n] with m < n, i.e., we
recall that

nmwm:/NMMﬁ<w

PROOF Using the integration by parts formula for absolutely continuous functiors, 6h
we have

(2.3) /x(t—a)f'(t)dt: (x —a) /f
and

b b
(2.4) [ a-nswd=p-a5@- [ 1o

forall z € [a, b].
Adding the two inequalities, we obtain the Montgomery identity for absolutely continuous
functions (see for exampl®[p. 565])

b
(2.5) (b—a)f /f t)dt = /(t—a)f’(t)dt+/(t—b)f’(t)dt

forall z € [a, b].
Taking the modulus, we deduce

(b—a)f /f dt‘

L/@—@fﬂﬁ‘([@—wf@ﬁ‘

a

(2.6)

<

g/x(t—a)]f’()!dﬂr/ (b—=t)[f (t)|dt

x—a/ (1)) dt + b—x/|f )| dt

=@ = a) | lguyr + ©=2) 1m0
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and the first inequality ir] (2} 2) is proved.
Now, let us observe that

(&= &) 1 g + 6= 2) 17 o

< max {1 g 17 g } 0= @
1

= 5 (1 Mot + 18 T + |1 Ny = 17 N
1

= 5 (1 Ny + 1 g = 17 V1] 0 = @)

and the first part of the second inequality is proved.
For the second inequality, we employ the elementary inequality for real numbers which can
be derived from Hdolder’s discrete inequality

[@-a)

1 1
(2.7) 0<ms+nt < (m*+n*)« x (" +t7)7

provided thatn, s, n,t > 0, « > 1andX + % =1.
Using (2.7), we obtain

@ = D gy + O = D) 10
< (11 + 1F M) (2= @) + 0= 2))”

and the second part of the second inequality in| (2.2) is also obtained.
Finally, we observe that

(@ = ) 1 gy + b =) 1F o
<max{z = a,b =z} (1 lgapa + 1

b—a a+b
- 1550 o S 1

and the last part of the second inequalit2.2) is proged.

xr —

The following corollary is also natural.

COROLLARY 2.3. Under the above assumptions, we have

+b Lo
(2.8) ‘f(a > — /f dt’ 5 1 g

Another interesting result is the following one.

COROLLARY 2.4. Under the above assumptions, and if there iscarE [a, b] with

o b
(2.9) (/ u%wmw=/|f@nw

then we have the inequality

1
(2.10) ‘ /f dt‘ 5 1 e
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3. OSTROWSKI FOR L,-NORM

3.1. L,-norm Inequality. In 1998, Dragomir and Wang proved the following Ostrowski
type inequality[f].

THEOREM3.1. Let f : [a,b] — R be an absolutely continuous function pnbl. If f' €
L, [a,b], then we have the inequality

b
ey |-t [ rwa
1/q

1 z—a\! b— 2\ i
< h— /a | ¢!
< (q—l—l)l/q [(b—a) + (b—a) (b—a) HfH[a,b],p>

for all € [a,b], wherep > 1, >+ 2 = 1and||-[|,,;, is thep-Lebesgue norm oh,, [a, 1], i.e

we recall it
b 1/p
ol = ( [ loo i)

Note that the inequality (3.1) can also be obtained from a more general result obtained by
A. M. Fink in [8] choosingn = 1 and doing some appropriate computation. However the
inequality [3.1) was not stated explicitly iB]]

From [3.1) we get the following midpoint inequality

ea () / It dt' )1/q<b—a>1/q||fu[ab

and% is a best possible constant.

Indeed, if We takq‘ la,b] — R with f(t) = ]t a2] then f is absolutely continuous
f f(t NS Mgy, = 0= a)'’? and if we assume th.2) holds with a constant

C > 0 mstead of1 then we get; (b — a) < ﬁ (b—a) foranyq > 1. Lettingq — 1+,

we obtainC' > 3, which proves the sharpness of the constant.
In the followmg we provide some refinements|[of (3.1) gnd](3.2).

3.2. A Refinement for L,-norm. The following new result, which is an improvement on
the inequality[(3.]1), holds.

THEOREM 3.2 (Dragomir, 20134]). Let f : [a,b] — C be an absolutely continuous func-
tiononfa,b]. If f' € L, [a,b], then
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b
63 |r@-, [ roa

< 1 T —a
T (g+ 1)V [\b—a
1
(¢+ 1)
r
% Hf/H[a,z],pl_'_ ”f,H[z,b]ipl + ‘Hf/H[a,z],p - Hf,“[x,b},
z—a\ T —z\ 5o 1
X [(E) T+ (E) } (b—a)""

a+ g+1

1
q b—1x\ ¢
1ot + (5= ) Hf’n[x,b],p] (b— )

+

il

1 1L
o o « z\ T B° 1
X9 (||f'n[a,m],p+Hf'n[m,b],p) (=774 (22)°)" (b - )
wherea>1and§+— 1,
+1
a:—aT‘H’ Tq
1 i+ 1 i) [5+ |5 ] ™ 0= )

forall = € [a,b], wherep > 1, > + o = 1 and||-[|, ., denotes the usuaknorm onL,, [m, n|
with m < n, i.e., we recall that

n 1/p
19l = ( / |g<t>|dt) < .

PROOF. Using the integration by parts formula for absolutely continuous functiors, 6
we have

(3.4) /m(t—a)f'(t)dt: (x —a) /f
and '
(3.5) /:(t—b)f’(t)d (b—2)f /f

forall z € [a, b].
Adding the two inequalities, we obtain the Montgomery identity for absolutely continuous
functions (see for exampl®[p. 565])

b
(36)  (b—a)f /f £ dt = /(t—a)f’(t)dt+/ (t—b) f/ (£) dt

forall z € [a, b].
Taking the modulus, we deduce

(b—a)f /f dt‘

/(t—a)f()dt' ARG

a

(3.7)

<

T b
< [-alr@ldes [ o-0lr @l
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Utilizing Holder's integral inequality we have

[ e-alre )|dt+/:(b—t)|f’(t)|dt
</ t—a) th) v (/xyf’(t)\pdty/p
(Fo-rs)" ([rors)”

a1 a1
=) T Flagp + O =) 1 F

- oL

for all 2 € [a, b], and the first inequality iff (3]3) is proved.
Now, let us observe that

g+t g+l
(x - a) I Hf/H[a,x},p + (b o $) ¢ Hf/“[xb
g+l atl
< max {1 s 1 iy } | (@ = @)%+ (b= )7
1
= 5 |:||f/||[a,ar],p + ||f,||[a:,b],p + ‘”f/H[a,ac],p - ”f,”[az,b},p i|

X [(x P x)i]

and the first part of the second inequality is proved.
For the second inequality, we employ the elementary inequality for real numbers which can
be derived from Hélder’s discrete inequality

(3.8) 0 <ms+nt<(m®+ n“) ( + tﬁ)%

provided thatn, s, n,t > 0, « > 1andX + % =1.
Using (3.8), we obtain

g+l g+l
(2= )T 1 g + 6= 2T 1 i
@ o é q+1 atlglp
< (11 + 1 1) " [ = @) T2+ (b= )7

and the second part of the second inequality in| (3.3) is also obtained.
Finally, we observe that

(x—a)'s ||f’|![m O T
<max{(— )T, (=)} 1 N+ 17 V]
a-+b

b—a o / !
155 = S I s+ 1)

and the last part of the second inequality[in (3.3) is prowed.

The following corollary is also natural.
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COROLLARY 3.3. Under the above assumptions, we have

((559) 5% 1o

1 , / )
a a b_ q,
= 20t/ (g + 1)1 [Hf H[“v%b]vp +1If H[%b:b},p (b—a)

Another interesting result is the following one.

(3.9)

COROLLARY 3.4. Under the above assumptions, and if there iscarE [a, b] with

o b
(3.10) [ irora= [y ap
then we have the inequality

Flan) = 5= [ 0

1 et b a1
To —a K — X q 1y

REMARK 3.1. If we take in|[(3.B) = p and3 = ¢, wherep > 1, + 1 = 1, then we get
the following refinement of (3]

(3.11)

1 b
(3.12) kﬂ@—b_a/fﬂwﬁ
. 7 a1 b a1
r—a\ * ., AN 1/
< i |(575) T s+ (572 wwhm4<b—a>q
- 1/q
1 AN b—a\! 1
/ /

s |Goe) Gn) | e 1 s

forall z € [a, b].
This is true, since forv = p we have

1
(1 o+ 1 W)

T b 1/17
::(/|f@ﬁa+/$f@ﬁ) Y.

4. OSTROWSKI FOR BOUNDED DERIVATIVES

1

(L + 175 1)

We start with the following result.

THEOREMA4.1 (Dragomir, 20033]). Let f : [a,b] — R be an absolutely continuous func-
tion on[a, b] andz € [a, b]. Suppose that there exist the functiems A/, : [a,b] — R (i = 1,2)
with the properties:

(4.2) my () < f'(t) < My (z) fora.e.t € a, ]
and
4.2) mg (z) < f'(t) < My (z) fora.e.t € (z,0].
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Then we have the inequalities:

1 2 2
m[ml(x)(x—a) — My () (b— )]

b
<f@ -y [ foa
1

(4.3)

< So—a) [M; (z) (z — a)® —my (x) (b — x)Q} :

The constang is sharp on both sides.

PROOF As f : [a,b] — R is absolutely continuous dn, b}, it is differentiable a.e. ofu, b]
and, by applying the integration by parts formula, we may write the Montgomery identity

b T b
(4.4) f(m):ﬁ/ f(t)dt+ﬁ/ (t—a)f'(t)dwﬁ/ (t—b) ' (£) dt

foranyx € [a, b].
Using the assumptiofn (4.1) arid (4.2), we have:

(4.5) my (z) (t—a) < (t—a) f (t) < My (z) (t —a) fora.e.t € [a,z]
and
(4.6) My (x) (t—=0b) < f'(t) (t —b) <mg(x)(t—b) fora.e.t € (z,b].

Integrating[(4.5) oria, 2] and [4.6) or{z, b] and summing the obtained inequalities, we have

Lo (@) (2 a)? = 200, () (b — 2)?

2 2
T b
<[ -arwis [-vrwa
1 2 1 2
§§M1 () (z — a) —§m2(9c) (b—x)".

Using the representation (4.4), we dedyce](4.3).

Assume that the first inequality in (4.3) holds with a constant0; that is,
C 2 2 1 b
@n @) - M) - o < @) - [ T

Consider the functioryf : [a,b] — R, f(t) = M|t—z|, M > 0. Then f is absolutely

continuous and
{ —M if té€]a,z]

f1(t) =
M if te(xb.

Thus, if we choosen, = —M, my, = M in (4.1), we get
M b
[(x—a)2+(b—x)2}g—b / It — x| dt
— a a

M [(b—x)2+(x—a)2]

C

—-M
b—a

b—a 2

for all z € [a, ], implying thatc > % that is,% Is the best constant in the first member4.3).
Using a similar process, we may prove thais the best constant in the third member of

(4.3) and the theorem is completely provad.
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COROLLARY 4.2.If f : [a,b] — R is absolutely continuous ofa, b] and the derivative
/" |a,b] — Ris bounded above and below, that is,

(4.8) —oco<m< f(t) < M < ocofora.e.t € [a,b],

then we have the inequality

(4.9)

<

2(b—a)[ x—a) —m(b—x)]

for all z € [a,b]. The constant is the best in both inequalities.

Applying Taylor’s formula

=0 () (=)0 (5 3 (o) o ()
for g (x) = M (z — a)> — m (b — 2)°, we obtain
r=m) -t 2 (o= 50) (F) 00
+ (M —m) (x—a;b)Q.
The same formula applied fér(z) = m (z — a)* — M (b — «)?, will reveal that
b =g 0r=mo-a+2 (o= 20 () 0-0
— (M —m) <x—a_2|—b)2.

Consequently, we may rewrite Corollary 4.2 in the following equivalent manner:

g(z) =

»-lkl>—‘

COROLLARY 4.3. With the assumptions on Corolldry #.2, we have:
2
T — &t 1
M — — 2 -
( m) (b a)[( b—a) —|—4]

l\'.)lr—t

forall x € [a, b].
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REMARK 4.1. If we assume thalt/’|| _ := ess sup |f’ (t)],
tela,b]

in(@.9)m = || f'|l, andM = | f'|| ., obtaining Ostrowski’s inequality for absolutely continu-
ous functions whose derivatives are essentially bounded:

b /
e O S G  y

1 1:—“—“’ ’
- {ﬁ( — ) ] (=) 1]l

for all z € [a, b]. The constant here is best.

<

REMARK 4.2. Ostrowski’s inequality for absolutely continuous mappings in termg'df
basically states that

(411) - Qu(ﬂi) [(z=a)f+ (-2 < fl@)-7— / ft
e

2(b—a)

IN

) [(w— a) + (b—x)z}

forall z € [a, b].
Now, if we assume thaf (4.1) and (4.2) hold, thetj /|| . < my (x), ms (z) and M (z),
M, () < ||f']| ., which implies:

[l

(4.12) — 2(b—_°;) [(a: — a)2 + (b— 513)2}
1 9 ) 1 b
< 5 I @) (@ =0 =M () (0 2] < ] (&) - b_a/a or
= ﬁ (M (2) (2 — a)* —ma (2) (b~ 2)*]
—2‘25%’2) [(z — a)® + (b — x)2] :

Thus, the inequality (4}3) may also be regarded as a refinement of the classical Ostrowski result.
An important particular case is= “+b providing the following corollary.

COROLLARY 4.4. Assume that the derivativ@ : [a,b] — R satisfy the conditions:

(4.13) —oco<my < f'(t) < My <ooforae.t e {a,a;b]
and

(4.14) —o0o<my < f'(t) < My < coforae.t e ( ;Lb b}
Then we have the inequalities

(4.15) o) 0-a) < 7 (5] -2 L e

< é(Ml mz) (b—a).

The constang is the best in both inequalities.
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Finally, if we know some global bounds for the derivatif/eon [a, b], then we may state the
following corollary.

COROLLARY 4.5. Under the assumptions of Corolldry 4.2, we have the midpoint inequality:

(4.16) \fC@”)—bialﬂawﬂgéuw—mxwww

The constan§ is best.

PROOF The inequality is obvious by Corolla.2 putting— aT”’ We observe that the
functionf : [a,b] — R, f (z) = k |z — %], k > 0 is absolutely continuous anek < f’ (t) <
k for all t € [a, b]. Thus, we may choosk/ = k, m = —k and as

((50) -t [ oa] - S5
1

k(b—a)
4

g(]\/[—m)(b—a) =

we conclude that the constafts best in|(4.16)a

5. FUNCTIONAL OSTROWSKI INEQUALITY FOR CONVEX MAPPINGS
5.1. A Generalization of Ostrowski’s Inequality. The following result holds:

THEOREMS.1 (Dragomir, 20134]). Let f : [a,b] — R be absolutely continuous da, b] .
If & : R — R is convex (concave) dR then we have the inequalities

6.1 o (s -5 [ roa)
[/ach[(t—a)f’(t)]dtJr/:@[(t_b)f/(t)]dt}

foranyx € [a, b] .
PrRooOF Utilising the Montgomery identity

52) fla) == [ i

_ bia [/:(t_a>f'(t)dt+/:(t—b)f’(t)dt]

e (xia/:(t—a)f’(t)dt)
+z:z(bixlfu—mf%@ﬁ),

which holds for any: € (a, b) and the convexity ob : R — R, we have
(5.3) ‘b(ftﬂ-g%7tlbfﬁ)ﬂ)
< (L [e-aroa)
+Z:z®<bixlf@—mf%wm>
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for anyz € (a,b), which is an inequality of interest in itself as well.
If we use Jensen’s integral inequality

@(ﬁ/cdg(t)dt) < dic/ch)[g(t)]dt

we have

s o= [e-oroa)< 2 [ew-aroe
and

65 oyt [u-nroa) < [ew-ns o

foranyzx € (a,b).
Making use of[(5.8)[(5]5) we get the desired reguli|(5.1) for the convex functions.
If x =0, then

b b
_bia/f(t)dt:bia (t—a) f (t)dt

and by Jensen’s inequality we get

@(f(b)—ﬁ/abf@dt) sﬁ/@bw—a)f(wf,

which proves the inequality (5.1) far= b.
The same argument can be applied#ct a.
The case of concave functions goes likewise and the theorem is pmpved.

COROLLARY 5.2. With the assumptions of Theor-5 1 we have

(5.6) @(0)g<z)bia/abq>< /f dt)dx

1

g(z)m[/a (b—2) Bz — a) f' (2)] do

+[ - wele-0 7 @]

PROOF By Jensen’s integral inequality we have

bia/abq)( /f dt)dx
ol f (it )]

=2 (0),

which proves the first inequality ifi (5.6).
Integrating the inequality (5.1) overwe have

b b
(5.7) ﬁ Cb(f(x)—ﬁ/f(t)dt)dx

<) [ [ e-areras [ -5 a
(b—a)" Ja LJa x
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Integrating by parts we have

and

Utilising the inequality[(5.]7) we deduce the desired inequdlity| (6).

REMARK 5.1. If we write the inequality (5]1) for the convex functién(z) = |z|”,p > 1
then we get the inequality

p

(5.8) ‘f(:v) - / ) ar

b—a

[ eariroras [o-oirora

a

<

for x € [a,b].
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Utilising Hoélder’s inequality we have

x b
(5.9) B@%j/@—WWWWﬁ+/®—WVWWﬁ
p+1 “f H[aaz] if f/ € L [CL,I];
< (z—a)Pt1/e aPJrl/a ||f/|| if f/ € Lp/@ [a,x],
- (pat+1)/ l@alpf o >1,1/a+ 1/ =1;
(@ =)’ 1 f ey
Ak P if ' € Lo [2,0]
p+1 [mb o0 9 )
pyptive it £ € Ly [2,0],
+ 4 pa+11/°‘ Hf”[xb a>1,1/a+1/8=1;
L O =) (1 I
for z € [a, b)].

Utilising the inequalitie8) anfl (5.9) we have foE [a, b] that

(5.10) 'f (2) - / Fiydi]

~0—a (p+1) [CEt e A AR CEE e VA A
1 r—a p+1 b— o p+1
=+ (b—a) +(b_a>
providedf’ € Ly [a, b],
b—a/ Fi dt
@_@@Q+Dm{m il T (AR CEE VA A

1 T —a p+1l/a b— o p+1l/a
(=) (=)

-~ (pa+1)
providedf’ € L,3a,b],a > 1 1/a+ 1/6=1and

(b= ) 1 4,00

SL’

(5.11)

(b= a1 f o0

1/a

(5.12) ‘f / f(t dt
b_@[( 1 Wy + 0= 2V 181,

< { (122) " (1=2) 0 - 0P 15 s

1 arh p—1
:{§+ }(b—@ 171

Lr—=
providedf’ € L, [a, b].

b—a
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REMARK 5.2. If we takep = 1 in the above inequalitie§ (5.11)-(5]12), then we obtain

(5.13) ‘f (x) — Y a f(t) dt‘

a

s [~ @ 1 g+ 0= 0 1.
1| /z—a\® b—xz\° /
§l(h%3-+Qhﬂ)]w—aMfmmm
1 [z e\’

_ Z+<b_a> (b= @)1 o

for z € [a,b], providedf’ € L [a, b,

(5.14) Lﬂm—~3; bf®d4

a

1+1/a 1+1/c
T (b—a)(a+ 1) (&= ) N g+ (0= ) ]

1 xr—a +1/a b—=x L/ /o) g1
b—a + b—a (b_a) HfH[a,b]ﬁ

~ (a4 1)
for x € [a,b], providedf’ € Lg[a,b],a > 1,1/a+ 1/ =1and

b
(5.15) w@ﬁ—gég/ ﬂ@ﬁ‘

1 !/ !
< | @ = @) 1 gy + b= 2) 17

1 !
= {5 + } I.f ”[a,b},l

5.2. Applications for p-Norms. We have the following inequalities for Lebesgue norms of
the deviation of a function from its integral mean:

_ atb
x 2

b—a

for z € [a, b].

THEOREM5.3 (Dragomir, 20134]). Let f : [a,b] — R be absolutely continuous da, b] .
(i) If f/ € Lo [a,b], then

2 1/p "
= b— P f _
e {(p +1)(p+ 2)1 (=)™ [1f N p1.00

(i) If f' € Lyzla,b],witha >1,1/a+1/4 = 1then

b
[ roa

2
(pa + 1)1/a (p+1/a+1)

b
(5.16) Hf—ﬁ/ £ (1) dt

(5.17) f—

[a,b],p
1/p

< ||f/||[a,b],pﬁ (b_a)l—’—aip :

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA


http://ajmaa.org

OSTROWSKITYPE INEQUALITIES FORLEBESGUEINTEGRAL 41

(i) We have

1 /9ortl _ 1 1/p
<3(555) 0=l

(5.18) Hf— / £ () dt e

[a,b],p

PROOF Integrating ora, b] the inequality[(5.10) we have

b b p
(5.19) [lr@- 5 [ raa]
1 ’ _ )Pt ~ P de
< oo W | o= +0-27"]a
B 1 2(b—a)’™?
- =TT e [ 55—
2

= (p+1) (p+2) ||f||ab] (b_a)P+

which is equivalent with (5.16).
Integrating the inequality (5.11)

b b p
(5.20) / f(a:)—%a/ Ft)dt| da
! p+1l/a p+1/a
-0 par )" e L
1 2(b— a)p+1/a+1

p+1l/a+1

1/«
Hf H (a,b] p,@( a’)p+ /

- o s
_ 2
(pa+1)1/a(p+1/a+ 1)

which is equivalent with (5.37).
Integrating the inequality (5.12) we have

b b p

(5.21) / f(x)——ia [ s
b

||f||ab]p/ max {(¢ — a)? , (b — 2"} da.

dx

Since

/max{x—a L (b— )"} dx

:/a2 (b—x)pdx+Lib(x—a)pdx

2
(55", - -t ()

+ +
p+1 p+1 p+1 p+1

1 (oo 1
:p+1( 2 )(b_a)p+
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then from [5.2]1) we get

b 1 b
[ lr@-= [ o
which is equivalent with[(5.18)

2p+1

P 1 -1
tr < (B3 ) 0 1

5.3. Applications for the Exponential. If we write the inequality [(5]1) for the convex
function® (z) = exp (x) then we get the inequality

(5.22) exp [ 3 a/ f(t dt}

1 ’ ,
sb_a[/a explit=a) f/()d+ [ epl(e=) f (@)

forz € [a, b)].
If we write the inequalityl) for the convex functidn(z) = cosh (z) := £~ then we
get the inequality

(5.23) cosh { 3 a/ f(t dt}

1
<

b
S {/a cosh[(t—a)f()]dtvL/QU cosh [(t —b) f' ()] dt

forz € [a, b)].
Utilising the inequality [(5.22) we have the following multiplicative version of Ostrowski's
inequality:

THEOREM 5.4 (Dragomir, 20134]). Let f : [a,b] — (0, 00) be absolutely continuous on
la, b] . Then we have the inequalities

(5.24) /(@)
exp [ f In f (¢ ]

S J}'éff}dt%”exp -

for anyz € [a, b] and

(5.25) fb J
exp [ f lnf }
< bia {/ab(b—x)exp {(x—a) ‘];/((xx))} dx
—l—/ab (x —a)exp [(a: —b) JJC”/((ZH d:c] :
PROOF If we replacef by In f in (5.22 -) we get

(5.26) exp [lnf (2) = 7— lnf( )d }
= {@ - g [[ew -0 5] af
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foranyz € [a,b)].
Since

exp [lnf(x)—bia/ablnf(t)dt}

— exp :lnf(x) —1In {exp (bia /ablnf(t)dt> H
f (x)

= exp _111 (exp (ﬁ P f () dt))]

) f @)
exp (ﬁ f; In f(t) dt)

for anyz € [a, ], then we get from|(5.26) the desired inequaljty (5.24).
If we integrate the inequality (5.24) we get

b
(5.27) Jo ! Ex) d
exp [ﬁ [ In f(t) dt]

< bia/ab [/axexp {(t—a) J;((tt))} dt—i—/:exp [(t—b)%} dt] da.

Integrating by parts we have

and

then by [5.2]) we deduce the desired inequdity (5.85).
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5.4. Applications for Midpoint-Inequalities. We have from the inequality (5.1) written
for — f the following result:

PROPOSITIONS.5. Let f : [a,b] — R be absolutely continuous da,b]. If  : R — R is
convex (concave) dR then from|(5.]L) we have the inequalities

5.28) @ (ﬁ/abf(t)dt—f (“;b))

S(z)bia [/WQ[(b—t)f’(t)]dt+/2@[(a—t)f/(t)]dt].

a

If f:[a,b] — Ris convex ona,b|, then by Hermite-Hadamard inequality we have

%a/abf(t)dtzfcgb).

We can state the following result in which the functidns assumed be convex only @h co)
or (0,00).

PROPOSITIONS.6. If f : [a,b] — R is convex ona,b], monotonic nondecreasing on

[a, *$2] and monotonic nonincreasing, 2] .If & : [0,00), (0,00) — R is convex (concave)

on [0, 00) or (0, 00) , then [5.28) holds true.

If f: [a,b] — R is strictly convex ona, b], monotonic nondecreasing da, %] and
monotonic nonlncreasm{p “*b} then by taking® (z) = Inz, which is strictly concave on
(0,00) , we get the logarithmic inequality

(5.29) In (ﬁ/abf(t)dt—f<a;b>)
> [/alln[(b—t)f’(t)]dﬂr/fb

If f: [a,b] — R is convex on[a,b], monotonic nondecreasing di, “2] and monotonic
nonincreasinda, 4] , then by taking® (z) = 2%, with ¢ € (0, 1) we also have

(5.30) (ﬁ/abf(t)dt—f<a;rb>)q

1
> _ -
“b—a

In[(a—1t)f'(t)] dt] :

a+b

/ [(b—t)f()]qu/ 2 [(a—t)f’(t)]th].

L a

If & : [0,00),(0,00) — R is convex (concave) oft), co) or (0,00), and if we takef (t) :=

|t — =2|”, p > 1, then we get from|(5.28)

(b—a)’ 1 a+b
(5.31) @(m>§(2)b_a[/a+b [ (t ) ]dt
+/%®[(t—a)(a;b t)p ]dt .

Assume thatb : R — R is convex (concave) OR.
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Now, if we takef (¢) = 1 in (5.28), where € [a,b] C (0, 0) , then we have
Al(a,b) — L(a,b)
.32 )
532 S

a-+b
2

g(z)bia [/;eb(t;b) dt+/a @(t;a) dt].

If we take f (t) = —Int in (5.28), where € [a, ] C (0, 00), then we have

(5.33) o (ln (’?((j ;’;))
i) (t _t a) dt] .

1 b t—b
< (> i
< () [/+<1>( : )dt+/a
If we takef (t) = t*, p € R\ {0,—1} in (5.28), where € [a,b] C (0,00) , then we have
(5.34) ® (LD (a,b) — AP (a,b))

! /f) @[p(b—t)tpl}dt—l—/%@[p(a—t)tpl}dt].

S(z)b—a +b

a+b
2

REFERENCES

[1] S. S. Dragomir, A refinement of Ostrowski's inequality for absolutely continuous functions and
applicationsActa Math. Vietnam27 (2002), no. 2, 203-217.

[2] S. S. Dragomir, A refinement of Ostrowski’s inequality for absolutely continuous functions whose
derivatives belong td.., and applicationd.ibertas Math.22 (2002), 49-63.

[3] S. S. Dragomir, Improvements of Ostrowski and generalised trapezoid inequality in terms of the
upper and lower bounds of the first derivatifamkang J. Math34 (2003), No. 3, 213-222.

[4] S. S. Dragomir, A functional generalization of Ostrowski inequality via Montgomery idetitig
Math. Univ. Comenian(N.S.) 84 (2015), no. 1, 63—78. PrepriRGMIA Res. Rep. Coll6 (2013),
Art. 65, pp. 150nline http://rgmia.org/papers/v16/v16a65.pdf].

[5] S. S. Dragomir and S. Wang, A new inequality of Ostrowski's typd.innorm and applications
to some special means and to some numerical quadrature Taledkang J. of Math.28 (1997),
239-244.

[6] S.S. Dragomir and S. Wang, A new inequality of Ostrowski’s typé& jmorm and applications to
some special means and to some numerical quadrature hudisn J. of Math, 40 (1998), No. 3,
299-304.

[7] S.S. Dragomirand S. Wang, Applications of Ostrowski's inequality to the estimation of error bounds
for some special means and for some numerical quadrature Apes, Math. Lett.,11 (1) (1998),
105-109.

[8] A. M. Fink, Bounds on the derivative of a function from its averagésechoslovak Math. J42
(117) (1992), 289-310.

[9] D. S. Mitrinovit, J. E. Péaric and A .M. Fink,Inequalities for Functions and Their Integrals and
Derivatives Kluwer Academic Publishers, Dordrecht, 1994.

[10] A. Ostrowski, Uber die Absolutabweichung einer differentiierbaren Funktion von ihrem Inte-
gralmittelwert,Comment. Math. Helv10(1938), 226-227.

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA


http://ajmaa.org

46 S. S. IRAGOMIR

[11] T. C. Peachey, A. McAndrew and S. S. Dragomir, The best constant in an inequality of Ostrowski
type, Tamkang J. of Math30 (1999), No. 3, 219-222.

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA


http://ajmaa.org

CHAPTER 3

Inequalities for Differentiable Functions

1. OsTROWSKI VIA CAUCHY MEAN VALUE THEOREM

1.1. A Local Result. The following theorem holds.

THEOREM 1.1 (Dragomir, 20031]). Let f : [a,b] — R be continuous offu, b and differ-
entiable on(a, b). Letp € (0, 00) and assume, for a givene (a, b), we have that

(1.1) M, (z) == sup {|Jz—u|"P|f ()|} < co.

u€(a,b)
Then we have the inequality

M, (z)

_ap+1 _l,p+1‘
rEm I o M U

(1.2) ‘f(x)—ﬁ/abf(t)dt‘ép(

PROOF Letz € (a,b) and define the mapping . : (a,2) — R, g1, (t) = (z — t)".
Applying the Cauchy mean value theorem, for any (a, ) there exists @ € (¢, z) such
that

[f (&) = f (@) g1 1) = (912 (t) = 910 ()] £ ()

from where we obtain

(=11 )] _ (1)

13 — f(2)| =
a3 rO-sel=S e

We define the mapping . : (z,b0) — R, g2, (t) = (t — 2)”. Applying the Cauchy mean value
theorem, we can find &< (z,t) such that

[f () = f(@)]p€—a)"" = (t—2) [ (&)
from where we get

B (e 1A (o) N (o VPR
A8 -l = S S M), e ().

In conclusion, by[(1]3) andl (1.4) we may write

(1.5) If(t) = f(2) < %Mp (2) |t — P forall te (a,b).

47
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Integrating[(1.5) ovet on[a, b], we get

pww~i—/ﬁamﬂ
)| dt < 1M (z )bia/abht—a:]”dt

<5
:%Mp(:ﬁ)b—a U (a:—t)pdt+/:(t—x)pdt]

1 . (:c—a)pﬂ—|—(b—x)pJrl
B AL PN (S S

and the inequality] (1]2) is proved.

REMARK 1.1. Forp = 1, we obtain

b 9 )

(x—a)”"+ (b—x) .

- <
@5 10w < BT,
2
1 x — afb ,
[Z+(b§>]|fm®a%memﬂ,

where || f'|| ., := sup |f'(t)] < oo, which is Ostrowski's inequalityd]. It is obvious that

te(a,b)

for p > 1, the accuracy order provided By ([L.2) is higher thamas provided by the classical
Ostrowski’s inequality.

REMARK 1.2. Ifp € (0,1) andf’ € Ly [a,b], then obviously
[a +b ‘ a+b
= + |r —

M,

p

() < [max{z —a,b—a}]"7 | ]l o

1-p
!
! I

forall z € [a, b].
The following midpoint formula holds.

COROLLARY 1.2. Let f andp be as in Theorefn 1.1. Assume that

b P
M, <a+ > = sup If (u)] ¢ < oo.
2 u€(a,b)

Then we have the midpoint inequality
) g <a + b> '
p + 1) 2p 2

(1.6) ‘f (“*b) / £ () dt

1.2. Some Global ResultsBefore we continue our presentation, we recall the following
special means:

(a) Thearithmetic mean

—Uu

(b) Thegeometric mean
G =G (a,b) = Vab, a,b>0;
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(c) Theharmonic mean

H:H(a,b)::%, a,b>0;
a
(d) Thelogarithmic mean
a if a=0,
L=1L(ab) = a,b>0;
b—a H
Inb—Ina If a ?é b’
(e) Theidentric mean
a if a=0,
I=1(a,b):= o a,b > 0;
1 bb —a .
[ (a_“> if a % b,

() The p-logarithmic mean

Jun

( [M} Tif a#b
Lp _ Lp <a7 b) — (p+1)(b—a)

L a if a=0b,
wherep € R\ {—1,0}.
The following result also holds.
THEOREM 1.3 (Dragomir, 20031]). Letf : [a,b] — R be continuous ofu, b] with a > 0,
and differentiable onja, b). Letp € R\ {0} and assume that

a.7) K, (f'):= sup {ul P )|} < 00.

u€(a,b)

Then we have the inequality:

Ky ()
(1.8) ‘fx b_a/f dt‘ ( 3
pr(az— A) + (b—x)L (b,z) = (v —a) LE(x,a) if pe(0,00);

x{ (v —a)I2(x,a) — (b— ) L2 (bx) — 227 (x — A) if 6(6_(1"8‘;’;‘”

| (z—a) L7 (a,2) = (b—2) L' (b,x) — 2x—A) if p=-1,
forall « € [a, b].

PROOF Consider the mapping : [a,b] — R, g(z) = 2P. Applying the Cauchy mean
value theorem, then for anyandt € [a, b], there exists & betweenz andt such that

[f (&) = f(@)]g () =1[g(t) —g@)]f (n)
i.e.,
(f () = f (@) pp~t = (7 = aP) ' (n)

from where we obtain:

|f(t) = f(z)| =

!/ D _ P /
f o‘y)'\ ) Kp’ <‘f) —_—
pin p
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In conclusion, for any, x € [a, b], we have the inequality

(1.9) ) — f ()] < 2D

[t — xP|.
p|

Integrating [(1.D) ovet on [a, b], we get
I I
= [ roal <t [iro-rwla

K,(f) 1 b
< p<f)—/ i
p b—CL a

‘f(w)—

Forp > 0, we have
b T b
/|tp—:cp|dt:/ (:vp—tp)dtJr/ (7 — oP) dt
=20 (x —A)+ (b—x) b (b,x) — (v —a) L} (x,a).
Forp € (—oo, —1) U (—1,0), we have
b T b
/]xp—tp\dt:/ (tp—xp)dt+/ (2P —7) dt
= (v —a) Ly (z,a) — (b—x) L} (b,x) — 22" (x — A)

and, finally, forp = —1, we have

b T b
/ l_l‘dt:/ (1_l>dt+/ (1—1>dt
o |z T o \t = s \T T

@)L a,2) — (b—2) L (b x) — ; (z — A)
and the theorem is proved.

The following corollary is natural.

COROLLARY 1.4. With the assumptions in Theorém|1.3, we have the midpoint inequality

(1.10) ‘f (a+b) _bia/abf(t)dt‘ B ()

2

x ¢ 1(LE(Aja) — LE(Ab)) if pe(—o0,—1)U(—1,0);

L(L Y (a, A) — LY (A,b) if p=—L.

2

The following theorem also holds.

THEOREM1.5 (Dragomir, 20031]). Letf : [a,b] — R be continuous ofu, b] (with a > 0)
and differentiable orfa, b). If

(1.112) P(f):= sup |uf (u)] <o

u€(a,b)
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then we have the inequality

(1.12) ’ / F)adt

+2(x—A)lnx

for all z € [a, b].

PROOF Consider the mapping : [a,b] — R, g(t) = Int. Applying the Cauchy mean
value theorem for any andt € [a, b] , then there exists abetween: and¢ such that

(f ()= F (=) g (n) = (g(t) —g () f (n)

(F () — f () 2

y = (Int—Inz) 1" (n)

from where we get

1f @) = f @) =Inf ()| Int —Inz[ < P(f)[Int—Inz|.
In conclusion, for any, x € [a, b], we have the inequality
(1.13) 1f(t) = f(2)] < P(f)|lnt —Inz].

Integrating|(1.13) ovet on[a, b], we get

'f<x>—#/bf<t>dt'

b

_b—a/|f |dt<P(f)ﬁ/a|lnt—lnx|dt
P(f b
b—a {/a (lnx—lnt)dt—i-/x (lnt—lnx)dt}

— Pb)(_f(j [(z —a)lnz — (x —a)Inl (a,z) + (b—2)Inl (b,x) — (b— x)Inz]
P(f)

- b—(lz 2(x—A)lnx+ (b—2)Inl(z,b) — (r —a)In1 (a,z)]

and the theorem is proved.

The following corollary is natural.

COROLLARY 1.6. With the assumptions of Theorém|1.5, we have the inequality

(1.14) ‘f(ﬁb) /f dt' % ()i {]((;42))}

whereA = A (a,b) = “t
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2. OSTROWSKI VIA GENERAL CAUCHY MEAN VALUE THEOREM

2.1. A General Result. We may state the following theorem.

THEOREM 2.1 (Dragomir, 20052]). Let f,g : [a,b] — R be continuous ota, b and
differentiable on(a, b) . If ¢’ (t) # 0 for eacht € (a,b) and

(2.1) ‘L/ ‘= sup f, (*) < 00,
9l te@b) |9 ()
then for anyz € [a, b] one has the inequality
1 b

(2.2) ]f(x)—b_a/a f(t)dt]

— atb Pg(t)dt— [Fgt)dt] || f

_ 2<x 2 )g(x)+f$g<> INI0 .'L
b—a b—a 9«

PROOF. Letx,t € [a,b] with t # x. Applying Cauchy’s mean value theorem, there exists a
n betweent andz such that

_ W)
(f(x) = f(@) = 7 ) (9(x) —g(t)
from where we get
Ny I o)
ea 1@ -rol= 5w g0l <[5 ww -0,

for anyt,z € [a,b].
Using the properties of the integral, we deduce[by|(2.3), that

I I

= [ roal <t [ir@ - rol

<|L
g

Sincey’ (t) # 0 on(a,b) , it follows that eitherg’ (¢) > 0 or ¢’ (t) < 0 for anyt € (a,b) .
If ¢ (t) > 0forallt € (a,b), theng is strictly monotonic increasing df, b) and

(2.4) ‘f (z) —
1

wb—a

/ 19.(2) — 9 (1) dt.

/|g<x>_g<t>|dt:/””(g(x)_g(t))m/ (9(t) — g (a)) dt

:2<x—a;b)g(x)+/:g(t)dt—/;g(t)dt.
If ¢ (t) <Oforallt € (a,b), then
Jow+ [s@a- ["gwal

b
a+b
[ 1o —gwlde=— |2«
The following midpoint inequality is a natural consequence of the above result.

and the inequality| (2]2) is proved.
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COROLLARY 2.2. With the above assumptions fiand g, one has the inequality

a+b 1 b
(2.5) ‘f( ! )—b_a/a f(t)dt‘
REMARK 2.1. (2)

1|t E
L= [ g
(2) Ifin the above theorem, we choog€) = ¢, then from [(2.2) we recapture Ostrowski's
inequality B].

(3) Ifin Theoren{ 2.]1 we choosg(t) = ¢, p € R\ {0}, 0rg(t) = Int with t € (a,b) C
(0, 00) , then we obtain the results frori][

f/
g

<

o0

One may obtain many inequalities from Theorem 2.1 on choosing different instances of
functionsg.

PROPOSITION2.3 (Dragomir, 20052]). Let f : [a,b] € R — R be continuous offu, b]
and differentiable orfa, b) . If there exists a constamt < oco such that

(2.6) |f/ ()] <Te™t forany t € (a,b),
then one has the inequality:

a+b 1 b
2.7 _
@7) (5 -5 [ rod
SF[Q(I_A)em—i-(b_x)E(x’b)_(x_a)E(avx)
—a b—a
foranyz € (a,b), whereA = A (a,b) = “T“’ and £ is the exponential men, i.e.,
T _ oY
T Waty
E(xvy) = r—Y 7ZE,yER.
ey if =y

In particular, we have

(5 - [ rwa

The proof is obvious by Theorelm 2.1 on choosing@) = ¢’ and we omit the details.
Another example is considered in the following proposition.

