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1. INTRODUCTION

Let K be a nonempty subset of a real normed linear space X and 7' : K — K be a mapping.
Denote by F'(T') the set of fixed points of 7', that is, F'(T)) = {r € K : Tx = x}. Throughout
this paper, we always assume that F'(T') # (). Now let us recall some known definitions

Definition 1.1. A mapping 7' : K — K is said to be:
(i) nonexpansive, if |7z — Ty|| < ||z —y| forall z,y € K;
(ii) asymptotically nonexpansive, if there exists a sequence {\,} C [1,00) with lim A, =
n—oo

1 such that [|T"z — T"y|| < \u||lx — y|| forall z,y € K andn € N;

(iii) quasi-nonexpansive, if ||Tz — p|| < ||z — p|| forallz € K, p € F(T);

(iv) asymptotically quasi-nonexpansive, if there exists a sequence {yu,} C [1,00) with
ILm i, = 1suchthat ||T"z — p|| < p,||x — p|| forallz € K, p € F(T)andn € N.

Note that from the above definitions, it follows that a nonexpansive mapping must be asymp-
totically nonexpansive, and an asymptotically nonexpansive mapping must be asymptotically
quasi-nonexpansive, but the converse does not hold (see [[10]).

If K is a closed nonempty subset of a Banach space and 7" : K — K is nonexpansive, then
it is known that 7" may not have a fixed point (unlike the case if 7" is a strict contraction), and
even when it has, the sequence {z,} defined by z,,,1 = Tz, (the so-called Picard sequence)
may fail to converge to such a fixed point.

In [1]]-[2] Browder studied the iterative construction for fixed points of nonexpansive map-
pings on closed and convex subsets of a Hilbert space. Note that for the past 30 years or so, the
study of the iterative processes for the approximation of fixed points of nonexpansive mappings
and fixed points of some of their generalizations have been flourishing areas of research for
many mathematicians (see for more details [[10],[6]).

In [7] Diaz and Metcalf studied quasi-nonexpansive mappings in Banach spaces. Ghosh and
Debnath [[11]] established a necessary and sufficient condition for convergence of the Ishikawa
iterates of a quasi-nonexpansive mapping on a closed convex subset of a Banach space. The it-
erative approximation problems for nonexpansive mapping, asymptotically nonexpansivemap-
ping and asymptotically quasi-nonexpansive mapping were studied extensively by Goebel and
Kirk [9], Liu [18], Wittmann [30], Reich [23]], Gornicki [12], Shu [26] Shoji and Takahashi
[25], Tan and Xu [28] et al. in the settings of Hilbert spaces and uniformly convex Banach
spaces.

There are many methods for approximating fixed points of a nonexpansive mapping. Xu and
Ori [31] introduced implicit iteration process to approximate a common fixed point of a finite
family of nonexpansive mappings in a Hilbert space. Namely, let / be a Hilbet space, K be a
nonempty closed convex subset of H and {Tj}évz1 : K — K be nonexpansive mappings. Then
Xu and Ori’s implicit iteration process {x,, } is defined by

o € K,
>

where T,, = Ty (moan), {@n } is a real sequence in (0, 1). They proved the weak convergence of
the sequence {x,,} defined by (L.T) to a common fixed point p € ' = NJL, F(Tj).
In 2003, Sun [27] introduced the following implicit iterative sequence {z,, }

o € K,
A n>1

1.2
(1.2) Tp = (1 —ap)x,_1+ ay iy T

for a finite set of asymptotically quasi-nonexpansive self-mappings on a bounded closed convex
subset K of a Banach space X with {«,} a sequence in (0, 1). Where n = (k(n) —1)N + j(n),
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j(n) €{1,2,..., N}, and proved the strong convergence of the sequence {z,,} defined by (I.2)
to a common fixed point p € F' = N_, F(T}).

There many papers devoted to the implicit iteration process for a finite family of asymptoti-
cally nonexpansive mappings, asymptotically quasi-expansive mappings in Banach spaces (see
for example [4, 15, (14} 15, 118} 32]]).

On the other hand, there are many concepts which generalize a notion of nonexpansive map-
ping. One of such concepts is /-nonexpansivity of a mapping 7'([24]). Let us recall some
notions.

