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1. INTRODUCTION

In this paper, a nonhomogeneous initial boundary value problem for the time fractional dif-
fusion heat equation in the interval will be studied. This problem was obtained from the non-
homogeneous diffusion heat equation by replacing the first order time derivative by a fractional
derivative of ordel0 < a < 1 in Caputo’s sense. In this work, we solve the nonhomoge-
neous subdiffusion heat equation with fractional time, initial condition and Dirichlet boundary
condition. This equation has been recently treated by a number of authors|(See [1, 3]).

2. PRELIMINARY NOTIONS

In this section, we present some basic definitions and preliminary data that are used through-
out the document.

Definition 2.1. Here we define the following functions for complex argumert C, we will
use later called Mittag-Leffler type functions :

B.(2) >

(6% zZ = . 9
= I' (aj+1)

E.z(z) = —_—;

e =2"""E, 0 (C2Y),
where¢ € C, «,( > 0andI'(-) is Euler's Gamma function defined for any complex number
z as

I'(2) ::/ t*~le7'dt, » € C.
0
Note that these functions are generalizations of the exponential function, lzssé = Z;‘;O 27 /4!

andj! =T (j+1).

Definition 2.2. If ¢ (¢) is a continuous function in the intervial, ] (¢ (¢) € Cla, b]) anda > 0,
then its Riemann-Liouville fractional integral is defined by

o o L [T g(s)
Ia—i-g(t)_ F(Oé) /a (t_s)l—ads'

Definition 2.3. The Caputo-Djrbashyan fractional derivative of order- 0 of a continuous
functiong : (a, b)) — R is defined by

(&) a0 =m0,

wheren = [a] + 1, (the notation«] denotes the largest integer not greater than

Lemma 2.1. [3] Letp, ¢ > 0, and¢(t) a function of absolute value integrable on an interval
[0, T'] (namely,|¢(t)| is integrable on0, T'] or ¢(t) € L4[0, T]). Then,

I I3, o) = §0 () = I§, Ity ¢ (1) (0)
is satisfied almost everywhere (i.e., except in a set of meaywe [0, 7). If further ¢(¢) is
continuous in the intervak{(t) € C[0, T), then (0) is true and

(4) B o= 000

forall ¢t € [0, T] anda > 0.
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Theorem 2.2.[1] Let¢(t) € L,[0, T]. Then, the integral equation

)= 00+ ms [ €= e r)ar

has a unique solutiop (¢) defined by the following formula:

o)= o)+ 7 [ o) ar

0
wheree)” is a Mittag-Leffler type function given in Definitipn P.1.

3. TECHNICAL DEVELOPMENT MODEL

LetW (z,t) : [0;a] x [0; 00) —R be the temperature function at the poirand timet. We
denote the intensity of heat source at pairind timet by the formF'(x, t). Heat in the borders
is zero (homogeneous Dirichlet boundary condition). The initial temperature (int tin@) in
this system is denoted bf(z).
Thus, we have a model of anomalous subdiffusion inhomogeneous heat conduction equation
with fractional time

o\ oPW
(3.2) (@) VV—/@ag[:2 + F (z,t),

O<z<a, t>0

(the constant > 0 is the thermal diffusivity), subject to the boundary condition and initial
condition

W (0,t) =0, W(a,t)=0, t>0,
Wi(z,0)=f(z), 0<z<a

with the fractional derivative order € (0, 1) in the sense of Caputo.

Theorem 3.1. Let the differential equatioB.1) with the initial condition. Then the solution of
the problem is unique and has the form

W (z,t) =
% 2
5 act ([ {2} ] e
— a a

> L m? 2| (t—T
(3.2) > Em / LN i T
m=1 0

a

where functionsf, (¢) are given by(3.11)for subscriptm corresponding, coefficients,, are
given by(3.9), coefficientsA,,, are given form > 1, by

(3.3) A, = \/g /0 " f(@)sin m;rx dz.

Proof. According to the method of Duchateau and Zachmann [2] which we can use due to
homogeneous boundary conditions, the solution is sougl, t) in the form of the Fourier
series of functiond U, },-, of the linear differential operatof, defined for function/ and

twice continuously differentiable by the expression

(3.4) LU = —kV?U ,
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where the Laplacia? in dimension 1 is defined as

pu— a2_U

T 0x%’

The operatorL is set to some subset of the vector spégé(0; a)] of the functionsU (z),
z € (0;a) such that the functiofi/ (z)|*is integrable on(0;a). More precisely, the domain
of definition G of the operatoi consists of all function$/ (x) € L, [(0;a)] satisfying the
boundary conditions

(3.5) U(0,t)=0, Ufla,t)=0, t>0,

and whose imageSU € L [(0; a)].
The eigenvalue problem is posed as follows. You have to find the values of the parameter
(operator eigenvalues) such that the equation

(3.6) LU = AU

has nontrivial solutions (non-zero) in the doméip. These functions are the functions©f
The equation[(3]6) equals the Helmholtz equation

V?

ViU + %U = 0.

Let \> = A/k. So the equation is written

(3.7) VU + XU = 0.
To solve the equatiof (3.7). We assume a nontrivial solution in the form
Uz)=X(x).

The corresponding derivatives are:

oU

% =X (‘T) )
0*U "
R

Substituting in[(3.]7) we have
X" (x) 4+ NX (z) = 0.