(2.8)

< 5 [B(AD)~ Ba, AT

PROPOSITION2.4 (Dragomir, 20053]). Let f : [a,b] C (0,%) — R be continuous on
la, b] and differentiable onia, b) .
() If there exists a constat; < oo such that

(2.9) |f (t)] <Tycost, t € (a,b),
then one has the inequality
b
(2.10) rw -5 [
< [2 (i:a) Ginz (a:—a)C(awﬁ_—éb—x)C(x,b)
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foranyz € (a,b), whereC'is the cos-mean value, i.e.,

COST — COS Y

o if z#y
C(z,y) = Y
—siny if x=y
In particular we have
1
(2.11) ‘f (“*b) / it dt‘ S[C (0, 4) = C (A DT,
(77) If there exists a constamt, < oo such that
(2.12) |f'(t)] < Tysint, t € (a,b),

then one has the inequality

rw- s [ o

. [2 (:Z—A) oz s P=D)S @D~ (r =05 (@,2)]

—a b—a

foranyz € (a,b), whereS is the sin-mean value, i.e.,

sinx — siny

if x#£y
S (z,y) = Ty :
cosy if z=y
In particular, we have
(2.13) ‘f <a il b) / f it dt‘ % S (A,b) — S (a, A)] T

2.2. A Result on Sub-intervals. The following result also holds.

THEOREM 2.5 (Dragomir, 20052]). Let f,g : [a,b] — R be continuous ota, b and
differentiable on(a,b) \ {z}, z € (a,b). If ¢’ (t) # 0fort € (a,x) U (z,b), then we have the
inequality

(2.14) ‘ x) / f(t dt‘
b—ua
<—1 x—a / g ‘ '
B b—CL a (a,x),00
1 b
—i—b )(b—x) / g(t ’ '
—a (z,b),00
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PROOF We obviously have:

(2.15) 'ﬂm—gézlwﬁmﬁ

:hia/?ﬂw—fa»ﬁ

<t [rw -l
aM\ﬂm i+ [ 1@ -7 ai]

Applying Cauchy’s mean value theorem on the interiealr) , we deduce (see the proof of

Theorenj 2.1) that

@216) u@»—fans\g( o) 90
for anyt € (a,z), and, similarly
2.17) r@-rors Ll -
9 lp),
foranyt € (z,0).
Consequently
f/

g

and

e |ﬁ<\ o (@) — g (0] dt
/ (a,x),00 /CL
f/

[ir@-renas<|Z]  [law-o0ia
g (z,b),00 YT

Sinceg’ has a constant sign in eithgr, z) or (x,b), it follows thatg is strictly increasing or
strictly decreasing ifia, x) and(z, b) .

Thus
[ 9@ g at
{ g(z)(z—a)— [Tg(t)dt if gisincreasing ora, z]

[Fg@)dt — g (z) (x —a) if gis decreasing

x
(x —a) / gt
and, in a similar way

b
[0 -1 =|aw 02~ [awa]
Consequently, by the use ¢f (2]15), we deduce the desired ineqlality (£.14).

The following particular case may be of interest.
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COROLLARY 2.6. Let f,g : [a,b] — R be continuous ora, b] and differentiable on

(a,b) \ {42} . 1f ¢’ (¢) #£ 0 on (a, %) U (%42, b) , then we have the inequality

b
(2.18) ’f(a;rb)—bia/f(t)dt‘
1 a+b 2 [
<5 g< )— g(t)dt"
2 {‘ 2 b—a/a (a,%42),00
b
+ g<“;b)—bfa/a+bg(t)dt -

The following result also holds.

f/
g

PROPOSITION2.7 (Dragomir, 20053]). Let f : [a,b] — R be continuous ota, b and
differentiable ona, b) \ {z}, = € (a,b) . Assume that, fop > 0, we have

f@)<{AﬂA®@ﬂ”’wﬂwt€ww%

M,, (z) (t —x)"" forany t € (z,b).

wherelM, , (x) and M, , (x) are positive constants dependingariThen we have the inequality

(2.19)

b
(2.20) ‘ﬂ@—g%a/f@M4
1

(b—a) [Mi, (2) (& —a)’" + My, (z) (0 — 2)"].

<
“plp+1)
The proof follows by Theorefn 2.5 applied fo(z) = |z — ¢|”, p > 0. We omit the details.

REMARK 2.2. If f is as in Propositiop 2|7 and
My (2£0) (et — t)l_p forany ¢t € (a, %),
1@<

My (%50) (t — «2)'™ forany ¢ € (%2,0),

(2.21)

then, by [(2.2D), we get
a-+b 1 b
1(%50) -5 [ roa

st [ () - (5]

REMARK 2.3. If f is as in Propositiop 2|7 and
' (0)] < My (@) |z —t]" t € (a,b),

(2.22)

then, by [(2.2D), we get

(2.23)

ST G—g [T O @),

which is the result obtained idl].
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2.3. Some Inequalities of Midpoint Type.
(1) Let0 < a < b. Consider the functiop : [a,b] — R, g (t) =t?,t € R\ {0,—1}. Then
g t)=pt* ', g (%) = A7 (a,b),
a+b

2
_ 7D
= | e =1,

2 b
t)dt = LP (A, b
b_@/a;ﬂ() P(A,b).

and by Corollary 2]6, we may state the following proposition.

PROPOSITION2.8. Let f : [a,b] C (0,00) — R be continuous ona, b] and
differentiable on(a, b) \ {2} . If

My (%52) 7, e (a, %),
(2.24) Lf ()] <
M, (2£2) 2, t e (“2,0),

then we have the inequality

(2.25) ]f(‘”b) /f ‘
< 2p {Ml ( +b> | AP (a,b) — LP (a, A)]

+ M, (“b) L2 (A,b) — Ap(a,b)y}.

The particular casg = 1 is of interest and so we may state the following corollary.

COROLLARY 2.9. Let f : [a,b] C (0,00) — R be continuous ofu, b] and differ-
entiable on(a, b) \ {42} . If

N (40) 8 te (a0,
(2.26) TR0l

then we have the inequality:

(2.27) ‘f (“b) —ﬁ/abf(t)dt'
et T

(2) Let0 < a < b. Consider the function : [a,b] — R, g (¢) = 1. Theng (t) = — 3,
9(%5%) =A""(ab),

a+b
2

2 g dt = L (a, A),

b—a

2 b
o [ ema=17 (),

and by Corollary 2}6 we may state the following Proposition.
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PrRoPOSITION2.10. Let f : [a,b] C (0,00) — R be continuous ofa, b] and
differentiable on(a, b) \ {4} . If

(2.28)

then we have the inequality:

a b
(2.29) ‘f( ;Lb)—bia/f(t)dt
1

) et

() L]

(3) Let0 < a < b. Consider the function : [a,b] — R, g(t) = Int. Theng' (t) = 1,
g (%) =In4,

9 gt
b_a/a gt dt =InT (0, A),

2 /b g(t)dt =InI(A,b),

b—a Jars
2

and by Corollary 2J6 we may state the following proposition.

PropPoOsITION2.11. Let f : [a,b] C (0,00) — R be continuous ora, b] and
differentiable on(a, b) \ {2} . If

iy [T e o),
Sy v (o),

then we have the inequality:

a b
(2.31) ‘f( ;b)—ﬁ/ f(t)dt‘

= {G ([qu) o 4 b)}mwv } |

3. OSTROWSKI VIA POMPEIU MEAN VALUE THEOREM

(2.30)

3.1. Pompeiu Mean Value Theorem.In 1946, Pompeiud] derived a variant of Lagrange’s
mean value theorem, now known Rsmpeiu’s mean value theorggee also{, p. 83]).

LEMMA 3.1 (Pompeiu, 19466]). For every real valued functiorf differentiable on an
interval [a, b] not containing) and for all pairsz; # x5 in [a, b], there exists a poing between
1 andz, such that

w1 f (22) — 2 f (1)

X1 — T2

(3.1) =f(&) =& (&)
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PRoOF Define a real valued functioR on the interval}, 1] by

(3.2) F(t)=tf G) .

Sincef is differentiable on(+, 1) and

(3.3) F(t) = f (%) — 2 G) |

then applying the mean value theoren¥t®n the intervalz, y] C [, 2] we get

F(z)—F(y)
T —y

(3.4) =F'(n)

for somen € (z,y) .

(
LetCL’Q = % L

, 7 1= and¢ = }7 Then, since) € (z,y), we have
r < €< 9.
Now, using [(3.2) and (3]3) ofn (3.4), we have

of (1) —uf () :f(l) Ly (1)

=Y Ui

that is
z1f (x9) — 2o f (1)
Tr1 — X2
This completes the proof of the theorem.

=f(&) =& (9.

REMARK 3.1. Following [7, p. 84 — 85], we will mention here a geometrical interpreta-
tion of Pompeiu’s theorem. The equation of the secant line joining the paintg (z,)) and

(x2, f (x2)) is given by
f(xz) - f(xl)

T2 — I

y=f(x1)+ (x —z1).

This line intersects thg—axis at the point0, ) , wherey is

f(w2) = f (71)

y=[(z1) + P (0 —24)
o z1f (x2) — wof (1)
N 1 — Ty ’

The equation of the tangent line at the pdifitf (¢)) is
y=(@—-8fE+r(&).
The tangent line intersects the-axis at the point0, y) , where

y=—E(E)+f(6).

Hence, the geometric meaning of Pompeiu’s mean value theorem is that the tangent of the point
(&, f(&)) intersects on thg—axis at the same point as the secant line connecting the points

(21, f (x1)) and(z, f (22)) -
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3.2. Evaluating the Integral Mean. The following result holds.

THEOREM 3.2 (Dragomir, 20053)]). Let f : [a,b] — R be continuous ofu, b] and differ-
entiable on(a, b) with [a, b] not containing). Then for any: € [q, b] , we have the inequality

a+b f /f dt’

2
z — ot
(b ) 17 =],

b—a |1 n
[ |4
wherel (t) = t, t € [a,b].
The constan§ is sharp in the sense that it cannot be replaced by a smaller constant.

(3.5)

IA

PROOF Applying Pompeiu’s mean value theorem, for any € [a, b] , there is & between
x andt such that

tf(x) —af(t) =[f(&) =& (]t — )

giving
(3.6) tf () —xf (1) < Sup £ (&) = & (O] | — 1]
=If = Lfll |z = 1|
foranyt,x € [a,b].
Integrating ovet € [a, ] , we get
(3.7) ‘f(m)/btdt—x/bf(t)dt‘

< [ 1ef @) 2 )] a

b
<17 = tr [ o=t
_(93 —a)’+(b— :17)2]

=1 ~ ] .

B , 1 2 a+b\
—Hf—WWm_Z@—a)+($— )

and since/ btdt = 7) the desired resl3 5).

2
Now, assume thaﬂg 6) holds with a constant 0, i.e.,

a+b f /f dt’

(3.8) .

h— _ atb
< xaF+<ia>]fﬁ%w
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Considerf : [a,b] — R, f(t) = at + (; a,  # 0. Then

If =2l = 181,

a+b

1 b
m/a f(t)dt = 9 a—l—ﬁ,

and by [(3.8) we deduce

b b b— _ b’
(o0 2) - (o) <5 e (52 ]

A
<(b—-a)k
s(b-ak+ b—a
foranyz € [a,b].

If in (B.9) we letz = a or z = b, we deduce: > 1, and the sharpness of the constant is
proved.n

giving
a+b

(3.9) ;

— X

The following interesting particular case holds.

COROLLARY 3.3. With the assumptions in Theorém|3.2, we have

a+b 1 b b—a ,
(3.10) HC S Ry R B I

4. ANOTHER OSTROWSKI TYPE INEQUALITY VIA POMPEIU’S RESULT

4.1. Evaluating the Integral Mean. The following new result holds.

THEOREM4.1 (Dragomir, 20134]). Let f : [a,b] — R be continuous offu, b and differ-
entiable on(a, b) with b > a > 0. Then for anyr € [a, b] , we have the inequality

1 [

2 x b _ g
< ——|f—2f 1 2
<= |If f||m<nm+ _ )
wherel (t) = t, t € [a,b].
The constan? is best possible i (4,.1).

(4.1)

PROOF Applying Pompeiu’s mean value theorelfj [see alsolT, p. 83]), for anyz,t €
la, ] , there is & betweenr andt such that

tf () —xf () =1 (&) = &S (O]t —x)

giving
tf (x) —af ()] < S 1F (&) =& ©le—tl=f = £f [l |z — ]
foranyt, x € [a, b], or, by dividing withz, ¢ > 0, equivalently to
4.2) Lo L) <y - a3 - 4]
T t rz t

foranyt,x € [a,b].
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Integrating over € [a,b], we get

(4.3) ‘@(b—a)—/b@dt‘g/b ff)_@’dt
b
<l = e [ | - 1|

and since

A

< x? a+b—2x)
Y P e
ab T

foranyz € [a,b], then we deduce fronfi (4.3) the desired regult|(4.1).
Now, assume thaf (4.1) holds with a constant 0, i.e.,

T b
) [ERy ST

k T atb _ .
<M ot 2
< if fflloo(lner ) )
foranyz € [a,b].

Considerf : [a,b] — R, f (t) = 1. Then
b
= ele= e [ D

"b—a

/

and by [4.4) we deduce

foranyx € [a, b] .
If we take in this inequality: = a, we get

1 1 b

(4.5)

In we multiply {4.5) with2 (b — a) we get
b—a b

—1ln-—
a a

!

Sk(b_a—lné)
a a

The following interesting particular case holds.

which implies that: > 2.
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COROLLARY 4.2. With the assumptions in Theorém|4.1, we have

(50 1t 2 , o
] e i IR N =3}

(4.6) P,
2
REMARK 4.1. If we consider the function : [a, b] — R given by

x atb _ g
x):=In 2 ,
then we observe that
/ x__%?
¥ (0) = =2,

which shows that

a+ b atb
lnf ) = — ln 2 ,
z€la,b] w( ) w ( 2 ) (\/ ab)
meaning that the inequality (4.6) is the best possible one can get[from (4.1).

REMARK 4.2. We can state from (4.1) the following inequality as well:

f(Vab b atb _ \/ab
@.7) ( )bla/fit)dt<%f€f’m(i>-

Vab Vab
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CHAPTER 4

Inequalities of Pompeiu Type

1. OSTROWSKI VIA A GENERALIZED POMPEIU’S INEQUALITY

1.1. Pompeiu’'s Inequality for p-Norms. In 1946, Pompeiud] derived a variant of La-
grange’s mean value theorem, now knownPasnpeiu’s mean value theorgigee alsold, p.
83)).

LEMMA 1.1 (Pompeiu, 19466]). For every real valued functiorf differentiable on an
interval [a, b] not containing) and for all pairsz; # x5 in [a, b], there exists a poing between
1 andz, such that

w1 f (22) — 22 f (1)

T1 — T2

(1.1)

= (&) =& (©).
The following inequality is useful to derive some Ostrowski type inequalities.

COROLLARY 1.2 (Pompeiu’s Inequality)With the assumptions of Lemal1.1 anffit— ¢ f'|| . =
SUDse(ap) |f (1) — tf' (t)| < oo wherel (t) = ¢, t € [a,b], then

(1.2) tf (@) =z f (O] < |f = f'l| o |z — 1|
foranyt,z € [a,b].

The inequality[(1.R) was obtained by the authorlih [
We can generalize the above inequality for the larger class of functions that are absolutely
continuous and complex valued as well as for other norms of the differercéf’.

LEMMA 1.3 (Dragomir, 20133]). Let f : [a,b] — C be an absolutely continuous function
on the intervala, b] with b > a > 0. Then for anyt, z € [a, b] we have

(1.3) 1t (2) — xf (1))
(If = 0f | |z = 1] it f—(f € L [a, 1)
b, Tf =t € Lylat)
<{ lf =t | - 2= e
> + i 1
If = ef')], mexte)

65
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or, equivalently

(1.4) ‘f@)_f@w
x t
(Nf =0l ]f—2 if f—{f € Lo [a,b]
1/iU—We%@M
S Tl_l||f_€f/”p|t2qlfl_m2q%l‘ ! 1p>1E1
pte T
LI =271y gy

PROOF If fis absolutely continuous, thefy/ is absolutely continuous on the interyalb]
that does not containingand

[(fis))’ds:fix) 10

for anyt,xz € [a, b] with z # ¢.

Siee /I(m)’ [
V) ds = 2 I g

then we get the following identity

(1.5) ﬁmﬁ—@ﬂﬂsz[UWQigf@Ms

foranyt,z € [a,b].

We notice that the equality (1.5) was proved for the smaller class of differentiable function
and in a different manner iiY[.

Taking the modulus irf (I15) we have

(1.6 @ =ar 0] = | [ HEE I,

< l’t/ f(S)S;f(S> dsl =T
t S
and utilizing Holder’s integral inequality we deduce
([ SUD e 1 () s — f ()] | [ &ds]
z T > 1,
(1.7) I < zt U; |f’(5)5—f(s)|pds|1/p|ft séqur/q _Z_?I_l:
L L1 (s) s = f(s)] ds| supsepy oo {32}

(= £f' o 2 — ]

1/ p>1,
AN = P | — e 2T
p g

IN

maxit,r
LI =l e

min{t,x}

and the inequality] (1}4) is proved.
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REMARK 1.1. The firstinequality irf (1}3) also holds in the same formdfor b > a.

REMARK 1.2. If we take in[(LB)r = A = A(a,b) := 5 (the arithmetic mean) and

t =G = G (a,b) := vab (the geometric mean) then we get the simple inequality for functions
of means:

(1.8) G (A) = Af(G)]
(If = Lf ]l (A= G) if f—Lf € Lu[a,0]
o = f € Ly[a,b]
S Tlfl ||f - éf/Hp (A Al/pGGl/p ll_)|_>l i 1
LI =1 g

1.2. Evaluating the Integral Mean. The following new result holds.

THEOREM 1.4 (Dragomir, 20133]). Let f : [a,b] — C be an absolutely continuous func-
tion on the intervala, b] withb > a > 0. Then for anyr € [a, b] we have

at+b f(x) I
1.9 : — t) dt
(1.9) 2 x b—a/a f(#)
( b—a |1 g— kb 2 ’ . ,
e |1y (522) | I - e i f— 0 € Lo[a, 1)
/ if f—L4f € L,|a,b]
S - r _ / . 1/q 1 ,
(qul)m(bfa)l/q ||f gf Hp [Bq (avba aj)] lzj_i :a )
p'a
= (g ).
where
% (22972 — @472 — p972?)
q 72
(1.10) B, (a,b;z) = —l-m (bIT1 4 @t — 24t
221n % + Wag—m—%ﬁ, g =2

PrROOF The first inequality can be proved in an identical way to the case of differentiable
functions from[l] by utilizing the first inequality in[(1,3).
Utilising the second inequality if (1.3) we have

a xr b
(1.11) et f(t)dt‘

b
<5 [ @ —as )l

1 [P
ey e I ||p/a

1/q

dt

x4 t?
ta-1  ga-1
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Utilising Holder’s integral inequality we have

(1.12) / b 1/
<([)" (/]
= (b—a)'/? (/b

1/q

dt

x4 4

ta—l gpa-l

Forq # 2 we have

e t4 b/ x4
[ () [ ()
T dt 1 [ 1 [ b1
_ g e q a7+ _ -4 -
=x = xq_l/a tdt + xq_l/x tidt — x /x tq_ldt
= v 1 — 1 — ; (qu _ aq+1)
2—q \z?79 a> zi 1 (g +1)

1 x4 1 1
= (prtl _ogpetl) _
+ x4 1 (g+1) ( o ) 2—q \b*1 x27¢

ot 1 11
 2—g \ 22 a1 p2a * et

1
= (patl _gpetl _gpatd q+1
+J;‘1—1(q—|—1)( x 29t 4 )
xq
_ 9Qpd—2 _ g2 _ pa—2 patl atl _ gpatl
2_q(a: a )+xq_1(q+1)( +a x )
= B, (a,b;x).
Forq = 2 we have
b2 2
t
/ R
o | T T

x .272 t2 b t2 1132
= ) dt 2 ) dt
[(F-2)e [(5-F)
Tdt 1 [*" 1 [ b1
= 22 ———/ t2dt+—/t2dt—x2/ —dt
a t "I/‘ a x T xT t

3_ .3 3_ .3

= lenz_lx @ 1lr-e —1:2111é
a x 3 r 3 x
2 1b3 3_2 3

= len%—l—;%:Bg(a,b;x).

Utilizing (I.17) and[(1.I2) we get the second inequality] in](1.9).
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Utilising the third inequality in[(1.3) we have

b
iy | ) dt SL/ 6f (2) — f (8) dt
® max {t, x}
e LR e et
Since ) b 2
msdte)y,_ de/ Lip=am® 1
. min{t, x} a t e T 2
then by [1.1B) we have
b
“;b. ww‘g-%—/ﬁﬁ%ﬂ—xfﬁﬂﬁ
r 10—
“féﬂhPm—+— 1

and the last part of (1.9) is thus provar.
REMARK 1.3. If we take in[(1Py = A = A(a,b) := “}*, then we get

b
(1.14) \f(A)—ﬁ/ f(t)dt‘
(LIS = F Tf—Lf € Loo [a ]

it f—0f €L,a,b)

<\ G I = By a b A > L ,
1yl
p q
A =0, (A 4+ L (b—a)atBA)
where »
AT = A2 2)
2 1 1 . qF#2
By (a,b;A) =4 +grmaer (A0, a) — AT,
24°In g + 5 (b—a)’, q=2

1.3. A Related Result. The following new result also holds.

THEOREM 1.5 (Dragomir, 20133]). Let f : [a,b] — C be an absolutely continuous func-
tion on the intervala, b] withb > a > 0. Then for anyr € [a, b] we have

(1.15) ‘ffﬂ——biCL/ﬁfiﬂd4

2l = el (n

Tffx) if f— (' € Lo [a,b]

if f—(f € L,a,b]

(29— 1)b a)l/e Hf éf’” ( (a b; x))l/q p>1, )
p+y-

IN

\ b—a ||f gf/HI “ +Zga2ax7
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where

a2—2q + 62—2(1 _ 21/,2—2(1

(1.16) Cyla,byx) = g (b+a—2x)+ 2(g—1) ;¢ > 1
PROOF From the first inequality irff (1.10) we have
b b
w17 IR (U [Py L]
x b—a ), t b—a ), | = t

, 11 1
W= Flgms [ 73]

—-aj, |t =z

Since

/

o [f (¢ -2)a [ ()

a T x T
( x? a+b—2x)
=|ln—+
ab T

for anyz € [a, b] , then we deduce fron (1.117) the first inequality[in (1.15).
From the second inequality ip (1]10) we have

(1.18) ‘fix) —bia/abfit)dt‘
= bia/ab ffcx) a fit)‘dt

1/q

1
dt.

1
120-1 201

1 ot
<mro s~

Utilising Holder’s integral inequality we have

(1.19) /:
“([«)"([]
= (b—a)'/? (/b !
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1 1
dt

$20-1 201

1 1

t2q— 1 x2q—1

1/q q 1/q
1/q
dt) .

1
12-1 201
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Since
b
: b

i /a (t2ql_1 - 5’721_1) a +/x (# - t2ql—1) dt

_ xQ_Zq__;j_?q x;—l (r —a)+ 2i—1 (b—a)— %;j_zq

_ o (b +a— 233) n 21r2—29 2612_22; Ty

- :c?i—l (b+a—2z)+ - +2b(2q_2_q 1_) I C, (a,b; )
then by [T.1B) and (1.19) we get

L 10
1

I = £, (b= )" (Cy (0, b))

<
T (2¢-1)(b—a)
and the second inequality in (1]15) is proved.
From the third inequality i (1.10) we have

fla) 1P E L M) F
(1.20) S dt‘éb—a/a T‘T‘dt
1 [ 1
S ”l/a i {22, 27y
Since

/b 1 dt_/mdt+/bdt_$—a+b—x
, min {t2, 22} [, 12 . 2 za x?

22 + ab — 2ax
x2a
then by [1.2D) we deduce the last part[of (1.15).
REMARK 1.4. If we take in|(1.16) = A = A (a, b) := “$2, then we get

b
(1.21) ‘filA) _ bia/ ff)dt‘

Y

< ; _ / . 1/q > 1
< 9 2a—1)(b—a)/7 If—=Lf ||p (Cq (a,b; A)) l]_{j_ 1 .
P g

L SIF—ef)), At
where
A (a2—2q’ b2—2q) _ A2—2q

Cy(a,b;A) = )

,q > 1.
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2. OSTROWSKI VIA POWER POMPEIU’S INEQUALITY

2.1. Power Pompeiu’s Inequality.In 1946, Pompeiud] derived a variant of Lagrange’s
mean value theorem, now knownRsmpeiu’s mean value theorgsee alsog, p. 83]).
We can generalize the above Pompeiu’s inequality for the power function as follows

LEMMA 2.1 (Dragomir, 20133]). Let f : [a,b] — C be an absolutely continuous function
on the intervala, b| withb > a > 0. If r € R, r # 0, then for anyt, = € [a, b] we have

(2.1) (t"f (x) — " f ()]
( |7%|Hf’é—eroo]tr—xrl,iff’ﬁ—rfGLOO [a, ]

1 r
|1—q(7‘+1)\ ’1:1—0(7“+1)—r - q(r+1) p

, forr £ —=
£ —rfll,

IN

t"z" |lnx — Int|, forr = —=
if f'¢ —rfelL,a,b]

1
p

2"

(=71l sty

or, equivalently

0 |l 10

tT

LV if fil—rf € Lyla,b]

(S =Sl | &

1 1 1 1
T—q(r+1)] }xlfq(r+1) T f—q(r+D) | ) forr 7é p

Ife—rfll,

IN

lnz —1Int|, forr = —1%
if f'¢ —rfelL,la,b]

L ||f/€—7"f||1m
1 1 _
wherep > Lo+,=1

PROOF If f is absolutely continuous, thefy ()" is absolutely continuous on the interval

[a,b] and
[ (m)d @10

for anyt,xz € [a, b] with z # t.

Since
[ e [ 1000, st

then we get the following identity
. fiis)s—rf(s),
(2.3) t"f(x) —a" / | ds

foranyt,x € [a,b].
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Taking the modulus irf (21 3) we have

(2.4) £ f (x) —2"f (1) =

/f’ ;;Tf )S'

| [ st O,

S Sr+1

and utilizing Holder’s integral inequality we deduce
( SUDselt,a]([z,t]) |f'(s)s —1f(s)| ‘ff ﬁdﬂ

25) I < Q[T () s —rf ()P ds| 7|7 skeds|

\ |j;£x |f'(s)s —rf(s)] dé‘} SUDse[t,2]([2,t]) {#}

(=Sl | & -
|1—q(1r+1)\ ‘xlfq]irﬁ»l) - tl,q%rﬂ) } T _11?
S x " Hf/g_rf”p
lnz —Int|,r = _%

L ||f/€ - Tf”l min{xrﬁl-l’tr_ﬂ—l}-
wherep > 1,2 + . =1, and the inequalitl) is proved.
2.2. Some Ostrowski Type ResultsThe following new result also holds.

THEOREM 2.2 (Dragomir, 20134]). Let f : [a,b] — C be an absolutely continuous func-
tion on the intervala, b] withb > a > 0. If r € R, 7 # 0, and f'¢ —rf € Ly |a,b], then for
anyz € [a,b] we have

br+1 r
(2.6) T+1 —x/"f m'

< = I0=rflls
|'f’\

2rz" 1 —z" (a+b) (r+1)+b" 4" !
r+1

,ifr >0

xr(a_i_b)(r_i_l)_iflrﬂ_br+1_ar+17 if r € (_0070)\{—1}.

Also, forr = —1, we have

b atb _
(2.7) ]ﬂmmg—ilf@mﬂszww+mmonx-+2 x)

Vab z
foranyz € [a, b], providedf'¢ + f € Ly [a, ]
The constan? in (2.7) is best possible.

PROOF Utilising the first inequality in[(2]1) for # —1 we have

P v [Cwal < [es@-aror

(2.8) —

IN

1 li b T T
Wﬂﬁf—nwm/Wt—x|ﬁ
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Observe that

b
/ = a7 dt

[F @ —ydt + [P (7 —am)dt, if >0

[ —anydt+ [P (a7 — ) dt, if r € (—00,0)\ {1}

Then forr > 0 we have

/;(xr—tr)dt+/xb(tr—a:7’)dt

.CET+1 _ &r—i-l br+1 _ xr—l—l

=z"(x—a)— ) + e (b—x)
r+1 el r41
:2x’“+1—xr(a+b)+b+ +a™ - 2™
r+1
- 2T:L,r+1_+_2mr+1_l,r (a—l—b) (T+1>+br+1_’_ar+1_2xr+l
B r+1
C2ra"tt =" (a4 0) (r+ 1)+ 4ot

r+1
and forr € (—oo,0)\ {—1} we have

/j(tr—ﬂ)dt+/:(x’“—t’")dt

r+1 '

Making use of[(2.B) we gef (3.6).
Utilizing the inequality [(2.]1) for = —1 we have

(@) =2 f O] S+ fllo [t =27t

if f'0+f€ L |a,b].
Integrating this inequality, we have

2.9) ’f@;) lng g /abf ) dt’ < /ab 717 (2) — oV f ()] dt

b
<Nt fll [ et —a

Since

/

A

then by [2.9) we get the desired inequaljty {2.7).
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Now, assume thaft (2.7) holds with a constant- 0, i.e.

b " z g
2.10 z)ln— — 2~ tydt| < C|f¢+ In +
1) |f@m - [roal<clree sl (ms s
foranyz € [a,b].
If we take in [2.1D)f (t) = 1,¢ € [a, ], then we get
b b—a x athb _ o
2.11 In—- — < 1 2
( ) n " —|= C ( n NG + - )
for any for anyz € [a, b] .
Making z = « in (2.10) produces the inequality
w2 b= gc(b_a—lmé)
a a 2a 2 a
which implies thatC' > 2.
This proves the sharpness of the consgaint(2.7). n
REMARK 2.1. Consider the-Logarithmic mean
br-l—l _ ar—i—l 1/r
L,=1L =
=Lt =[]
defined forr € R\ {0, —1} and the Logarithmic mean, defined as
b—a
L=Lab)= 5=
If A= A(a,b) := %, then from [2.p) we get for = A the inequality
(2.12) L'(b—a)f /1f d4
br+1 r+1 Ar+1 i
9 r+1) Lfr >0
<oty
ATAV ) i e (—o0,0)\ {1},
while from (2.7) we get
b
(2.13) ‘L*@—@fun—ﬁf/fuw4g2ww+mwm_

The following related result holds.

THEOREM 2.3 (Dragomir, 20132]). Let f : [a,b] — C be an absolutely continuous func-
tion on the intervala, b] withb > a > 0. If » € R, r # 0, then for anyx € [a, b] we have

b
- [P
1F0—7rfllo
{ 2ol I L (bt a—22), 7€ (0,00)\ {1}
X

al—r+b1—r72ml—r 1
1—r + o z”

(2.14)

1
<
7]

2z —a—0), ifr <O.

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA


http://ajmaa.org

76 S. S. IRAGOMIR

Also, forr = 1, we have

- ’ T ath _ g
(2.15) 'y(b—a)—/ @dt‘gmw—flloo (ln e >

foranyx € [a,b] , providedf'l — f € L [a,b].
The constan? is best possible i (2.15).

PrRoOF From the first inequality irff (2]2) we have

T t 1 1
@16 0 1O Lypemrn 2 - 3
foranyt, x € [a,b], providedf'l — rf € Ly |a,b].
Integrating ovet € [a, b] we get
ein 1@y, / fi dt‘ / [) f(t)’ W
" o | " tr
1 111
— ||l — — — —|dt
| ‘ Hf er / " tr ’
forr e R,r #0.
Forr € (0,00)\ {1} we have
111
/ S
o |zt
—/m L1 dt+/b Lo dt
N o \I7ar . \x" 1
:L,l—r _al—r 1 1 bl—r _:L.l—r
=1, T pEmatpb-a)-——
2 1—r 1—r 1—r 1
_ 1a—r b +;(b+a—2x)
foranyz € [a,b].
Forr < 0, we also have
b 1 1 alfr_l_blfr_zrlfr 1
/a F—t—r dt: 1—r —i—;(?x—a—b)

foranyz € [a,b].
Forr = 1 we have

b a+b

1 1 = —

/ ———’dtzQ(ln i + 2 x)
o |z T v ab T

for anyz € [a,b], and the inequality (2.15) is obtained.
The sharpness of the constarfollows as in the proof of Theoren 2.2 and the details are
omitted. g
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REMARK 2.2. If we taker = A in Theorenj 2.3, then we we have

(2.18) ‘{xbw—ay—/°%@m

Al_rfA al—r’bl—r
, @) e 0,00\ {1}
|r

‘ 1—r pl—r\_ pAl—1r
AL e <,

Also, forr = 1, we have

(2.19) ‘f@“

P F@) / A
T(b—a)—/a Tdt' §2Hf£_f”oolna'

REMARK 2.3. The interested reader may obtain other similar results in terms pfrtbens
"¢ —rf|, with p > 1. However, since some calculations are too complicated, the details are
not presented here.

3. OSTROWSKI VIA AN EXPONENTIAL POMPEIU’S |NEQUALITY

3.1. An Exponential Pompeiu’s Inequality. In 1946, Pompeiud] derived a variant of
Lagrange’s mean value theorem, now knowrPampeiu’s mean value theorgsee alsod, p.
83)).

We can provide some similar results for complex-valued functions and the exponential as
follows.

LEMMA 3.1 (Dragomir, 20134]). Let f : [a,b] — C be an absolutely continuous function
on the intervala, b] anda € C with Re () # 0. Then for anyt, = € [a, b] we have

f (x) f(t)
3-1) exp (ax)  exp (at)’

([ Re ()| [/ —afll, if f'—af
1 1
exp(tRe(a))  exp(z Re(a)) ‘ < LOO [a7 b] )
if f'—af
1
<{ d/Re(@)""|f - afl, e, a.b)
1 _ 1 Y p>1,
exp(tqRe(a)) exp(zqRe(a)) l+l: 1
P q !

/ 1
L Hf - Oéle min{exp(t Re(a)),exp(z Re(a))}?
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or, equivalently

(8.2) lexp(at) f (z) — f (t) exp (ax)|

[ Re(@)|[If' —afl. it f'—af
X |exp (x Re () — exp (t Re («))] € Ly [a,b],
if f'—af
<q @/Re(@)|f —afl, € Ly [a, ]
x lexp (zqRe (a)) — exp (tq Re ()] P 1> L,
54—5_ 1,
| /" = afll, max{exp (tRe (a)) ,exp (z Re (@)} .

PROOF If f is absolutely continuous, thefy exp (a-) is absolutely continuous on the in-

terval[a, b] and
IO Y g @ )
[(exp(as)) d exp (ax)  exp (at)

for anyt,z € [a, b] with = # t.
Since

/x< £ (s) )’ds _ /w f'(s)exp (as) — af (s)exp (as) ,

exp (as) exp (2as)
L[ 10=ar),
; exp (as)
then we get the following identity
3 (@) Ny ORR
exp (az)  exp (a exp (as)

foranyt, x € [a,b] with z # ¢.
Taking the modulus irf (3} 3) we have

f(x

(3.4) exp (az)  exp (a

/ Lo exp_ jsf ‘

| [ es ol
lexp (cus)
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and utilizing Holder’s integral inequality we deduce

J;f |exp ‘ ?

1/q

)

4
SUDset.a] () |/ (8) — af (s

(3.5) T< S |[5 11 (s) — af (s) ds| "

z 1
)i etemmds

17187 (5) = af (5) ds] supciayony { oty }
( /
1 = aflloo | 7 gy

1/q

)

IN

1f = Oépr f;x mds

L 1" = aflly subseps o)) {m} .
Now, sincex = Re (o) + i Im («) ands € [a, b], then
lexp (as)| = exp (sRe () +isIm («)) = |exp (s Re () exp (is Im ()|
= |exp (s Re ()] lexp (isIm («))| = exp (s Re (a)) .
We have

and by [3.4) and (3]5) we get

flo) — f@) '
exp (ax)  exp(at)
< = afll [Re (o)

and the first part of (3]1) is proved.
We have

| e = sy
1 1
= Re(0) | ) s @)

and by [3.4) and (3]5) we get the second parf of| (3.1).
We have

1 _ 1 ‘
exp (tRe(a)) exp(zRe(a))

1 1
su = —
settfed) { lexp (as)| } min {exp (t Re (@)) , exp (z Re (a))}
and by [3.4) and (3]5) we get the last part[of|3.1).
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The inequality|[(3.2) follows by{ (3]1) on multiplying witlexp () exp (at)| and perform-
ing the required calculation

The following particular case is of interest.

COROLLARY 3.2. Let f : [a,b] — C be an absolutely continuous function on the interval
[a,b] . Then for anyt, = € [a, b] we have

( . !
) . if f'— f
1" =l |oom — 520 € Ly [a,0],
it f'—f
- . . |V € L,la,b]
ql/q ||f/ - f”p exp(tq) B exp(zq) ;> ]-7
1 1 _
1—7 + E )
LI =l i@y
or, equivalently
(3.7) lexp(t) f (x) — f (t) exp ()|
( .
if f'—
1" = Sl lexp (z) — exp (2)] EfLoo [CJ; o,
it f'—f
_ € Lyla,b
= ql/q £ — f”p lexp (zq) — exp (tQ)’Uq ;[> 1,]
1 1 _
}—7 + a )
1177 = £l max {exp (1), exp ()}
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REMARK 3.1. If Re (o) = 0 then the inequality (3]5) becomes

7

)

SUDseta](wg) |/ (8) — 1m () f(s)] I md‘s

1/q

Y

T . 1 T
L< Q[ 1 (s) = iTm(a) £ () ds| 7| [T orraamsds

L |ftx |/ (s) —ilm () f(s)] d3| SUDselt,a]([z,t]) {—\expm}n(a)s”} )
(|If —ilm () fllo | [ ds

Y

IN

I —iTm () fI|, | f7 ds|",

L If —diIm (a) f|;,
([If' —ilm(a) fll lz — 1],

= ¢ I = itm (@) £l | —#7,

L If —dIm (a) f]]; -
Therefore we have

f(z) B f ()
(3.8) exp (iIm () z)  exp (ilm (a)t)

1" = idIm (@) fllo |2 — 2],

<3 I = iTm(a) fl|, v — 7,

1" = iTm (e) £,

or, equivalently

(3.9) lexp (i Im (@) ) f (z) — f () exp (i Im (a) z)]

If" = iTm () fll [ — 2],
<3 I =itm () £l |l — ¢,

If" —ilm(a) fl,
foranyt,z € [a,b].
In particular, we have
1" = ifllo |2 — 2],

f(x) f(#)

(3.10) exp (iz) exp(it)| —

1f = ifl, e — ¢,

I =iflly
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or, equivalently

If —ifll |z — ],
(3.11) lexp (it) f (x) — f (t)exp (iz)] < { | f' —if], Jo — [,
1 =iflly

foranyt,z € [a,b].
3.2. Inequalities of Ostrowski Type. The following result holds:

THEOREM 3.3 (Dragomir, 20134]). Let f : [a,b] — C be an absolutely continuous func-
tion on the intervala, b] anda € C with Re («) > 0. Then for anyr € [a, b] we have

(3.12) |f (x) exp (ab) = exp (aa) _ exp (ax) /b f(t) dt‘
« a
Re(@)| 7' - afll Biabaa) Lh
if f'—af
<{ gV [Re ()] (b a)'" € Lyla, ]
<7 = aflly [By(a b 22 L
\ ||f/ - O‘f”l BOO(CL7 b,I,Oé)
where
By(a,b,z,a) :=2 {exp (xqRe () (x - a—2|—b)
N qRel(a) (exp (bgRe (a)) —12—exp (agRe(a)) exp (g Re (a)))]

forq > 1 and

exp (bRe (o)) — exp (x Re (o)) .

B (a,b,z,a) := exp (rRe (o)) (z — a) + Re (a)

ProoF Utilising the first inequality in[(3]2) we have
b b
(3.13) ‘f(x)/ exp (at) dt — exp (oz:(:)/ () dt‘
b
< [ lexp(at) £ (a) ~ £ (t)exp ()]

< [Re (a)] ||f’—af||oo/ lexp (¢ Re () — exp (¢ Re (o)) ] dt

foranyz € [a,b)].
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Observe that, sincBe (o) > 0, then

/ lexp (z Re (a)) — exp (t Re («))| dt

= /1‘ (exp (z Re () — exp (tRe (a))) dt

a

+ / (exp (tRe () — exp (x Re (a))) dt

= exp (z Re (« x—a—MI

— exp (e Re (o)) (o — ) = 2T

exp (tRe ()]’
Re («)

=exp(zRe(a)) 2z —a—0b) —

a

— (b—z)exp (zRe(a))

1
Re (a)
+ o7 (®0 (PRe 0)) = exp (s Re )

=exp (zRe(a)) (22 —a —b)

(exp (bRe («)) + exp (aRe () — 2 exp (z Re (a)))

+

1
Re (@)

_ 5 {exp (z Re () (CE - a;b>

Rel(a) (exp (bRe (a)) ; exp (aRe(a)) exp (z Re (oz)))}

_|_

foranyz € [a,b].
Also

f (ac)/ exp (at) dt — exp (ax)/ f(t)dt
— f ) SRR o (ar) [ fwa

(67

for anyz € [a, b] and by [[3.1B) we get the first inequality [n (3,12).
Using the second inequality in (3.2) we have

(3.14) ’f( )/bexp(at)dt—exp (o / ft dt‘

/ lexp (at) (t) exp (aux)| dt

<q"/"Re (@) IS = afl, / [exp (g Re () — exp (tg Re (o))" dt

foranyz € [a,b].
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By Holder’s integral inequality we also have

/ lexp (zq Re () — exp (tgRe (a))|Y? dt

< (/b dt) " Ub (\exp (xqRe (a)) — exp (tq Re (a))\l/q>th1

= (b—a)"? [/ab lexp (zq Re (a)) — exp (tg Re (a))| dt} " :

1/q

foranyz € [a,b].
Observe that, as above, we have

b
/ lexp (xq Re («)) — exp (tq Re («))| dt

_ 9 [exp (2qRe (a)) (x _at b)

2
1 exp (bg Re (a)) + exp (agRe (o))
b ( ; ~exp(ag e (a) )|
= B,(a,b,z,a)

for anyxz € [a,b] and by [(3.1}4) we get the second part[of (8.12).
Using the third inequality i (3]2) we have

(3.15) ’ (@) / ’ exp (o) df — exp () / " r) dt‘
< [Mlesp (et £ ) £ exp (o]

<17 = aflly | max{exp (tRe (@) cexp (rRe ()}

foranyx € [a, b] .
Observe that,

b

/ max {exp (tRe (a)),exp (x Re («)) } dt

= /f max {exp (t Re («)) ,exp (z Re («))} dt
o

+ / max {exp (t Re (a)) ,exp (x Re («)) } dt

:/xexp(xRe(a))dt—i—/ exp (f Re (o)) df =

exp (bRe («)) — exp (z Re ()

= exp (zRe (a)) (z — a) + Re (a)

and by [3.1p) we get the third part ¢f (3]13).