Definition 1.2. Let T : K — K, [ : K — K be two mappings of a nonempty subset K of a
real normed linear space X. Then 7' is said to be:

(i) I—nonexpansive, if [Tz — Tyl|| < |[Iz — Ty|| forall z,y € K;
(i) asymptotically [ —nonexpansive, if there exists a sequence {\,,} C [1,00) with lim )\,
n— o0
1 such that || 7"z — T" I"x — I™y| forall z,y € K andn > 1;

(iii) asymptotically quasi I—nonexpansive mapping, if there exists a sequence {u,} C
[1,00) with lim p, = 1 such that [|[T"z — p|| < p,[[["z —p|| forallz € K, p €
_)

F(T)NF(I)andn > 1.

Remark 1.1. If F(T') N F(I) # () then an asymptotically ] —nonexpansive mapping is asymp-
totically quasi / —nonexpansive. But, there exists a nonlinear continuous asymptotically quasi
I—nonexpansive mappings which is asymptotically / —nonexpansive.

Indeed, let us consider the following example. Let X = /; and K = {x € {5 : ||x| < 1}.
Define the following mappings:

(1.3) T(x1,09,...,2p,...) = (0,2}, 25,..., 0% ...),

n’

(1.4) I(xy,29,. . 2p,...) = (0,23,235,...,02,...).

) n’

One see that F(T) = F(I) = (0,0,...,0,...). Therefore, from > z% < > z{ whenever
k=1 k=1
x € K, using (I.3),(1.4) we obtain ||7x|| < ||/x|| for every x € K. So, T is quasi I-expansive.

But for xg = (1,0,...,0,...)and yo = (1/2,0,...,0,...) we have

IT(x0) = T(yo)ll = 12, 17(x0) — Ilyo)]| = >

3
16 4
which means that 7" is not /-nonexpansive.

Note that best approximation properties of /-nonexpansive mappings were investigated in
[24]. In [[16] the weak convergence of three-step Noor iterative scheme for an /-nonexpansive
mappping in a Banach space has been established. In [20] we have proved the strong conver-
gence of an explicit iterative process for a totally asymptotically / —nonexpansive mappings in
Banach spaces.

Very recently, in [29] the weak and strong convergence of implicit iteration process to a com-
mon fixed point of a finite family of /-asymptotically nonexpansive mappings were studied. Let
us describe the iteration scheme considered in [29]. Let K be a nonempty convex subset of a real
Banach space X and {T]};V:1 : K — K be a finite family of asymptotically /;—nonexpansive
mappings, {I;};*, : K — K be a finite family of asymptotically nonexpansive mappings.
Then the iteration process {z, } has been defined by

T € K,
(1.5) T = (L= o)z + an iy, 0> 1
Yn = (1 - B )xn =+ anvjk(nn) Tn,
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here as before n = (k(n) — 1)N + j(n), j(n) € {1,2,...,N}, and {«,}, {B,,} are two
sequences in [0, 1]. From this formula one can easily see that the employed method, indeed, is
not implicit iterative processes. The used process is some kind of modified Ishikawa iteration.

Therefore, in this paper we shall extend of the implicit iterative process with errors, defined
in [27,8]], to a family of 7-asymptotically quasi-nonexpansive mappings defined on a uniformly
convex Banach space. Namely, let X' be a nonempty convex subset of a real Banach space X and
{T]}é\;1 : K — K be a finite family of asymptotically quasi /;—nonexpansive mappings, and
{1; }jvzl : K — K be a family of asymptotically quasi-nonexpansive mappings. We consider
the following implicit iterative scheme {x,,} with errors:

T € K,
Yn = Oénxn + Bn j( n) xn + anvn

where {a,. }, {8,,}, {7}, {Qn}, {Bn}, {7,,} are six sequences in [0, 1] satisfying o, +3,,+7,, =
an+ B, +7, =1foralln > 1, as well as {un}, {v,} are bounded sequences in K.

In this paper we shall prove the weak and strong convergence of the implicit iterative process
(T6) to a common fixed points of {73}, and {I;}}_,. All results presented here generalize
and extend the corresponding main results of [27], [31],[8],[13],[19].

2. PRELIMINARIES

Throughout this paper, we always assume that X is a real Banach space. We denote F'(7T')
and D(T') the set of fixed points and the domain of a mapping 7', respectively. Recall that a
Banach space X is said to satisfy Opial condition [21], if for each sequence {x,} in X, the
condition that the sequence x,, — x weakly implies that

(2.1) liminf ||z, — z| < liminf ||z, — y||
n— o0 n—oo
for all y € X with y # z. It is well known that (see [17]) inequality (2.1) is equivalent to

limsup ||z, — x| < limsup ||z, — y||
n—oo n—oo

Definition 2.1. Let K be a closed subset of a real Banach space X and 7' : K — K be a
mapping.