Dividing by X (x) results
Xl/ (.'L')

=0
X ()

and then we have
X” (‘r) o )\2

X (z)
By relying on each side of this equality, both sides must be equal to a constant, we choose
this constant as-i%, u € R. Then for equatior] (3}7) we have

(3.8) X" () + p*X (x) = 0.

The solution corresponding to (8.8) can be expressed as
X(x) = Acospxr + Bsinuz. In terms of the variables separated boundary conditions
become

X (0) = X (a) = 0.
Then, to obtain a nontrivial solutioN of the equation(3]8) must be
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X(0) = 0, X(a) = 0, respectively so that we have = 0 and
sinua =0, B # 0.

The latter gives
po= "% m =1, 2,....Accordingly,

Xn(z) = Bmsinmmc, m=12....
a

Recalling that\* = 2, the solutions of the equation (B.7) can be written as

Up () = Epsin o ,
a

m =1, 2,...
for each of the corresponding eigenvalues

2
m
/\?n = 5 7T2,
a

for which the equatiorj (3]6) is expressed as
A = K2,

Thus we definé\, = A,,,, Ur = U,, and&, = E&,,.
So, with this redefining the numbering we have

LU, =AU, Up€eGe, k=1,2....
These eigenfunctions af can be chosen orthonormal with
(3.9) & = 2,
Thereby
(U, Up) = /Oa Uk (z) Uy (x)dx =

2 a - MmpTmT .. MTT _
_ { 2 [, sin sin ™ dy = Oy,

a
mg, ml:1,2,...,

where the sub-subscript ! of m correspond to the respective eigenfunction.
{U,} is a complete set oL, [(0; a)] and each function(z) € G, can be represented as a series

oo

u(z) =Y (u,Up) Up(x).

k=1

Fort > 0 solving the problem of anomalous diffusion equation of (3.1) that satisfies the
initial and boundary conditions prescribed can be written as

(3.10) W (x,t) = Y Ui (2)Tk (1),

whereT}, (t) = (W, Uy). To find the fractional differential equation for functiofig(¢), solution
(3.10) is substituted into the equati¢n (3.1)

ZUl(x)(%> Ti(t)= =S Ti(t)- LU (x) + F (a,t)
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- —ZTZ ) MU (z) + F (2,1).

After taking the scalar product of thls equation for the eigenfundtipn

Z%U»(%) T (t ZTl ) - A (Up, Ui) + (Uy, F)

=1
and using the orthonormality of elgenfunctlons, we obtain the equations
d «
(3.1 (5) 7O+ AT = 5o,

with f. (t) = (Uy, F), k=1, 2,.... Due to the initial condition of the equation (B.1), of
(3.10) we have

W (z,0) = ZUk

(3.12) Ty (0) = (Wli=0, Ur) = (f, Us) .

For the initial conditiori}, (0) note that the solution of the corresponding homogeneous problem
(3.7) (i.e., withF' (z, ¢) = 0) has the form

ZUk; VT (t

where
Tij (t) = AHykEOI(—Akta), k= 1, 2, e
is the general solution of the homogeneous equation corresponding tp (3.11)f{sifice= 0
if 7 = 0) for eachA, [4].
EachAy ;, an arbitrary constant which is determined by applying the homogeneous initial con-
dition, which is the same as for the non-homogeneous equatigri{, 0) = W (z,0) = f(x)),

(3.13) Z U (2)Ang = W (2,0) = f (2),
from which we get by taking the dot productﬁ)glven by [3.1B) by, and consideringd (3.12),
(3.14) T, (O) = <Uk>f> = AH,k-

That is form;, > 1,

AH,k: \/?/ f([L’)blH e d
a Jo

To find the solution of the Cauchy problem for the equatfon (3.11) with the initial condition
(3.14) consider the following. By Lemma 2.1, we have

d : —ar!
(5) 7= T,
Substituting this result in equation (3]11), the following equation is obtained:
LT () + M (1) = fie(t)

Applying the operator, to this equation, we obtain the following Volterra integral equation
of the second kind:

(3.15) Ty () = I fu (t )—l—Tk(O)—%/Ot(t—T)a1Tk(7)d7.
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According to the Theorein 3.1, and using the formulas [1], [5],

1 z —
L) /o TP 5 (C7%) (2 — 1) Ydr = 2P B, 506 (C2%);
1
m + 2Eq 018 (Z) = Eap <Z) ’

the integral equation (3.1L5), considering the initial condition (3.14), has a solfjtighdefined
only by the following formula

t
Tk (t) = AH’kEa(—Akta) + / GC_YAk(t_T)fk(T)dT
0

Substituting this in the seriels (3]10), we obtain the formal solution of the problem given by the
equation of heat subdiffusiop (3.1) that satisfies the initial and boundary conditions given here:

w ($,t) = Z Uk (93) |:AH7kEa(—Akta) + / €;Ak(t_7—)fk(7')d7' .
k=1 0

So, as the solution of the equation of anomalous subdiffusion heat that meets the prescribed
boundary conditions can be written as

W(x,t) =
o0 2
Z AL E, ( |:—/€ {12} 7T2:| to‘) sin
— a a
i ¢ [fn{ % 7r2] (t—71) mmxT
3.16 Em/ o drsi ,
( ) m221 i e fr(7)drsin -

where functionsf;, (¢) are given by[(3.111) for subscript corresponding, coefficients,, are
given by [3.9), coefficientsl,, are given forn > 1, by

(3.17) Ay, = \/? /af(x)sin T g,
a Jo a
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