REMARK 3.2. If Re (o) < 0, then a similar result may be stated. However the details are
left to the interested reader.
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COROLLARY 3.4. Let f : [a,b] — C be an absolutely continuous function on the interval
la, b]. Then for anyz € [a, b] we have

b
@16) |1 (0)fexw 1)~ exp (@] —exp (o) [ (@)at

( Hf/_fHooBl<a7b>x> if f/_fELoo [a’ab]7
q /p ! if f,_f S Lp [av b]
< l/ ( )1 1”/{ f”p p > 1’
‘BQ<a7b7 I)| é—l—l: 1,
[ 1" = Flly Boo(a b, )
where
BQ(aab7 SE)
= {(x _ 4 ;L b) exp (zq) + é (exp (bg) ; exp (ag) exp (xq))}
forg > 1 and
Boo(a,b,z) :== (x — a) exp (x) + exp (b) — exp () .
REMARK 3.3. The midpoint case is as follows:
b
an) |1 (57 o0 - el -en (“57) [ 10
( Hf/_fHooBl(avb) if f/_fELoo [a’vb]7
q /p / if f/_f € Lp [a’ b]
<] albma Il T
< |By(a.b)] i)
( If" = Iy Boo(a, b)

where

) =2 (SOl (a0,))

forg > 1 and

b— +0 +0b
By (a,b) := 2aexp<a2 )+exp(b)—exp<a2 )

The caseke («) = 0 is different and may be stated as follows.

THEOREM 3.5 (Dragomir, 20134]). Let f : [a,b] — C be an absolutely continuous func-
tion on the intervala, b] anda € C with Re (o) = 0 andIm («) # 0. Then for anyr € |a, b|
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we have
(3.18) |f(r) SR —exp(ilmla)a) g0y ) / "r ) dt‘
iIm () a
[ [lf = iTm (@) fl, -
BIPETA ) if f'—iIm (a) f
_+< a)}(b—a) € Lo [a,1)],
ff—ilm («
<{ gl im@, !
<=2 (=T -9 p>
p e b

(= iIm(a) f]f; (b —a).

PROOF Utilizing the inequality[(3.p) we have

(3.19) ‘f(x) eXp(“m(a)fl)nj(:;p(“m(o‘)“)—exp (i Im (a / F(t dt‘

b
S/ lexp (i Im (@) t) f (z) — f (t) exp (i Im () z)| di

(1 —iTm (@) £l [0 e —t]dt,

IN

If" —iIm(a) £, [ |z —t|"/ dt,

LI = iTm (o) fII, [} dt.

Since

and

then we get from[(3.19) the desired resplt (3.18).
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COROLLARY 3.6. Let f : [a,b] — C be an absolutely continuous function on the interval
la,b] . Then for anyr € [a, b] we have

(3.20) |f(n) SR Zexplia) iy / f(t)dt‘

(4

I/ l_iﬂlim 2 2 £ i
X z+(b72) (b—a) € Lo [a, 1],
if f/—i
S oA  eha
- |:(Z:_§) t <ﬁ) ' :| (b_a)T %3_;_171’
L \f —ifll,(b—a).

REMARK 3.4. The midpoint case is as follows

(3.21) ’f (a—i—b) exp (ib) — oxp (ia) e (ia—Zi—b) /abf(t) dt‘

2 7

Lf —iflle 0—a)®, if f'—if € L [a,b],

q+1

o 17— i1, (6 - )% if fif € L, [ab].

IN

Similar inequalities may be stated if one uges|(3.1) and integrates onér, b] . The details
are left to the interested reader.

4. OSTROWSKI VIAA TwWO FUNCTIONS POMPEIU’S | NEQUALITY

4.1. A General Pompeiu’s Inequality. We start with the following generalization of Pom-
peiu’s inequality:

Assume thaff : [a,b] — R is differentiable on the intervak, b) which is not containing
and if || f — £f'|| ., = sup,c(ap) |f (t) — tf (t)| < co wherel (t) =t, t € [a, 0], then

(4.1) tf (@) =z f (O] < |f = fl| oo |z — 2|

foranyt,z € [a,b].
The inequality[(4.]L) was stated by the authorlh [
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THEOREM4.1 (Dragomir, 2013H]). Let f, ¢ : [a,b] — C be absolutely continuous func-
tions on the intervala, b with g (t) # 0 for all ¢ € [a, ] . Then for anyt, x € [a, b] we have

w2 L) _10

gx) g()
1’9 = f9'lloo | )i s if f'g—f9' € Lo [a,b],
/g if f'9—fq € L,a,b]
<9 [Ifg— p>1,
1 1
> + i 1,
L ”f,g - f9/H1 Supse[t,m]([x,t}) {Ig(i”?}

or, equivalently

(4.3) lg(t)f(x) = f(t)g ()

(19— £l W v if f'g— fg' € Lo [a, ],
1/q iff/g_fQIELp[aab]
<q Ifg=Fgl,la® g @I |[f o 5md p>1,
p g 7
| 179 = 191119 () 9 (@) 5Paeteayioy { e -

PROOF If f andg are absolutely continuous adt) # 0 for all ¢t € [a,b], thenf/g is
absolutely continuous on the interyal b and

[ (L) e-f5-18

for anyt,z € [a, b] with z # ¢.
Since
v f(s))' o [S)9(8) —f(8)g' (),
| <g<s> ! ‘/t O
then we get the foIIowing identity
i@ / ['(8)g(s) —[(8)g'(s)
9% (s)

(4.4)

foranyt,z € [a,b].
Taking the modulus ir[@4) we have

/@) [ Lo t6s6),

4.5) Lo ’
| e < O
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and utilizing Holder’s integral inequality we deduce
(

SUDselt,]([z,t]) 1f'(s)g(s)—f(s)g (s)l

?

z 1
J mds

1< |1 () g(s) = F(s) g (s)]Pds|"”

1/q p>1
x 1 9
Lm@W“’

| L1 (5)g(5) = £ (5) g ()] ds| suDseis o {ﬁ}’

19 = 19'lloo | )} gpds

Y

IN

/g p>1,
I£'g— 191, |

1 1 _
14l

z
) s

1
\ 1f'g = f9'll, SUDsepr 2 () {W}
and the inequality| (4]2) is proved.

The following particular case extends Pompeiu’s inequality to gtheorms tharp = oo
obtained in[(4.R).

COROLLARY 4.2. Let f : [a,b] — C be an absolutely continuous function on the interval
[a,b] withb > a > 0. Then for anyt, z € [a, b] we have

@ ‘f(x) . f(t)‘

T t

(=)l |t -1 if f—(f' € Lo [a,b],
L, HF=tf e Lyla)
<3 m I =00, |l = [ p>1
Lrl=1,
U =21 sy
or, equivalently
4.7) |tf (z) —xf ()|
(Nf=Cf ]l |z — ¢ if f —Lf" € Loo[a, 1],
T g |1 if f—¢f €L,la,b
<3 - g -t LS

| I1f = o)), mestee),
wherel (t) = t,t € [a,b] .

The proof follows by[(4 ) foy (t) = ¢ (t) = ¢, ¢ € [a,b].
The general case for power functions is as follows.
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COROLLARY 4.3. Let f : [a,b] — C be an absolutely continuous function on the interval
la,b] withb > a > 0. If r € R, r # 0, then for anyt, z € [a, b] we have

tr

(4.8)

af:T tT

Life—rfl
Iye=rsl,

1 1
- q(r+1)| }$1 a1 f—a(r¥D) | , forr 7é ~>

L fil—rf € Lo a,b],

IN

X

Inx —Int|, forr = -1
p

if f0—rfelL,lab,

| =1l sy
or, equivalently

(4.9) [t"f (z) —a"f (t)]

(L= rfll |t —ar|,if f0—rf€ Ly[ab],

Ir|

IFe=ril,

1
|1,q(7‘+1)‘ ’zlfq(rﬁ»l)fr - t1— q(r+1) T

, forr # —-

IN

X
2" |lnz —Int|, forr = —=
if ff0 —rfelL,ab,

1
p

Hf/g - rf”l mln{xr+1rtT+1}’
1 1 _
wherep > Lo+,=1

The proof follows by[(4.R) foy (t) = t", t € [a, b] . The details for calculations are omitted.
We have the following result for exponential.

COROLLARY 4.4. Let f : [a,b] — C be an absolutely continuous function on the interval
la,b] anda € R, a # 0. Then for anyt, x € [a, b] we have

fle) —F()

exp (iax)  exp (iat)

(4.10)

(IS —iaflle—t] i f —iaf € Lo[a,b],

if f'—iafeL,[a,b]
I =iafl, e =t p>1,
St =1,

IN

(L= dafll;
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or, equivalently

(4.11) Jexp (iat) f (x) — f (t) exp (iaz)|

( | f —iaf] |z —t if f'—iaf € Ly [a,b],

if /' —iaf e L,[a,b]
If —iafll,lz =" p>1,

1 1 _

sta=1

IN

L L =dafll; -
4.2. An Inequality Generalizing Ostrowski’s. The following result holds:

THEOREM4.5 (Dragomir, 20134]). Let f,g : [a,b] — C be absolutely continuous func-
tions on the intervala, b]. If 0 < m < |g (t)| < M < oo for anyt € [a,b], then

(4.12) ]f(x) /abgu)dt—g(x) /abf(t)dt‘

t— a+b

( 2
179 fl 0= |5+ (52)| it o1 € Lufat],

2 i l !
< <%> , , (b—a) /9 4 (g—q) /4 it f'g—fg' € Ly [a, b]
m ”fg_fg||p|: 1+1/q ] lpil’
pte=h

19— Fd'll, (b—a)
foranyx € [a, b] .

ProoF. Utilizing (4.3) we have

(4.13) ]f(w) /abg@)dt—g(x) /abf(t>dt‘

g/ 9 () £ () — £ (t) g ()| dt

(159 = 91l lg @) [ (I )

T ]
ﬁ\mW“Dﬁ’

1/q
) i,

b
1579 = 19 g @)1 (19 O supaege oy { 5z | )

for anyx € [a, b] , which is of interest in itself.

IN

179 11l @117 (10 O1[17 b
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Since0d < m < |g ()] < M < oo foranyt € [a,b], then

x)l/ab(lg(t) )dt§< >/yx—tydt
() i+ (+9)
el b (!g ol [ s ”q) "

M\2 b M2 (b — )11/ _ \141/q
< (M / |x—t|1/th: M (b—x) + (z —a)
m a m 1+1/q

o [ (oo [yt )= () - (0

for anyxz € [a, b] and by [(4.1] -) we get the desired resylt (4.1R).

REMARK 4.1. If we takeg (t) = 1,¢ € [a,b] in the first inequality[(4.12) we recapture
Ostrowski’s inequality.

COROLLARY 4.6. With the assumptions in Theorém|4.5 we have the midpoint inequalities

(4.14) M(a+b)£ <ww—g(“jb)iﬁﬂww]

no
 — |

and

(Lb—a)[lf'g— 19l if f'9—fg' € Lo [a,b],
M 2
< ()
m if f'g— fg € Ly a.b]
m(b—a)l+l/q\|f'9—fgl||p . piivl
\ p g

The following result also holds:

THEOREMA4.7 (Dragomir, 20135_]) Let f,g : [a,b] — C be absolutely continuous func-
tions on the mterva!a b],g(x) #0forz € [a,b] andg™2 € Ly, [a,b]. Then

& _
(4.15) ‘Q(I) t)dt /f dt’

(N£'9 = £9lc [} N9 ()] |& =t dt, i f'g— fg' € Lo [a,b],

if f'g—fg € Lyla,b]
<|lg7?|. xS If'g— fg||f|g )| & — t|Y dt lpfl,l

Lo l_7

p q

U Fg = £l S, g ()] dt
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foranyx € [a, b] .

PrRoOOF Utilizing (4.3) we have

(M@‘ﬁﬁl%@ﬁ—lv@ﬁ’

79— £9l S (g )

N mee 2%D

1/q
)@

b
\ 19— fd'll, [, <|9 (t)| SUDseft o (24) {ﬁ}) dt

IN

rT_ 1 _
I s

wy—fmuﬂ(ma

foranyz € [a, b).
Since

< Mlg™luo Iz =41,

o1
’/ 5ds
t g (s)]
x 1 1/q
e
t lg(s)|

ap sl <o)
seltal(fa) Ulg (5)]°
foranyz,t¢ € [a,b] , then on making use df (4.]16) we get the desired result|4uL5).

< g™l e =

and

We have the midpoint inequalities:

COROLLARY 4.8. With the assumptions of Theorem|4.7 we have

.17 \ﬁé?/a = [ty

(1179 = £9'llo J g (0)] |52 — t] dt, i f'g— fg' € Lo [a,],

<[4~ x |
, y if f'g—fg' € Ly[a,b]
19— Fo'll, [, lg ()] [ 452 —¢] " dt p>1,
Lyl=1,
p q

\

We have the following exponential version of Ostrowski’s inequality as well:
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THEOREMA4.9 (Dragomir, 20135]). Let f : [a,b] — C be an absolutely continuous func-
tion on the intervala, b] anda € R, a # 0. Then for anyz € [a, b] we have

exp (ia (b —z)) —exp (—ia (x — a

(4.18) »f@%1[?6M4

/X6

( b 2 .
I = iafl G- [+ (55) | i 7 —iar € Lo
if f/—iaf
= Pl e Y@yt € Lyl b
”f - ZCVpr 1+1/q ) P> 1,
1 1 _
> + ri 1,
L " = dafll;

PROOF. If we write the inequality[(4.13) foy (t) = exp (iat) , ¢ € [a,b] , then we get
b b
‘f (x)/ exp (iat) dt — exp (iozm)/ f (@) dt‘

(N —iaf|y, [P]e—tldt, if f'—iaf € Ly [a,b]

if f"—iaf
r b el [a,b]
1 = iafll, g @)] f, |z — ¢ dt, o> 1,

IA

\ ||fl_laf||17

which, after simple calculation, is equivalent with (4.18).
The details are omitted

COROLLARY 4.10. With the assumptions of Theorem|4.9 we have the midpoint inequalities

g [P0 () e G5 ()

/X6’

(L —iafl. (b—a)?, if f'—iaf € Lo fa.8],

IN

if f'—iaf e L,[a,b

1+1 .
i =@ el sy 1

21/4(1+1/q)
\
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or, equivalently

(4.20)

2o () (50

(LN f —iaf|. (b—a)?, if f' —iaf € L [a,b],

IN

141/ : if f' —iaf € Lyla,b]
k sraarry (0—a) L —dafll, p>17%+%:p1_

4.3. An Application for CBS-Inequality. The following inequality is well known in the
literature as the Cauchy-Bunyakovsky-Schwarz inequality, or the CBS-inequality, for short:

(4.21)

/ FHg(t)dt

provided thatf, g € L [a, b] .
We have the following result concerning some reverses of the CBS-inequality:

b b
< / @ dt / 9 (1) dt,

THEOREM4.11 (Dragomir, 20134]). Let f, g : [a,b] — C be absolutely continuous func-
tions on the intervala, b with g (¢t) # 0 for all ¢ € [a, ] . Then

(422)o</!g !dt/\f ) dt - /f

2 = = Loo ,b,
175 171 (S lo ) ar) (LW ) it 1 %gei[a’b[f |

f'9—f9 € Lyla,b],

X G- 7] b1 20 queL[ab]
1f'g — <f|9 |d0 (ﬁlmm%dQ I p>1,

1 1 _
Lylay,

I
N | —

\ 15 — £ (f lg (¢ | dt) esssupte[a’b}{wé)"l} fHGL la, b] .
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ProoF Utilising the inequality[(4.3) we have

(4.23) |g(t)f () = f (1) g (2)

17— 7. [ f7 s v
if f'g—f9'
= 1= £, 1 () g @) | [ mds " Elg[;hlb,]
sta=1
155 = 19l 19.(8) g (2)] SD,efe iy { i -

foranyt,x € [a,b].
Taking the square iff (4.23) and integrating ofter:) € [a, b]* we have

- 103 dida

/ z 2
|Ug_fyﬁ“ﬁﬁﬂg@gwﬂ2ﬁ‘éwdﬂdm%

IN

q
dtdx,

o b (b x 2/
1Fg = £l S, S, Vg @) g @) | [ ohpds

_ — b rb
1575 = £35S 219 (8) 9 () 5Dty { iy | e
Observe that

2
ft) g(x)‘ dtdx

// 9 (P17 @)~ 2Re [s0f ()7 (05 ()] +1o (v )!2|f(t)|2)dtd-r

/\g \dt/]f ydx—QRe[/f dt/f ]
+/a 9(2)P d“”“/a (0P di
:2[/ab|g<t>|2dt/ab|f<t>\2dt— /abf(t)g(t)dt2

[ [|g<t>g< I
< (/ab|g<t>|2dt)2( i |g(1t)|2dt)2,
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/ab /ab [|g(t)g(x)|2 /t mds 2/1 dtdz
< (/ab|g<t>|2dt)2 UWC“)/

[ [ Jposcr s (o] o
b 2
< (/ '9“)'2‘“) oo s, { |g<1t>r4}’

then by [4.2]4) we get the desired resplt (4.22).
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CHAPTER 5

Inequalities for Derivatives with Special Properties

1. OSTROWSKI FOR CONVEX DERIVATIVES

1.1. A Representation Result.In [8], the author pointed out the following identity in rep-
resenting an absolutely continuous function.

LEMMA 1.1 (Dragomir, 20028]). Let f : [a,b] — R be an absolutely continuous function
on|a, b] . Then for anyr € [a, b], one has the equality:

b 1
1.1 t)dt + —— T — "I(1 = X))z + Mt]d) | dt.
(1.1) o [rwae s [e-o ([ ria-vaeo)a
PROOF. For anyt, x € [a,b], x # t, one has

f@;_t _x_t/f du—/f (1= Nz + ] d),

showing that

(1.2) f(x)zf(t)+(x—t)/0 FI(1 = A) 2+ M] dA

foranyt,z € [a,b].
If we integrate[(1.R) ovet on [a, b] and divide by(b — a) , we deduce the desired identity

T1).n
1.2. Ostrowski for Convex Derivatives. The following result holds.

THEOREM1.2 (Dragomir & Sofo, 20021[7]). Letf : [a,b] — R be a differentiable function
such that its derivativg’ is convex oria, b) . Then for anyr € (a, b) one has the inequality

(1.3) %-b_x[

e _a/fudu— 0= 500 (o)

(x —a) a+zx
2 b—a [m—a/ J du—f( 2 )

99
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PROOF. For anyz € (a,b), one has the identity (see Lemfal1.1)

@4 o) - [

:bia U;(x—t) (/Olf’[(l—)\)er)\t]d)\) dt
+/:(x—t) (/Olf’[(l—A)er)\t]d/\) dt].

Sincef’ is convex, then by the Hermite-Hadamard inequality fowe have
) / FIL =Nz +Md\ < W
foranyt,z € (a,b).

Assumea < ¢t < z. Then by[(1.5) we get

(1.6) /j(:p—t)f’(x;rt)dtg/j(x— )(/01 ’[(1—)\):r+)\t]d>\>dt

t f
g/: [w} (x — 1) dt.

T+t

(L5) Iz (

Assumer <t < b. Then by [1.5) we also get

(1.7) /:(x—t) {w} dtg/:(x—t) (/Olf/[(l—)\)l’—i-)\t]d)\) dt
g/:(x—t)f’ (‘T;t) dt.

Summing [(1.p) with[(1]7), dividing with — « and using the identity (1.4) we deduce

(1.8) ﬁ [/j(m—t)f’(yc;t) dt+/:(x—t) {M} dt}
L[

5
gﬁ U [+f()} (a:—t)dt+/xb(as—t)f’(x;rt) dt]
Since

/j(x—t)f’(x;t)dt:2/jf(x;t)dt—2f<x;ra> (z — a)

~ l’

/x (z —t) [w} dt:%/x f(t)dt—%(b—x)f(b)—i(b—fl?ff/(f‘?),

/{W} (z —t)dt ;

Il
|
ﬁ
~
=
L
~
|
N | =
~—~
8
|
IS
S~—
s
—
=
+
W~ |
=
|
&
no
g
O
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and

/xb(x—t)f/<w;t) dt:2/:f<x;t) dt —2f <x;b) (b—z)
_4/ f (u du—2f(x+b) (b— 1),

then by [1.8) we deduce the desired result.

The following corollary is natural to be considered.

COROLLARY 1.3. Assume thaf : [a,b] — R is as in Theorerp 1]2. Then

1| 2 1 fa+b
1.9) th;[%fmww—fww—zw—wf( )

4 Tf()d _f(3a+b>

b — Q J3a+tb
4

f(j”)—bialﬂuwu

[bza/aa;bf(u)du_f(a)—i—i(b_a)f/(a;—b)

4 [ a+3b
+b_a[y Py ().

COROLLARY 1.4. Assume thaf : [a,b] — R is as in Theorerh 1]2. Then

_|_

IN

IN

(1.10) / £ (u du__f()__(b_a)f/(a)_é_lf(a+b)

o 2
%{f( 2 } b—a/f
8_a)/a 2 f(U)du—gf(a)JrE(b_a)f/(b)_%f(a+b)‘

PROOF Atz = a, we have from[(1]3)

IA

IA

(1.11) L_ /f )du — f >——w—@fmﬂ

<@t [ rwa
o[22 s (5
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At x =D,

(1.12)

ﬁ/ﬂ;f(u)du—f(a;b)
S ACLC

b
<3l [ Fwa- @+ 30-ar0).
Manipulating [T.I]L) and (I.12) we arrive gt (1.18).

2. OSTROWSKI FOR DERIVATIVES THAT ARE CONVEX IN MODULUS

2.1. A Representation Result.In [8], the author pointed out the following identity in rep-
resenting an absolutely continuous function.

LEMMA 2.1 (Dragomir, 20028]). Let f : [a,b] — R be an absolutely continuous function
on|a, b] . Then for anyr € [a, b], one has the equality:

2.1) /f dt+— b(x—t)(/Olf’[(l—)\)x+>\t]d)\)dt.

We have the following results.

2.2. Some RefinementsUsing the above lemma the following result can be pointed out
improving Ostrowski’s inequality.

THEOREM 2.2 (Barnett et al., 20013]). Let f : [a,b] — C be an absolutely continuous
function on|a, b] so that| f’| is convex or{a, b). If f’ € L[a,b], then for anyx € [a, b],

(2.2) ‘

<3 [i - (wb‘_aa ) (b= a) [ @)+ [1F'llc)

The constant is sharp in the sense that it cannot be replaced by a smaller quantity.

PrROOF Using [2.1) and taking the modulus, we have

‘f(x)— ‘:ﬁ‘/ab/ol(x—t)f’[a—A)x+At]dAdt

"[(1 = X) z + M]| dAdt

“b—a
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Utilizing the convexity of| f’| we have

—b_a//|f—t| (1= N [f' ()] + A/ ()] dAdt

:_/ - {'f’@)'/ <1—A>dA+|f'<t>\/0 an|
[ EEEIEl PR
< Siaess s 1£@I+ 17O [ et

t€la,b]

(x_a)2+(b_$)2 . /
2(b—a) ] [ @)+ 1Mo

11 (a— /
- = Z+<b— )}(ba)[lf()ﬂfloo],

N | —

for anyz € [a,b], and the inequality (2]2) is proved.
Assume that (2]2) holds with a constant> 0, that is,

f(:v)—bia/ f(t)dt'
1 CU_aT-i_b i / /
<C[Z (ba>](ba)[f(l’)+foo]

for anyx € [a, b] with f as in the hypothesis of the theorem.
Consider the function

foila, 0] = R, fo(t) = k‘t—

(2.3)

a+b

. k>0,t€a,b.

Since|fi(t)| = k, for anyt € [a, b] and

/ folt) —a), Ifl =

then choosing’ = f; andz = 22 in (2.3), we get

k Ck(b—a)
jb-as—5—

giving C > 1, which proves the sharpness of the constank
The foIIowmg particular case is interesting.

COROLLARY 2.3. With the assumptions of Theorém|2.4, we have the inequality

((429) 513 [ rou]< Lo [ (59 o

and the constan§ is the best possible.

(2.4)

The following result in terms of the-norms also holds:
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THEOREM2.4. Letf : [a,b] — C be asin Theore@.z. Felab,p>1,14+1=1
then for anyz € [a, b],

0= [ roa

b—x q+1 T —a q+1 % L
1 <wﬂ) *(b_a) ] (b—a)i |1£ ()] + 1711,

2(q+ 1)%
The constang is sharp in the sense that it cannot be replaced by a smaller quantity

PrROOF. According to the proof of Theore@ 2, we have

W%fﬂ%m /r[w”wﬂmww

Using Holder’s integral inequality fgr > 1,%

(2.5)

<

= 1, we get that

< s ([ e-ira) (l?u«m«+vvnfﬁ);

1 b—z) 4 (2 —a)™ | ,

_2w—@[( L= i)+ 17,
and the inequality] (2]5) is proved.
Reconsider the function utilised in Theoreém|2.2,

Q=

M(x)

fola bl =R, folt) = k|t — 20

which has|f}(t)| (= k) convex in[a, b]. If we assume thaf (2.5) holds with a constant> 0
instead of}, so that

t —

, k>0, t¢€la,b

Gi:)”%g:)“]%MM,

then takingf = f, overz = %2 we get,

k D 1 @ 1

qg>1,p>1, % + é = 1 giving, on simplification,

1 1
DZ§(C]+1)‘1,Q>1
Taking the limit as; — oo and since,

1 In(1
lim (¢ + 1)s = exp { lim [M] } =exp0 =1,
q—00 q—0o0 q

we deduce thab > £, which proves the sharpness of the constant.

A patrticular case is the following mid-point inequality:

AIJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017
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COROLLARY 2.5. With the assumptions of Theorém|2.4, we have,

(2.6) ]f(””)—bfalzwwﬁ

! ()] @)

<~ _(b-a)
<p >l 4= 1) . The constant is sharp in the previous sense.

Qe

4(q—a)i (Lb[

Finally, the case involving th&-norm is embodied in the following theorem:
THEOREM 2.6. Let f : [a,b] — R be as in Theorerth 2.2. If € Ly[a,b], then, for any

xr € [a,b],
g O EEA e b_QIW—MV%MHWM-

PrROOF We have, from the proof of Theorgm P.2, that
b / /
M) < s fo == [ [0 g
—a ),

tefa,b] 2

x_a_+b

2.7)

b
_ ﬁmax(x—a,b—x) {(b—a)|f’(x)l+/a If’<t)ldt]
111 SL’—aTH) / /
:§[§+ — IM—aﬂf@N+WﬂH

and the inequality| (2]7) is proved.
In particular, we have the mid-point inequality:
COROLLARY 2.7. Assume thaf is as in Theorem 2|6. Then

(45 -k [ rwal < o-alr (S5)|+ [ rord].

Another way to estimate the difference
1 b

— t)dt
— [ s

THEOREM2.8. Let f : [a,b] — R be an absolutely continuous function fanb] so that| /|
is convex or{a, b). Then, for anyr € [a, b],

b—al, “>‘
<%{[i+(2ff>]f<>w@
(Zi>ﬁ1+(§j)ﬁ1éwaﬁfp},

(2.8)

is presented in the following theorem.

(2.9) ‘f(x) -

1
(¢+1)
1 1 _
wherep > Lo+,=1

_|_

Qe
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PROOF With the notation of Theore 2.2, we have,

M) = g 170 [ das [e—disonal
= s [ T e

1 1 — atb 1 b
=5 [If@ 1+(xb_2) =)+ [ le—dirwla

a

Using Holder’s inequality,

ﬁ/bw—ﬂ 76) di
( / eoopar) ([ rora)

1 )qul + (ZL‘ — a)g+1 % ,
- — 171,

T

1
q

and the theorem is proved.

The following particular corollary is of interest providing a bound for the midpoint.

COROLLARY 2.9. Let f be as in the previous theorem. Then one has the inequality:

(2.10) ‘f (a i b) — 1 - /abf(t)dt‘

gi{% f/(a;b)'a)—aw

3. OSTROWSKI FOR DERIVATIVES THAT HAVE CERTAIN CONVEXITY PROPERTIES

(b—a) ||| }

(q+1)7

3.1. Some Inequalities for f’| Convex. The following representation holds:

LEMMA 3.1 (Cerone & Dragomir, 2004]). Letf : [a,b] — C be an absolutely continuous
function on|a, b] . Then we have the representation

t)ydt + (z —a)*- !

/1)\f’[(1—/\)a+>\x]d)\

BD  f)= i

—(b—=x)- /1)\f’[>\:c+(1—)\)b]d/\

b—a J,

foranyz € [a,b].
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PROOF We start with the following Montgomery identity

b T
bia/a f(t)dt+bia/a (t—a) f () dt
b
[ e-n s
foranyz € [a,b)].

If we make the change of variable= (1 — \)a + Az, A € [0, 1], then we get

(3.2) flx) =

_|_

/w(t—a)f'(t)dt:(x—a) /Af [(1—X)a+ Az]dA.

Also, the change of variable= px + (1 — ) b, p € [0, 1], will provide the equality

b 1
[ e=n a2 [ pr s -t
Using (3.2), we then deduce the desired idenfity] (A1)

The following Ostrowski-type inequality holds fof’| convex.

THEOREM 3.2 (Cerone & Dragomir, 20047]). Let f : [a,b] — C be an absolutely con-
tinuous function ona, b] andz € [a,b]. If | f'| is convex orja, z] and [z, b] , then one has the

inequality:
63 |rw- [roa <@ (5=2) e (=)

[1+2 EN )]f()] (b—a).

The constang is best possible in the sense that it cannot be replaced by a smaller value.

PrROOF. Taking the modulus irj (3/1) we have

(3.4) ' z) b_a/f dt'

< (x—a)’ 'b—a/ M1 = X) a4+ Az]| dA
+(b—:zc)2-m 0 >\|f’[>\x+(1—)\)b]|d)\
=M (x).

Since|f’| is convex ona, x| and|x, b] , then obviously
1 1 1
/ M =N a+ Az]|dX < \f’(a)|/ A(1—N)d\+ yf’(x)\/ N d\
0 0 0
= 1 @) + 5 17 @)
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and
/O)\|f’[)\a:+(1— A o] dA < |f' (z |/ )\2dA+|f |/ (1—=A
= IF @)+ 10
Thus from [3.4)
<3 @i @l @ - ot g I @l 51 o1 e- o
S LAOTERUEIUTE 2)’ [<x_a)2+<b_m)2}‘f,(x)|]
= |If @l =+ 1 )] (- )+ <b—a>2+2(m ”b) wn]

and the |nequaI|t),{_(_3']3) is proved.
To prove the sharpness of the constg.nassume tha. 3) holds with a constaht> 0.

Namely,
@ (28) s (L)

r — ot ’
1+2(b_;> 7@ =),

provided that f’| is convex ona, x] and|z, b] .
If we chooser = “T“’, then by ) we deduce

a b
(3.6) 'f< ;‘b>_bia/f(t)dt
<o [LOLIOL (1) ),
where| f'| is convex on[a, 4] and[%£2, b] :

4
Consider the functiorf; : [a,b] — R, given by
{ “T’Lb—as, if ze [a,“T“’},

v — it xe (420,

(3.5) \f(x) -

har| <c

_|_

The function is absolutely continuous gnb] and, obviously| f'| = 1 on [a, %] and [2t2, b]
showing that it is convex ofu, 2] and %%, 4] .
On the other hand, we have

b 1t b
fO(a;— ) = 0, m/fo(x)dxz

4
f@l = o) =|f (“b)]=1

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA



http://ajmaa.org

OSTROWSKITYPE INEQUALITIES FORLEBESGUEINTEGRAL 109

and so from|[(3J6) we get

b?gc(%u) (b—a)

The following corollary is a natural consequence.

givingC > ;. n

COROLLARY 3.3. Assume thaf : [a,b] — R is absolutely continuous such thigt| is a
convex function ora, 4] and (%52, 5] . Then we have the inequality

37) () -k [ o
o)

<@l f(%bm T

4
The% Is best possible i.7) in the sense that it cannot be replaced by a smaller constant.

3.2. Inequalities for | f’| Quasi-Convex. Firstly, let us recall the definition of quasi-convex
functions.

DEFINITION 3.1. The functiom : [a,b] C R — R is said to bequasi-conveXQC) on the
interval I if

(3.8) h(Ax+ (1 =X y) <max{h(z),h(y)}
foranyz,y € Tand) € [0,1].

Following [15], we say that for an interval C R, the mappingh : I — R is quasi-
monotoneon [ if it is either monotone o = ¢, d] or monotone nonincreasing on a proper
subintervalc, ¢| C I and monotone nondecreasing[ond] .

The clasg) M (I) of quasi-monotone functions drprovides an immediate characterization
of quasi-convex functionglf].

PROPOSITION3.4. Supposel C R. Then the following statements are equivalent for a
functionh : I — R:
(@) heQM(I);
(b) On any subinterval of, h achieves its supremum at an end point;
() heQC(I).
As examples of quasi-convex functions we may consider the class of monotonic functions
on an intervall for the class of convex functions on that interval.

The following Ostrowski type inequality for absolutely continuous functions for whf¢h
is quasi-convex holds.

THEOREM 3.5 (Cerone & Dragomir, 2004]). Let f : [a,b] — R be an absolutely contin-
uous function onja, b] andz € [a,b] . If | f'| is quasi-convex offu, z] and [z, b] , then one has
the inequality

(3.9) ‘f(x) - L / ) dt'

Fr @+ 1 @)+ (1 @) = | (@)l

/_\ »-PID—*

) @)+ 1 )] + I @) - | <b>ll]}-
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The constang is sharp in ) in the sense that it cannot be replaced by a smaller value.

PROOF. Since|/’| is quasi-convex of, z] and|[z, b , then from [3.8)

/0 ALF (1= Ny a+ Az)|dA < max {|f* (@), |/’ <x)|}/0 AdA

1 [|f’ (@) +|f (@)
2 2
= M (x)

1 !/ /
+5le@) =17 @l

and, similarly

/1/\|f’()\x+(1—/\)b)|d/\§%
0

= M2 (fﬂ) .
Using 3.4) and the notatiol/ (x) for the right hand side of that inequality, we deduce that

[ rwa] <

2 2
r—a b—ux
<
and the resul{ (3]9) is thus proved.

The fact that; is the best possible constant will be shown in the followimg.

[!f’ (@) + [/ (0)]

1 !/ /
AEOL i @i -1 o]

'f(x) -

COROLLARY 3.6. Let f : [a,b] — R be an absolutely continuous function nbd] . If | f’|
is quasi-convex ofu, “t] and [4£2, b] , then one has the inequality:

(3.10) 'f (“;b>—ﬁ/abf(t)dt’

g%{lf’(a)lw f'(a‘gb)‘ﬂf’(b)w‘

7o) - f’(a;”)H}<b—a>.

The constamf—6 is best possible.

r(%57)| -

+

PrRoOOF The inequality follows by9) on choosing = ‘IT“’ To prove the sharpness of
the constant;, assume thaf (3.10) holds with a constaht- 0. That is,

(3.11) ’f (a;b> —ﬁ/abf(t)dt‘
sc{ir@i+lr (S5« 1o | (0] - 17 @l

+

o=l (45| o-a.

Consider the functiorfy : [a,b] — R, fo (t) = \t — “T“’| . Then f; is absolutely continuous and
|16 )] =1,t € [a,b]. Thus, from|(3.1]1), we deduce

b—a

<C-4(b—a)
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giving C > % and the corollary is proved

3.3. Inequalities for | f'| Log-Convex. In what follows, I will denote an interval of real
numbers. A functiory : I — (0, c0) is said to bdog-convexor multiplicatively convexf log f
is convex, or, equivalently, if for any, y € I andt € [0, 1] one has the inequality

(3.12) fltz+(1=t)y) <[f @) [f )]

We note that iff andg are convex ang is increasing, them o f is convex, moreover, since

f = exp[log f], it follows that a log-convex function is convex, but the converse may not
necessarily be true. This follows directly from (3.12) since, by the arithmetic-geometric mean
inequality we have

(3.13) F @ [f @' <tf(@)+(1—t) f(y)

forall x,y € I andt € [0, 1].
The following result holds.

THEOREM 3.7 (Cerone & Dragomir, 2004]). Let f : [a,b] — R be an absolutely contin-
uous function orja, b] andx € [a, b] . If | f'| is log-convex orja, z| and [z, b] , then one has the
inequality

(3.14) ' (z) b_a/f dt'

g{(b )|f<nAm£;J‘A

b—z\>, ,,. . BmnB+1—B
+(b_a> | ()| (0 B)’ }(b—a%

where
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PROOF Using the representation (8.1) and the definition of log-convekity [3.12), we have
successively:

(3.15) ‘f () —

< (b—a) (b:a>2/01)\]f’((1—A)a+>\x)]d)\

2/1>\\f’()\:v+(1—>\)b)\d>\}

(Z:Z>2/01A|f' (@) |f (@) dA

2 [ i@ <b>r“dA}
= (b—a) (i:;‘)Q I (a)] /01 AANA

+ (2:2)2 I (b)|/01 AB%M}.

Since, a simple calculation shows that for &nhy- 0, one has
! 1 1-
/ ACAd)\:CHCJF i C’
0 (InC)
then from [[3.15) we deduce the desired result (3.44).
The following corollary holds.

COROLLARY 3.8. Let f : [a,b] — R be an absolutely continuous function nb] . If | f’|
is log-convex orja, “:] and [“£2, b] , then one has the inequality:

b
(3.16) f(“;b)—bia/ () dt
1T, ., alna+1—a , BInB+1-p
<3 [t e = ),
where
)| )
| ) | o)

4. OSTROWSKI FOR FUNCTIONS WHOSE DERIVATIVES ARE h-CONVEX IN MODULUS

4.1. Some Classes of FunctiondlVe recall here some concepts of convexity that are well
known in the literature. Lef be an interval irR.

DEFINITION 4.1 (Godunova-Levin, 198%L8]). We say thatf : I — R is a Godunova-
Levin function or thatf belongs to the clasg (/) if f is non-negative and for all, y € I and
t € (0,1) we have

flz+ 1=ty <—f(x)+—f(y).

1 1
t 1-1t
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Some further properties of this class of functions can be found.zh [I13], [16], [22],
[24] and [25]. Among others, its has been noted that non-negative monotone and non-negative
convex functions belong to this class of functions.

DEFINITION 4.2 (Dragomir et al., 19951f]). We say that a functiorf : I — R belongs to
the classP () if it is nonnegative and for alt, y € I andt € [0, 1] we have

flr+1—=t)y) < f(x)+ f(y).

Obviously@ (I) containsP (/) and for applications it is important to note that al8d/)
contain all nonnegative monotone, convex gudsi convex functions, e. nonnegative func-
tions satisfying

fltr+ (1 —t)y) <max{f(z),f(y)}
forall x,y € I andt € [0, 1].
For some results o-functions seell6] and 23] while for quasi convex functions, the
reader can consulflf].

DEFINITION 4.3 (Breckner, 19785]). Let s be a real number € (0, 1]. A function f :

[0,00) — [0, 00) is said to bes-convex (in the second sense) or Brecksieonvex if
flz+Q-t)y) <t°f(x)+(1-1)f(y)

forall z,y € [0,00) andt € [0, 1].

For some properties of this class of functions sge[P], [9], [6], [10]], [11], [19], [20] and
[27].

In order to unify the above concepts, S. VaroSanec introduced the concéptarivex
functions as follows.

Assume that’ and J are intervals inR, (0,1) € J and functionsh and f are real non-
negative functions defined inand!, respectively.

DEFINITION 4.4 (VaroSanec, 200B(]). Leth : J — [0, 00) with i not identical ta0. We
say thatf : I — [0, c0) is anh-convex function if for allx, y € I we have

fle+ A =0)y) <h(t)f(z)+h(1=1)f(y)
forallt € (0,1).