(i) A mapping 7' is said to be semi-closed (demi-closed) at zero, if for each bounded se-
quence {z,} in K, the conditions x,, converges weakly to x € K and T'z,, converges
strongly to 0 imply 7'z = 0.

(ii) A mapping T is said to be semi-compact, if for any bounded sequence {z,} in K such
that ||z, — Tz, || — 0, (n — o0), then there exists a subsequence {z,, } C {z,} such
that z,,, — 2* € K strongly.

(ii1) 7' is called a uniformly L—Lipschitzian mapping, if there exists a constant L > 0 such
that |77z — T"y|| < L[|z — y|| forall z,y € K and n > 1.

From the definition we immediately get the following

Proposition 2.1. Let K be a nonempty subset of a real Banach space X, {Tj}j\f:1 K - K
and {1; }é\le : K — K be finite familis of mappings.

a) If {T]};V:1 is a finite family of asymptotically I;—nonexpansive (resp. asymptotically

quasi I;—nonexpansive) mappings with sequences {\V} C [1,00), then there ex-

ists a sequence {\,} C [1,00) such that {T;}Y., is a finite family of asymptotically
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I;—nonexpansive (resp. asymptotically quasi I;—nonexpansive) mappings with a com-
mon sequence {\,} C [1,00).

@) If {Tj}j\f:l is a finite family of uniformly L;—Lipschitzian mappings, then there exists
a constant L > 0 such that {T]}é\;l is a finite family of uniformly L—Lipschitzian
mappings.

The following lemmas play an important role in proving our main results.

Lemma 2.2 ( see [26l]). Let X be a uniformly convex Banach space and b, ¢ be two constants
with 0 < b < ¢ < 1. Suppose that {t,,} is a sequence in [b, c| and {x,}, {y,} are two sequences
in X such that

lim ||t 2, 4 (1 = t,)yall = d, limsup [|lz,[| < d, limsup[ly,| < d,
n—oo

n—00 n—00

holds some d > 0. Then lim ||z, — y,| = 0.
n—oo

Lemma 2.3 (see [28]). Let {a,},{b.} and {c,} be three sequences of nonnegative real numbers

with E b, < oo and Z ¢, < <. If the following conditions is satisfied

n=1 n=1
(41 S (1 + bn)an + Cpy, N Z 17

then the limit lim a,, exists.
n—oo

3. MAIN RESULTS

In this section we shall prove our main results concerning weak and strong convergence of
the sequence defined by (I.6). To formulate ones, we need some auxiliary results.

Lemma 3.1. Let X be a real Banach space and K be a nonempty closed convex subset of
X. Let {Tj}j\fz1 : K — K be a finite family of asymptotically quasi I;—nonexpansive map-
pings with a common sequence {\,} C [1,00) and {I;}}_, : K — K be a finite family of
asymptotically quasi-nonexpansive mappings with a common sequence {j,,} C [1,00) such

that F = ﬂ (F(T;) N F(1;)) # 0. Suppose B* —supﬂn,A—sup)\ >1, M= supun >1
7=1

and {a, }, {6}, {7n}s {an}, {ﬁn}, {7,,} are six sequences in [0, 1] which satisfy the following

conditions:

() o+ B, 4+ 7, =Qn+ B, +7, =1, ¥n>1,
n=1

ooy e 1

(111) B* < W7

(i) 37, < 00, 527, < o0
n=1 n=1

Then for the implicit iterative sequence {x,} with errors defined by (1.6) and for each p € F
the limit lim ||z,, — p|| exists.
n—oo

AJMAA, Vol. 9, No. 2, Art. 9, pp. 1-17, 2012 AJMAA


http://ajmaa.org

6 FARRUKH MUKHAMEDOV AND MANSOOR SABUROV

Proof. Since F' = ﬂ (F(T;) N F(1;)) # 0, for any given p € F, it follows from (L.6)) that

7j=1

|z = pll = llan(@as =) + BalT3 ) 00 — P) + Yalun — D)
< (1—6 — Yot = pll + Bl T yn = pll + Vallun — p
< — )zt = pll + B 1L v = ol + Y10
< (1- Bn — V)11 = Il + Bu Ak iy 190 — Pl + Vi llun
< (L= B)llza—1 = pll + Br Ay iy 1y — Il + Vol — pl|-