For some results concerning this class of functions/3€e [4], [21], [28], [26] and [29].

4.2. Inequalities of Hermite-Hadamard Type. In [26] the authors proved the following
Hermite-Hadamard type inequality for integrableonvex functions.

THEOREM 4.1 (Sarikaya et al., 2002§]). Assume thaf : I — [0,00) is an h-convex
function,h € L[0,1] and f € L [a,b] wherea,b € [ witha < b. Then

1 a+b I !
B st () < [rwa<u @ o) [noa

If we write (HH)) for / (t) = t, then we get the classical Hermite-Hadamard inequality for
convex functions.
If we write it for the case ofP-type functions, i.e.h (t) = 1, then we get the inequality

1 b I
@1) 3 (57) <52 [ 1@< s,
providedf € L [a,b], that has been obtained iihd].
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If f is integrable orja, b] and Breckner-convex on|a, b, for s € (0,1), then by taking

h (t) = t* in (HH) we get
[ rwas @10

+0b
4.2 sl (¢ <
(4.2) f( 2 )_b—a a s+1

that was obtained irll].

Since for the case of Godunova-Levin class of function we ha{@g = 1, which is not
Lebesgue integrable g, 1) , we cannot apply the left inequality ip (HiH).

We can introduce now another class of functions.

DEFINITION 4.5 (Dragomir, 2013[9]). We say that the functiorf : I — [0,00) is of
s-Godunova-Levin type, with € [0, 1], if

(4.3) fltz+(1—-1t)y) <

forallt € (0,1) andz,y € 1.

<Li@+

<5 s/ (W),

1
(1—-1)

We observe that fos = 0 we obtain the class aP-functions while fors = 1 we obtain
the class of Godunova-Levin. If we denote®y (/) the class ok-Godunova-Levin functions
defined on/, then we obviously have

f0r0§51 < 59 < 1.
We have the following Hermite-Hadamard type inequality.

THEOREM 4.2 (Dragomir, 2013(9]). Assume that the functiofi : I — [0, 00) is of s-
Godunova-Levin type, withe [0,1). If f € L [a,b] wherea,b € [ anda < b, then

a b a
(4.4 it (5) < s [ Far < L9,

2 1-—s

We notice that fos = 1 the first inequality in[(4]4) still holds and was obtained for the first
time in [16].

4.3. Inequalities for Functions Whose Derivatives areh-Convex in Modulus. In [8],
the author pointed out the following identity in representing an absolutely continuous function.

LEMMA 4.3 (Dragomir 20024]). Letf : [a,b] — R be an absolutely continuous function
on|a,b]. Then for anyz € [a, b] , one has the equality:

b 1
4.5 t)dt + —— xr — "1 = X))z + M| dX ) dt.
45) [ roae s [e-o ([ ria-veevo)a
The foIIowmg result holds:

THEOREM4.4 (Dragomir, 20139]). Let f : [a,b] — C be an absolutely continuous func-
tion on|a, b] so that|f’| is h-convex on(a, b) with h € L [0, 1].
(i) If f' € Loo[a,b], then for anyx € [a, b],

(4.6) ‘

< [}ﬁ (””b_a ) ] O=a @I+ 171 [ noa
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(i) If f" € Lyla,b], p > 1,5 + . =1, then for anyz € [a, D],

(4.7) - [ o
1

b— o\t )\t a
(G M )

L 1
< (b—a)t |||f’(x)|+|f’|||p/0 B (t) dt

<

(iii) If f" € Ly[a, b], then for anyz € [a, b],
- a+b

b—a

4.8) ‘ /f dt' =
<=l @+ 171 [ b

PrROOF. (i). Using (4.5) and taking the modulus, we have

‘ /f dt‘ b—a// (x—t)f a:+)\t]d)\dt’
Ta/a/oIw—tllf’[(l—A)x+At]|dAdt;:

Utilizing the h-convexity of| f’| we have

Ksbf//m—ﬂ (1= 17 @]+ b () |70 drde

/|x—t|{|f |/ (1- dA+|f<>|/ b ae

b_a/ N [l @) o=@ [ oo

<

1 b
/0 BN dA ess sup [1f()] + £ (0] / & — t] dt

tela,b]

1 x_a+b , 1
- {ﬁ( — ”(b—a)[f( DI+ [ By

for anyz € [a, b], and the inequality (4]6) is proved.
(ii). As above, we have

-5 [ o

b 1
<5z [ e @l o= M @) [ royan

b—a
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Using Holder’s integral inequality fgr > 1,1 + 1 = 1, we get that

ggé5<lﬂx—tVﬁ);(LQU%@M+U%NV&);

1 h— q+1 _oN\gt+l |«
:b—ar Lo ]nwuw+wm

and the inequality| (4]7) is proved.
(iif). We also have that

b
M(@) < sup o=t = [ 1@+ 170 d

tela,b]

|2

and the inequality| (4]8) is proved.

x_m

b—a

] (b= a) IF" (@) + 11711

The following particular case is interesting.

COROLLARY 4.5. With the assumptions of Theorgm|4.4, we have the midpoint inequality

a b
(4.9) ‘f( +b) B bia/ f(t)dt’
1 ,(a+b , !
o-a |l ()1 [ roa
providedf” € L.]a, b].

If f' € Lyla,b],p>1, 1—1) + % = 1, then, we have,
a+b 1 b
4.1 —
(4.10) ‘f(2 ) b—mlfwﬁ‘
<
< 2(

(/ab[fl(a;b)‘“fl(f)frdt);/olh(t)dt.
If f' € Li[a,b], then

(4.11) ’f (“b) ! /bf(t)dt‘
<5 lo-als (“*ﬂ\ [ 17 ] [
b]

REMARK 4.1. Assume thdtf’| is Breckners-convex ona, b , for s € (0,1).
(@) If f' € Lyla,bl, then for anyr € [a, b],

Q=

1
—(b—a)

(4.12) ‘f(x) — ﬁ /abf(t)dt

+<15L)]wmyﬂ>+|fwy
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(@) If ' € Lyla,b],p > 1, % + % = 1, then for anyx € [a, b],

b
(4.13) ‘f(x) - / f(t)dt‘
1
<

Sy (Z:z>‘ﬁ1+ <2:Z>q+1r

x (b—a)t |[|f(@)] + | £]Il -

(aaa) Iff" € Ly[a,b], then for anyz € [a, b],

(4.14) ‘ /f ‘ 13t |5 ]

x [(b - a) @)+ 171

1

Assume thatf’| is of s-Godunova-Levin type, with € [0, 1).
(b) If ' € Loo[a,b], then for anyr € [a, b],

(4.15) 'f(x) - ﬁ /ab f(t)dt

<1 [1+ (ﬁb__a_> ] (b= a) 17 @) + 1)

(bb) If f" € Lyla,b], p > 1, + . = 1, then for anyx € [a, b],

b
(4.16) ]f(x) -/ f(t)dt‘
1
<

YR (i:i)q+1+(§:z>%1r

x (b—a)a |[|f'(@) + 1]l -

(bbb) If f" € Lya, b], then for anyx € [a, b],

(4.17) ‘ /f dt‘<—[1+ i

2 b—a ]

X [(b—a) | @)+ (1]

a+b

The following result also holds:

THEOREMA4.6 (Dragomir, 20139]). Let f : [a,b] — C be an absolutely continuous func-
tion on|a, b] so that| f'|” with p > 1 is h-convex or(a, b) andh € L0, 1].
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(i) If f' € Loo[a,b], then for anyr € [a b]

(4.18) ‘

wal
< [i+ (ii?) ] (b—a)
<Ae@r+ 1l ([ noa) "

(i) If f' € Lyla, 0], p > 1,7 + ¢ = 1, then for anyz € [a, ],

(4.19) ‘f(x)—b_a R
<t |G G
<[o-alrwr g ([ new)

(i) If f" € L,[a,b], then for anyr € [a b],

1 1/p
I @+ 177 (/ h(t)dt)

a+b

=
<(o-alr @) ([ o)

PROOF As in the proof of Theorein 4.4 we have

/f dt‘ b_a// (z—1)f a:+)\t]d>\dt‘

gm/a z— 1 (/0 |f’[(1—/\)x+>\t]|d)\>dt
=K
foranyz € [a,b)].

By Holder’s integral inequality we have

/01 P = N2+ M| dA < (/01 1%)1/(1 (/01 ]f’[(l—A)x+>\t]]pd>\>l/p
_ (/01|f’[(1—>\)a:+)\t]|pd>\)1/p

foranyz € [a, 0], where] + 2 =1,p > 1.

1/q

1/p

o a+b

b—a

(4.20) ‘f ——/f dt‘ 5

<

+

1
2

1/p
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Since| f’|” is h-convex on(a, b) with h € L [0, 1], then

1

/0 P U= Nz 2P < [f @F + 17 ©F] / B (A) X,

0

foranyz € [a,b)].
Therefore

1 1/p b
a2y k([ roa) el @relror)

foranyz € [a, b)].
(i). Now, if f" € L [a,b] then

b
[ o=t @F + 1 @] ar

1p [°
<ess sup [|f @ 417 @F] [ o dar

t€la,b]

= (I @F + £ 5 (@~ @ + (- 27

for anyz € [a, b], and utilizing ), the inequality (4.]L8) is proved.

(ii). If f"€ L,a,b],p>1, % + , = 1, then by Holder's inequality we have

[ o=t @p + 1 @] a

< ([ -rrar) N ([ (1 wr+is o) ) N

_ ()7 1/q e
:[(b Loirne ] (o-alr @F+1712)”
00 (b= o ay ]
(gD (b—a) +(b—a) ]

x [o=a)lf' @+ 1 /F]"

for anyx € [a,b], and by [4.2]1) we deduce the desired inequdlity (4.19).
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(iii). If f" € L,[a,b], then by Holder’s inequality we also have

b
/ e =t [IF @) + £ ©)F]) 7 dt
(1f @) + | (O] dt

< sup |z — ¢
t€la,b]

b
~ max { —a,b—x}/ 1 @) + 1 )] dt

1 — ot P
= (b—a) 5+ |5 —=|| 15" @P + 177

<=5+ ||| ([ 07 @r 1o dt)l/p

1 _ atb 1/
=-a) |5+ |5 || (G- a1f @P+171E)

foranyzx € [a,b]. B
The following midpoint type inequalities are of interest.

COROLLARY 4.7. With the assumptions of Theorem|4.6, we have the inequality

b
(4.22) ’f (a’;b> —bia/ f(t)dt’

<Loaflr () o] ([ roa)”

(b—a)s

p

+ 17

IN

providedf” € L.]a,b].
(4.23) ‘f (“"2”’) —bia/bf(t)dt‘
1
a+b\|? 1/p 1 1/p
x{(b—a) f’( 5 ) +Hf’H§] (/0 h(t)dt) .
If f' € L,la,b], then
(et ([ hwa "
I (=) e (f ro)
(a+b P - 1/p 1 1/p
(o-alr (S0 i) ([ roa)

1 1 1 _
If f" € Lyla,b],p>1, 5+ 5 =1,thenwe have
< - -
 2(q+ 1)1/q
(4.24) [ ! /b F()dt
' 2 b—a /,
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CHAPTER 6

Other Ostrowski Type Inequalities

1. OSTROWSKI FOR PRODUCTS
1.1. An Identity for RS-Integral. The following identity is of interest in itself:

LEMMA 1.1 (Dragomir, 20133]). Let f,g : [a,b] — C be two functions of bounded
variation and such that the Riemann-Stieltjes integ?;’ajr‘ (t)dg (t) exists. Ifh : [a,b] — Cis

continuous, then the Riemann-Stieltjes integl;bah (t)d(f(t)g(t)) exists and

(1.2) / Bt d(f (t)g (1) = / h(t) £ (1) d (g (1) + / h(t) g (t)d(f ().

PROOF. Sincef,g : [a,b] — C are of bounded variation, thefy is of bounded vari-
ation and sincé: : [a,b] — C is continuous, it follows that the Riemann-Stieltjes integral

fabh (t)d (f (t)g(t)) exists.
Observe that, since the integrﬁf(t) dg (t) exists, then for any € [a,b] the integral

((s) := [’ f(t)dg (t) exists and the functiofiis of bounded variation ofu, ] .
Indeed, let

a=8<8<...<S,_1<8,=20b

a division of the intervala, b| . Then we have

n—l n—l Sit1 i
€ (si1) — £ (s1)] = Fwydg)— [ Ft)d <t>]
; o 1=0 /a /(l
n—1 Sit1 n—1 Si41
_ f(t)dg(t)‘ < ( s ]|f(t)|\/(g)>
i=0 1V/8i i=0 \!Elsi:sit1 si
n—1 /Si+1 b
< sup | (1) <\/ <g>> — sup £ ()] \/ (9) < oo,
te[a,b] 0 \s; t€la,b]

b

VO <1fllV (9)

a

where|| f||, := supsefa 1S ()]
Now, by the integration by parts theorem, sirfgsef (t) dg (t) exists for anys € [a, b] , then
[7 g (t)df (¢) also exists and we have the equality

(1.2) £(s)9(s) =f(a>g(a)+/Sf(t)dg(tH/sg(t)df(t)

foranys € [a,b] .

123
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Since the functiong, f (t) dg (t) and ¢ (t) df (¢) are of bounded variation, then the Riemann-
Stieltjes integrals

[ra( [ swdaw)and [(wsa( [Co0ra o)

exist and

13) [ra( [ waw) = [n6 a0,
and

(14) [roa([swarn) = [nseao.

Now, on utilizing [1.2),[(1.B) and (1].4) we have
b b
[ e drE s = [ b @@

+/abh(s)d(/asf(t)dg(t))+/abh(3) (/:g@)df(t))
= [he 1+ [ heea )

and the equality] (I]1) is proved.

REMARK 1.1. The dual case also holds, namely, when the functfons [a,b] — C are
continuous and such that the Riemann-Stieltjes inteﬁrﬁl(t) dg (t) exists, then for any func-

tion i : [a,b] — C of bounded variation the Riemann-Stieltjes integfaﬁh (t)d(f()g(t)
exists and the equality (1.1) is satisfied.

COROLLARY 1.2. Let f : [a,b] — C be a functions of bounded variation and such that
the Riemann-Stieltjes integrg(ff(t) df (t) exists. Ifh : [a,b] — C is continuous, then the
Riemann-Stieltjes integr:;ﬂf h(t)d(f*(t)) exists and

(1.5) / ht)d (f2 (1) =2 / Bt £ (0 d(f (1))

If fabf(t) df (t) exists, then for any continuous functién: [a,b] — C, the Riemann-
Stieltjes integralf;’ h(t)d(|f (t))*) exists and

@ [ hwd(rf = [ nesodF@)+ [ poTHare).

In particular, if & : [a,b] — R, then

@) / "W d(1f (OF) = 2Re (/ W) T (S ).
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1.2. Inequalities for Product Integrators. The first bound for the Riemann-Stieltjes inte-
gral of product integrators is as follows:

THEOREM 1.3 (Dragomir, 2013]). Let f, ¢ : [a,b] — C be two functions of bounded

variation and such that the Riemann-Stieltjes integﬁj’ay‘ (t)dg (t) exists. Ifh : [a,b] — C s
continuous, then

b b

b
/ h(t)d(f (t)g(t))’ <1 flle V (9) + kgl \ (f)

a a

(1.8)

b b

< [Ihlls [HfHoo V(@) + gl V()

a a

Both inequalities in[(1]8) are sharp.
PrROOF We know that ifp : [a,b] — C is boundedyp : [a,b] — C is of bounded variation
and the Riemann-Stieltjes integrﬁjp (s) dv (s) exists, then we have the inequality

b

< ol V (v,

a

(1.9) / p(s)dv(s)

where||p||, = sup;ef [P (¢)] < o0.
Taking the modulus ir] (I} 1) and using the prop€frty](1.9) we have

/abh(t)f(t)d(g(t))‘+ [h(t)ﬁt)d(f@»\

b b

<nflle \ (9) + gl V ()

a a

b b

<Al Il \V (9) + IRl gl V()

a a

= [Pl lllflloo V() +llgll. \/ (f)]

a a

/abh(t)d(f(t)g(t))‘g

and the inequality] (1]8) is proved.
Now, to prove the sharpness of the inequalifies|(1.8) we consider the fungtipnsa, b] —

R given by
0 ift=a 1 iftea,b)
f(t) = g(t):=
1 ift € (a,b], 0 ift=0o.

b b
The functionsf andg are of bounded variatior\/ (f) = \/ (9) =land|fll,. =gl =1

a

We have
0 ift=a
f@)gt):=< 1 ifte(a,b)
0 ift=0.
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The function fg¢ is of bounded variation and for a continuous function [a,b] — C the
Riemann-Stieltjes integrzjlf h(t)d(f (t)g(t)) exists and integrating by parts we have

(1.10) /hwduwwm

f(b)g(b)h(b)—f(a)g(a)h(a)—/ f (g (t)d(h (1)
=—/ () g(t)d(h(t)).

Consider the following sequence of divisions and intermediate points

(n)

a = xén) < f(()n) <z’ <. < aj(n)l < g;"_)l < x;”) —b

n—

such that the norm of the divisial,, := max;ec(o,....n—1} (mzil —x

77777

definition of the Riemann-Stieltjes integral we have

[ rswane = Z £(€7)a (67) (0 (=20) = 1 (7))

= ,}Lf{:og (n (=) = (2")) =h @) = h(a),

and then, by[(1.10) we have

) — 0 asn — oo. By the

We also have

0 ift=a h(t) iftela,b)
At £ (1) { | h(t)g (1) { |
h(t) ifte (a,b], 0 if t =0,

which implies that
1P flloe = 1hglle = lIAlls -
Therefore the inequality (1].8) reduces to

(1.11) |7 (b) = h(a)] < 2]l < 2]l -
We observe that, this inequality is sharp since for continuous functiorne, b] — R for which
0<h(b)=—h(a)= sup h(t),

tefa,b]
we get equality in[(T.71).
For instance, if we take
hit) =t — “;b,t € [a,b],
then
h(®) ~h(@)] =b—a, A, = 5"

and the equality i (1.11) is realizesl.
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We say that the functioff : [a, b] — C is Lipschitzianwith the constan > 0 if
(&) = F(s)| < Lt —s|
foranyt, s € [a,b].

THEOREM1.4 (Dragomir, 20132]). Assume that the functiofi: [, b] — C is Lipschitzian
with the constanL. > 0, g : [a,b] — C is Lipschitzian with the constai > 0 andh : [a, b] —
C a continuous function ofw, b] . Then we have the inequality

/abh(t)d( '<K/ |h ( |dt+L/ |h(t) g (t)|dt

<max (15,2 [ 100105 @) + o O .
The inequalities in(1.12) are sharp.

(1.12)

PROOF It is known that, ifp : [a,b] — C is continuous and : [a,b] — C is Lipschitzian
with the constanf, > 0, then the Riemann-Stieltjes integrﬁjp (s)dv (s) exists and we have

the inequality
b b
/p<s>dv<s> SL/ 1p (5)] ds.

Taking the modulus irf (I]1) and using the property|(1.9) we have
b

[ roacosm]<|f h(t)f(t)d(g(t))‘+ P9 ()4 (S (1)

<K/ A (8) |dt+L/ I (t) g (£)] dt

< max {K. L}/ b ()] (I (O] + g (1)) dt,

and the inequality (1.12) is proved.

Consider now the function g : [a,8] — R, f (t) = g () = |t — 4| . We observe thaf
andg are Lipschitzian with the constant= 1.

Indeed, for any, s € [a, b] we have

(1.13)

b

a+b a+b
0= s01= =57 p- 457
< |t - S| )
which shows that the functiofiis Lipschitzian with the constarit = 1.
Now
b b 2
[ roaoso)|- | hmd((t—“;b))
b a+b
:2/h(t)(t— )dt‘
a 2
and

b
K/ B (1) \dt+L/ Ih (1) \dt_2/ B (1) ‘t—“; ’dt
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and the first inequality irf (1.12) becomes

/abh(t) <t—a;b) dt’ g/ab\h(t)\'t—a;b‘dt.

We observe that the equality case holds if we takéa, b] — R, h (1) =t — “t2. g

THEOREM 1.5 (Dragomir, 2013[]). Assume thaff,g : [a,b] — R are monotonic non-

decreasing ona, b] and such that the Riemann-Stieltjes integfcélf (t)dg (t) exists, andh :
la, b] — C is continuous ofa, b] . Then we have the inequality

[rwacwoe|< [iroseiaos [onoiao.

The inequality[(1.T4) is sharp.

(1.14)

PROOF Itis well known thatifp : [a,b] — Cis continuous and : [a, b] — R is monotonic
nondecreasing, then the Riemann-Stieltjes integl?@l(t) dv (t) exists and

/abp(t)dv(t)‘ g/ab p () dv ()

Taking the modulus irf (I} 1) we have

[rwas o)<

[ s o)

< [ronoiase+ [owneiao.

Consider the functiong, g : [a,b] — R defined by

0 ift=a —1 ift€a,b)
f(t) = { g(t) = {
1 ift € (a,b, 0 ift=0.

d (t)’+

The functionsf andg are monotonic nondecreasing. We will show that the Riemann-Stieltjes
integralfab f(t)dg (t) exists.
Take the sequence of divisions and intermediate points

(n)

dyia=2" <l <z < <2 < < g =y

such thatA (d,,) := max;eqo,....n—1} {xfﬂ — xE”)} — 0 asn — oo.

By the definition of the Riemann-Stieltjes integyﬁlf (t)dg (t) we have

[ v = i 55 () o o) o ()

i 5 () [ o) 0 ()]
=0

+ nh_{gof (57(1@1) [9 (0) —g (@(ﬁ)l)]
=04+1=1.
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Now, define the functiod : [a, b] — R by

0 ift=ua
Ct)y:=f{t)gt)y=< —1 ifte(a,b)
0 if t = a.

For a continuous function : [a,b] — R, sincel is of bounded variation, then the integral

[P h(t ) exists.
Take the sequence of divisions and intermediate points

dn:a:x(()n)<§én)<x§n)<. <§n1<xn)—b

such thatA (d,,) := max;eqo,....n—1} {xz(’j-)l — xf")} — 0 asn — oo.Then we have

7777

[ 00 = S (€) () = (4)]
- () () e
o Jim S (67) e (+45) — ¢ (o)
+ 1im (60) [e@) = £ (2,)]

n—oo

= 1im £ (&) (~1-0)+ 0+ lim h (€22,) [0 (1)

= h(b) - h(a).

Consider the functions, v : [a,b] — R given by

0 ift=a
w(t) == 1 () h (1) { |
|h ()] ift e (a,bl,

and
|h(t)] ift€la,b)
0 if t =0.
Take the sequence of divisions and intermediate points

( ) (n)

d, a—a; <£0 <...<xn_1<§£ln_)1<x£l”):b

)

such that (d,,) := maxeqo,. 1 {a:f.i)l - x(”)} — 0asn — oo.Then we have

n—1

[ o0 = i S (6 o (42) - (5]
o0 (s

= hm u( )
= lim [ (¢52,)] 0~ (~1)) = [n o)
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and
/ ") dr (1) = Tim S (€7) [ () = 1 ()]
a =0
= Jim o (657) [ 1 (+1) = 1 @)
— 1im |1 (&8")[ (1= 0) = R ()
Replacing these values jn (1}14) we have
(1.15) |7 (b) = h(a)| < [ (b)] + |h(a)].

This inequality reduces to an equality if we choose a continuous funéktiofa, b] — R such
thath (b) = —h (a). For instance, foh : [a,b] — R, h (t) = t — “2, we get in both sides of

(1.15) the same quantity— a.

1.3. Ostrowski Type Inequalities for Products. The following result holds:

THEOREM1.6 (Dragomir, 20132]). Letf, g : [a,b] — C be two functions of bounded vari-
ation and such that far € (a, b) the Riemann-Stieltjes integraf$ f (¢) dg (t) andfff (t)dg (t)
exist. Then we have

b
a6 |@e@o-a- [ rwawa

x T

< (z—a) sw {|f O}/ (9) + (z —a) swp {lg()I}\/ (f)

tela,x] o

+ (b —2) sup {|f (1)} \/ (9) + (b — =) sup {|g (1) I}\/

te(z,b]

lglle V() + £l (9)] :

a a

€xr —

]

In particular, if the Riemann-Stieltjes integrafg%b F(t)dg (t) and [2 f () dg (t) exist, then
we have

an () e () e-0- [ roeea
<be Lf‘lﬁb]{m}?@ +t6[su3b]{g<t>}u\i/b<f>

te[‘%b,b] %—b te[“Ter,b] a;b

+ swp {If @O\ (9)+ sup {g(t)}\/(f)]

a a

<5 b-a) [ngm\ﬂf) + Hfl!oo\/(g)] .

The inequalities in[(1.17) are sharp.
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PROOF We use the following identity (see for instandd)[

(1.18) F(x)(b—a)—/bF(t)dt:/I(t—a)dF(t)Jr/b(t—b)dF(t)

that holds for any function of bounded variatiéh: [a,b] — C and anyz € [a, b] .
If we write the equality[(1.18) fof’ = fg we get

(1.19) f(x)g (@) (b—a)— / f (g (t)dt
Z/z(t—a)d(f(t)g(t)H/ (t—Byd(f (1) g (1),

a x

for any functionsf, g : [a, b] — C of bounded variation and any< [a, ] .
Taking the modulus on (1.19) and utilizing Theoren 1.3 on the intefvals and[z, b] we
have successively that

(1.20) ‘f ) (b—a) / f(t ‘

<

/x(t—a)d(f(t)g(t))'Jr [ e-nauwmow

x T

< sup {(t —a) |f (B} \/ (9) + sup {(t —a)|g(®)]}\/ (/)

tela,x] tefa,x]

a
b b

+ sup {(b =) If (O} (9) + sup {(b—1)[g (O} (/)

te(x,b] te(z,b]

a

x x

x T

< (z —a) sup {If O} (9) + (z —a) sup {lg()]}\/ ()

t€(a,x] o tela,x]

b b

+ (b =) sup {If O}V (9) + (0 —2) sup {lg ()]} \/ (/)

tE[x,b] t€(z,b]

a

x x

b

< max{z —a,b—x} sup {|f(t)]}\/(g)

tela,b] o

b

+max {z —a,b -z} sup {|g ()]} \/ (/)

tela,b|

a+bH

a

9]l \/ +Hf||oo\/(g)]7

~[30-a+

which proves the desired result (1.16).

The inequality[(1.1]7) is obvious fror (1]16).
Consider now the functiong ¢ : [a,b] — R defined by

0 ift € [a, =) 1 ifte |a, 2]
f () 1{ g(t) 3{

1 ifte [« b 0 ift e (2t2,0].
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We observe thaf andg are of bounded variation and

Vin=Vi=1

a+b
The Riemann-Stieltjes integray“%% f(t)dg(t) and f; f(t)dg (t) exist since one function
2
is continuous while the other is of bounded variation on those intervals.
We observe that for these functions we have

(52 (5200 rsn i

o, {fF &V () + ", {lsOV ()
+ sup ]{|f(t>|}\/(g)+ sup ]{|g(t)|}\/(f)
and
b b
lglloe \/ () + /10 V (9) = 2.

Replacing these values in (1]17) we obtain in all terms the same quantity, which proves
the sharpness of the inequalitias.

In a similar way we can prove the following results as well:

THEOREM 1.7 (Dragomir, 20133]). Let f : [a,b] — C be Lipschitzian with the constant

L > 0andyg : [a,b] — C be Lipschitzian with the constaif > 0. Then for anyz € [a, b] we
have

(L.21) ]f<x>g<a:> b—a)— [ FOg dt\

e ([Cu-wv@ras [o-oiw)

< [i(b—a)%(m—a;b)z
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In particular, we have

() o () -0 [ rosea
L(/T, t—alg@las [ <b—t>|g<>\dt>

(1.22)

2
a+b

+K(/2(t—a)|f()|dt+/+ (b—t)|f()|dt>

2

i (b—a)* (L gl + K |Ifll) -

We also have:

THEOREM 1.8 (Dragomir, 20132]). Assume thaf, g : [a,b] — R are monotonic nonde-
creasing ora, b] and such that for: € (a, b) the Riemann-Stieltjes integraf$ f (t) dg (t) and
ff f (t)dg (t) exist. Then we have
b

a

a2 s e-0- [ f0s0a

veaeh- 53] ([ fan)

In particular, if the Riemann-Stieltjes integraj§T f(t)dg (t) and fi, f(t)dg (t) exist, then
we have

(1.24) () o () -0 [ resea

atb b
L b=Dlg 0l

<[ e-owowos [
(0]dg (1) + /<

a

a+b

0
[ -l b=1)17 (0] dg (1

<s0-a ([ wolro+ [1ron).

2. OSTROWSKI FOR S-DOMINATED FUNCTIONS

_I_

2.1. S-Dominated Functions.We start with the following definition:

DEFINITION 2.1 (Dragomir, 20134]). Assume that:, v : [a,b] — R aremonotonic non-
decreasingon the intervalja, b] . We say that the complex-valued functién: [a,b] — C is
S-dominatedby the pair(u, v) if

(S) A (y) = (@)]” < [uly) —u ()] [v(y) —o (@)

foranyz,y € [a,b].
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We observe that by the monotonicity of the functianandv and by the symmetry of the
inequality [$) over: andy we can assume that|(S) is satisfied onlyifos = with 2,y € [a,b] .

We can give numerous examples of such functions.

For instance, if we tak¢, g € L [a,b] the Hilbert space of all complex-valued functions
that are square-Lebesgue integrable and denote

/f t)dt, u( /]f )|? dt andv (z /|g )| dt,

then we observe thatandv are monotonic nondecreasing [anb] and by Cauchy-Bunyakovsky-
Schwarz integral inequality we have for any> « Wlth x,y € [a,b] that

/f Dat| /rf|dt/rgrdt

—u ()] (y

Now, forp, ¢ > 0 if we conS|derf( ) =1t andg( ) :=tifort > 0, then

v 1
h T ::/ tp-i-th — xp-i—q-i—l
p7q( ) 0 D+q+ 1

|7 (y)

and

* 1 v 1
up (x) == / tdt = —— 2Py, (7) = / tMdt = —— 2+t
0 2p+1 0 2q+1

Taking into account the above comments we observe that the furigfipis S-dominatedby
the pair(u,, v,) on any subinterval of), o) .

PROPOSITION2.1 (Dragomir, 20124)). If i : [a,b] — Cis S-dominated by the pair, v) ,
thenh is of bounded variation on any subintervald| C [a, b] and

(2.1) [\/ (h)] < [u(d) —u(c)] v (d) —v(c)].

PROOF. Consider a division of the interval(c, d] given by
d:c=x0 <21 < ... < Xp_1 < xp, =b.
Sinceh : [a,b] — Cis S-dominated by the paj, v) then we have
[ (2i1) = R ()] < [u(@isn) = (@) [v (@) = o (@)
foranyi € {0,...,n — 1}.

Summing this inequality over from 0 to » — 1 and utilizing the Cauchy-Bunyakovsky-
Schwarz discrete inequality we have

2.2) > 1 i) — h )
< 3 fu (i) — w (@) o (i) — v ()] 2

_— 12 4.4 1/2
(Z u(Tis1) )]) (Z [U($i+1)—v($i)}>

= [u(d) = u ()] v (d) — v (c)]/?
Taking the supremum ovérwe deduce the desired resiilt (2.§).
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COROLLARY 2.2. If h : [a,b] — C is S-dominated by the pafi, v) , then the cumulative
variation functionV” : [a, b] — [0, co0) defined by

V(z):=\/(h)

is also S-dominated by the pdit, v) .

THEOREM 2.3 (Dragomir, 20134]). Assume that,,v : [a,b] — R are monotonic non-
decreasing on the intervah, b]. If & : [a,b] — C is S-dominated by the paiu, v) and [ :
la,b] — C is a continuous function ofa, b] , then the Riemann-Stieltjes integ(@ f(t)dh(t)
exists and
(2.3)

b 2 b b
/f(t)dh(t) S/ If(t>|dU<t)/ |f @) dv(t).

PROOF Since the Riemann-Stieltjes integjé’lf (t) dh (t) exists, then for any sequence of

partitions
I g =t" <t < o<t <t =

n n—1

with the norm

n 3

v (IM) = max (tz@l — t(»")> — 0

asn — oo, and for any intermediate poin{é”) € [t(”), tgi)l], i €{0,...,n— 1} we have:

7

/a () an (t)' =| dm 3g (e () = 0 (1))
| (65) = (7))

(2.4)

IA
—
z
'
~/~ ~— ~/~
i
. NN
2
~— ~— ~—~

IN
g.

|
—

IA X

N4 —

/\N 4
SE o~
B SE

+ 3

! >

o N———"

> 11

3 o
| <

) —

—~ ~+
~ g
7as" N——"
S~ |

S —
~— IS

[ —

I

/N
~
o~
+ 3
LN

N———

|
<

/N
H:\

2

N———

| I

\_/

—
~
)

Sl s
g (BP0

_/ ]f(t)]du(t)/ |f (&) dv (t),

where for the last inequality we employed the Cauchy-Bunyakovsky-Schwarz weighted discrete
inequality

n n 1/2 n 1/2
zmkakbkg@mkaz) (zmkbz) |
k=1 k=1 k=1

wheremy, ax, by > 0fork € {1,....,n} . 1
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2.2. Ostrowski Type Inequality. We can state the following new result.

THEOREM 2.4 (Dragomir, 20134]). Assume that, v : [a,b] — R are monotonic nonde-
creasing on the intervdh, b] . If i : [a,b] — C is S-dominated by the pafr, v) , then

2

(2.5) ‘h(x) (b—a)— /abh(t) dt

X

< {[Qx —(a+b)u(x)+ /ab sgn(t — x)u (t) dt}
[[Qx — (a+b)]v(x) + /ab sgn(t — x)v (t) dt}

<[(b- ) )~ () + (@~ 0) o (x) (o))
b= ) [0 ()~ v () + (@~ a) o (@) — v (a)]
< |55 mo - v - )

foranyx € [a, b] .

PROOF Integrating by parts on the Riemann-Stieltjes integral we h&jve [

(2.6) h(x)(b—a)—/ h(t)dt:/z(t—a)dh(t)Jr/ (b—t)dh (2),

foranyz € [a,b].
Taking the modulus ir] (2/6) we have

2.7) ‘h(m) (b—a)— /abh(t) dt‘

/:(b—t)dh(t)‘.

<

/:(t—a)dh(t)'Jr

Applying the inequality[(2]3) twice, we have

/:(t—a)dh(t)‘ < (/;(t—a)du(t)>l/2 (/:(t—a)dv(t))l/2
/:(b—t)dh(t)‘ < (/:(b—t)du(t))l/2 (/:(b—t)dv(t))l/z

Summing these inequalities and utilizing the elementary result

and

af+ A8 < (% + A2 (82 4 6%)
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wherea, 3, A, 0 > 0, we have

/aw(t—a)dh(t)‘+ /:(b—t)dh(t)‘

g(lm@—anm@QUQQZWt—@dvm)wz
(fo-oma)” ([ o-nww)”
< (/j(t—a)du(t)+/wb(b—t)du(t))l/2

. (/:(t—a)dv(t)—l—/:(b—t)dv(t))

Integrating by parts in the Riemann-Stieltjes integral we have

(2.8)

1/2

2.9) / (= a)du () + / (b — t)du (1
_ (t—a)u(t)|i—/xu(t)dt— (b—t)u(t)|§+/ u(t) dt
:[295—(a+b)]u(:1:)—/xu(t)dt+/ u(t)dt

=2z — (a+b)|u(z)+ / sgn(t — x)u (t) dt.

The same equality holds faras well.

Making use of[(2.J7) and (2.8) we deduce the first inequality in (2.5).
As u is monotonic nondecreasing @n b] , we can state that

/ u(t)dt > (x —a)u and/ t)dt < ( u (b)

/ sqn(t — 2)u (1) dt < (b— x)u(b) — (z — a)u (a).

so that

Consequently

22 — (a +b)]u(z) + / sgn(t — x)u (t)dt

<[2x—(a+b)]u(z)+ (b—2)u(d) — (xr —a)u(a)
= (—2)[u) —u(@)]+ (@ —-a)|u(@)—ula)
and a similar inequality fov.
Finally, let us observe that

(b—2x)[u(d) —u(@)]+ (xr—a
<max{b—x,x —a}u(b) —u(r)+u(x) —u(a)
o R | [AORI0)

2
and a similar inequality foo.

~—
B2
—
a¥
|
S
=
=

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA


http://ajmaa.org

138 S. S. IRAGOMIR

Utilising these inequalities we deduce the last parf of| (A5).

As a particular case of interest, we can state the following midpoint inequality obtained in
[4].

COROLLARY 2.5 (Dragomir, 20134]). With the assumptions of Theorgm|2.4 we have the
midpoint inequality
2

(2.10) ‘h (“;b> (b—a) — /h()dt
g/ sgn(t—a;b dt/ sgnt—a+b) (t)dt
< (0= u(t) — u (@] () ~ v (o).

3. OSTROWSKI FOR H-DOMINATED FUNCTIONS

3.1. H-Dominated Functions. Assume that:, v : [a,b] — R aremonotonic nondecreas-
ing on the intervala, b . Assume everywhere in what follows that; > 1 with i + é = 1.
We can introduce the following concept:

DEFINITION 3.1 (Dragomir, 20133]). We say that the complex-valued functibn [a, b] —
Cis (p, ¢)-H-dominatedby the pair(u, v) if
(H) () = h (@) < [uly) —u @) oly) —v @)
foranyz,y € [a,b] with y > z.

We can give numerous examples of such functions.

For instance, if we tak¢g, g two measurable complex-valued functions such tliit and
|g|? are Lebesgue integrable and denote

/f t)dt, u( /|f (t)|” dt andv (x /\g ()| dt,

then we observe that andv are monotonic nondecreasing @nb] and byHélder integral
inequalitywe have for any > z with z,y € [a, b] that

h(y) — ()] = a < ([ 17 @ra) /p(/xyw(tw)w

y) —u (m)]”” [v(y) — v (@)
Now, form,n > 0 |f we considerf (¢) := t™ andg (t) := t" for t > 0, then

v 1
P () := / It = ———— gt
’ 0 m+n+1
and
v 1
Umyp () + = [ t9"dt = ———— ™+
7p( ) /0 2pm + 1 Y
v 1
Upg () @ = [ t7dt = ———— 22T
S = —

forp,¢ > Twith L +1=1.
Taking into account the above comments we observe that the functionis (p, ¢)-H-
dominatedby the pair(u,y, ,, v, ,) ON any subinterval o, co) .
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PROPOSITION3.1 (Dragomir, 20133]). If & : [a,b] — Cis (p, ¢)-H-dominated by the pair
(u,v), thenh is of bounded variation on any subintervjald] C [a, b] and

d
3.1) V () < [u(d) = u(e)] v (d) —v ()]
forp,q > 1with 2 + % = 1.
PROOF. Consider a division of the interval(c, d] given by
d:c=x0 <21 < ... < Xp_1 < xp,=>.
Sinceh : [a,b] — Cis (p, ¢)-H-dominatedby the pair(u, v) then we have

I (1) — b (2)] < [ (@) = w (@)]7 o (@) — v (2)]7°

foranyi € {0,...,n —1}.
Summing this inequality overfrom 0 to n — 1 and utilizing the Holder discrete inequality
we have

(3.2) Z b (wi1) — h ()]

= [u(d) —u ()] [ (d) — v (c)]/7.
Taking the supremum ovérwe deduce the desired res(ilt (3.§).

COROLLARY 3.2. If h : [a,b] — C is (p,q)-H-dominated by the paifu,v), then the
cumulative variation functio” : [a, b] — [0, co) defined by

V(x):=\/(h)

is also(p, ¢)-H-dominated by the paifu, v) .

The following result is a kind of Holder integral inequality for the Riemann-Stieltjes inte-
gral:

THEOREM 3.3 (Dragomir, 20133]). Assume that,,v : [a,b] — R are monotonic non-
decreasing on the intervak, b]. If i : [a,b] — C is (p, ¢)-H-dominated by the paifu, v)
and f : [a,b] — C is a continuous function ofu, b], then the Riemann-Stieltjes integral
fab f(t)dh (t) exists and

/abf(t)dh(t)‘ < (/ab|f<t>|du<t>)l/p (/ab|f<t>|dv<t>)l/q'

PROOF Since the Riemann-Stieltjes integﬁlf (t) dh (t) exists, then for any sequence of
partitions

(3.3)

I a =1 <t <o <™ <t =

n—1
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with the norm

) := ma (t(") - t<”)> 0

U( n ) zE{(I)}’.l..,f)f 1 i+1 7 -

asn — oo, and for any intermediate poings™ ¢ [tE"),tZ(.i)l], i €{0,...,n— 1} we have:
n—1

(3.4)

1) - A 2 () [r o)~ ()]
< im Z!f( ) e (85) = (8)]
< m, Z!f () [o (520) — ()]
<[ (i)~ ()]
n—1 1/p
< lim V| o (47) = (8
< i (Sl ) o)
n—1 1/q
x lim Y| o (4] — o (¢
5 B <)
I(/ab|f( )| du (t ) (/ |f (8)] dv (¢) )q,

where for the last inequality we employed the Holder weighted discrete inequality

n n 1/p n 1/(]
kaakbk S (Z mwi) <Z mkbz> s
k=1 k=1 k=1

wheremy, ay, b, > 0 for k € {1, ,TL} -1

3.2. Ostrowski Type Inequality. We have the following new result:

THEOREM 3.4 (Dragomir, 20133]). Assume that,, v : [a,b] — R are monotonic nonde-
creasing on the interval, b]. If h : [a,b] — Cis (p, q)-H-dominated by the paifu, v) for
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p,q > 1with >+ & =1, then

(3.5)

1/p

1/q

22
[(b—2) [u(b) — u(2)] + (z — a) [u(z) —u(a)]]"?
b—=)[(b) — v (2)] + (x —a) [v (x) — v (a)]/*
b

| 6o - u @ o) - v @)

foranyz € [a,b].
PROOF Integrating by parts on the Riemann-Stieltjes integral we Hve [
b T b
(3.6) h(x)(b—a) —/ h(t)dt:/ (t —a)dh(t) +/ (b—1t)dh(t).
Taking the modulus |r1_(_?§}6) we have

Applying the |nequaI|tyK3_T]3) twice, we have

/:(t—a)dh(t)‘ < (/ax(t—a)du(t))l/p (/j(t—a)dv(t))l/q
1/p 1/

/:(b—t)dh(t)' < (/:(b—t)du(t)) (/:(b—t)dv(t)) B

Summing these inequalities and utilizing the elementary result
af+ M\ < (o + )\p)l/p (B9 + 5q)1/q
for a, 3,A,0 > 0 andp, ¢ > 1 with . + - =1, we have

(3.7) h(x) t)dt

b t)dh()‘

and

(3.8) ’/t a) dh (¢ bb t)dh()‘
( (t—a)du(t ( (t — a)dv(t))
)" o)
( (t —a)dut bb t)du(t)>/
([ nre <t>)w-
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Integrating by parts in the Riemann-Stieltjes integral we have
(3.9) /I(t —a)du (t) + /b(b —t)du (t)
T b
::@—awﬂﬂj—/)u@dﬁ—@—iﬂ@ﬂ?+/1dﬂﬁ
=2z — (a+b)|u(x) — /$u(t)dt+/bu(t)dt

=27 — (a + b)]u (z) + / sgn(t — x)u (t) dt.

The same equality holds faeras well.
Making use of[(3.]7) and (3.8) we deduce the first inequality in (3.5).
As u is monotonic nondecreasing @n b] , we can state that

/ u(t)dt > (x — a)u and/ t)dt < (b—x)u(b)
so that

/ sgn(t —x)u (t)dt < (b—z)u(b) — (r — a)u(a).

Consequently

[m~wa+wwm»+/“WMt—mu@dt
<2z —(a+b)u(z)+ (b—2)u(d) — (r —a)u(a)
— (b— ) [u(®) —u(@)] + (& — a) [u(z) — u(a)

and a similar inequality fov.
Finally, let us observe that

(b—z)[u(b) —u(@)]+(z —a)fu(r) —u(a)
<max{b—z,x —a}u(b) —u(x)+u(x)—ua)
- |55 o ) - i
and a similar inequality fov.
Utilising these inequalities we deduce the last parf of| (A5).

As a particular case of interest, we can state the following midpoint inequality obtained in

3.

COROLLARY 3.5 (Dragomir, 20133]). With the assumptions of Theorgém|3.4 we have the
midpoint inequality

(3.10) ’h<a+b>@—a) Lmeﬁ

[ sqn( *% @ddm{[fwMt—a;%v@dtm

< S (b—a)[ud) —u(@)'" o (b) - v(a)]"".
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CHAPTER 7

Perturbed Ostrowski Type Inequalities

1. PERTURBED OSTROWSKI TYPE INEQUALITIES FOR FUNCTIONS OF BOUNDED
VARIATION

1.1. Some Identities.We start with the following identity that will play an important role
in the following:

LEMMA 1.1 (Dragomir, 201310])). Let f : [a,b] — C be a function of bounded variation
onla,bl andx € [a,b]. Then for any\; (x) and A, (x) complex numbers, we have

b—a/f
1 b

i [ —aar O -n @+ [ =06 - u@.

where the integrals in the right hand side are taken in the Riemann-Stieltjes sense.

(1.1) f(z)+

[(b— )\ (z) — (z —a)* M (z

2(b—a)

PROOF. Utilising the integration by parts formula in the Riemann-Stielties integral, we have
a2 [ e-adrn-ses
=<t—a)[f(t)—A1(x)tH””—/z[ £ ) = ()t at
— (@ —a)[f( /f ) dt + /\1 (2) (% — )
— @)@ - M@=~ [ FOd+ @) (@ - )
(z— a) /f ydt — 3 (x—a)’ A (2)

and

(1.3) / (t—b)d[f (1) — o (2)1]
’ b
— (D) [ (1)~ D (@) £]]" —/[ (1) — X () ] dt
—(b—2)[f( /f ) dt + AQ ) (87— o)
:(b—:p)f(x)—/ f(t)dt—(b—x)/\g(a:)a:+§)\2(x)(b — 2%
—(b-a)f@) - [ f@Odt 0= ).

145
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By adding the equalitie$ (1.2) ar[d ([L.3) and dividinghby a we get the desired representation
@.3).

COROLLARY 1.2. With the assumption in LemrallL.1, we have for &fy) € C that

(1.4) f(x)+(a;b—x))\(x)—bi&/abf(t)dt

— [t war O - A@d e [ -0l © - @1,

b—a -

We have the following midpoint representation:

COROLLARY 1.3. With the assumption in Lemrpall.1, we have for &ny\, € C that

(1.5) f(a;b) é(b_a)(AQ ) __/f
:bia/QQ(t_a)d[f(t)—)\lt]
+bia/agﬂ,(t—b)d[f(t)—AQt].

In particular, if \; = Ay = A, then we have the equality

a+b
N e el AL

— [ t-adr o -+

b
/M(t—b)d[f(t)—)\t].

—a

REMARK 1.1. If we take) (z) = 0 in (1.4) we recapture the Montgomery type identity
established ing].

1.2. Inequalities for Functions of Bounded Variation. The following lemma will be used
in the sequel and is of interest in itself as wdll p. 177]. For a simple proof see al&j.[

LEMMA 1.4. Letf, u : [a,b] — C. If fis continuous ofu, b] andw is of bounded variation
on[a, b], then the Riemann-Stieltjes integrﬁj f (t) du (t) exists and

t) du (t ‘ /|f |d< u)><t6m[a>b( |\/

We denote by : [a, b] — [a, b] the identity function, namely (¢) = ¢ for anyt € [a, ] .
We have the following result:

(1.7)
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THEOREML1.5 (Dragomir, 201310Q]). Letf : [a,b] — C be a function of bounded variation
on|a, bl andzx € [a, b] . Then for any\; (x) and A, (x) complex numbers, we have the inequality

(1.8) ‘f(:c)+2(b_a)[(b—x)Z)\g(x)—(:c—a L ( ——/f dt‘

<L /m<\/<f—xl<x>f>)dt+/ (\/<f—A2<x>é>)dt]

IN

Where\/ (g) denotes the total variation a@fon the intervalc, d] .

ProOF Taking the modulus irj (I11) and using the prop€rty|(1.7) we have

(1.9) ‘f(x)—i—ﬁ[(b—xf)\g(x)—(x—a A (7)] b_a/f dt’
<o | [ e-oaro-awe
+ | [ a-naro-nei
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Integrating by parts in the Riemann-Stieltjes integral, we have

/x(t—a)d(\/(f—kl(:c)@)

a

t
t—a\/f )\1

and

¢ b

-\ (f = (@

a

b t
o| + [ (\/ (f =% W)) it

x a

t

:/ (\/(f—)q(@f)) dt—(b—x)\/(f—)\g(x)f)

a

:/b <\/(f—)\2(3c)€)> dt.

T

Using (1.9) we deduce the first inequality jn (1.8).
We also have

/m (\/(f—Mx)f)) dt < (z—a)\/ (f = M () 0)

and

t

/b<\/(f—>\2( )E)dt< (b— ) \b/ (f = o (z

T

which prove the second inequality jn (L.8).
The last part is obvious

The following result holds:
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COROLLARY 1.6. Let f : [a,b] — C be a function of bounded variation dn, b and
x € |a,b] . Then for any\ () a complex number, we have the inequality

(1.10) 'f(m)+(a+b—x)/\(x)—bia f(t)dt‘
< /ax<\/<f—k(r)€))dt+/x (\!(f—M)@)dt]
< (:v—a)\/(f—A(w)€)+(b—x)V(f—A(x)f)]

IN

REMARK 1.2. Letf : [a,b] — C be a function of bounded variation ¢ b]. Then for any
A € C we have the inequalities

(1.11) ‘f (“+b>

<b1a[/f(§<f M)m/(gf o)

1b
§\a/f A0)

This is equivalent to

(1.12) ‘f<“+b> /f dt‘
<bla;2£{/f(v<f M)dH/m (Vf M) ]

2

1.3. Inequalities for Lipshitzian Functions. We can state the following result:
THEOREM 1.7 (Dragomir, 201310]). Let f : [a,b] — C be a bounded function da, b]

andx € (a,b). If A\; () and A, (z) are complex numbers and there exist the positive numbers
L, (z) and Ly (x) such thatf — A\, (x) ¢ is Lipschitzian with the constadt, (=) on the interval
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la, z] and f — Ay (x) £ is Lipschitzian with the constadt, («) on the intervalz, b , then

119 |1+ g [0 a) - G- n @] - 2 [ Foa

IA

PROOF It is known that, ifg : [c¢,d] — C is Riemann integrable and : [c,d] — Cis

Lipschitzian with the constart > 0, then the Riemann-Stieltjes integrﬁjg (t) du (t) exists
and

(1.14)

/cdgos)du(t)] <t [ ol

Taking the modulus ir] (I} 1) and using the propérty ([L.14) we have

’f(x)%—m [(b—x)Q)Q(iU)—(.CE—CL>2)\1(3§'):| —ﬁ/a f(t)dt‘

1

b—a

/:<t—a>d{f<t>—w>t]'

- /:(t_b)d[f(t)—)\z(x)t]'

<1 [Ll(x)/:(t—a)dt+L2<x)/:(b—t)dt}

Ly (z) (x —a)* 4 Lo (z) (b — 2)?
2(b—a)

:% [L1 ) (§:2)2+L2<x) (2:2)1 (b—a),

and the first inequality irf (1.13) is proved.
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By Holder’s inequality we have

1/q
) [EDT ()] T @) + @),
Sl p>1, i4i=

which proves, upon simple calculations, the last part of the inequility| (1a13).

COROLLARY 1.8. Let f : [a,b] — C be a bounded function oja,b] andz € (a,b). If
A (x) is a complex number and there exist the positive nunibr) such thatf — \ (z) ¢ is
Lipschitzian with the constarit (x) on the intervala, b], then

(1.15) ‘f(x)—l—(a;b—x)/\x _

() ~ =
< [1+ <x%b>2] L(z)(b—a).
|4 b—a

REMARK 1.3. If A is a complex number and there exist the positive nunibsuch that
f — M s Lipschitzian with the constart on the intervala, b], then

t) dt‘

(1.16) 'f(“b) /f dt’ }l(b—a).

1.4. Inequalities for Monotonic Functions. Now, the case of monotonic integrators is as
follows:

THEOREM 1.9 (Dragomir, 201310]). Let f : [a,b] — R be a bounded function da, b]
andz € (a,b). If \; () and X, (z) are real numbers such thgt — A\, (z) ¢ is monotonic
nondecreasing on the interval, x| and f — A\, (x) ¢ is monotonic nondecreasing on the interval

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA


http://ajmaa.org

152 S. S. IRAGOMIR

[z, 0], then
(1.17) ‘f(x)+2(bl_a)[(b—x)2/\2() (z —a)® \ ( b—a/f dt'
gbia[@x—a—b)f( )+/a sqn (t— o) f (£)dt
_%P\l(x)(x—a)Q—i—)\g()(b—x)}}
1
<

(310~ (@~ X (@) (= a) = A (@) (b~ )]
|7 (@) = L0 — 5 (@) (@ = @) 4+ Sha () (b= )

=2

([ X [f(0) = fla) =M (z) (z —a) = Xe (2) (b— )]

PROOF It is known that, ifg : [¢,d] — C is continuous and : [¢,d] — C is monotonic
nondecreasing, then the Riemann-Stieltjes inteﬁ@i (t) du (t) exists and

/Cdg(t)du(t)' S/Cd\g(t)ldu(t)

Taking the modulus ir] (1} 1) and using the propérty ([L.18) we have

(1.18)

e R R N e NCL

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA


http://ajmaa.org

OSTROWSKITYPE INEQUALITIES FORLEBESGUEINTEGRAL 153

Integrating by parts in the Riemann-Stieltjes integral we have
[ a=adiro -
— (=l O-N@- [ 7O~ @
~@-a)lf @) =M~ [ (0@
—w—a)f(@) =\ @)z (- a) / F (1) dt+ M () 2;“2
(z — a) /f dt——)\l ) (z — a)?

and
[ o-ndrw-xw
= -0 O - 8@+ [ 170~ @
/f )dt — Ao (x /tdt (b—2x)[f () — X (z) 2]
:/x P =2 (1) S (b— ) f(2)+ (b— 1) e (1) 2

2
~ [T 0d— -1 @) - 3r @) 6,

If we add these equalities, we get
/:(t—a)d[f() A1<>1+/b<b—t>d[f<t>—A2<x>ﬂ
(2 — a) /f dt——>\1 ) (2 — a)?
b [ s 0-05@) - P62
a0 @)+ [ snlt—a) fOa

a

_ % (M (2) (2 — a)” + Ao (2) (b— 2)]

and by [1.1P) we get the first inequality [n (1}17).
Now, sincef — \; (z) ¢ is monotonic nondecreasing on the interialz|, then

/w<t—a>d[f<t>—xl<a:>t]
< (@ —a)[f (@)~ M (#) 2 — f(a) + A (2)d]
— (e —a)[f (@)~ f (@)~ M () (= — )
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and, sincef — \, (z) ¢ is monotonic nondecreasing on the interab| , then also

df (t) = A2 (2) 1]

S (b=2)[f(0) = A2 (2) b= f (2) + Az () 2]
= (b=2)[f(b) = f(x) = A () (b— )]

These prove the second inequality[in (1.17).
The last part follows by the properties of maximum and the details are omatted.

N

COROLLARY 1.10. Let f : [a,b] — R be a bounded function oja, b] andz € (a,b) . If
A (x) is a real number such thgt — \ (z) ¢ is monotonic nondecreasing on the inter{@lb],
then

(1.20) ‘f(x)+(a;b—x)A(x)—bia/abf(t)dt‘

| (@) = 22O 0y (@) (22— a - b))

IA

([ X [f(0) = fla) = A(x) (b—a)].

REMARK 1.4. If X is a real number such thgt— A/ is monotonic nondecreasing on the
interval[a, b], then

(1.21) ‘f(“b) b_a/f dt‘
gLaUabsgn(t—a;b)f(t)dt—}lw—a)?

[f (0) = fa) = A(b—a)].
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2. SOME PERTURBED OSTROWSKI| TYPE INEQUALITIES FOR ABSOLUTELY
CONTINUOUS FUNCTIONS

2.1. Some Identities.We start with the following identity that will play an important role
in the following:

LEMMA 2.1 (Dragomir, 20137]). Let f : [a,b] — C be an absolutely continuous ¢m 0]
andz € [a, b] . Then for any\; (z) and A\, () complex numbers, we have

@) @+ 5 (- N - 0N

[ ol @-n@la s [ nlr o - uE)d

—Qa =

where the integrals in the right hand side are taken in the Lebesgue sense.

PROOF Utilising the integration by parts formula in the Lebesgue integral, we have
@2 [ -alr©-n@
:u—amﬂw—Amwﬂﬁ—/ﬂfm—Amwﬂﬁ
—(w—a)[f (@) /f £ dt + Al(x)(x ~ &)
=(x—a)f(x)=—N(x)z(xr—a) /f dt—i—é)\l()(x —a)
— (z—a) /f dt——x—a) M (@)

and

2.3) é%%wﬂfw—kﬂwwt
— (t—b)[f (1) - <HP—/T<> Ao (@) 1) dt
— (b—2)[f (2) /f ) di + )\2 (2) (17 — o)
=w—mf@»1£f@ﬁﬂ—w—mxx@x+5&@mw_xa

b
1
= (b—x)f(:v)—/ f(t)dt+§(b—x)2)\2(:v).
If we add the identitieg (2] 2) and (2.3) and dividelbya we deduce the desired identity (2.1).
COROLLARY 2.2. With the assumption in Lemra .1, we have for &fy) € C that

(2.4) f(x)+(a;b—x)A(x)—bia/abf(t)dt

x b
:b—a/ (t—a)[f/(t) )\( )]dt—l—b% (t_b)[f/(t)—)\(ﬂf)]dt
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REMARK 2.1. If we take) (z) = 0 in (2.4), then we get Montgomery’s identity for ab-
solutely continuous functions, i.e.

(2.5) /(@) - — / £ (t) dt
1

b—a

- (t—a)f’(t)dteria/x (t =) (1) dt.

for z € [a, b)].
We have the following midpoint representation:

COROLLARY 2.3. With the assumption in LemrpaR.1, we have for &any\, € C that

b
(2.6) f<a—2kb)+é(b_a)(>\2_A1)—bia/af(t)dt

a+b
2

b
:bia/a (t_a)[f/(t)—M]dt#—bia/a;b(t—b)[f’(t)_)\Q]dt.

In particular, if \; = Ay = A, then we have the equality

b
2.7) f(a;b)—bia/f(odt

a+b
2

:bia/a (t—a)[f'(t)—A]dteria/agb(t—b)[f’(t)—)\]dt_

REMARK 2.2. The identity[(2]1) has many particular cases of interest.
If we assume that the derivativg$ (a), f* (b) andf’ (x) exist and are finite, then by taking

A1 (x):f,+ (a);rf’ () and)\, (x)——f,(x);f, )
in (2.1) we get
(2.8) rg (o) -2 [ 1o
1 (0= )~ = £ (0)
:bia/x(t—a) [f/(t)_fi(a);f'@)]dt
+ﬁ (t—b)[f’(t)——f,(x);f/<b>]dt.
In particular, we have
(2.9) f(a;b)+%<b—a) [ (b) - ;(a)}—bia/f(wdt
“T“J "(a ! (a+b
:bia/ (t —a) [f’(t)—f+( )+2f (%3 )]dt

s [y [f’(t>—f'(a7+b);f'-(b)]dt.
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2.2. Inequalities for Bounded Derivatives.Now, for v,I' € C and|a,b] an interval of
real numbers, define the sets of complex-valued functions

U[a,b] (77 F)
= {f : [a,b] — C|Re [(F —f() (W—Vﬂ > ( for almost every € |a, b]}
and

_o+T

INTICAVES {f [a, 0] — C| ‘f(t) 5| < %|F — 4| fora.e.t € [a, b]}.

The following representation result may be stated.

PROPOSITION2.4 (Dragomir, 20137]). Forany~,I" € C, v # T, we have that/, ; (7, T)
and A[a,b] (v,T') are nonempty, convex and closed sets and

(210) U[a7b] (77 F) = A[a,b] (77 F) .
PROOF We observe that for any € C we have the equivalence

'z—g‘ S%lf—ﬂ
if and only if

Re[(T —z) (z — )] > 0.
This follows by the equality

2

SN Re(T -2 (z—9)

1 2
ZIr— _ LT
2T =l 'z 5

that holds for any € C.
The equality[(2.10) is thus a simple consequence of this fact.

On making use of the complex numbers field properties we can also state that:

COROLLARY 2.5. Forany~, I € C, v # I',we have that

(211) Uy (1) ={f : [a,0] = C| (ReI' = Re f (t)) (Re f (t) — Re)
+(ImT —Im f (t)) (Im f (t) — Imv) > 0 for a.e.t € [a,b]}.

Now, if we assume thaRe (I') > Re(v) andIm (I') > Im(y), then we can define the
following set of functions as well:

(212) S[a,b] ('%F) = {f : [CL?b] —C ‘ Re (F) > Ref (t) > Re (7)
andIm (") > Im f (¢) > Im (v) fora.e.t € [a,b]}.

One can easily observe théi, ;) (v,T') is closed, convex and

(213) @ 7é 5([ob,b] (’ya P) - U[a,b] (7a F) .

THEOREM 2.6 (Dragomir, 20131]). Let f : [a,b] — C be an absolutely continuous on
la,b] andz € (a,b) . Suppose that;, I'; € Cwithy; # I';,;i = 1,2and f' € Up 4 (71,11) N
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Ulep) (72, T'2), then we have

(2.14) ‘f(:c)—bia/abf(t)dt
+m[(b—x>2¥—(x—a>2¥}
i[m ol (328) +irs - m(b‘ijﬂ(b—a)
<(b-a)

1 p—ath 2

b (52) | max{ITy = ], T2 =}
z—a2P b—x\ 2P 1/p q q11/q

X (=)™ + (55 [Ty = 7| 4 Ty — 5]

x_i

|3+ 5| Im =l + 1T = 7).

PROOF. Sincef’ € Ua.a (71,11) N Uw) (72, I2) , then by taking the modulus ifi (2.1) for
A (r) = 2 and ), (2) = 22572 we get

ot o

ng/:of— )[ro- "5

+ﬁ/zb(t—b){f’(t) 2;”]&\

<5 | t-alre -2
1

b
+ 7
t—Db) | (t 2 dt
el Ul
1 |F1—71| * 1 |F2—72| b
t dt b—1t)dt
~—b—a 2 ( a) +b—a 2 ( )

and the first inequality ir (2.14) is proved.
The last part follows by Holder’s inequality

mn +pg < (m* +p*)"* (n® +¢%) "7,

wherem, n,p,q > 0 anda > 1 with - + 5 = 1.
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COROLLARY 2.7. Let f : [a,b] — C be an absolutely continuous om b] andx € (a,b) .

Suppose that,I' € Cwithy # ', and f' € Uy, (7, T), then we have

(2.15) ’f(x)+(“;b—x>¥——/f dt'

<2 Ir =] [} (i‘f) ] (b—a).

In particular, we have

(2.16) ‘f(a+b>——/f dt' é]F—’y!(b—a).

REMARK 2.3. If the derivativef’ : [a,b] — R is bounded above and below, that is, there
exists the constant® > m such that

—oco<m< f'(t) < M < o fora.e.t € [a,b],
then we recapture from (2.[L5) the inequal®y |

a m b
ro () - [ roa

S%(M—m) [i—l— (xb__a?> ] (b—a).

REMARK 2.4. Letf : [a,b] — C be an absolutely continuous dm, b] . Suppose that

v, T € Cwithy, # Ty, i =1,2andf’ € U[a’%b] (v4,T1) N U[a%b’b] (79, '2), then we have
from (2.14) that

a+b 1 b 1 Lo+, Ti+m
27 \f( ) - [ ra Lo (e L))

= 16 HFI Yl + Ty =yl (b —a).

2.3. Inequalities for Derivatives of Bounded Variation. Assume that the functiorf :

I — Cis differentiable on the interior of, denotedi’, and[a, b] C I.Then, as in8), we have
the equality

(2.18) f(x)+%(a;b—w> b—a/f

1 2 g
F e [0 - - (@)

- o o - HOH O g
v [ lro - HE g

2
foranyz € [a,b)].
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THEOREM 2.8 (Dragomir, 20131]) Let f : I — C be a differentiable function oh and
[a,b] C I.fthe derivativef’ : I — C is of bounded variation ofu, b] , then

(2.19) ‘ /f (Hb as) f (x)

TG [0 0 - @)

~11/¢q

foranyz € [a,b].

PrROOF Taking the modulus irj (2.18) we have

(2.20) '

(a+b x) (@)

- (b — [(b — o)’ ' (0) = (x = a)° £ (a)]
<o |[e-olro- TGOy
| [a-n [ - L2 L0,
< [ a-alro- T
tt [ oo - L0y
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Sincef’ : I — C is of bounded variation ofu, z] and[z, ] , then

() — /! (a);rf’ () /@) = f (a);rf’ (t) — f" (=)

177 (@&) = (@) + [ (&) = £ ()]

IN

IA

N~ N~
m<a

—

s

—

for anyt € [a, z] and, similarly,

rin - FOEEO < v
foranyt € [x,b].
Then
/x(t—a) f’(t)—f(>;rf/( Nar < %\/(f’)/x(t—a)dt
1 N
= eV
and

[0

/:13 1 b b
’(t)—wldt < %\/(f/)/ (b—t)dt

and by (2.2D) we get the desired inequality (2.19).
The last part follows by Hoélder’s inequality

mn +pg < (m* +p)"* (n® +¢%) "7
wherem, n,p,q > 0 anda > 1 with - + 5 = 1.

COROLLARY 2.9. Let f : I — C be a differentiable function of and [a,b] C I. If the
derivativef’ : I — C is of bounded variation ofu, b] , then

(2.21) ’f(“b)— ! /bf<t>dt+1—16<b—a>[f’<b>—f'<a>]

1 b
—6b—a\a/
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REMARK 2.5. Ifp € (a,b) is a median point in bounded variation for the derivative, i.e.
b

p
\/ (f) =\/ (), then under the assumptions of TheoH 2.8, we have

p

(2.22) Vu»— oy (30 -r) 1w
+4(b1_ [0-p 1 - 6-a) f’(a)]‘

2.4. Inequalities for Lipschitzian Derivatives. We say thav : [a, b] — C is Lipschitzian
with the constanL > 0, if it satisfies the condition

lv(t) —v(s)| < L|t—s| foranyt,s € [a,b].
THEOREM2.10 (Dragomir, 20137)). Let f : I — C be a differentiable function ohand

[a,b] C I. Letz € (a,b). If the derivativef’ : I — C is Lipschitzian with the constart; (z)
on|a,z] and constanK2 (x) on[x,b], then

f(x)—ﬁff(t)dt%(“;b—x) ()

e 0= 0 - - o ()

< [(2:2)3K1@)+(2:Z)3K§u4(b_af

(2.23)

+

| [+ 52 )] 150 @)+ e ).

PROOF. Sincef’ : I — C is Lipschitzian with the constant, (z) on [a, 2] and constant
K, (x)on|x,b], then

P~ L@@ PO S0 o)
< IO~ F @17 @)~ 7 O
< Ky (@) [t~ al + |z — 1]
= K@) ()
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for anyt € [a, 2] and, similarly,

rio- FOTEON < Sra@lie-al+ -l
= %Kg(x)(b—x)
foranyt € [x,b].
Then
/(t—a) f’(t)-M it < %Kl(x)(x—a)/ (t—a) dt
1 3
= g(l‘—a) K (2)
and
b v / b
/(b—t) f’(t)—w‘dt < %Kg(sv)(b—x)/ (b—t)dt

= é(b—x)gKQ(x).

Making use of the inequality (2.20) we deduce the first bounfd in {2.23).
The second part is obvious.

COROLLARY 2.11. Let f : I — C be a differentiable function oh and [a, b] C I. If the
derivativef’ : I — C is Lipschitzian with the constatt on [a, b] then

(2.24) ‘f(m)—ﬁ/ f(t)dt+%(a;b—x>f’(:r)
1 2 pr 2 pr
by 0= 2P0 - =0 (0]

< % [(”Z:Z)gjt (2:2)1 K (b— a)’
foranyx € [a, b] .

In particular, we have

ez |r(50)+ ge-alro-r@l- g [0
< iK(b—oc)2.

- 32

3. OTHER PERTURBED OSTROWSKI TYPE INEQUALITIES FOR ABSOLUTELY
CONTINUOUS FUNCTION

3.1. Inequalities for Derivatives of Bounded Variation. Assume that the functiorf :
I — C is differentiable on the interior of, denoted/, and[a,b] C I. Then, we have the
equality B]

OO e e BT

_— /x<t—a>[f'<t>—f'<as>1dt+# (t =B (1) — f' () dt

b—a b—a J,
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foranyz € [a,b)].
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We have the following result:

THEOREM3.1 (Dragomir, 20138_]) Let f : I — C be a differentiable function oh and
[a,b] C 1. If the derivativef’ : ] — C is of bounded variation ofu, 5] , then

(3.2)

+(a;b—x)f()————

<5 b-a)
( wib 2 b T b
L+ (52) } [%\/(f’)+% \/(f’)—\/(f’)] ,
, 211/p z q b g 1/q
e e ”v o'+ \/(f’)]
p>11+1=1, ’ ’
a+b b
L+ Vo,
foranyx € [a, b] .
PrROOF. Taking the modulus irj (3/1) we have
a+b , 1 b
(3.3) f(a:>+( : —x)f()—Ta/af@)dt‘

Since the derivativg’ : I — C is of bounded variation ofu,

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017

<[ u-aro-rw
b
+bia/x(t_b)[f,(t)—f'(x)]dt‘
Sbia/a (t—a)[f' () = f (x)|dt
+_5{%_' (b—t) [/ (t) = f' ()] dL.

x] andlz, b] , then

x

() = S (@) <\ (f) fort € [a,2]

t

AIJMAA
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and
70— F @IV () fort€ o],
Therefore x
[e=alro-roia < e\
< Le-arV
and a

[o-nro-rwa < [e-0V e

< —(b—:z:)2

which, by [3.8) produce the first two inequalities|in {3.2).
The last part follows by Holder’s inequality

mn + pqg < (m*® +p°‘)1/°‘ (nﬁ + qﬁ)l/ﬁ
wherem, n,p,q > 0 anda > 1 with - + 5 = 1.

COROLLARY 3.2. With the assumptions of Theorem|3.1, we have

(3.4) 'f (“b)— ! /bf(t)dt’

1 X3 b !
< _ _
_b—a/a (t a\/ dt+/a;bb t\/

t
2

b

(b—a) \/

a

Ool»—l

REMARK 3.1. Ifp € (a,b) is a median point in bounded variation for the derivative, i.e.
b

p
\/ (f) =\/ (), then under the assumptions of TheoH 3.1 we have

p

35) s+ (S -0) r o - [ rod
gbia[/jt_aQ s [ 6-0Vr)a ]

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA


http://ajmaa.org

166 S. S. IRAGOMIR

3.2. Inequalities for Lipschitzian Derivatives. We start with the following result.

THEOREM 3.3 (Dragomir, 20138]). Let f : I — C be a differentiable function oh and
la,0] C I. Letz € (a,b). If a; > —1 andL,, > 0 withi = 1,2 are such that

(3.6) I (t) — f' (2)] < Lg, (x —t)** foranyt € [a, )
and
3.7) [f' () = f* ()| < La, (t — x)™ foranyt € (x,0],

then we have

b 1
@o)  |r@+ (G -a)r@- g, [ 1o
< 1 { Lo,
“b—a|(a1+1) (a1 +2)
PrROOF. Taking the modulus irj (3/1) we have

o142 Laz ap+2
= T (@t Y ] '

a+b_

(3.9) V@»+( ! :Qf%w—gézlfﬂwﬁ
< [ e-alrO-re

“a ),
1 ’ ! /
e Rt IRCEFACIE?
Using the propertie$ (3.6) and (B.7) we have
[ t-alr@-r@ld<t, [ ¢-o@-omd

1
_ Loq o ya1t2 . ald
(x —a) /Ou(l w)™ du

1
= Lo, (z—a)™ ™ [ u™ (1—u)d
(x —a) /Ou (1 —u)du
1 @1+2

— CEDICED) Lo, (x —a)

and

L/@—ﬂW@%#%MﬁSLm/GHﬂ@—@”ﬁ

1
= Loy (b— )",
(s + 1) (ag +2) 2 (b= )

Utilising (3-9) we get the desired result (B.4).

COROLLARY 3.4. Let f : I — C be a differentiable function oh and [a,b] C I. If the
derivative isf’ of - H-Holder type ona, b] , i.e. we have the condition

1f (&) = f () < H It — s
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for anyt, s € [a,b], wherer € (0,1] and H > 0 are given, then

(3.10) s+ (S -a) o [ 1o

2
r+42 r+42
r—a b—x il
G=2) + (=) ](b @
foranyx € [a, b] .

In particular, if f’is Lipschitzian with the constart > 0, then

(3.11) ‘f(w>+ (‘“f—x) f’(x)—ﬁ/:f(t)dt’

(=) s (=) oo

3.3. Inequalities for Differentiable Convex Functions. The case of convex functions is
as follows:

< H
“(r+1)(r+2)

1
=L
6

foranyz € [a,b].

~ THEOREM3.5 (Dragomir, 20138]). Letf : I — C be a differentiable convex function on
Iand[a,b] C I. Then for anyr € [a, b] we have

]1(1’)
(3.12) Oéﬁ/ f(t)dt—f(x)_<a—2{-b_x)f/(x)§ I (2)
[3(.T)
where
I (z) = (b—x)f(bz))—_i—ix—a)f(a)_f(x)_Qf,@)(a—gb_x)’
IQ(x):—%f/(b)(b_x)b:f(a)(ﬁ—a) —f,(lf)(a;—b—x)
and
s (@) :Z%{f(b)(b_xéfi(a)(x_@—f(xﬂ—f'<x> (a;b—x)

PROOF We have the equality

1) ;[ roa-iw- (5 -) rw

—52 | ol @l

—a

/ (b—1)[f () - f ()] dt

foranyz € [a,b)].
Sincef is a differentiable convex function oh then f’ is monotonic nondecreasing dn
and then

/w(t—a)[f’(x)—f’(t)]dtzo
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and )
/@—ﬂvﬁ%ﬁﬂmﬁza

which proves the first inequality in (3.]12).
We have

/:(t—a)[f’(x) ) dt < ( x—a/a

(z—a)[f () (x —a) = f(z) + [ (a)]

/b(b—t)[f’(t) Yt < (b— s /b
=b-2)[f) = f(z) = f(z)(b—2)].

and

Adding these inequalities we get
b

/wu—@wmw—funﬁ+/"w—wuww—f@ﬂﬁ

<(@-a)[f(z)(x—a)— f(z)+ f(a)

+(b—2)[f ()= f(z) = () (b—2)]

=(—2)f(b)+(x—a)f(a) = (b—a)f ()
+ f'(z)[22 — (a+ b)] (b —a)

and by [(3.1B) we get the second inequality fofz) .
We also have

T

/m t—a)[f'(z) = f@ldt< [ (t—a)[f (z) = [ (a)]dt

N S~

[f" (@) = (@) (z — a)®

and
b

b
/ O=t)[f ()= f@ldt< [ b=t)[f(b) = f (x)]dt

N = S—

/" (0) = f" (@)] (b —2)*.

Adding these inequalities we get
b

[ e-ar@-raas [ e-olro-r e

T

< S @) = £ @) (= @) 5 1 0) @) b o)
/B (b —2)* = ' (@) (0 = )" + f () (b= a) [20 — (a+ )]

1
"2
and by [(3.1B) we get the second inequality fofz) .
Further, we use th€ebysSev inequality for asynchronous functions (functions of opposite
monotonicity), namely

1

d—c/c g(t)h(t)dtédic/c g(t)dt-ﬁ/c h(t)dt
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Therefore
xia/m(t_a)[f'(l‘)—f/(t)]dt
< [ e-oan 2 [r@-ro
_(@—a)® f(@)(@—a)—f()+[(a)
2(z —a) Tr—a
L @) 0~ F (@) + £ ()]
and
1

< [o-na i o -
(-2’ fO) = f@)— [ (z)(b—2)

- 2(b—ux) b—uz
= S0~ F @)~ f (@) b))
Adding these inequalities, we have
= [ ar@-roas o0 (@) d
@) (@ —a) - f(2) + f(a)](z —a)
-9 b—a
+1[f(b)—f(fc)—f’(fv)(b—x)](b—x)
2 b—a
1 /
= s5p—g I @@ -0~ F@)+f @)@ o)
1 !
+m[[f(b)—f(fﬂ)—f(x)(b—:v)](b—x)]
1[f(b)(b—x)+ f(a) (z — a) , a+b
-5 =r s+ (-7

which proves the inequality faf; (z) . &
REMARK 3.2. From the first inequality in (3.112) we have

(3.14) —/f dt< (b-2)f <b[>)_2x_a)f(a)—f’(x)<a7—i_b—x)

foranyz € [a,b)].
From the second inequality ip (3]12) we have

(3.15) _/f <1 f’()(b—x)b:él(a)(x—a)

foranyz € [a,b)].
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From the third inequality i (3.12) we have

(3.16) b%/ f(t)dtgé{f(z))(b_xétz(a)(x_a)+f($)

foranyz € [a,b].

3.4. Inequalities for Absolutely Continuous Derivatives.We use thd_ebesgue-norms
defined as follows:

d 1/p
9]y = ( [lseor dt) gelfed, p>1

and

||g||[c,d},oo = es8 Sl[l%} |g (S)| , g € Loo [Ca d] :
s€c,

The case of absolutely continuous derivatives is as follows:

THEOREM 3.6 (Dragomir, 2013§]). Let f : I — C be a differentiable function oh and
[a,b] C I.If the derivativef’ is absolutely continuous qn b], then for anyx € [a, b]

(3.17) ‘f(x)—i—(a;—b—x) /f dt’

( % (l’ - a)S ||f//||[a7a:],oo )

1 1 2
. Ta (@ —a) S Vil

2
L 3@ =) 1 -

la,z],p

( 3
5 (0= 1"l g0

1 1/q+2
52 @ O 1 e,

[ 50— 11 gy
wherep > 1, + 1 = 1.
PrROOF Taking the modulus irj (3] 1) we have

1 b a+b ,
(3.18) 'f(x)—b—/ Fod (S5 o) £

—a J, 2

b
1
/ t—a/\f” |d8+—/ b—t/]f” )| ds.
b—a

1 ‘ / 1 / !
< /(t—a)|f (1) = @lde+ = [ b=0)1F () = f' ) e
—_— (t—a
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Using Holder's integral inequality we have for> 1, L + 1 = 1,
Jo (t=a) (@ =) 1"l 00 A
JACERY RIS e R T
Jo = a) [ "0

-~

10 Ju (&= a) (@ — 1) dt

IN

1 gy i (8= @) (= 1)/ dt
\ ||f//||[a,x],1 f; (t—a)dt
( % (z — a)3 ||f”||[a,x],oo

= 3 e =0

(g+1)(q+2) [a,z],p

2
\ % ('I - a) ||f//||[a,a:]71
and, similarly

(2 (0=2)" 1"l g p).00

b t
Jo=0 [ 1 ©las <3 Gaem 0= 0" 1,

2
L2 O=2) 1" e

Utilizing the inequality [(3.1B) we get the desired result (3. 47).

REMARK 3.3. Since

1 1
5 @ = 1 Mgy + 5 =20 17 Ny e

]‘ " "
< < l@= 0+ 0= max {1 e 17 i
=0 [ =)~ =) b= 2)+ (0= 2] 1 oo
then by [3.1]7) we get
a b
(3.19) ro+ (S -a) r@ - [
1 T —a T —a b—x b—a2\2
SE (b—a) (b—a) (b—a>+<b—a)]
(6= )" 17" e

foranyz € [a,b)].
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Since
1 2 2
(z —a)V/"* 1" gy + (0= x) ! 1" 1.0
2q+1 2¢+111/4 1/p
< [ =a ™+ 6= 11+ 17 V]

[ = @)™ 4 (b= &))"y

then by (3.1]7) we get

(3.20) ‘f<x>+(a;b—x) f’(m)—ﬁff(t)dt
2g+1 o\ 2+ 1/q
= (q+1)q<q+2> (Zij) +<Z—a) ]

x (b—a) T,

a,bl,p

foranyz € [a,b)].
Since

(@ =) 1" lays + O =2 1 i
<max {(z —a)’,(b—2)*} |:||f”||[a,x],1 + “f”H[ac,b],l]

a+b|1% .,
1 Nt

xr —

= B(b—a)+

then by [3.1]7) we get

s+ (S -a) rw- s [ o

1 1 a+b
< — | =
=5 2+

T

b —

2
] (b—a) ||f”||[a,b},1

foranyz € [a,b)].

4. MORE PERTURBED OSTROWSKI TYPE INEQUALITIES FOR ABSOLUTELY
CONTINUOUS FUNCTIONS

4.1. Inequalities for Derivatives of Bounded Variation. Assume that the functiorf :
I — C is differentiable on the interior of, denoted/, and[a,b] C I. Then, we have the
equality

1 b

@.1)  f(2)+ —

a

foranyz € [a,b)].
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In particular, forz = “t2, we have

a b
@2) F(*50) +s0-aro-rw- ;= [ 1o
=t IO
b [ -0l - ol

THEOREM4.1. Let f : I — C be a differentiable function o and [a,b] C 1. If the
derivativef’ : I — C is of bounded variation ofu, b] , then for anyz € [a, 0]

49 1@ gy (00 0 - - o s @] - s [ roa

[z t b b
Sbia_/a (t‘“)\a/(f’)d”/x <b—t>\/<f’>dt]

1 1 _
wherep>1,5+5—1.

PrRoOOF. Taking the modulus irj (4,1) we have

b
(6= 0~ =07 @) - 2 [ roa

(4.4) ‘f(x) 30 =a

< b%/ (t—a)|f (1) — f (@)l dt + b%/ (b—1)|f (b) — f (1) dt.

foranyz € [a,b)].
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Since the derivativg’ : I — C is of bounded variation ofu, b] , then

(1) = f (@) < \/ () foranyt € [a, 2]

and
70 - )] < \i/(f’) for any [, .
Therefore
/:(t—a)lf’(t)—f’(a)ldté/:(t—a)\t/(f’)dt
and

b

b b
/(b—t)|f’(b)—f’(t)|dt§/ (b—1)\/ () dt

foranyz € [a,b].
Adding these two inequalities and dividing by- a we get the first inequality i} (4.3).
Using Holder’s integral inequality we have

;

V() 7t -aydt,

x t ¢ p 1/p
[ eV (7 e-ara (ff (W')) dt) |
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and
Lo—2\ (1),
. , b D 1/p
/x(b—t)\t/(f/)dtﬁ i (=) (ff <\x/<f')> dt) )
(b—z) [ (\/<f’>) dt
|

REMARK 4.1. From the first branch if (4.3) we have the sequence of inequalities

48 |1+ gy (00 0 - -0l r @] - s [ roa

b—a

11/4q

foranyz € [a,b)].
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From the second branch in (4.3) we have

e |1 b—_)[<b—x>2f'<b>—<x—a2f'<a>}—ﬁ [ rwa

+(Z:§)1ﬂﬂ<m<\j/ ) t) } o
e ) (2

[/ <\/(f )> dt+/ | (?(f)> I 1/p(b_aﬂ/q
e[ 2)+ (22

b pq1/p
X [(x—a) (\/(f)) +(b—2) (\/(f’))] (b—a)'1

a x

foranyz € [a,b]andp > 1,7 + 1 = 1.
From the third branch in (4.3) we have

4.7) ‘fx+b;_a)[<b—x)2f() (- a) ' (a) b_a/f dt‘

IA
X
1
1
Pt
8
—/ +
m<~
~
~
jo
~
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foranyz € [a,b] andp > 1,1 + 1 = 1.

 REMARK 4.2. We observe that, if we take = 3 in (4.5) then we get the perturbed
midpoint inequality

2

gbia[/a (t—a>\a/(f’)dt+Lb(b—t)\/(f’>dt]

@8) () ge-or - s [0

2 t

<

(b—a)\/ (/).

co| —

4.2. Inequalities for Lipschitzian Derivatives. We start with the following result.

THEOREM4.2. Let f : I — C be a differentiable function ofi and [a,b] C I. Letz €
(a,b).If a; > —1andL,, > 0 withi = 1,2 are such that

(4.9) I () — [ (a)] < Ly, (t —a)** foranyt € [a,z)
and
(4.10) F/(8) ~ ()] < Ly (b— 1) foranyt € (1],

then we have

b
@) @ g [0 0P 0 - et @) - 2, [T
1 La1 a1+2 La2 ag+2
Sb_a{aﬁg(‘““) T2l }

PrROOF Using the conditiong (4/9) and (4]10) we have

1 2 9 1 b
\f<w>+2(b_a) [(b—2)* ' (b) — (x — a)* f <“>]—b_a/ f(t)dt‘
1 x 1 b
Sy—al (t=a)If'(t) = f (@) dt + -— i (b—t)|f (b) — f' ()| dt
r b
SﬁLm/a (t—a)‘““dt+—biaLa2/x (b—t)** dt
B 1 (J,’ o a)al-i-? 1 (b _ x)a2+2
_b—CL a1 Oél—|—2 b—a a9 062+2
1 [ L aitz Loy ot
:b—a{a1+2(x_a> i Gt }

and the inequality (4.11) is obtainesl.

COROLLARY 4.3. Let f : I — C be a differentiable function o and[a, ] C I. If the
derivative isf’ of - H-Holder type ona, 0] , i.e. we have the condition

1f (&) = f () < H It — s
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for anyt, s € [a,b], wherer € (0,1] and H > 0 are given, then

@12) |7+ 5 (0= ) - -0 (o)) -

r+2 r42
r—a b—x il
(=2 =) oo
foranyz € [a,b].

In particular, if " is Lipschitzian with the constarit > 0, then

@1 7@ g - 0 - - )

z—a\® b—z\*

- - 2

(=) +(5=2) oo

REMARK 4.3. With the assumptions of Corolldry #.3 we have the midpoint inequality

b\ 1 I
ar () 0o e - @k, [ 1o
H r+1
< T (b—a) .
Ifif f”is Lipschitzian with the constarit > 0, then

(4.15) () ge-aro-r@- 2 [0

1 2
<~ L(b—a)?.
< pLlb—a)

4.3. Inequalities for Differentiable Functions with the Property (S). Let f : I — C be
a differentiable convex function chand|a,b] C I. Then f’ is monotonic nondecreasing and
by the equality[(4]1) we have

b
- [(b—x)2f'(b)—(m—a)Zf/(a)}—bia/ f@)dt>0

i

H
T r+2

—bia/abf(t)dt'

<

1
-L
3

foranyz € [a, b].

(4.16) f(z)+

or, equivalently
_
2(b—a)
foranyx € [a, b] .

We observe that the inequaliti¢s (4.16) gnd (4.17) remain valid for the larger class of differ-
entiable functiong that that satisfy theroperty(.S) on the intervala, b] , namely
(S) fla) < f(t) < f'(b)

for anyt € [a,b].

(4.17)

[(b—2)" ' (b) = (z —a)" ' (@)] 2 t)dt —

THEOREM4.4. Let f : I — C be a differentiable function ohand|a, b] C 1.
(i) Letx € [a, 0] . If f satisfies the propert§S) on the intervala, z] and|[z, b] , then

(4.18) f@@(“;b )__b_ /‘f £)dt — f
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(ii) If f satisfies the property|(S) on the inter\y@,Ib] then for anyz € [a, b

19 IUTET RS (UL R

< s [0 £ 0) = ' (a)].

PROOF (i) Sincef satisfies the property5) on the intervala, 2| and|z, b], then

P+ g [6-07 70 - =0 p @] - [ s
_ 1 ’ ' d L bb b "(t)]d
e [l O - r @l [0l o) - F e
<5 [ tmalr@-raas = [fo-0lr e - e
:—f/(xz:j:/(a)/:(t—a)dtJr—f/(bl)):f@)/:(b—t)dt
F@-T) @maf S-S (b

b—a 2 b—a 2
~ 5= @ = @) = + (7 ()= (@) 0=

1 2 L 2 , a+b
— s (0= O~ - @] - £ (5 ),

which proves the inequality (4.]18).
(i) If f satisfies the propertyS) on the intervala, b] , then for anyx € [a, b

[ aro-r@as s [o- (0L
g‘z:;‘/:[f'(t)—f (a )]dt+l; ‘Z/ [f"(0) = /()] dt

= @) ()~ (@~ (@) (o - a)

iy (=) [ (0) (b —2) = f (b) + f (2)]
:biaU@Mx—@—fWMx—w—fWﬂ@—aﬂ
+bia[f/(b)(b—x)g—f(b)(b—x)Jrf(fU)(b—x)}

= SOV =2~ (a) (z— )~ f (a) (x—a) ~ F () (b— )
+f (@) (b—a)}
:f’(b)(b—x)z:é’(a)(x—a)2_I_f(x>_f(a)(I—ab):LC{(b)(b—x)’

which proves the inequality (4.]L9.

REMARK 4.4. The inequality[(4.18) was obtained for the case of convex functior] in [
while (4.19) was established for convex functionsdhwith different proofs.
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Further, we use th€ebysev inequality for synchronous functions (functions with same

monotonicity), namely

d
[ owna

(4.20)

d 1 d
Hdt - —— h(t)dt
(t) d_c/c

THEOREM4.5. Let f : I — C be a differentiable function of and [a,b] C I. Letz €
la,b] . If fis convex on the intervah, =] and [z, b] , then

7]
(@) (z = a)

—x b
I L e Pl UL
PROOF. We have
@22) [ @)+ g (6= 7 () = =) (0)] -
[ ol -s @ [ o-0lre - o

foranyz € [a,b]. 3
Since f’ is monotonic nondecreasing @n x|, then byCebySev inequalit2) we have

[a-oro-r@a = L [e-aw [[1o-7@a
= LE-a)[f @)~ f@)~ (@) (- a)
= @@ —a)~ (@)@ —a)~ f (a) (x—a)]
and, by the same inequality,
/:(b—t)[f'(b)—f'(t)]dt > bix/:w—t)dt-/:[f'(b)—f’(t)]dt
_ %(b—x)[f’(b)(b—x)—f(b)+f($)]
_ %[f’(b)(b—a:)2—f(b)(b—$)+f($)(b_37ﬂ-

If we add these two inequalities, then we get

T b
/ (t—a) [ (t) — f' (o) dit + / (b—1)[f () — ()] dt

> L[ @) (0= a) ~ £ (a) (2~ @) f (a) (2 — )]

+%[f'(b)(b—x)Q—f(b)(b—x)+f(x)(b—x)}

= S [0= 2 F (0~ (o~ F @] + 3 f (1) (b~ )
1

U@ @=a)+ () -2
Dividing by b — a and utilizing the equality (4.22) we deduce the inequality (4.31).

REMARK 4.5. If the function is convex on the whole interValb], then the inequality (4.21)
is true for anyz € [a, b] .
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CHAPTER 8

Companions of Ostrowski’s Inequality

1. A COMPANION OF OSTROWSKI INEQUALITY FOR FUNCTIONS OF BOUNDED
VARIATION

1.1. Introduction. In [13], Guessab and Schmeisser have proved among others, the fol-
lowing companion of Ostrowski’s inequality.

THEOREM 1.1 (Guessab & Schmeisser, 2002]). Let f : [a,b] — R be such that
(1.1) [f(t) = f(s)| < H[t—s|", foranyt,s € [a,l]

with k& € (0,1], i.e., f € Lipy (k). Then, for each € [a, 2] , we have the inequality

X a — X b
(1.2) ]f( Jrrtart )—bfa/f@)dt‘

kil (. ok ok
S[Q (x—a)"" + (a+b—22) ]H.

% (k+1)(b—a)

This inequality is sharp for each admissihleEquality is obtained ifand only if = +H f, +¢
with ¢ € R and

(m—t)k for a<t<uz
(1.3) fe)=19 (t—2) for »<t<1l(a+b)

fela+b—1t) for 1(a+b)<t<b.

We remark that fok = 1, i.e., f € Lipy, since

4(x—a)l’+@+b—22)° |1 z — ot ®
4(b—a) [§+2< b_u )](ba)

then we have the inequality

(1.4) 'f(x)+f(a+b—x)_bia/abf(t>dt'

2
foranyz € [a, %3] .

2
1 x — 3atb
)2

The inequality% is best possible i.4) in the sense that it cannot be replaced by a smaller
constant.
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We must also observe that the best inequality in| (1.4) is obtained for“®  giving the
trapezoid type inequality

FEP) () 1
(1.5) = 5 = _b—a/af(t)dt

1

The constan§ is sharp in ) in the sense mentioned above.

1.2. Some Integral Inequalities. The following identity holds.

LEMMA 1.2 (Dragomir, 20024]). Assume that the functiofi: [a,b] — R is of bounded
variation onla, b . Then we have the equality

(1.6)

N —

f@)+flavb-a) - [ F@d

[ easos [T (- w0+ [ e-varo)

foranyz € [a, %] .

ProOF. Obviously, all the Riemann-Stieltjes integrals from the right hand side df (1.6) exist
because the functiors— a) , (- — ¢*) and(- — b) are continuous on those intervals ani
of bounded variation.

Using the integration by parts formula for Riemann-Stieltjes integrals, we have, for any

z € [a, %f?] , that
/(t—a)df(t)zf(w)(w—a)—/ £ (t)dt

— flat+b—2) (“;b—x) —f(2) (x—“;b> —/:er_xf(t)dt

and
b

/ (t—b)df(t)—(x—a)f(cH—b—x)—/ f(t)dt.

+b—zx a+b—x
Summing the above equalities we deduce]|(1x6).

REMARK 1.1. A version of this identity for piecewise continuously differentiable functions
has been obtained id8, Lemma 3.2].

The following companion of Ostrowski’s inequality holds.

THEOREM 1.3 (Dragomir, 20025]). Assume that the functiofr: [a, b] — R is of bounded
variation onla, b . Then we have the inequalities:

(1.7) ‘%[f()—i—f(a—i—b—x /f dt‘
<— [—\/ (”b ) \/ <f>+<x—a>a\Z/I<f>
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3a+b

b—a

[ [z —a\® ath _ o\ "
2 2
(b—a) Jr(b—a

x H\?(f)ﬂ {a+\7_x(f)]ﬁ+ { W”ﬂév fast el

T —

Vir

IA

T a+b—zx

for anyz € [a, %2] , where\/? (f) denotes the total variation gf on [c, d] . The constant is
best possible in the first branch of the second inequality i} (1.7).

PrROOF We use the fact that for a continuous functjen [¢,d] — R and a functiorv :
[a, b] — R of bounded variation, one has the inequality
d

/ p(t)dvm‘ < sup )\ (v).

te(e,d]

(1.8)

c

Taking the modulus irj (116) we have

‘2 bia/abf(t)dt’
[ e-aaol

=1 [ (=) wol-|[, vl

bfa[<x—a>\/<f>+(“§b—x) V (D+@-a (f)] — M (2)

a

Y@+ ratrb—a)-

IN

and the first inequality irf (1} 7) is obtained.
Now, observe that

M(x)gbiamax{x_a’a;‘b_x} [\‘L/(f)—i— \/_ (f) + \/ (f)]

S EHECE x—?’aj"'}\(l:/(f)

and the first branch in the second inequality[in](1.7) is proved.
Using Holder's discrete inequality we have (fer> 1, L + 4 = 1) that

e )éb%[(‘”_“)”(ﬁb‘x)aﬂx_a)a];

B

giving the second branch in the second inequality.
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Finally, we have

M (z) <

~fi Vi 4.

X [(a:—a)Jr (%b—l“) +(fl?a+:)j

which is equivalent with the last inequality in (IL.7).
The sharpness of the constanin the first branch of the second inequality |in ¢ -1 7) will be
proved in a particular case latar.

COROLLARY 1.4. With the assumptions in Theorém|1.3, one has the trapezoid inequality

b b
(1.9) ‘f(a);‘f(b)_bia/f(t)dt‘ﬁ%\/(f)

The constant is best possible irf (11.9).

ProOF. Follows from the first inequality irj (1} 7) on choosing= a.
For the sharpness of the constant, assume[that (1.9) holds with a cofistahti.e.,

(1.10) ’f Q)+ 1 (b /f dt‘<A\/

If we choosef : [a,b] — R with

1 if z=a,
fx)y=<¢ 0 if z¢€(ab),

1 if z=0,

then f is of bounded variation ofu, b] and

b b
M_L /af(t)dt_(L and \a/(f)—

giving in (1.19)1 < 24, thusA > 1 and the corollary is proved
REMARK 1.2. The inequality[ (1]9) was first proved in a different manne@jn [

COROLLARY 1.5. With the assumptions in Theorém|1.3, one has the midpoint inequality

(111) ‘f(aer)—bia/abf(t)dt‘gé\b/(f)

The constani is best possible i (1.11).

PROOF. Follows from the first inequality ir) (117) on choosimg= “£°.
For the sharpness of the constant, assume|thai (1.11) holds with a cdnistaiti.e.,

(1.12) ’f(a—i—b)_bia/abf(t)dt‘gB\:/(f)
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If we choosef : [a,b] — R with

0 iIf z€ [a,“Tb),

fl)y=4q 1 if z=2t

0 if xe(‘%b,b],

then f is of bounded variation ofw, b] , and

f(“;b):L /abf(t)dtzo, and \i/(f):

giving in (1.12),1 < 2B, thusB > ;.

REMARK 1.3. The inequality[ (1.11) was firstly proved in a different manneBjn |

The best inequality we may get from Theorem 1.3 on using the bound provided by the first
branch in the second inequality [n (L.7) is incorporated in the following corollary.

COROLLARY 1.6 (Dragomir, 20029]). With the assumptions in Theorém|1.3 , one has the
inequality:

f(Sa-‘rb) ‘l‘f a+3b
(1.13) ‘ . / F)dt

The constanﬁ is best possible.

PROOF. Follows by Theorerp 1]3 on choosing= 22
To prove the sharpness of the constanassume tha-.3) holds with a constaht> 0,
i.e.,

(1.14)

3a+b a+3b
f )—;f /f ) di

<C\/

Consider the functiorf : [a, b] — R, given by

{ 1 if = {3a+b aZBb ’

0 |f T € ab\{3a+b a+3b

f(x) =

Thenf is of bounded variation ofu, 0],

f<3a+b> +f a+3b
e AL

and
b

V()=

a

giving in (1.14)4C > 1, thusC > 1.
This example can be used to prove the sharpness of the cohsra@) as well.x
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2. A COMPANION OF OSTROWSKI INEQUALITY FOR ABSOLUTELY CONTINUOUS
FUNCTIONS

2.1. AnIdentity. The following identity holds.

LEMMA 2.1 (Dragomir, 20026]). Assume thaf : [a,b] — R is an absolutely continuous
function on|a, b]. Then we have the equality

b
(2.1) %[f@ﬂf(mb—@]—ﬁ/ £ (t) dt

T a+b—x a b
:bia/a (t—a)f’(t)dteria/x <t— ; )f’(t>dt

b
+bia/ (t—b) £ (t) dt,

a+b—x

foranyz € [a, 4£?].

PROOF Using the integration by parts formula for Lebesgue integrals, we have

[ t-arwi-r@e-a- [ rod
/xva-‘rb—z (t_ a—2|—b) Iy

_ fla+b—1) (“;b—x) — f(2) (x—a;rb) —/:H)zf(t)dt

and
b

b
/ (t—b)f’(t)dt:(x—a)f(a+b—$)—/ f(t)dt.

at+b—zx +b—2x
Summing the above equalities, we deduce the desired idgntity 2.1).

REMARK 2.1. The identity[(2]1) was obtained |3, Lemma 3.2] for the case of piecewise
continuously differentiable functions da, b] .

2.2. The case of Sup-Norm.The following result holds.
THEOREM 2.2 (Dragomir, 2002@]). Let f : [a,b] — R be an absolutely continuous func-

tion onla, b . Then we have the inequality

b
@22 U@+ faro-ol- 2o [ rwa

;

<[ e [T

o[ e-alr ol
= M (x)

a+b

'|f )t

foranyz € [a, 4£?] .
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If f' € L [a,b], then we have the inequalities

1 z—a)’ a+b 2
23) M()< [< 2 1 g + (5 =) 1 s

(z —a)’

+ T Hf,H[a—i-b—x,b],oo

2
1 r — 3atb
g2 (ﬁ) (0= a) [/l 061,00

2c
r—a 20‘+ x — ot
“1\b—-a b—a
) 8 / / %
o LA V[ AR [ AP LR RS
if a>1, 1+

1 /z—a\’ x—%ﬁz
e §(b—a) "\ b—a

(1 g0 + 18 arostoe + 1 sy (b= @)

Q-

IA

1
B ’

\

foranyz € [a, %£?].
The |nequaI|ty 12), the first mequallty |. 3) and the cons@ate sharp.

PrROOF. The inequality [(2.2) follows by Lemmnia 2.1 on taking the modulus and using it
properties.
If f' € L |a,b],then

[ a-airaa< 25 @)

a

171,200

a-+b a-+b

t—

a+b—x
/x

[ oo o s S 1,

a+b—zx

2
- ) TP

‘|f e < (

and the first inequality irf (2} 3) is proved.
Denote

~ (x —a)® a+b 2
M (2) = 5 a0+ { 75— =7 ) 1 iz ats-s)00

+ T ||f/”[a+b—z,b},oo

forx € [a,ggﬁ].
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Firstly, observe that

M (z) < maX{Hf/H[a,x],oo N0 b—a.o0 Hf’!l[mfx,b},oo}
(x —a)® a+b > (z—a)
8 [ > T\ ) T
1 ) 3a+b\?
Zﬂﬂmﬂmlgw—a)+2(f— =)

and the first inequality ir] (2} 3) is proved.
Using Hélder's inequality for > 1, ;- + § = 1, we also have

wrs{[2] (o) [

B
% | Moo+ 15 st & 17 Wt

giving the second inequality ifi (2.3).
Finally, we also observe that

M () Smax{<x_2a)2’ (:E_ a—Qi—b)Q}

% (15 Naoe + 1 Nsas-atoo 17 ettt

The sharpness of the inequalities follows easily. The details are omjtted.

REMARK 2.2. Ifin Theoren@Z we choose= a, then we get

‘f a)+ /(b b_a/f d4 20— 0) [ e

with ; as a sharp constant (see for examfif p. 25]).
If in the same theorem we now choaose- a—“’ , then we get

(2.5) ‘f (”b) / £ (t)dt

w—@Mﬂmg%m+wm%mw}

<2 0= 17 e

with the constant% andz being sharp. This result was obtainedi4h [

(2.4)

|>—~oo|r—k

It is natural to consider the following corollary.

COROLLARY 2.3. With the assumptions in Theorém|2.2, one has the inequality:

f(3a+b) +f(a+3b
(2.6) . b_a/ Ft)adt

1

(b= a) 1Ml g,p],00

0]

The constan§ is best possible in the sense that it cannot be replaced by a smaller constant.
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2.3. The Case op-Norm. The case whett’ € L, [a,b] , p > 1 is embodied in the follow-
ing theorem.

THEOREM 2.4 (Dragomir, 2002€]). Let f : [a,b] — R be an absolutely continuous func-
tion on[a,b] so thatf’ € L,[a,b], p > 1. If M (z) is as defined in[(2]2), then we have the

bounds:
r—a\ 't ,
b —a ||f H[aqa;]’p
1+ N
a+b 7 el
3 2 7t r—a q
+20 ( 12)_ a ) Hf/H[x,aerfm],p + <b _ a) Hf/H[aer,x’b],p (b—a)
( 141 1 fatb_ N\ 1+
2" 2 ()]
X% g 1 ato-atp s 1 N | (0= )
+< e
@ a+b T at+—= | a
s oo (2]

. 1

1 B 1
@+ 17 | X W+ 1N atoat + 1 o) (b= )
if a>1,é—|—%:1,

(2.7) M () < :

Q=

Q=

1+1 1 fatb 1+%
z—a q q 2
max (bfa) ’ 29 ( b—a >

% 1 et + 1 et + 15 ] (b= @)

Q=

\

foranyz € [a, 2£?].

PROOF. Using Holder’s integral inequality fqr > 1, X + =1, we have

/ (t_a)|f/(t)|dt§ (/ (t_a)th)q ||f,||[a7x]7p:%an[ax]p’

a+b—x at+b—zx
/ t—‘”b‘u |dt<(/

2 (gt -
= ||f || [x@—‘,—b—wLp

a+b

1
t— dt) ||f,||[a:,a+b—x]vp

(g+1)s
and
b b :
[emor@as ([ 0-0m) 1,

a+b—x a+b—x

141

Tr — Q q

=L—J—+vmwxw

(g+1)s

Summing the above inequalities, we deduce the first bound ih (2.7).
The last part may be proved in a similar fashion to the one in Thejorgm 2.2, and we omit the
details.n
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REMARK 2.3. If in ) we chooser = ¢, 3 = p, 3 + + = 1, p > 1, then we get the
inequality

2% _ g+1 ath q+1 % .
@8 M@=~ {(b) +<;_af”’> ](bawf'[a,b],p

foranyz € [a, %3] .

IN

Q=

REMARK 2.4. If in Theoreny 2}4 we choose= «, then we get the trapezoid inequality

b b—a)i|f
1 /f(t)dt’g1~( ) ||fl|[a7b],p’
— e 2 (g+1)s

The constang is best possible in the sense that it cannot be replaced by a smaller constant.

2.9) ‘f (a) -2F

Indeed, if we assume that (2.9) holds with a cons€ant 0, instead of}, i.e.,

f@+fm 1 ‘ (b—a)s ||f||ab]p
2.10 — t)ydt| < C-
(210) e e L s
then for the functiory : [a,b] — R, f (z) = k |z —
fla)+f(b) )+f() L. b;a7
b—a
b_a/ I ,
1 o = & <b—a>%~
and by [2.1D) we deduce
‘k(b—a)_k‘(b—a) C- k(b—a)
2 S (R T

giving C' > q“) . Lettingq¢ — 1+, we deduce” > %, and the sharpness of the constant is
proved.

REMARK 2.5. If in Theoren) 24 we choose= 22, then we get the midpoint inequality

(2.11) ’f(aer)—bia/bf(t)dt‘

o (1 N sy +

VAN
DN | —

5" 0]

VAN
DN | —
=
?—
=3
3
=3
V
\.}—‘
+
|
I
[a—y

In both inequalities the constabis sharp in the sense that it cannot be replaced by a smaller
constant.
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To show this fact, assume that (2 11) holds vithD > 0, i.e.,

(2.12) f(“;b> — /f dt‘
sc-ﬁ[wu[ a1 1 e
<D W
For the functionf : [a,b] — R, f (x —k:|x
f<a42rb>_ | /f b—a)7
17N sseg + 17 g —2(1’;“)’1’k=2i<b—a>ik,

“f,H[a,b} =(b—a)r k;

and then by[(2.72) we deduce
k(b—a) <C. k:(b—al) <D. k(b—a)
1 (q+1) (¢+1)

givingC, D > q“ for anyg > 1. Lettingq — 1+, we deduceC, D > 1 5 and the sharpness
of the constants n@.l) are proved.

The following result is useful in providing the best quadrature rule in the class for approxi-
mating the integral of an absolutely continuous function whose derivativelis in b] .

Y

Q=

COROLLARY 2.5. Assume thaf : [a,b] — R is an absolutely continuous function so that
f" € L,[a,b], p > 1. Then one has the inequality

f (3a+b) +f (a+3b
(2.13) ‘ b_a/ Ft)adt

Qe

_1(-a
REITESY

. 1 o

Q=

where + 1 = 1.
The constant}I is the best possible in the sense that it cannot be replaced by a smaller
constant.

PrROOF. The inequality follows by Theorem 2.4 and RemarK 2.3 on choosing®.
To prove the sharpness of the constant, assumg that (2. 13) holds with a cﬂh&t@ni. e,

PO 47 (=) 1 b-at,
(2.14) R —b_a/af(t)dtSE'<Q+1){1Z||fH[a,b],p

Consider the functiotf : [a, b] — R,

'x—?)az—b' if xe[a,‘%b}
fx) =
x—“z%' it we (2],
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Thenf is absolutely continuous and € L, [a,b], p > 1. We also have

(=) ()] 1o

||f/||[a7b]7p: (b_a’) 9

=

and then, by{(2.14), we obtain:

b—a<E(b—a)1

8 7 g+ D)

giving £ > (‘”1 foranyg > 1,i.e.,FE > , and the corollary is proved

2.4. The Case ofi-Norm. If one is interested in obtaining bounds in terms of theorm
for the derivative, then the following result may be useful.

THEOREM 2.6 (Dragomir, 2002g]). Assume that the functiof: [a,b] — R is absolutely
continuous ora, b] . If M (z) is as in equation[(2]2), then we have the bounds

(2.15) M ()

a+b
€r — X —a
< (3= )Hﬂuxf+(b_ )WNmHMm+(j;;)wmwbmm

3a+b

+b—

1
Z ] ||f/||ab]1

an L

(% O‘+ b _ g *
b—a b—a

LT[R T [ Tl [

if a>1,

IA
™|

QIH

QIH

b—3a
T+ =

b —

max |:Hf/‘|[a7x],1 ) Hf,“[x,cH»b—xLl ) Hf/H[a+b71‘,b},l:| :

\

The proof is as in Theorem 2.2 and we omit it.

REMARK 2.6. By the use of Theoremn 2.4, for= a, we get the trapezoid inequality (see
for examplelll, p. 55])

(2.16) ‘f (a)+ f(b

1
Lo [ ] < 315

Ifin () we also choose = “7*", then we get the mid point inequality (see for exam{l§ [

p. 56])
a+b 1, .,
() -k [ o] < 31,

The following corollary also holds.

(2.17)

AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AJMAA


http://ajmaa.org

OSTROWSKITYPE INEQUALITIES FORLEBESGUEINTEGRAL 195

COROLLARY 2.7. With the assumption in Theorém 2.4, one has the inequality:

f(3a+b)+f a+3b
(2.18) ; / Ft)dt

1
< 7 1 N

3. PERTURBED COMPANIONS OF OSTROWSKI INEQUALITY FOR FUNCTIONS OF
BOUNDED VARIATION

3.1. Some Identities.The following identity holds.

LEMMA 3.1 (Dragomir, 20149]). Assume thaf : [a,b] — C is a function of bounded
variation on|a, b|. Then we have the equality

(3.1) [f(m)+f(a+b—x)]+%(x—a)2)\3(32_21( )—bia/ () di

-2 /j(t_a)d[f(w—Al(x)t]

a

bi/ (t—agb)d[f@)—wm

! (t—b)d[f (1) — s (2)1],

DN | —

_|_

b—a at+b—z
foranyz € [a, %] and\; (z),i = 1,2, 3 complex numbers.

PROOF Using the integration by parts formula for Riemann-Stieltjes integrals, we have
[ a=adiro-x@
=/1<t—a)df() <x>/x<t—a>dt
= (x —a) /f dt——)\l()(x—a),

/:+bx (t _a ;r b) d1f (1) = o (2)1]
= /xa+b:c (t _a+ b) 0 (1) — 2o () /anrbz (t B a;rb) )

=f(a+b—ux) (G;Lb_x) @) (x_a+b)

_ /a+b_xf(t) dt — s () /MH (t - b) dt

— flatb—2) (a;b—x) ~ f(a) (x—“;b) —/:er_mf(t)dt

since, by symmetry
a+b—x b
/ (t - a;r ) dt =0
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and

/ (t—b)d[f (1) — N (2) 1]

a+b—x

:/+b_ (t—b)df(t)—)\g(x)/+b_ (t — b)dt

:(x—a)f(a+b—:1:)—/ f(t)dt—i—l)\g(x)(x—a)Q.

at+b—zx 2

Summing the above equalities, we deduce

/aw (t—a)d[f(t) =M (2)1] +/:+b_w (t_ a;b) =

+/ (t—B)d[f (1) — N (2)1]

= - LD a5 Do)~ 2 @] -,

which is equivalent with the desired identify (3.1).

The following particular cases are of interest:

COROLLARY 3.2 (Dragomir, 2014]). With the assumption of Lemrpa 3.1 we have the
equalities

ez OO L [rga- (t—a;b)dw)—m,

63 () +ro-am-n-
zbia/agb(t—a)d[f(t)—kltHbia/;(t—b)d[f(t)—katk

and

(3.9) %{f(gajb>+f(ang)]+3—2(b—a)()\3 /\1——/f
Y

a+3b
4

i L (1= 5" alr 0 - x

+

el IR GULICERE

forany i, Ay, A3 € C.

The following particular result with no parameter in the left hand term holds:
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(3.5)

COROLLARY 3.3 (Dragomir, 20149]). Assume thaf : [a, ] — C is a function of bounded
variation onla, b]. Then we have the equality
1 b
f@)+Farb-o) -2 [ iy
1

= A GULCENSE

DN | —

a+b—x a
pr e [T (- ) a0 - n @
+bia/a+bx(t—b)d[f(t)—/h(ﬂ?)t],

foranyz € [a, %] and); (z) i = 1,2 complex numbers.

REMARK 3.1. We get from[(3]3) the following particular case:

a+0b
g ()it [ s

a+b
1 b

:b_a/a(t—a)d[f(t)—/\ﬂf}—kbia/a;b(t—b)d[f(t)_)\lt],

forany\; € C, while from (3.4) we get

(3.7) %lf (3a:b)+f<a+3b>}

3a-+b
1 T

=t R GULICEPY)

a

a+3b

1 i a+b
o (1= "57) a1r ) = pa

el LU LR

+3b
4

forany A, Ay € C.

3.2. Inequalities for Functions of Bounded Variation. The following lemma will be used
in the sequel and is of interest in itself as wadll p. 177]. For a simple proof sed|[

LEMMA 3.4. Letf, u : [a,b] — C. If fis continuous ona, b] andw is of bounded variation
on [a, b], then the Riemann-Stieltjes integrgﬁ f(t) du (t) exists and

t) du ( ‘ /|f |d< u)><trg[3>g |\/

We denote by : [a, b] — [a, b] theidentity functionnamely? (t) = t for anyt € [a, b].
We have the following result:

(3.8)
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THEOREM 3.5 (Dragomir, 20149)). Let f : [a,b] — C be a function of bounded variation
on [a, b] . Then we have the inequalities

(3.9) ‘%[f(x)+f(a+b—x)]+%(:v—a)2As(xg:;\l(x)—bia/f(t)dt‘

/I (\/(f_)\l (@@) dt+/2 <\/(f—)\2(95)£)> dt

t T

+/++ —x( \] (f—&(@é)) dt+/+b- ( \/ (f—)\g(:v)f)) dt]

2 t a+b—x

1

<
“b—a

a+b—x
1

< [(x—a)\a/(f—)\l(x)é)—l—(a;b—$> \V (=X ()0

xT

+(z—a) \/ <f—A3<x>€>]

a+b—zx

__ 3a+b
X 4

4 l—i_
4 b—a

x (V2 =M @) O+ V7 (F = 20 (@) 0+ Vi (F = Xs (2) 0)

IN

T+ b_%
b—a
xmax {VI(F =X (@) 0, Ve ™ (f = X (0) ) Viwpy (f = X (@) 0)}

\

foranyz € [a, %] and\; (z),i = 1,2, 3 complex numbers.

PrROOF. Taking the modulus oifi (3.1) and making use| 0f](3.8), we have

) — A\ b
(3.10) ‘%[f(x)+f(a+b—m)]+%(m—a)Q)\S( 2_2 ( )—bia/a f(t)dt’

<

< bia/az(t_a)d<\a/(f—)\l(x)g)>

a+b !

2 d <\a/ (f = A2 (2) ﬁ))
bia/ﬁbz(b‘t>d<y<f—Aa<w>é>>.

a+b—zx

+— t—
b—a J,

+
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Integrating by parts in the Riemann-Stieltjes integral, we have

Also

/ (\/f Ao (o ))dt_(a—gb_x><\m/(f—)\2($)€)>

a

(50 (Virmmeon) - [ (Vo)

2 a

at+b—zx a+bx aT-H? t
/ ( (f - A2<>>>dt+/ (\/<f—A2<x>f>>dt
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and

/ (b—t)d<\/(f—A3(rc>€)>

a

o )

t

: /LH \

a

b t

o

a

(f = s () f)) dt

at+b—zx

a+b—x
(f =3 (z )@) dt—(b—(aer—fL“))( V (f—&(ﬂ?)f))

a
t

LY

a+b—x

(f = X3 (2) 5)) dt.

Making use of[(3.10) we deduce the first inequality[in(3.9).

Since
/x <\/(f_)\1 (55)@) dt < (x_a)\/<f_)\1 (z) 1),

t

/:bx <a+\/x(f N (2 )dt+ (\t/ F— D ( >

t

a+b—x

<(50-0) V U-nn+ (- )\?uwm

a+b

a+b—x

_ (“;b_;U) \/ (F =2 ()0)

xT

and

/+b_ <\/ (f—>\3(96)5))dt§(x—a) \ (F=X@)0),

at+b—zx a+b—zx

the second inequality is also proved.
The last inequality is obvious by the maximum propertgs.

The following midpoint and trapezoid type inequalities hold:

COROLLARY 3.6. Let f : [a,b] — C be a function of bounded variation ¢, b] . Then we
have the inequalities

AL 2 [ 1ol

gbia[/fb(w ) [ (V-0

1\ a
5\/f Aol

(3.11)
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‘f(“;b)+%(b ) s — A ——/f dt'

—a
ath atb

A N S

2

afb b
<%[\/<fAle>+a\+/b<nge>]
1 3a+b a+ 3b 1
() o () e [
) 3“7“’ 3a4+b ‘ZTH’ ‘
<ba[/a (\/(fw) dt+/3a4+b (M(f&f)) dt

a+3b

+/+ (\/ (f)\2€)> dt+[j3b (\/ (fA?,@) dt]

a+3b

302—1) at—lib b
<i[\/(f—A1€)+\/ (F = dol) + \/ (- Age}

forany A, Ay, A3 € C.

COROLLARY 3.7. Assume thaf : [a,b] — C is a function of bounded variation dn, b].
Then we have the inequalities

(3.14)

‘%[f(a:)Jrf(aer—:c)]—bia/bf ) dt‘

[ (Yu-sem)a [ (Vir-nion)a

t

+/+b+ ( \/_ (f—Az(x)€)> dt+/+b- ( \/ (f—)\l(x)é)> dt]

2 t a+b—zx

1
<
“b—a

1 a+b—zx

b_a[(w—a)\/(f—mmm(agb—x) \V (2 (@)0)

T

<
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x —

4 l—i_
4 b—a

VI = A @) 0+ VE ™ (F = 20 (@) ) + Vi, (F = M (2) 0]

3a+b
4

IN

T+ b_%
b—a
xmax {VI(F = A (@) 0, Ve ™ (f = X (1)) Viwpo (f = 1 (@) 0)}

\

foranyz € [a, %] and); (z),i = 1,2, complex numbers.

REMARK 3.2. We have the particular inequalities of interest

(3.15) ‘f (a;b) / f '

and

b
oo [ e
<bla[/4 (Q(f)\lg))ChH' M;(\/(f&@)“

t 3a+b
4

+/1;4 (\4/(f)\2€)) dt+/:3b (\/ (fAlé)) dt]

a+3b

) 3a4+b %Sb b
<Z[\(L/(fA1£)+V(fA2€) \/(f M)]

forany A, A, € C.
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If we take\; = Ay = )\, then we get

o Bl e (5] o
<bla{/a‘°ﬁ”(3<47(fAg))dwr/ﬁ(\y(f)\f))dt

4 3a+b
4

a+3b

+/a+: (\4/(]‘")\6)) dt+/ﬂi3b (\/ (fM)) dt]

1 b
< [\/ =) ]
forany A, Ay € C.
From [3.15) we deduce the simpler inequality

(3.18) ‘f(“b)— ! /bf(t)dt'

\/fAe
t

b

)it < S\ (F = 20)

a

a

while from (3.17) we get

b
o1 ol (7)o ()] Lo
satt dt+/bb<

a+3b
4

\/ (F =)

t

a+b

1 /2
<
b—a|:a

1b
Z\a/f bY)

\ (F =20

t

)

forany\ € C.
We can state the following result.

PrRoOPOSITION 3.8 (Dragomir, 2014[9]). Assume thaff : [a,b] — C is a function of
bounded variation offu, b]. If there exists the constamsI” € C such that

b
V(r-255) <5 ir—al,

a

(55) —5za [ <
1 3a+b a+ 3b 1 b 1
() o (5] -t s <

The inequalities follow by{ (3.18) anfl (3]19).

then

and
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PROPOSITION 3.9 (Dragomir, 2014(9]). Assume thaff : [a,b] — C is a function of
bounded variation offu, b]. If for some\ € C the cumulative variation functiob, : [a,b] —
[0, 00),

\/f A0)

is Lipschitzian with the constarit, > 0, then

(3.20) ‘f(“*b)—bia bf(t)dt\si%(b—a)
and
1 3a+b a+ 3b 1 b 1
ean L (B ()] - [ roa] < oo

PROOF From [3.18) we have

() - e dti
Sbia/ab\:/f A)

L “la+b 1
gb_”a/ 5 —t‘dt:ZLv(b—a)

and the inequality] (3.20) is proved.
From [3.19) we have

S o () -t [ o
. bia {/@3" v(f_w) dt+/ab+b ( a\z;b(fM))dt]

t 2 t

v, <3a+ b) _v (t)’ dt

a+b

1 [ 2
b—a /a

o (s (5) -moa

4

B a+b
L 2 |3a+0 b a+ 3b
< —t|dt —t||dt
Tb-a /a 4 ‘ +/‘12+”( 4 D
L : |30+ b * (la+3b :
= —t|dt —t|)dt
b—a /a 4 ‘ +/a2b( 4 D

1 1 L
= 0 -+ —=(b—a)? =2 (-
il _16(b a) +16(b a)} 3 (b—a)

and the inequality] (3.21) is proveg.
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3.3. Inequalities for Lipschitzian Functions. We say that a functiorf : [c,d] — C is
Lipschitzianwith a constant. > 0 on the intervalc, d] if

[f @) = f ()] < L]t —s]
foranyt, s € [¢,d] .

THEOREM 3.10 (Dragomir, 20149]). Let f : [a,b] — C be a bounded function da, b].
For z € [a, %] and ), (z),i = 1,2,3 complex numbers, assume that- \; (z) ¢ is Lip-
schitzian with the constart, () > 0 ona, z], f — A2 (z) ¢ with the constani, (x) > 0 on

[z,a 4+ b—z]and f — A3 (x) ¢ with the constanL; (x) > 0 on[a + b — x,b] , then

) — A\ b
(3.22) B[f(x)+f(a—l—b—x)]+%(x—a)2>\3( | f(t)dt’

< (bia) [%(x—a)ZLl(I)—I— (m

1 x—g“T“’ ?
< [§+2< 2 ) ](ba)maX{Ll(:U),Lz(:v),Lg(:v)}.

_a—i—b

) L)+ 5o Ls <x>]

—a

PROOF Itis known that ifg : [c, d] — C is Riemann integrable o, d| andu : [¢,d] — C

is Lipschitzian with the constatt > 0, then the Riemann-Stieltjes integ[@f (t) du (t) exists
and we have the inequality

(3.23) /abfof) du (t)‘ < L/ab|f<t>|dt.

Taking the modulus ir] (3]1) and using the propérty (8.23) we have

U@+ bl j-af 2O e

1
< -
“b—a

1

b—a

1

b—a

1 x 1 a+b—x

b_aLl(x)/a (t—a)dt—i—b LQ(x)/x

—a

[ - aatro-xn)

/xa+b—m (t— a;—f)) d1f () — X\ (x)t]‘

[, e-naro-xei

+b—2x

+

+

+0b
;@

K

+biaL3(x)/ab (b— 1) dt

+b—x

- (bia) E(m_“ﬂl(m” (x_

which proves the first inequality in (3.22).
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Since

e (o= 15 L@+ - @ L@

< 1(3:—@)2—1- (:E— a—l—b) —i—l(a:—a)z] max {L; (x), Ly (x), L (x)}

2 2 2

b—a

— =42 (x_aT> ] (b—a)max{Ly (z),Ls(x),Ls(x)},

the last part of[(3.32) is also proveg.

COROLLARY 3.11 (Dragomir, 20149]). Let f : [a,b] — C be a bounded function dn, b].
(i) If for A\, € C the functionf — \y¢ is Lipschitzian with the constadit, > 0 on|a, ], then

f(a)2 b—a/f ) dt

(i) If for Ay, Ay € C the functionf — A/ is LIpSChItZIan with the constant; > 0 on
[a, %$2] and f — X3¢ is Lipschitzian with the constadt; > 0 on [4£2,b] , then

(3.25) 'f(a+b)+é(b—a)(>\3—)\1 ——/f dt’

g}i(LlJ;Lg)(b—a).

(iii) If for Ay, A2, A3 € C the functionf — A,/ is Lipschitzian with the constart; > 0
on [a, 222] | f — A\,( is Lipschitzian with the constadt, > 0 on [32t 430 and f — \;( is
Lipschitzian with the constart; > 0 on [#£22, 5] , then

(3.26) ‘%{f(sajb>+f(ang>]+§(b—a)()\3—>\1 ——/f dt‘

1 /1 1
< = —a).
=16 (2L1 + Ly + 2L3) (b—a)
REMARK 3.3. We have the following particular cases of interest.
If for some\ € C the functionf — A/ is Lipschitzian with the constart, > 0 on[a, ],
then

(3.24) = (b—a) L.

a-+b 1
(3.27) f( ) /f dt‘gz A(b—a)
and
1[./3a+b a+3b 1 b
(3.28) ‘i_f( 1 >+f( 1 )}—m/af(t)dt’
SéL)\(b—a)

The following lemma may be stated:

LEMMA 3.12. Letu : [a,b] — R andl,L € R with L > [. The following statements are
equivalent:

(i) The functiornu — - e, wheree (t) = t, t € [a,b] is 3 (L — )-Lipschitzian;
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(i) We have the inequalities

(3.29) I < M <L foreacht,s e [a,b] with t £ s;
— S
(i) We have the inequalities
(3.30) [(t—s)<u(t)—u(s) < L(t—s) foreacht,sé€ [a,b] witht > s.

Following [12], we can introduce the definition ¢f, L)-Lipschitzian functions:

DEFINITION 3.1. The function: : [a,b] — R which satisfies one of the equivalent condi-
tions (i) — (iii) from Lemmd 3.1P is said to b@, L)-Lipschitzian onja, ] .

If L > 0andl = —L, then(—L, L) —Lipschitzian meand.-Lipschitzian in the classical
sense.

Utilising Lagrange’s mean value theoremve can state the following result that provides
examples of/, L)-Lipschitzian functions.

PROPOSITION3.13. Letu : [a,b] — R be continuous of, b] and differentiable orfa, b) .
If —oo < I = infie(p) ' () @andsup,e, ) v’ (t) = L < oo, thenu is (I, L)-Lipschitzian on
[a, 0]

As consequences of the inequalities (B.27) and [3.28) for real valued functions we can state
the following result.

PROPOSITION3.14 (Dragomir, 20149]). Let!,L € Rwith L > land f : [a,b] — R an
(I, L)-Lipschitzian function o, b] , then

(3.31) f(““’) /f dt‘ é — ) (b—a)

and

o BB () e
<Li-no-a.

4. PERTURBED COMPANIONS OF OSTROWSKI’'S INEQUALITY FOR ABSOLUTELY
CONTINUOUS FUNCTIONS

4.1. Some ldentities.The following identity holds.

LEMMA 4.1 (Dragomir, 201410]). Assume thaf : [a,b] — C is an absolutely continuous
function on|a, b]. Then we have the equality

(4.1) %[f(;c)+f<a+b—x)]+%(:c—a)“3(z_a b_a/f

- bia/x(t_a)[f/<t)—)\1(517)]dt
+bia/: h (t—a—QH)) L () — Xg ()] dt
b
+b—a/+b (=) [f' () — As ()] dt,
foranyz € [a, %] and ), (z), j = 1,2, 3 complex numbers.
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PROOF Using the integration by parts formula for Lebesgue integral, we have

[ t-alro-sea
:/m(t—a)f()dt Al()/x(t—a)dt
(x —a) /f dt——>\1 ) (z —a)?,

/ (t -3 b) I (8) = da (@)
= /xa+bw <t B a;—b) (1) dt— g (2) /anrbz (t B a‘2H7> .

— f @) (x—“;b) —/fb_xf(t)dt

 fla+b—2) (“;b—x @) <x—“b) —/:M_xf(t)dt,

and

b
[ e=niro-xe)a
:/; (t—b)f’(t)dt—/\g(x)/b (t —b) dt

a+b—zx

:(x—a)f(a+b—x)—/+b_ f(t)dt+%)\3(ac)(x—a)2.

Summing the above equalities, we deduce
r a+b—z
[e—aro-x@ia [T (-5 110 - de

b
s a-nlro-xE)a
fx)+ [ ( a+b

= () D [ r s @ - a @] - o,
which is equivalent with the desired identify (4.1).
The following particular cases are of interest:

COROLLARY 4.2 (Dragomir, 201410]). With the assumption of Lemrpa}4.1 we have the
equalities

@y OO L Pt (- o -
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“.3) f( ) L h—a) (g Ag) — b—a/f
/Mt‘“ *thia/a;(t—b)[f’(t)—wt,
and
R R rer—
ST a0 - aa

forany A, \y, A3 € C.
The following particular result with no parameter in the left hand term holds:

COROLLARY 4.3 (Dragomir, 201410]). Assume that : [a,b] — C is absolutely continu-
ous on[a, b]. Then we have the equality

(4.5)

f@)+ flavb-a) - [ F@d
1

5 [ -l ® - @)

+bia/xa+bx <t_a;b) [f (t) — Xa ()] dt

+bia/ (t=b)[f" (t) — M\ (2)] dt,

at+b—x

NO| —

foranyz € [a, 2] and); (z),i = 1,2 complex numbers.

REMARK 4.1. We get from[(4]3) the following particular case:

wo s () [ s

b
bia/a (t=—a)lf () - thia/a;b<t—b>[f'<t>—xl]dt,
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for any A\, € C, while from (4.4) we get

@A) ()it e

1 Both
- (t—a)[f' (t) = M]dt
a+3b

biaﬁ; (t—a;b) [f () — Ao dt

4

bia/a+3b (=) [f (t) — M]dt

4

+

_|_

forany A, A, € C.

4.2. Inequalities for Bounded Derivatives.Now, for v, I" € C and|a,b] an interval of
real numbers, define the sets of complex-valued functions

Ulag) (7, 1)
= {f : [a,b] — C|Re [(F — f(1)) (W—Vﬂ > 0 for almost every € [a, b]}
and

v+T
f(t)—T

The following representation result may be stated.

&m@f%Z&VMM%Q

1
< 5 II' — ~| fora.e.t € [a,b]}.

PROPOSITION4.4. For any~,I" € C, v # I, we have that/|, ;) (v,T') and A, 4 (7, ') are
nonempty, convex and closed sets and

(48) U[a,b] (77 F) = A[a,b] (77 F) .
PROOF We observe that for any € C we have the equivalence

y+T 1
Tl <=
z 5| S50l

if and only if
Re (I - 2) (2 —7)] > 0.
This follows by the equality

%r—ﬂ”ﬂz‘lgz =Rell'=2) =7

that holds for any € C.
The equality[(4.B) is thus a simple consequence of this jact.

On making use of the complex numbers field properties we can also state that:
COROLLARY 4.5. For any~,I" € C, v # I',we have that

(4.9) Uy (v,T) ={f :a,b] = C| (Rel'=Re f (t)) (Re f (t) — Re7)
+(ImT —TIm f (¢)) (Im f (t) — Im~) > 0 fora.e.t € [a,b]}.
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Now, if we assume thaRe (I') > Re(v) andIm (I') > Im(y), then we can define the
following set of functions as well:

(4.10) Sta) (7, 1) = {f  [a,0] = C| Re(T') > Re f () > Re (v)
andIm (I') > Im f (¢) > Im () fora.e.t € [a,b]}.

One can easily observe thé{g,b] (v,T") is closed, convex and

(4.11) 0 # Siap (7,T) C Upay (7, T).

THEOREM4.6 (Dragomir, 201410Q]). Assume thaf : [a,b] — C is an absolutely contin-
uous function oria, b] andz € [a, “t2] . If there exists the complex numbers(z) # I'; (z),
j =1,2,3 such that

(4.12) fr € Afa (1 (2),T1 () N Apparsa) (V2 (2),Ta (2))
N A[a—&-b—ag,b] (73 (ZL’) I's (CL’)) )

then we have the inequality

() + T3 (z) =7, () — ' (2)
b—a

419 [JU@+faro-n]+ o

_ﬁ/a f(t)dt'
36 [‘Fl () =7 (@)] (= )* +2 T2 () =72 (2)] (“b —:c)

+ |03 (2) = 73 (2)| (2 — a)”].

PrROOF Taking the modulus in the equalify (#.1) written for

7 () + T (2) V2 (1) + s (2)

A(z) = 5 ;Ao () = 5 :
N(r) = 22 (z) + T3 (2)
2
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and utilizing the conditior{ (4.12) we have

L @)+ flatb—a)+ 2 (@—ap 2@ F@ =m @) =T @

2 - b—a
—/bf(t)dt’

<_/ (t—a

/ /71 (‘75) + 14 (Z‘)

dt
2

b_a/:%mt_a;rb (t)_ny(x);Ll}(:c) it
+bia/aibx(b_t) ,(t)_vg(a:);ng(:v) "

< =g 0 @) = @) = o)

T D REATT] (U

s D@ - %@l

and the inequality| (4.13) is proveq.

COROLLARY 4.7. Assume thaf : [a,b] — C is an absolutely continuous function on b
andz € [a, %$*] . If there exists the complex numbers(z) # I'; (z), j = 1,2 such that

(4.14) f1€ Dl (71 (), T4 () N Appayoa) (72 (1), T2 (7))
N Aarpap (71 (2), 1 (7)),
then we have the inequality

415) | (f@) 4+ flath—a) - /f dt‘

2

= ﬁ [’E (2) =71 (@)] (& = a)* + [T (x) — 75 ()] (a;b —m) ] :

REMARK 4.2 (Dragomir, 201410]). Assume thatf : [a,b] — C is an absolutely continu-
ous function ona, b] . B
If there exists the complex numbef§7é F2 such thatf’ € Ay (72, 1'2) , then

(4.16) HICK

If there exists the complex numbe'(jss«é L,7=13 such that
fe A[a,%b] (71, T1) N A[%b,b] (73, I's)
then we have the inequality

b 1 1 b
@ () 40— 0@t - [0
1
1—6(b—a)[|F1 Y1l + T3 —73]] -
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In particular, if f* € Ay (74, 11) then

a b
(@18 1(50) - 52 [ f @] < 0w -l

If there exists the complex numbeys# I';, j = 1,2, 3 such that
fe A[a,&%b] (v, T) N A[saTM,%Bb] (72, T2) N A[%Sb,b] (73:I'3)

then
1 3a+0b a+ 3b 1
(4.19) Hf( ) ()] - -rie
b
—/f(t)dt‘
_64(b—a)[lF1 Y1l +2[F2 = 7o + [T — 73]]
In particular, ify; = v, andl'; = I'y, then
1 3a+b a+ 3b I
cm Bl (] e
1
< 55 (0= a)[IT1 = 7| + T2 = 7],
provided

fe A[%W] (7, T) N A[%,%%] (72, 2) N A[%%,b] (7, 1) -
Moreover, if f* € Ap, (71, 11) then

b
G R o
< g b—a)lt =,

The case of real-valued functions is of interest.

REMARK 4.3. If the functionf : [a,b] — R is absolutely continuous and if there exists
the constant$ < L such that < f’(t) < L for almost everyt € [a,b], then we have the
inequalities

(4.22) ‘%[f( )+ (b dt‘ Sh—a) (1),
(4.23) ’f(“b) /f dt‘géb—a)(L—l)
and
b
(420 () (F0)) - [ 1o
!
§1—6(b—@)(L—l)-

These results improve the corresponding inequalities from Introduction.
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4.3. Inequalities for Derivatives of Bounded Variation. Assume thatf : I — C is an
absolutely continuous function dn,b] C I, the interior ofI. Then from |(4.1) we have for
M (x) = ' (a), Mg (2) = LA gnd )\, (2) = £/ (b) the equality

(4.25)

DN | —

f@+farv-l+y - O Py a
1

i [ t-alr -7 @)

+bia/:+b_$ (t_a—2|-Z)> [f,<t)_f’(az)+f’(a+b—x)]dt

2
+

b
[ u-nro- e

+b—x

foranyz € [a, 22°].
We can state the following result.

THEOREMA4.8 (E)ragomir, 201410]). Assume thaf : I — C is an absolutely continuous
function onfa, b] C I. If the derivativef’ is of bounded variation of, b] , then

/ — ' (a b
(4.26) 'l[f(x)+f<a+b—x)]+1(x—a)2f(b) f()—bia/f(t)dt‘

2 2 b—a
gbia/;(t—a)\a/(f’)dwm(x—“%b) \/ (f)
b b
+bia/a+b_x(b_t)\t/(f/)dt
< 553 [(w—a)z\!<f’>+(x—“j”) \x/(f’)+(w—a)2a+\b/x(f’)]
mmax{(aj—a)2,(m—a7%)2}\/(f/)
S a
T at+b—zx b
mmax{\/u'), Vo).V (f’)} 2(z—a)’ + (z — 25)°]

foranyz € [a, 4£?].
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PROOF If we take the modulus irj (4.25) we get

@2 [Ures - e-ot LOLO L i al

xT

< [ -are -1

~b—al,

1 a+b—x
b—a /m

1 b / ! [
prt [ e-0lro-rola-x

f'a)+ [ lat+b—x)

t— dt

ft) —

a+b
2

foranyz € [a, 4£0].

+
2
Letz € (a, %) . Sincef’ is of bounded variation ofu, b] , then

1 ()= f () <\ (f),

for anyt € [a, z] and

fx)+ f(a+b—x)

(0) - :
PO @ 0~ b
2
<L F @ b0 - Ol<5 V()

foranyt € [x,a +b— x].
We also have

F@=FOI<\ (), telatb—a.

Then we get

KSbia/j(t_a)\:/(f,)dH?(bl—a) \/ (f,)/fb_xt_ - ‘dt
+bia/aib_m(b—t)\j/(f’)dt
< bia\:/(f’)/j(t—a)dwrQ(bl_a)a+\i/_x(f’)/:+bm t—a;b‘dt
+biaa+\?x(f/)/a;m(b_t)dt
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which proves the first two inequalities in (4]26).
The last part is obvious by the maximum propertigs.

COROLLARY 4.9 (Dragomir, 201410]). With the assumptions of Theorem|4.8 we have

b b
(.29 sU@eson- 2 [ roa<go-oV
(4.29) ‘f ("2”)) oo - - [ ro dt\

< bia/a2(t—a)\/(f/)dtntbia/w(b—t)\t/(f’)dt

and
(4.30) ’% [f (3a4+b> +f (“Z%)} + 3i2 (b—a)[f (b) - /' (a)]
1 b
‘Ta/a f(t)dt’
1 ’ 4
+bT a+3b (b_t)\/(f/)dt

5. MORE PERTURBED COMPANIONS OF OSTROWSKI'S INEQUALITY FOR
ABSOLUTELY CONTINUOUS FUNCTIONS

5.1. Some Identities.In the recent papell] we established the following identity:
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LEMMA 5.1 (Dragomir, 201410]). Assume thaf : [a,b] — C is an absolutely continuous
function on|a, b]. Then we have the equality

(5.1)

N —

B R e = UL
1

5 [ -l O - @)

s I (S AU P

(£ =) [f" (t) = As ()] dt,

b—a at+b—zx
foranyz € [a, %] and ), (z), j = 1,2, 3 complex numbers.
The following particular cases are of interest:

COROLLARY 5.2 (Dragomir, 2014710]). With the assumption of Lemrpa]s.1 we have the
equalities

sz Ol [rpa- <t—a;b)[f’(t)—Az]dt7

63 1(“3)rio-00-0 - [roa
:bia/aa;b(t_a)[f() Aﬂdﬂb_a/a;(t—b)[f()—ks]dt,

and

(5.4) %[f(?’ajb)H(aZiﬂb)}+3i2<b—a)(A3 /f
[T awro-aa

forany i, \y, A3 € C.

The following particular result with no parameter in the left hand term holds:
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COROLLARY 5.3 (Dragomir, 201410]). Assume that : [a,b] — C is absolutely continu-
ous on[a, b]. Then we have the equality

(5.5) U@+ fatb—a)] -
1

:b—a/j(t_a)[f/(t)—)\1($)]dt

+bia/xa+bx <t_a;b) [f (t) — Ao ()] dt

+bia/ (t=0b)[f" (t) — M\ (2)] dt,

at+b—zx

foranyz € [a, %] and); (z) i = 1,2 complex numbers.

REMARK 5.1. We get from@]3) the following particular case:

(5.6) f(“*b) /qf

a+b
1 b

1
:b—a/a (t=a) [f' (t) = M dt + 5
for any )\, € C, while from (5.4) we get
1 3a+b a+3b 1 b
(5.7) §{f( . )+f( ; )]_b_a foa

3a+b
=———/1 (t—a)[f (t) — M\ dt

a+3b

b—a/g,ajb (t a;b) [f/ () — Ao dt

_|_

forany A, A, € C.

5.2. Inequalities for Lipschitzian Derivatives. We say that the function : [a,b] — Cis
Lipschitzianwith the constant. > 0 if

g () =g (s)| < Lt — s
foranyt, s € [a,b].

THEOREM5.4 (Dragomir, 201410Q]). Assume thaf : I — C is an absolutely continuous
function on[a, b] C I, the interior of /. If the derivativef’ is Lipschitzian with the constant
K > 0, then

(5.8)

E e R L. at

1
2

< 3(?_(@) [(:c—a)3+ (G—zi—b_a:>3]

foranyz € [a, 4£?].
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PROOF If we take in the equality] (5|1} (z) = f(a), Az () = ' (“52) and s (z) =
f’ (b) then we have

1 1 2 f(b)

Sr@ oo+ - LOL@ L
1

i [ ol - 7@l

ra () o ()

b
el AR ACEE RO

foranyz € [a, £2].
Taking the modulus irf (519) we have

U@+ saro-al+ - LOZEO L e
1

<L [e-arrn-rwa

I e , (a+b
v [ |- -7 (5|

el IR RO

K T a+b—zx 2 b
< [/ (t—a)th—i-/ (t—a+b) dt+/ (b—t)Zdt]
b—a a T 2 at+b—zx

:gb[_(a [(m—a)3+ (“;b—x)gl

for anyz € [a, %] and the inequality (5]8) is proved.

COROLLARY 5.5 (Dragomir, 201410]). With the assumptions of Theorem|5.4 we have the
inequalities

(5.9)

_|_

a+b
2

+

b
(5.10) sU@eson- o [ roal < gre-or,

(5.11) ’f(;b) FL - a)lf ) -

) dt‘ < %K(b— a)?

and
512 ]% [f () ()] + oo e - s
Ry
< —K(b—a)

48
The following dual result also holds:
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THEOREM5.6 (Dragomir, 201410]). With the assumptions of Theorém|5.4 we have

» fla+b—2)— f'(2)

(5.13) B[f(x)Jrf(Hb—x)H%(x—a) b—a

1 b
—m/ f(t)dt‘
K

Sw—a>kx—af+z(a;b_w>1

foranyz € [a, %] .

PrROOEF If we take in the equalitl)1 (2) = f'(z), o () = f' (aTH)) and\s (x) =
f' (a+ b — z) then we have

<

(5.14) % [f (x)+ f(a+b—2)] + % ( — a)g f'(a+ bb—_xc)L — f'(z)
g AL
—i [0 - s

a

+bia/;+b_$ (t_a;b) [f'(t)—f’ <a;b>]dt

[ O s e ala

+

foranyz € [a, 5] .
Taking the modulus irf (5.14) we have

(5.15) B [f (z)+ f(a+b—2)] +%($_a)2 f (a+bb—_xc)l—ff (2)

1 b
it [ rwa

1
<y [ Al -l

1 at+b—zx a+b , , a+b
o o ()

I , / -
el G LR ORI AL

< bi{a [/:(t—a)(x—t)dtjt/:%_x (t—a;bfdt

+ (b—t)(t—a—b—l—x)dt]

foranyz € [a, 5] .
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However

/a (t—a)(x—t)dtzé(a:—a) ,
b 1
/ (b—t)(t—a—b+x)dt:6(x—a)3

+b—2x

at+b—z 2 3
/ (t_a+b) dt:g(aer_I)
- 2 3 2

K 3 a+b ’
and by (5.1p) we get the desired reslt (5.188).

COROLLARY 5.7 (Dragomir, 201410]). With the assumptions of Theorem|5.4 we have

(5.16) ‘f(“b)—bi&/bf(t)dt

and

o Bl ()
1

and

foranyz € [a, 5] .
Then

1 2
< —K —
— 24 (b—a)

bz (b—a) [f (“Z%) f’(gajb)}— t)dt‘
< 614K(b—a) |

5.3. Inequalltles for Convex Functions.Suppose thaf is an interval of real numbers
with interior | and f 1 — Ris a convex function od. Then f is continuous or and
has finite left and right derivatives at each pomtIoMoreover ifx,y elandz < y, then
fL(x) < fi(z) < fL(y) < fL(y) which shows that bothf’ and [ are nondecreasing
function oni. It is also known that a convex function must be differentiable except for at most
countably many points.

For a convex functiorf : I — R, the subdifferential off denoted by)f is the set of all

functionsy : I — [—o0, 0o such thatp <I> c Rand

f(x)> f(a)+ (x—a)p(a) foranyz,a € I.
It is also well known that iff is convex onl, thendf is nonempty,f’, . € of and if
p € df, then
fL(z) <e(x) < fl(x) foranyz € i
In particular,y is a nondecreasing function.
If fis differentiable and convex dnthend f = {f'}.

THEOREM 5.8 (Dragomir, 2014[10]). Let f : [a,b] — R be a convex function with the
lateral derivativesf’ (b) and f’ (a) finite. Then we have the inequality

1 o L (b)_f-/i-(a)
5(9:_&) b—a

b
(5.18) %/f(t)dtg%[f(x)+f(a+b—x)]+

foranyz € [a, 4£?].
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PROOF. If we take in the equality| (5|1}, (z) = f} (a), A2 (z) = f} (“3?) and )3 (z) =
1 (b) then we have

(5.19) %[f(x)—i—f(a—i—b—x)]—i—%(m—a)Qf/(b[i:i}(a)—bia/ f(t)dt
— [ -0 e~ f @)
1 otb—a a+b a+b
s () po-n ()
=t I R A
foranyz € [a, %] andy € 9f, sincef’ = ¢ almost everywhere ofa, b] .
Letz € (a, %) . We have
(t—a)[p(t)— fi(a)] > 0foranyt € [a,x]
and

t=0)[et)—f )] =0b-2t)[f b)—p(t)] >0foranyt € [a+b—z,b].

Also
(1= 252) [e0 -1 (5

Therefore the right hand side ¢f (5]19) is nonnegative and the ineqyality (5.18) is paoved.

b)} > 0 foranyt € [a,a+ b — z].

COROLLARY 5.9 (Dragomir, 201410]). With the assumptions in Theorém|5.8 we have

620 o<t f fwt—f(a;b) <Ll-a) [ 0) - £ (@)

and
[ () o (4]
+os(0—a) [/ (0) = [ (0)].

REMARK 5.2. Ifthef : [a, b] — R is a twice differentiable convex function with the lateral
derivativesf’ (b) andf’, (a) finite, then we have the inequality

(5.22) 0< L1 @)+ Flat b+ 2 fL(0) ~ f (@)

- Q(x—a) b—a
b—a/ ft

<ﬁ [(m—a)3+<a;—b—x)3]

foranyz € [a, 5], provided that < f” (t) < S for anyt € (a,b).

(5.21)

—_
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In particular we have

b
629 o0<f(“3) g0l o fwl- g, [0

8 b—a
31—128(19—@)2
and
s20  osi|r(*) ()] oo e - s
—bia abf(t)dt
S%S(b—a)Q
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CHAPTER 9

Ostrowski’s Inequality for General Lebesgue Integral

1. OSTROWSKI-JENSEN TYPE INEQUALITIES

1.1. Introduction. Let(£2, A, 1) be a measurable space consisting of dseto — algebra
A of parts of(2 and a countably additive and positive measum A with values inR U {co} .
Assume, for simplicity, thaf,, du = 1. Consider the Lebesgue space

L(Q,u):={f:Q—R, fispu-measurable an¥ |f ()] du(t) < oo}

For simplicity of notation we write everywhere in the seqyjetvdy instead of [, w (¢) du (t) .
In order to provide a reverse of the celebrated Jensen’s integral inequality for convex func-
tions, S.S. Dragomir obtained in 200H] fhe following result:

THEOREM 1.1 (Dragomir 2002/1]). Let® : [m, M] C R — R be a differentiable convex
function on(m, M) and f : Q — [m, M| sothatdo f, f, ® o f, (®’o f)-f € L(Q,u).Then
we have the inequality:

(1.1) 0§/<I>ofd,u—cl>(/ﬂfd,u)
/f o f)d - /@'ofdu/gfdu

< 5 [® ()~ @ (m /‘f fdu‘
In the case of discrete measure, we have:

COROLLARY 1.2. Let® : [m, M] — R be a differentiable convex function ¢m, M) . If
z; € [m,M]andw; >0 (i=1,...,n)withW, :=>""  w; = 1, then one has the counterpart
of Jensen’s weighted discrete inequality:

(1.2) 0< sz (z;) <Z ww,)

REMARK 1.1. We notice that the mequallty between the first and the second tefm]in (1.2)
was proved in 1994 by Dragomir & lonescu, ség [

If f,g:Q — Rarey—measurable functions arfdg, fg € L (Q, 1) , then we may consider
the Cebysev functional

(13) T(f,g) = /Q Fodn - /ﬂ Fd /Q gdp.

225



226 S. S. IRAGOMIR

The following result is known in the literature as t@elss inequality

(1.4 T(f.0)| < 3 (T =) (A —0),
provided
(1.5) —0<y<ft)<T <00, —00<d<g(t) <A<

for y—a.e.t € Q.

The constanﬁ is sharp in the sense that it cannot be replaced by a smaller quantity.

If we assume that-co < 7 < f(z) < I' < oo for p—a.e.z € Q, then by the Griss
inequality forg = f and by the Schwarz’s integral inequality, we have

(1.6) [lr-] fdu‘du<[/ ra-( [ fdu)] <l@r-v).

On making use of the results (I.1) and {1.6), we can state the following string of reverse in-
equalities

(1.7) O§/®ofdu—®(/gfdu)
/f & o f) dp - /<I>’Ofdu/fdu

L () - - fdu‘

< 5 [® () — & (m)] [/Q Fdp — (/Q fdu>2] %

< 10 (M) = & ()] (M = m),

| /\

2

provided thatb : [m, M| C R — Ris a differentiable convex function dm:, M) andf :  —
[m, M]sothatdo f, f, & o f, f-(® o f) € L(Qnu),with [,du=1.
The following reverse of the Jensen’s inequality also hadis [

THEOREM 1.3. Let ® : /] — R be a continuous convex function on the interval of real
numbers andm, M € R, m < M with [m, M| C I, wherel is the interior of[. If f : 2 — R
is y-measurable, satisfies the bounds

—oco<m < f(t) <M < oo forp-a.e.t € Q
and such thalf, o f € L (Q, 1), then

(1.8) OS/QCDOfd,u_q)(/QfdM)
< <M—/Qfdu) (/Qfdu—m) q)l—(]\ﬁ:%(m)

< 3 (M = m) [# () — &, (m)]

whered’_is the left andd’, is the right derivative of the convex functién

For other reverse of Jensen inequality and applications to divergence measug}s see |
In 1938, A. Ostrowskid], proved the following inequality concerning the distance between

the integral mean’- f;’¢> (t) dt and the valued (), x € [a, b].
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THEOREM1.4. Let® : [a,b] — R be continuous ofu, b| and differentiable orfa, ) such
that®’ : (a,b) — R is bounded orfa, b), i.e.,||®’| := sup |®'(t)| < co. Then
te(a,b)

b p b\
(1.9) "D(ﬁﬁ)—ﬁ/ f(t)dt'ﬁ [ivL( b_; ) ] 9|, (b —a),

for all z € [a,b] and the constani is the best possible.

Motivated by the above results, in this section we investigate the magnitude of the quantity

L@ogdu—@(w)—A(/ﬂgdu—x),:z:e[a,b],

for various assumptions on the absolutely continuous fungtiamhich in the particular case of

x = [, gdu provides some results connected with Jensen’s inequality while in the\cas@
provides some generalizations of Ostrowski’s inequality. Applications for divergence measures
are provided as well.

1.2. Some Identities.The following result holds:

LEMMA 1.5 (Dragomir, 20144]). Let® : I — C be an absolutely continuous functions
on|a,b] C I, the interior of I. If g : Q — |[a, b] is Lebesguei-measurable of2 and such that
dog, g€ L(Q,u),then we have the equality

(1.10) é@ogdu—@(:ﬁ)—k(/ggdu—x)

- o= [ @@-90+50-285] s

forany\ € Candzx € [a, b].
In particular, we have

(1.11) /Qcpogdu—@(x):/g [(g—x)/olq)’((l—s)x—i—sg)ds} .
foranyz € [a, b].

PROOF Since® is absolutely continuous dn, b] , then for anyu, v € [a, b] we have
(1.12) O (u) — @ (v) = (u—v)/1¢’((1—s)v+su) ds.
This implies that O
® (g (1) =@ (x) = (g(t) —fv)/ol@’((l —s)z+sg(t))ds
for anyt € 2, or equivalently,
(1.13) q)og—CI)(x):(g—a:)/olq)’((l—s)x—i-sg)ds.

Since® : I — C is an absolutely continuous functions fanb| the Lebesgue integral overin

the right side of|(1.10) exists for anye C andzx € [a, ] .
Integrating |(1.13) over the measyren 2 and sincef,, du = 1, then we have

(1.14) /Q@ogdu_q><x):L{<g—x)/01¢f<<1—s)x+sg)ds .
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Now, observe that fok € C we have

(1.15) /Q{(g—x) /01 (@ ((1—s)z + sg) — \) ds} dy

- [|o-» (/01®’<<1—s>x+sg>ds—A)]du
=/Q :(9—93)/01@’((1—8)9%89)618} du—A/Q(g—w)du

= o= [0 @=sa+soas]an—r( [ atu—x).

Making use of[(1.14) andl (1.1L5) we deduce the desired r¢sulij (1810).
REMARK 1.2. With the assumptions of Leminall.5 we have

(1.16) /QCI)ogd,u—CI)(a;b)

:/Q[(g—a;b)/olél((l—s)a;b—i—sg)ds] du.

COROLLARY 1.6 (Dragomir, 20144]). With the assumptions of Lemimal1.5 we have

(1.17) /Qq) o gdy — @ (/Q gdul)
[l L) (0= L)oo

PROOF. We observe that sinag: Q@ — [a,b] and |, du = 1 then [, gdu € [a,b] and by
takingz = [, gdp in (1.11) we get[(1.17)n

COROLLARY 1.7 (Dragomir, 20144]). With the assumptions of Lemina]1.5 we have

(1.18) /cpogdﬂ__/ 2 di — A </di'u_a42—b>
_/Q{b_a/a l(g—fv)/o (@/((1—5)$+89)—)\)d3}d:c}du.

PROOF. Follows by integrating the identity (1./L0) overe [a,b], dividing byb —a > 0
and using Fubini’s theorem.

COROLLARY 1.8 (Dragomir, 20144]). Let® : I — C be an absolutely continuous func-
tions onla, b] C I, the interior ofI. If g, h : Q — [a,b] are Lebesgu@-measurable o2 and
suchthatb o g, o h, g, h € L (2, ), then we have the equality

(1.19) /(I)ogd,u /thdu A(/ gdp — /hdu>
//{ (7) /0(@/((1—5)“ )+39(t))—)\)ds]

X dp (t) dp (7)
forany\ € Candz € [a, b).
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In particular, we have

(1.20) /Cbogdu /thdu
//[ )/01@’((1—s)h(7)+sg(t))ds]dﬂ(t)dﬂ(f),

foranyz € [a, b].
ProoF. From [1.1I0) we have for any € 2 that

/QCI)ogd/L—CD(h(T))—)\(/diﬂ_q)(h(T»)
-/ {<g—@<h<r>>> / (@ (1= 5) B (5 () + 39) — ) ds] du

forany\ € C andz € [a, b].
Integrating orf2 overdy () and using Fubini’s theorem we get the desired repult [149).

REMARK 1.3. The above inequality (1.]19) can be extended for two measures as follows

(1.21) / ® o gdpuy — / @ohduQ—)\(/Ql gdul_/gz h%)
/Ql / [ (™) / (@' (1= 8) h(7) + 59 (£) = A) ds]

X dpy (t) dpy (1)
forany\ € C andz € [a,b] and provided thabog, g € L (4, ;) While ®oh, h € L (Qa, s) .

REMARK 1.4. If w > 0 p-almost everywher¢y-a.e) on Q with [, wdu > 0, then by
replacingd. with fwi’;u in (1.10) we have the weighted equality
Q

1 1
(1.22) m/ﬂw(@og)du—@(w)—)\(W/ﬂwgdu—x)

~ i o (=) [ @ (= 5)a+s0) - 2as)

forany\ € C andzx € [a, b], provided® o g, g € L,, (2, ) where

Lo(@0) = {al [ wlalda < oo},

The other equalities have similar weighted versions. However the details are omitted.

If we use the discrete measure, thendor I — C an absolutely continuous functions on
[a,b] C I, the interior of], z; € [a,b] andp; > O with 7, p; = 1 we can state the following
identity

(1.23) ij‘b (z;) =@ (z) — A (Z piTj — 95)
=S |- [ @ ()0t sn) - N

forany\ € C andz € [a, b)].
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In particular, we have

(1.24) ipjcb(xj) Zp]{ x; — ) /1®’((1—5)x+sxj)ds}

0

foranyz € [a,b] and

(1.25) iqu) (z;) — @ (a ; b)
_ijKj a+b)/0 @,((1_S)a+b
and

(1.26) ij () (Zpkxk>

— ij [(x] — Zpka:k> /01 o’ ((1 —3) ipkxk + sxj) ds] .

If 2; € [a,0] andp; > 0,5 € {1,...,n} with 3°7 , p; = L and ify; € [a,b] andg; > 0,
ke {l, .. m}with ;" ¢, =1, then we can state the following identity as well:

(1.27) ij‘b Z%‘I’ Yr) (Zpg% ZQkyk)
_ZPJZQk { P — Uk /0 (@' ((1 = s) yx + sx;) —)\)ds] :

In particular, we have

(1.28) ij@(l’j) - qué(yk)
= ZPJZ% [ P — Yk /0 <I>’((1—s)yk—|—smj)ds] )

1.3. Bounds in Terms ofp-Norms. We use the notations

1/p

[i@ran | <oc.pz1 ke, @,

+ sxj> ds]

1Kl =

esssup,eq |k (t)] < 0o, p=100, k € Lo (82, 1) ;
and

1/p
(fo\cb ]pds) <oo,p>1,®eL,(0,1);
||(I)||[o,1],p =
essSuPse(o ) [P ()] < 00, p =00, ® € Lo (0,1).
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If we consider the identity functiof: [0, 1] — [0,1], £(s) = s we have

/0 (@ (L= s)x+sg(t) = A" ds = [|®" (1 = )z + Lg (£)) = Allfp 11,

and

ess sup |9 ((1—s)a+ g (8) = Al = [ & (1~ )z + g (1)) = Mgy

s€[0,1]

fort € Q.

THEOREM 1.9 (Dragomir, 20144]). Let® : I — C be an absolutely continuous functions

onla,b] C I, the interior of . If g : Q — [a, ] is Lebesguei-measurable o2 and such that
dog,ge L(Qu),then

AQOWM—Q@ﬁ—A</WM—xN
l/m—xmyul—@x+@> Mg ds

(g = allg. 19 (L= 02+ 9) = Mg,

(1.29)

lg = zllq, |17 (1 = £) 2 + Lg) = lljg,11,1
p>15+.=1

q )

IN

Q,q

lg = llqq |19 (1= Oz +Lg) = M| s

\ Q,00

foranyA € Candz € [a,?].
In particular, we have

(1.30)

/q)ogd,u—q)(x)
L/m—xmaul—@x+@m01

[ Nlg — llo 19 (1 =02+ 9},
< o=l 19 (0 = 0 + )l |
p>1,1—0+521;
lg = allo 19 (1= 0 + L)l |,
\ ,00

foranyz € [a, b].
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PrROOF Taking the modulus in the equalify (I]10), we have

/chogdu—cp(a;)—A(/diM—x)‘

</ <g—x>/01<<1>'<<1—s>x+sg>—A)ds
g/Q|g—a:|/01|<1>'<<1—s>z+sg>—A|dsdu

- / lg— o] 19 (1 = )2+ £g) — Nl .1 i

(1.31)

dp

forany\ € C andz € [a, b].
Utilising Holder’s inequality for the:-measurable functions, G : 2 — C,

1/p 1/q 1 1
/FGdu'S(/|F\pdu) (/\G!‘%l,u) ,p>1,-+-=1
Q Q Q b q

and

/FGd,u‘ < esssup|F(t)|/ |G| du
Q Q

teQ

we get from[(1.3]1) the desired resiit (1.28).

REMARK 1.5. If we taker = 22 in (1.29), then we get

(1.32) /@ogdu—@(a;b)—)\(/gdu—a;—b>'
Q Q
a+b , a+b
g/g— O ((1—4)——+Llg) —A du
Q 2 2 [0.1],1

o=l 19 (1= 0 52 4 t9) = Al ],
< 4 Hg o aTerHQm ”(DI ((1 —0) aTer +€9) o )‘H[o,u,l 0.
| p> 1,%+% =1;
\ Hg_aT—H)HQJ ||q)/ ((1_€)0‘T+b_|_£g> _)\H[O,l},l Q,oo;
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forany A € C and, in particular, foi = 0 we have

(1.33) /@ogdu—®(a+b>'
o 2
g/g—a+b“®’<(1—€)a+b+€g) "
0 2 2 [0,1],1
(
lo = e 12 (2 =0 5+ £) ],
< o=, [le @ -0+ ),
| p>1, % + % =1;
\ ||9 - CLT—"_b”Ql H(I)/ (1=0) 52+ 69)”[0,1]71 Qoo ;
If we takex = [, gdu in (1.29), then we get
(1.34) / ® o gdu — o (/ gdu) ‘
Q Q
S/g—/gduH@((l—@/gdH@g)—A dp
Q (9] Q [0,1],1

lo = fogdnllg o 119 (1 =€) fy g+ t9) = All

3
.1

< Hg — Jo gd“HQ,p ”(I)/ (1 =) Jo9dn+ tg) — )‘H[o,u,l Qg
p>1, 1—1, + % =1;
\ Hg — Jo gd'u'HQ,l ”(D/ (1 =€) Jo9dn+ tg) — )‘H[o,1],1 Q00 ;
forany A € C and, in particular, foi = 0 we have
(1.35) / dogdy— @ (/ gdu) ‘
Q Q
s/ g—/gduH@’ ((1—€)/gdu+€g) dp
Q Q Q [0,1],1
(g = Joy gl |12 (L= 0) Sy 9dn -+ 09) ] o1’
<) g = Jagdullg, |1# (1= 0) fogdu+€9)l]g4|,
| p>1, % + 5 =1;
| ||g - fQ gd“”sm H(I)/ ((1 —{) fQ gdp + 69) ”[0,1],1 Qoo

COROLLARY 1.10 (Dragomir, 20144]). Let® : I — C be an absolutely continuous
functions onfa,b] C I, the interior of I. If g : Q — [a, b] is Lebesgue:-measurable o2 and
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such thatb o g, g € L (2, 1), then

(1.36) /QCD o gdu — d(x)

< 9] / 19— 2 du

foranyz € [a,b].
In particular, we have

a+b , a+b
(1.37) /CPogdu—CP( 5 )‘ < H‘Pll[a,b],oo/ ‘9— 5 ‘du
Q Q
and
(1.38) | @ g @(/ gduN <[] /’ gdu’d

PrRoOOF We have from[(1.29) that

[#osdn-at /|g—x|(/ (1= 9)2 -+ 59) ds ) d

foranyz € [a,b)].
However, for any € 2 and almost every € [0, 1] we have
P ((1 = s)w + 59 (1)) < ess sup |O (w)] = [|9]] 4 ) o0 »

u€la,b]

(1.39)

foranyz € [a,b)].
Making use of[(1.39) we geft (1.36§.
REMARK 1.6. We remark that, the quantity from Corollary 1.10

= / g — [ dp
Q
cannot be computed in general.
However, in the case whel = [a,b], g : [a,b] — [a,b], g (t) = t andp (t) = =dt, we
have

5, (9,7) /|t—x|dt [/ (x—t)dH/:(t—x)dt]

:b— [(x—a) (b—:z:)}

a

2
1 x— ob
- [Z+< - ) ] (b-a),
wherez € [a, b)] .

Utilising the inequality[(1.36) we get Ostrowski’s inequality

2
1 x — atb
S ||q),||[a,b],oo [Z+ ( b—; > ] (b_a)
foranyz € [a,b)].

From the inequalitieg (1.37) and (1]38) we get the midpoint inequality

(1.41) 'bia/bcb(t)dt—@(a;b)
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REMARK 1.7. If we consider the dispersion or the standard variation
1/2

o= (o= fon) ) = (Lo (fow))

then by [1.3B) we have the inequalities

R e

<o’ a,bl,00 Tu (9) -
In general, we have by Cauchy-Bunyakovsky-Schwarz’s inequality that

(1.43) Sulg.)i= [ lo—aoldu< ( / (g—w)Qdu) "
Since
/ (g —=)* du

o e L)
o= o) -2 o= L) (o)
n (/di,u—x) dp |
o~ o) o [

foranyz € [a, ], then by (1.36) and (1.43) we get the inequalities

/beogd,u—fb(x)

(1.42)

(1.44)

< ||(I),||[a,b],oo 5# <g7 .T)

7 1/2
< N2 4,00 [‘Ti (9) + (/Q gdp — x) ]

If we use the discrete measure, then from ([L.44) we have
> 0 (z;) — @ (x)
j=1

<N o0 D25 25— 2
j=1

foranyz € [a,b].

(1.45)

0 1/2

n n 2 n
< zpjmi—(zpjxj) +(zpjxj—x> |
j=1 j=1 j=1

foranyz € [a, 0], wherex; € [a,b] andp; > 0 with 37 p; = 1.
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In particular, we have

u a+b a+b
O R )su@mme}y% =
j=1
/
< ) (b —a)||® ||[a,b],oo
and
(1.47) ij () (Z pkxk) ‘

<N N 47,00 ij
j=1

Xy — E PrTk
k=1
97 1/2

n n 1
<10 | D PiT — (ij%') <gb-a 12"l 4,67,00
j=1 j=1

1.4. Inequalities for Bounded Derivatives.Now, for v,I" € C and|a,b] an interval of
real numbers, define the sets of complex-valued functions

Ulag) (7,1)
= {f : [a,b] — C|Re [(F — (1) (W—ﬁ)] > ( for almost every € |[a, b]}

and

Apg) (7,T) == {f :a,b) = C| |f(t) — # < %|F — | fora.e.t € [a,b]} .

The following representation result may be stated.

PROPOSITION1.11. For any~,T' € C, v # T, we have thal/, ;) (v,T') and A, (7, T)
are nonempty, convex and closed sets and

(1.48) Uy (7:T) = Ay (1, 1)
PROOF We observe that for any € C we have the equivalence
vy+T 1
1l Tl <=
2= =50 =l
if and only if

Re[(T —2)(z—7)] > 0.

This follows by the equality
y+I[

{0 = o - 35| =Relr -2 - 7)

that holds for any € C.
The equality[(1.29) is thus a simple consequence of this fiact.
On making use of the complex numbers field properties we can also state that:
COROLLARY 1.12. For any~,I" € C, v # I',we have that
(1.49) Uy (v.1) = {f : [a,t] = C| (ReD = Re f () (Re f (t) — Rew)
+(ImT —TIm f (¢)) (Im f (t) — Im~) > 0 for a.e.t € [a,b]}.
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Now, if we assume thaRe (I') > Re(v) andIm (I') > Im(y), then we can define the
following set of functions as well:

(150) Sy (D) = {f [0, = C| Re(T) = Re f (1) = Re ()
andIm (I') > Im f (¢) > Im () fora.e.t € [a,b]}.

One can easily observe thé{g,b] (v,T") is closed, convex and

(151) @ 7£ S[a,b] (77 F) g U[a,b] (’77 F) :
The following result holds:

THEOREM1.13 (Dragomir, 20144]). Let® : [ — C be an absolutely continuous functions
on[a,b] C I, the interior of /. For somey,I" € C, v # I', assume tha®’ € Upa) (7, T) =
Ay (7,T) . If g : Q — [a,b] is Lebesgu@-measurable o2 and such thabog, g € L (2, 1),
then we have the inequality

A@om@—@@Q—I%E(AQM—x>

foranyx € |a, b].
In particular, we have

(1.52)

1
<50 =1l [ 19— ald
Q

r
(1.53) /@ogW—@(a+é>—7+ (/g@—a+bﬂ
o 2 2\ 2
1 a+b 1
<-|M— . <Yto_aoir-
<50l [Jo- "3 du<jo-air—s
and
(1.54) /@ogdu—@ (/ gd,u)’ /gd,u‘
Q Q
o\ 172
1 2
< 5=l (/9 du—(/gdu> )
Q Q
<X—ayr—y
=7 Y-
PROOF By the equality[(1.10) foA = 21 we have
(1.55) /@ogdu—q)(x)—ﬂ(/gdu—x>
Q 2 Q

= [Ja-o [ (v @=9+50-5) ts]

Since® € A,y (7,I') we have

r 1
(1.56) ¥ (1= s)z+sg(t) - Ti—| < 510 =)
fora.e.s € [0, 1] and for anyz € [a,b] and anyt € ().
Integrating|(1.56) oves on [0, 1] we get
1
(1.57) / P ((1—8)x+sg(t)) — V;F ds < — |F—7|
0

for anyz € [a,b] and anyt € €.
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Taking the modulus irf (1.%5) we get v[a (1}57) that

L@ogdu—@(m)—%(/ggd,u—x)‘
/ {|9—93| /1 <¢'((1—s)x+sg)—¥) dsH dp
< [[io=at [ forc yel

O ((1—8)z+sg(t) — —— ds} dp
§§|F—vl/lg—x|du
0

2
and the proof of (1.52) is completes.

(1.58)

COROLLARY 1.14 (Dragomir, 20144]). Let® : I — R be a convex function dia, b] C I,
the interior of /. If g : Q — [a, b] is Lebesgug.-measurable o2 and such thatb o ¢, g €
L (€, u) , then we have the inequality

/Qq)ogd,u B (x) — @/()+<1>/ (b) (/diu—x>
%[‘D' /Ig—xldu
foranyx € [a, b].

In particular, we have

/chogdu—cpc;rb)_@#(a);fb’_(b) (/diu_a;—bﬂ

<5l 0 -0 @) [ |o- 5 di< 50 [0 0)- 0, (@)

g— / gdu' dp.
Q

(1.59)

(1.60)

g_
Q

and

(1.61) og/QcI>ogdu—<I></diu> S%[Cb’(b)—q’i(a)}/g

The inequality[(1.61) is not as good &s (1.1).
The discrete case is as follows:

REMARK 1.8. Let® : I — C be an absolutely continuous functions fanb] C I, the
interior of /. For somey,I" € C, v # I', assume tha®’ € Ay (v,T). If ; € [a,b] and
p; > Owith 7, p; = 1 then we have the inequality

ijq)(ffj)— 7+F (Zpkﬂfk—l")

foranyz € [a, b).
In particular, we have

a+b +T [ <& a—+b
q’(%‘)_@( B )—72 (Zpkxk— 7 )‘

k=1
1 n
<SI0=91>p;

j=1

(1.62)

1 n
< §|F—7\ij|ﬂfj—l"|
j=1

(1.63)

a+b

1
;1 (b—a)Ir -1

$j— ‘S
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® () (zpkxk>

<zl > = i
j=1 k=1

and

(1.64)

1/2

2
1 = = 1
et (S (Swa) | <jo-arw-a
j=1 k=1

If & : 1 — Ris aconvex function ofu, b] , then we have

O (z;) — @ () — %% (@) +(I)/ <Zpk$k—$>
1

2 [(I)/ ij |z —

IN

(1.65)

foranyz € [a, b).
In particular, we have

@(xj)—q)(a;—b) _(I)/Jr(a);—q)/(b) (Zpk%—a;_b)‘
1

2 [Q)’ Z Dj

(1.66)

Lj—

2. OTHER OSTROWSKI-JENSEN TYPE | NEQUALITIES

2.1. Some Identities.The following result hold<4]:

LEMMA 2.1 (Dragomir, 20144]). Let® : I — C be an absolutely continuous functions
on|a,b] C I, the interior of I. If g : Q — [a, b] is Lebesgue-measurable of2 and such that
dog,ge L(Q,un),then we have the equality

(2.1) /g)@ogdu—@(m)—A(/di,u—x)

:/Q[(g—x)/ol(q)’((l—s)x—\—sg)—)\)ds} dp

forany\ € Candzx € [a,b].
In particular, we have

(2.2) /chogdu—cb(a:):/ﬂ[<g—x>/01<1>'<<1—s>x+sg>ds] an,

foranyz € [a, b].
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REMARK 2.1. With the assumptions of Lemia]2.1 we have

(2.3) /beogdu—fb(“;b)
:/Q[(g—a;_b)/Olq)’((l—s)a;b—i-sg)ds] .

COROLLARY 2.2 (Dragomir, 20144]). With the assumptions of Lemima]2.1 we have

(2.4) /Qq)ogdu—fl) (/diul)
(o) (-0 fruen) ]

PROOF. We observe that sincg: Q — [a,b] and [, du = 1 then [, gdu € [a,b] and by
takingz = [, gdy in (2.2) we get[(21)n

COROLLARY 2.3 (Dragomir, 20144]). With the assumptions of Lemima]2.1 we have
I b
(2.5) /q)ogdu—b— @(m)daz‘—)\(/gdu—a;— >
- Q

:/Q{bia/ab {(g—x)/ol(q)’((l—s)xjtsg)—)\)ds} dx}du.

PROOF. Follows by integrating the identity (2.1) overe [a, b] , dividing by b — a > 0 and
using Fubini’s theoreng

COROLLARY 2.4 (Dragomir, 20144]). Let® : I — C be an absolutely continuous func-
tions onfa, b] C I, the interior of . If g, h : Q — [a, b] are Lebesgu@-measurable o2 and
such thatb o g, o h, g, h € L (2, ), then we have the equality

(2.6) /q)ogd,u /@ohdu A(/gdu /hdu>
o s s

X dy (t) dp (1)

forany\ € Candz € [a, b).
In particular, we have

(2.7) /Cbogd,u—/q)ohdu

= [ Lo -ne [[#0 =00 sy as] i

foranyz € [a, b].
REMARK 2.2. The above inequality (2.6) can be extended for two measures as follows

(2.8) / ® o gdpu, — / (I)Ohd'%_)\(/glgd'ul_/g? hd,ug)
/Ql /Q [ (7) )/01 ((I)/((l_s)h(T)ﬂLSg(t))—)\)ds]

X dpiy (t) dpy (1)
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forany\ € C andz € [a,b] and provided thabog, g € L (2, pu;) While ®oh, h € L (s, u5) -

REMARK 2.3. If w > 0 p-almost everywher¢y-a.e) on Q with [, wdu > 0, then by
replacingdy with +24£_ in ) we have the weighted equality

o wii
2.9) fﬂidu/gw(q>og)du—q>($)—A(fQ;dM/ngdu—a;>
- i o (=) [ @ (= 5)a+s0) - 2ds] o

forany\ € C andzx € [a, b], provided® o g, g € L,, (2, ) where

Ly (92, p1) == {gl /legldu < OO}'

The other equalities have similar weighted versions. However the details are omitted.
2.2. Inequalities for Derivatives of Bounded Variation. The following result holds:

THEOREM 2.5 (Dragomir, 20149]). Let® : I — C be an absolutely continuous functions
on[a, b] C I,theinterior of/ and with the property that the derivatide is of bounded variation
onfa,b].If g : Q — [a,b] is Lebesgue-measurable o2 and such thatb o g, g € L (Q, 1),

then we have
!/ /
/q)ogdﬂ_@(x)_w(/gdu_I)
Q 2 Q

(2.10)
b
\a/<<1>>/9|g—xrdu

<

DO | —

foranyx € [a, b].
In particular, we have

2.11) /chogd/,c—@(a;—b>—(I)/(a);—q)/(w (/diu—“;b)‘
s%\b/@v/gg—“gb\dusl<b—a>\7<¢'>

and ' '

(2.12) A@ogdu—@(/ﬂgd,u)‘ﬁ%{/(@’)/ﬂg—/di,u'du

b
1 /
< Z(b_a)\/@)'
ProOF. From the identity[(2]1) we have

(2.13) A@ogdu—@(m)—w(/ﬂgdu—x)

= [Jo-o [ (v @=95+s9 - D) 4],
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foranyzx € [a, b].
Taking the modulus ir] (2.13) we get

(2.14) /chogdu—cb(x)—w(/ggdu—w>
< [Jo=o [ (¢ @=0+s9 - D) gy
/|g—x|/ P ((1—s)x+sg) — CI)();q)l(b) dsdp

foranyzx € [a, b].
Sinced’ is of bounded variation ofu, b] , then for anys € [0,1], « € [a,b] andt € Q we
have

W (1 5)x+sg (1) - ATED

= LI (L= )+ 5 (1)) — ¥ (@) + ¥ (1 — )2+ 59 (1) — ¥ ()
< 19 (L= )+ 59 (1)~ (a)] + |9 () @' (1) + 59 (1)]

s%\b/(@

Then we have

(2.15) Lla=al [ 1

foranyz € [a, b].
Making use of[(2.14) andl (2.1.5) we deduce the desired r¢sulij (210).

REMARK 2.4. Letd : I — C be an absolutely continuous functions fanb] c I, the
interior of / and with the property that the derivati¢e is of bounded variation ofu, b| . If

z; € [m,M]andw; > 0 (i=1,...,n)with W, :=>""  w; = 1, then one has the weighted
discrete inequality:

(2.16) Zw@ (i) — @ () — ' (a) + ¢ (b) + Ll (Zw T — x)
- \/ ;wi |z, — x

N —

foranyzx € [a, b].
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In particular, we have

= a+b\ @ (a)+d0) [ a+b
(2.17) ;wZ@ (x;)) — P ( 5 ) - 5 (ZX: Wil — — ) ‘
b n a b b
< IV @)Y wfe - “F ' < -a)\/ (@)
and
n n b n n
(2.18) ;w@ (x;) — P (; wle> < %\a/(q)/) ;wl T — ;wlxl

2.3. Inequalities for Lipschitzian Derivatives. The following result holds:

THEOREM 2.6 (Dragomir, 20149]). Let® : I — C be an absolutely continuous functions
onla,b] C I, the interior of/ and with the property that the derivativi is Lipschitzian with
the constantx’ > 0 on[a,b]. If g : Q — [a,b] is Lebesgugi-measurable o2 and such that
dog, g€ L(Q,u),thenwe have

/Q@ogdu—q)(x)—q)’(x) (/di,u—xﬂ
< %K lai(g)+ (/diu—:v>2]

for anyz € [a, b], whereo, (¢) is the dispersion or the standard variation, namely

(2.19)

o= (o) ) = (o ([))

In particular, we have

(2.20) /qmgdu_@(“b)—cp'(“b) (/gdu—a+b)‘
0 2 2 o 2
1 a+b\°
§§K[03(9)+</gdu— 5 )
Q
and
(2.21) /Cbogdu—@(/gdu)‘Slei(g)SlK(b—a)Q
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PROOF From the identity[(2]1) we have for= &' (z) that

(2.22) /QCI)ogd,u—@(x)—CI)/ () (/ﬂgdu—x)
:/ﬂ[<g—x>/01<<b'<<1—s>x+sg>—@'(w))ds} n

foranyz € [a, b).
Taking the modulus ir] (2.22) we get

/Qq)ogdu—(b(x)—@(x) (/diﬂ—x)

< [19-4l /01<<1>'<<1—s>x+sg>—@'(x))ds
g/ﬁ{|g—x|/01|<<1>'<<1—s>x+sg>—¢'<x>>|ds} n

L 1
<& [ lo=al [ sl olds] du= 356 [ (5= an
Q 0 2 Q

foranyz € [a, b).

However,
/ (g — )" dp
Q

z/ﬂ(g—/ggdwr/ggdu—x)gdu
z/ﬂ(g—/ﬂgduydm?/g(g—/ﬂgdo </ﬂgdu—x)du
+/Q(/diu_x)2dﬂ
z/ﬂ(g—/ﬂgdu>2du+(/ﬂgdu—w)2

for anyz € [a,b], and by [[2.2B) we get the desired result (2.39).
COROLLARY 2.7. Let® : I — C be a twice differentiable functions da, 5 c I with

19" 0.0 = €55 SUPefay) [P ()] < oo. Then the inequalitieZl) hold fé&f =
12" ]]1a4,00 -

REMARK 2.5. Let® : I — C be an absolutely continuous functions fanb] c I and
with the property that the derivativ@’ is Lipschitzian with the constark™ > 0 on [a, b] . If
z; € [m,M]andw; > 0 (i=1,...,n)with W, := > "  w; = 1, then one has the weighted
discrete inequality:

(2.23)

dp

(2.24)

=1
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foranyz € [a, b], where

n n 2
O (X) 1= E w; | & — g Wy
i=1 k=1

The following lemma may be stated:

1/2 1/2

n n 2
= w;xr; — WET
1=1 k=1

LEMMA 2.8. Letu : [a,b] — Randl,L € R with L > [. The following statements are
equivalent:
(i) The functioru — £ - e, wheree (t) = ¢, ¢ € [a,b] is 1 (L — 1) —Lipschitzian;
(i) We have the inequalities

(2.25) I < M < L foreacht,se [a,b with t+#s;
— S
(i) We have the inequalities
(2.26) [(t—s)<u(t)—u(s) < L(t—s) foreacht,sé€ [a,b] witht > s.

DEFINITION 2.1. The function: : [a,b] — R which satisfies one of the equivalent condi-
tions (i) — (iii) from Lemmd 2.B is said to b, L)-Lipschitzian ona, b] .

If L > 0andl = —L, then(—L, L) —Lipschitzian meang.-Lipschitzian in the classical
sense.

Utilising Lagrange’s mean value theorenve can state the following result that provides
examples of/, L)-Lipschitzian functions.

PROPOSITION2.9. Letu : [a,b] — R be continuous ofu, b] and differentiable oria, ) . If
—00 < | =inficpp v’ (1) @andsup,er, , v (t) = L < oo, thenu is (I, L)-Lipschitzian ora, b] .

The following result holds.

COROLLARY 2.10 (Dragomir, 20149]). Let® : I — R be an absolutely continuous
functions orfa, b] C I, with the property that the derivativ@ is (I, L)-Lipschitzian ona, 8] ,
wherel, L € Rwith L > [. If g : Q — [a,b] is Lebesgugi-measurable o) and such that
bog,ge L(Q,u),then we have

A@ogdu—@(m)—@'(x) (/diﬂ—x>
o2 (9) + (/diu—x)QI

< i(L—l) lai(9)+ </diu—x)2]
foranyz € [a, b].

In particular, we have

a+b ,(a+0b a+b

fremn+(39) 0 () ([ 25
Q Q

a-+b 2

Ui(9)+(/gdu— ; )
Q

SE(L—Z) lai(g)Jr(/diu—a;bf
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and

(2.29)

1 1
JREY (/gdu) nee]<te-nee
Q Q
1 2
< —(L - —a)”.
<= (L-)(b-a)
PROOF Consider the auxiliary functiod : [a, b] — R given by
1
U(z) =2 (z) — Z(L+l):1:2.

We observe that is differentiable and
1

\I/’(x):q)’(x)—i([,—kl)x.

Since @’ is (I, L)-Lipschitzian on[a, b] it follows that ¥’ is Lipschitzian with the constant
1

5 (L — 1), so we can apply Theorelm 2.6 fir; i.e. we have the inequality

/Q\Ifogdu—ll’(x)—\lﬂ(x) (/di,u—x>‘
S%(L—l) lai(g)Jr(/diu—m)Q]-

(2.30)

However

and by [2:3D) we get the desired resplt (2.4¥7).

REMARK 2.6. We observe that if the functidhis twice differentiable o and for[a, b] C I
we have

—00 <1 <d"(z) <L < ooforanyz € [a,b],
then®’ is (I, L)-Lipschitzian ona, b] and the inequalitie$ (2.27)-(2]29) hold true.

The following result also holds:

THEOREM2.11 (Dragomir, 20144]). Let® : I — C be an absolutely continuous functions
on[a,b] C I, the interior of/ and with the property that the derivativ is Lipschitzian with
the constantx” > 0 on[a,b]. If g : Q — [a,b] is Lebesgugi-measurable o2 and such that
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bog,ge L(Q,u),then we have

/@ogdu—@(m)—@'(/gdu) (/gdﬂ—x>
Q Q Q
x—/gdﬂ /|9—$|du+/lg—$| g—/gdu‘du}
Q Q Q Q
:v—/gdu’Jng—/gdu ]/Ig—w!du
Q Q Q00| J0

for anyz € [a, b], where
g(t) —/diﬂ‘ < o0

Hg — / gdp
Q

In particular, we have

fremno((2) o (fo) (1)

(2.31)

= €esssup
Q,00 teQ)

(2.32)

1 a+b a+b
<K — | gd — d
<3 { 5 /qu/ﬂg 5 ‘ It
a+b
+/ 9-— Hg—/gdu'du}
Q Q
1 a+b a+b
<K —/gdu‘+Hg—/gdﬂ /g— ‘dw
2 2 0 0 0| Jo 2

PROOF. From the identityl) we have for= @’ ( [, gdp) that

(2.33) /chogd,u—q)(x)—q)' (/diu> </di,u—x)
:/Q[@_x)/ol (cpf«l_S)Hsg)_@f(/diu))ds] dy

foranyz € [a, b).
Taking the modulus ir] (2.33) we get

/QCI)ong—(I)@)—(I),(/di,u) (/diﬂ—x)
S/Q|g—x| /01 (@'((1—s)x+sg)—<1>’(/di,u))ds
iy N
gK/Q[|g—x|/01 (1—s)x+sg—/ggd,u ds} dy

:K/Q[]g—a:\/ol

= B.

(2.34)

dp

(1—8)x+89—(1—8)/99du—8/99du
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Using the triangle inequality we have for ahy €2

/01 (1—8)x+sg(t)—(1—8)/diu—8/ﬂgdu
§/01(1—s) x—/ﬂgdu ds+/ols g(t)—/ggdu
Ao L] o]

(2.35) BS%K/Q\g—fCI {w—/ggdu‘+’g(t)—[29duu dp

1
—§K[x—/gdu /Ig—wldwr/lg—wl g—/gdu'du]
Q Q Q Q

Making use of[(2.34) andl (2.B5) we deduce the desired r¢sulfi (a31).

COROLLARY 2.12 (Dragomir, 20144]). Let® : I — R be an absolutely continuous
functions onla, b] C I, with the property that the derivativ@ is (I, L)-Lipschitzian onla, b] ,
wherel, L €¢ Rwith L > [. If g : Q — [a,b] is Lebesgugi-measurable orf2 and such that
dog, g€ L(Qu),thenwe have

/qugdu—cp(x)—cp'(/ﬂgazu) (/diu—x)

ds

ds

and then

(2.36)

—}l(LH) oy (9) — (m—/ggduy]
gi(L—l)[x—/diu /Q\g—:vldwr/ﬂ\g—:d g—/ﬂgdu’dul
SE(L—Z) [fr—/ggdu‘ﬂLHg—/diu Q}J/ﬂ!g—ﬂdu

foranyx € [a, b].
In particular, we have

b b
(2.37) /@ogdu—®(a+ )—(I)’(/gd,u) (/gd,u—cH_ )

1 a-+b 2

pn oo - (5 = [ o)
Q

1 a+b a-+b
< (L- — —
<5 l)[ 5 /diu/gg 5 ‘du

a+b

+/ 9= Hg—/gdu‘du}

Q Q

1 a-+b a+b
<< (L= —/gdu’+“g—/gdu /g— ’du-

4: 2 [e) 0 Q,00 0 2
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3. INEQUALITIES FOR FUNCTIONS WHOSE DERIVATIVES IN ABSOLUTE VALUE ARE
h-CONVEX

3.1. Inequalities for |®'| is h-Convex, Quasi-convex or Log-convex\We use the nota-
tions

1/p

JI@Oran® | <cpz1 ke, @p;
kg, =9 \4

esssupcq |k ()| < oo, p=o00, k € Ly (£, 1) ;
and
1 P 1/117
(fo | (s)] ds) <oo,p>1,®eL,(0,1);

1®1l0,11 :=
esssuPgep) [P ()] <00, p=o00, ® € L (0,1).

The following result holds:

THEOREM 3.1 (Dragomir, 20145]). Let® : I — C be a differeontiable function o,
the interior of I and such that®’| is h-convex on the intervdh,b] C I.If g : Q — [a,b] iS
Lebesgugi-measurable o2 and such that o g, g € L (€2, i) , then we have the inequality

(3.1)

/chogd,u—q)(a:)

(
lg = g |19 (@) + 1190 gl
if®"oge L(Qu);

' lg — zllg, [[2 ()] + [@" 0 g
< h d . Qp Qq
—/0 (s)ds If(ID’ogGLq(Q,,u),p>1,%+%:1;

lg =l |19 (@) + 19" 0 gl
f® o€ L ()

\

foranyz € [a, b].
In particular, we have

/ﬂqmgdu_@(/ggdu)’

(o= fo 9l [|2 (Je 96ie) | + 1970 gl
if®oge L(Qu);

: lg = Jo gdillg, 112" (Jo gdu)| + 12" 0 gl
< neras 0 0ge Ly (o), p>1irtat;

(3.2)

lg = Jogullg, [|®' (Jogdie) | + 19" 0 gllg. |
if & ogé€ Ly (Q,pn)
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and
(3.3) /@ogdu—Q(a+b)'
o 2
(lg = 22l [12 (582)] + 19" 0 gl
ifdoge L(Qu);;
: lg = =22, 1% (5)] 19" 0 glllq,
S/0 h(s) ds if@’ogei]:(ﬁ M) > 1, —+——1
Hg— a+bHQ1 “(D/ \+||‘1’/09||Qoo}
| if @' og e Ly (Q,p)
[ [Jo (%)) + 1970 gl ]
L : [ (52)[ + 1272 g,
§§(b—a)/0 h(s)ds p>1%+% r 4
[l (22 + 1970 gllg]

PROOE We have

/@ogdu O (x
)

/ g — ]
foranyx € [a, b].
Utilising Holder’s inequality for the:-measurable functions, G : 2 — C,

1/p 1/q 1 1
/FGdu'S (/ IFlpdu) (/|G|qdu) ,p>1,-+-=1
Q Q Q p q

(3.4) dp,

/ (11— 5) @ + 5g) ds

and
/FGd,u‘ < esssup|F(t)|/ |G| du,
Q e Q
we have
1
(3.5) \g—x\ / Q' ((1—s)x+sg)ds|du
esssup,cq |9 (t) — x| [, | [ —s)x + sg)ds| du;
q 1/q
< (o ‘9_x|pd/i)1/p (fQ 1<I>’((1—3):15+5>1q)d$ du)

1 1 _ 1.
p>1,5+5—1,

| Jalo — ol duesssupicq |fy @ (1= )2+ sg) ds

foranyzx € [a, b].
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Since|®’| is h-convex on the intervdk, b] , then we have for any € ) that

A@«me+wwm5g/wmrwm+meh

< | (z \/ (1—s)ds+ | (g |/ ds

~ 1@ @)+ 9 )] [ A6

0

foranyz € [a, b).
This implies that

(3.6) /Q /l O (1= )2+ 59) ds

0
foranyx € [a, b].
We have for any € (2 that

A@«me+wwws

dns [ n)as [+ [ 10/ dn]

q

IA

:/01 o (1 —s)x+sg(t))|dsr

IN

ﬂ@mwwwmmlh@ﬂ

:_éh®%}MWNH@@@W
foranyx € [a, b].
This implies

(3.7) (/Q /01 O (1= )z + sg) ds qdu) v

sfﬂ@wuﬁwm+W@®erq

—A%@wUﬁ@mH@wwwf@

/OCD'((l—s)x—i—sg)ds

Also

(3.8) esssup
teQ

s@@mww§£ww@ﬂéﬁ@w

1
= {]q)’ (z)| + esssup | o g[} / h(s)ds
teQ2 0
foranyz € [a, b).
Making use of[(3.6)F(3]8) we get the desired regult]|(3s1).

REMARK 3. 1 With the assumptions of Theorem|3.1 anddif is convex on the interval
a, b] thenf0 s)ds = 1 and the mequalltle. 1 3.3) hold w@hnstead offO s)ds. If
|®'| is of s- Godunova LeV|n type, with € [0, 1) on the mterva[a b], thenf0 ~dt = - and

ts
the |nequaI|t|es.1.3) hold with- instead offo
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Firstly, let us recall the definition of quasi-convex functions.

DEFINITION 3.1. The functior : [a,b] C R — R is said to beguasi-conveXQC) on the
interval I if

(3.9) h(Azx+ (1 - A)y) <max{h(z),h(y)}
foranyz,y € Tand\ € [0,1].

Following [7], we say that for an intervdl C R, the mapping: : I — R is quasi-monotone
on [ if it is either monotone o = [c, d] or monotone nonincreasing on a proper subinterval
lc, ] € I and monotone nondecreasing[ohd] .

The class) M (1) of quasi-monotone functions drprovides an immediate characterization
of quasi-convex function&/.

PROPOSITION3.2. Supposel C R. Then the following statements are equivalent for a
functionh : I — R:
(@ heQM(I);
(b) On any subinterval of, h achieves its supremum at an end point;
() heQC().
As examples of quasi-convex functions we may consider the class of monotonic functions
on an intervall for the class of convex functions on that interval.

THEOREM 3.3 (Dragomir, 201485]). Let® : I — C be a differentiable function oh, the
interior of I and such that®'| is quasi-convex on the interval, b] c 1. 1f g : Q — [a,b] is
Lebesgue:-measurable o2 and such thatb o g, g € L (Q, u) and® o g € Lo, (2, 1), then
we have the inequality

(3.10)

dogdy — P (x)
Q

< /Qrg—x|max{|<1>/<x>|,|<1>'og|}du

< max { |9 ()] # 0 gl } g = e,y

foranyz € [a, b].
In particular, we have

(3.11) /QCI)ogd,u—CD(/diu)‘
ok
< o {0 @), 19 1l o~ [ adn

and

(3.12) /(bogdu—@(a;b)’

Q

sl (22 e
Q

b b
come (539 e -5
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PrRoOOF From [3.4) we have

(3.13) ‘/Q ® o gdpy — ¢ ()

g/ﬂ|g—x| (/Oll@’((l—S)HsgﬂdS)du

S/Q\g—x|max{l<1>’<fv)|,|<I>’og!}du,

foranyz € [a, b).
Observe that

(@ 0 g) (1) < [|®" 0 gllq, foralmostevery c ©
and then

(3.14) [ lo = sl max (1@ (@)]2" o g1y d
Q
< [ 1o = almax {|#" @) 19" 0 gl }
Q

— e {|&/ @] | 2 gl } [ 19— ol d
Q

foranyzx € [a, b].

Using (3.13) and (3.14) we get the desired result (3.§0).

In what follows, I will denote an interval of real numbers. A functign: I — (0,00) is
said to belog-convexor multiplicatively convexf log f is convex, or, equivalently, if for any
x,y € I andt € [0, 1] one has the inequality

(3.15) flta+ @ =ty <[f @) If @)

We note that iff andg are convex ang is increasing, them o f is convex, moreover, since

f = exp|[log f], it follows that a log-convex function is convex, but the converse may not
necessarily be true. This follows directly from (3.15) since, by the arithmetic-geometric mean
inequality we have

(3.16) f @ F @) <tf @)+ 1 —1) f(y)
forall x,y € I andt € [0, 1].

THEOREM 3.4 (Dragomir, 2014H]). Let® : I — C be a differentiable function o,
the interior of I and such that®’| is log-convex on the intervah, b] c 1. If g : Q — [a,b]
is Lebesgue:-measurable orf2 and such thatb o g, &' 0 g, g € L (L, 1) then we have the
inequality

(3.17) /QCID o gdu — d(x)

<

S~

g g — x| L (|20 g], [P (x)]) dp

1
<5 o @I [lo=dlaus [ la-allaogla]
Q Q

1 -
(<3 [0 @+ 19 0 allo] o — el ¥ 05 € Lo (@210
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foranyx € [a, b], whereL (-, -) is the logarithmic mean, namely far, 5 > 0
Tt @75
L(a,fB) =
a, a= 0.

In particular, we have

(3.18) /qugdu—@(/ﬂgdu)’
- ool oo (o)
_1l®’< gdu) - gdu’duﬂt/ﬂ g—/diu'@’ogldAL}
(S % [CD (/gdu)‘ﬂ@ Ogllgm} H 9dn o
it @09 € Ly (2 p0)) |
and
(3.19) /Q(I)ogdu—q)(a;b)‘

S/ g_a+b’L<|q),o ,‘P’(Wrb)’)du

o 2 2
_1 b b b
= ||® a+ /g—a+ du+/ g— 222110 0 gl dp
=3 N 2 0 2

a+b a-+b

( () ]+ 19 0 gl o - 5

if & 0g € Lo (€ M))

0,1

PROOF From [3.4) we have

(3.20) /CI) ogdu— o (x
Q

< [lg-al ( / @ <x>|1‘8|<1>'og|5ds) an.
Q 0
foranyzx € [a, b].

Since, for anyC' > 0, one has

! C—-1
A _
/OOd)\_ —
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then for anyt € 2 we have

1 L (D/
(3.21) /|<1>'<x>rl 1 (g (1))]" ds = | (« |/ )
0
@/
¢T$)
@ (o)) T
D/(g(t))
In ()

_ ¥ g @)~ [@ ()]
In @ (g (1)) — In[®" ()|
= L (|2 (g (1)],|2" (2)]),

foranyz € [a, b).

Making use of[(3.20) and (3.P1) we get the first inequality in (8.17).
The second inequality if (3.1L7) follows by the fact that

a+
2

L(a,B) <

The last inequality in[(3.17) is obvious.

foranya, 5 > 0.

3.2. Inequalities for |®’|? is h-Convex or Log-convex. We have:

THEOREM 3.5 (Dragomir, 201485]). Let® : I — C be a differentiable function oh, the
interior of I and such that fop > 1,¢ > 1 with Il) + % = 1, |®’|? is h-convex on the interval

[a,b] € I.1f g : Q — [a,b] is Lebesgug--measurable o2 and such thatb o g, g € L (2, ;1)
and®’ o g € L, (€, 1) then we have the inequality

/Qq)ogdp—@(x)

1 1/q 1/q
< ( / h<s>ds) o — 2l (|<1>' @ [ I‘P’Oglqdu)
0

< (/01 h(s) ds) v lg — zllq, (‘CI)/ (@) + (|2’ Og”Q,q>

foranyx € [a, b].
In particular, we have

/Qq)ogdu—q)(/ﬂgd,u)‘
§</1h(s)ds)1/q
P’ (/diu> q+/g)|@’og!qdu>l/q

n
P’ </Q gdu) ’ + ||’ oan,q)

1/q
< <]/ h(s)ds)
0
AJMAA Vol. 14, No. 1, Art. 1, pp. 1-287, 2017 AIMAA
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X
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and

(3.24)

/chogdu—cb(a;—b)‘
()
<a+b> /!@’og!qdu) :

Hg _a+b (
2 o,
1 1/q
< (/ h(s) ds)
0
a+b a+b
(o (“3°)] 190 ol )
Q,p
PrROOF. From the proof of Theorefn 3.1 we have
/ ®ogdy — P (x)
Q

2
S/QLC/—JJI /01@'((1—8)x+89)d8

(L)) W
< (/Qm—x\pdu)l/p (/ (/01|<1>’<<1—s>x+sg>|qu) du)l/q

forp >1,¢ > 1with ; + - =1andz € [a,0].
Since|®’|? is h-convex on the intervdk, b], then

/D|<1>'<<1—s)x+sg<t>>|qus\¢'<x>|q/0 h(l—s)ds+|<1>’<g<t>>|Q/ﬂ h(s) ds

X

g_

(3.25)

dp

/ O ((1—s)x+sg)ds

0

= (19’ ()] + @' (g (1)]"] / h(s) ds

foranyz € [a,b] andt € €.
Therefore

(3.26) ([(] 1|<I>’<<1—s>x+sg>\qu) du)l/q
< ([ (1o @r+1ewor [ ) is) dn) "

1 1/q 1/q
- ( [ ne) ds) (|<1>' @i+ [ |<1>'og|qcm)
0 Q
foranyz € [a,b)].

This proves the first inequality in (3.22).
Now, we observe that the following elementary inequality holds:

(3.27) (a+8) > (L)a"+ 56"
foranya,f>0andr >1(0<r<1).
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Indeed, if we consider the functiofy. : [0,00) — R, f.(¢t) = (t+1)" — t" we have
fL) =r[t+ 1) t"~']. Observe that for > 1 and¢ > 0 we have thatf! (t) > 0
showing thatf, is strictly increasing on the intervéll, co). Now fort¢ = 3 (8>0,aa>0)we

havef. (t) > f. (0) giving that(% + 1)T - (%)T > 1, i.e., the desired inequality (3.27).

Forr € (0, 1) we have thaff, is strictly decreasing off), oo) which proves the second case

in @27).
Making use of[(3.27) for = 1/¢ € (0,1) we have

1/q 1/q
<|q>’<x>|‘I+/Q|<I>'og|qczu) < |¥ ()] + (/Q|<I>’Og|qdu)

and then we get the second part[of (3.2R).

Finally, we have:

THEOREM 3.6 (Dragomir, 20144]). Let® : I — C be a differentiable function of, the
interior of I and such that fop > 1,¢ > 1 with Il? + % =1, |®'|? is log-convex on the interval

[a,b] C I.1f g: Q — [a,b] is Lebesgug:-measurable o2 and such thatb o g, g € L (2, )
and®’ o g € L, (€2, 1) then we have the inequality

(3.28)

/ ®ogdy — o (x)
Q

1/q
<llg—la, ( [E@ g @ @) du)

1 1/q
< gzl = ol [ |0/ @1+ [ 070 gl ay]

1
< 57 9= @llo, |12 @) + 19 0 g1l

foranyx € |a, b].
In particular, we have

/chogd,u—@(/ﬂgdu)‘

(3.29)

q 1/q
o o] (o o (L)) )
Q Q,p Q Q
q 1/q
< 517 g—/gdu {q)’(/gdu) +/yq>’og\qdu]
Q Q,p Q Q
sk ool ()]s,
Q Q.p Q
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and
(3.30) /(I)ogdu—q)(a+b)‘
Q 2
a+b a-+b\| 14
<Jo-37), (e (oo o (57)]) )
2 p Q 2
1 a+b a+b\|? La
L
Q.p Q
1 a-+b a+b
b2 o ()]

PROOF Since|®’|? is log-convex on the intervad, b], then
1 1
[ o=z rsg@las< [ @ @r g o ds
0 0

= |@' (:c)!q/o 201,
= L(1®' (9())", 12’ ()]")

o' ()

foranyz € [a,b] andt € Q.
Then

(/Q (/01@/((1 —8)x+sg)\qu> dﬂ>1/q < (/QL(@,OQ‘CI,\CD/ @) du)l/q

and by [3.2p) we get the first inequality [n (3]28).

Since, in general
a+ 0

2

Lo, ) < foranya, 5 > 0,

then
1

3 10 0ol + 1 (@) d

1 !/ !/
= |l [ o al
Q

and we get the second inequality in (3.28).
The last part is obvious

IN

/Q L (|2 0 g|",|®' (2)|) di
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