Again using (I.6) we find

—p||
=l

~ k ~
lyn =l = [[@n(zn = ) + BulLiy @0 — ) + (v — )|
> ~ k(n ~
< (=B, = Alzn = pll + Bl Lz = pll +Fp v — p
< (=8, =3z = pll + Buteyllzn — pll + 7, llon — pl|
< (L= B )Mzn = pll + Buttgmyllen — pll +Fpllvn — pll
< (1= Bt 12 = Pl + Bubtisio 120 — 2l + T llvn — |
< ) llTn = pll +Fnllvn = pll
(3.1 < M) l|Tn = pll +Fnllvn = pll-
Then from (3.1)) we have
|zn —pll < (1 =B)z0n —pH + B At o) Hi(n Hivn pll
SO one gets
(1= B, 2wt llzn —pll < (1= B,)lzn-1 — 1l

By condition (iii) we obtain £, A7, Hiy < B*A*M? < 1, and therefore
1= B, Xemylinmy = 1 — B*A?M? > 0.

AJMAA, Vol. 9, No. 2, Art. 9, pp. 1-17, 2012
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Hence from (3.2)) we derive
1-p
lzn —pll < ——lza—1 — pll
ﬁ /\2 i(n
B Ak(n /J“k
()\2 n)Mi( ) 1)5 >
- L+ 2 |Zn—1 — D
6 Ak(n /j“k
2 9
< 1+ ()\k‘(n)luk(n) —1)8, I |
= 1 BAzp2 ) 1t Tl
1 — B*A2M? '
Let
2 ~
" 1—BrAzM2 T 1 — B*A2M? ‘
Then the last inequality has the following form
(3.3) [n =pll < (1+bn) [l2n-1 = pll + cn.
From the condition (ii) we find
o 1 oo
an = [ paape Z(Ak(n firey — 1)B,,
n=1 n=1

1
= e i — DOy + 18,
n=1

o0

AM +1
S I- B ;(Akmwk(n) —1)B, < oo,

and boundedness of the sequences {||u, — p||}, {||vn — p||} with (iv) implies

0 0 n Uy — —+ 7’1)\ n nAn Uy, —
Se, = ZV [[n = Il + B Ak i) v, — |
v 1— B*A’M

n=1
1 - BAM S
S T pAnaE n = — e n — | < 0.
N IVITE ;vnllu P+ =5 ;%Hv pl| < oo
Now taking a,, = ||z,—1 — p|| in (3.3) we obtain
ani1 < (14 by)ay, + cp,

and according to Lemma [2.3|the limit lim a,, exists. This means the limit
n—oo

(3.4) lim ||z, —pl| =d
n—oo
exists, where d > 0 is a constant. This completes the proof. §

Now we are ready to prove a general criteria of strong convergence of (L.6).
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Theorem 3.2. Let X be a real Banach space and K be a nonempty closed convex subset of

X. Let {Tj}j\[:1 : K — K be a finite family of uniformly L,—Lipschitzian asymptotically quasi

I;—nonexpansive mappings with a common sequence {\,} C [1,00) and {Ij}j.v:l K = K

be a finite family of uniformly Lo—Lipschitzian asymptotically quasi-nonexpansive mappings
N

with a common sequence {y,} C [1,00) such that F = (O (F(T;) N F(I;)) # 0. Suppose

j=1
B* =supfB,, A =sup\, > 1, M = supp, > 1and {a,}, {5,}, {7.}, {an}, {8.}, {9.}
are six sequences in [0, 1] which satisfy the following conditions:
@) an+ Byt Yy =8n+ By + 9, =1, Yn>1,
n=1

SR 1

(111) B < W’

(V) 3, <00, YA, < oo
n=1 n=1

Then the implicit iterative sequence {x,} with errors defined by converges strongly to a
common fixed point in F'if and only if

3.5 liminf d(z,, F') = 0.

n—oo

Proof. The necessity of condition (3.5) is obvious. Let us proof the sufficiency part of the
theorem.

Since 7}, I; : K — K are uniformly L,, L,—Lipschitzian mappings, respectively, 7} and I,
are continuous mappings, for each j = 1, N. Therefore, the sets F(T}) and F(I;) are closed,

for each j = 1, N. Hence F' = ﬂ (F'(T;) N F(1;)) is a nonempty closed set.

For any given p € F, we have (see (R36])))

(36) ||l‘n _pH S (1 + bn) ||xn—1 _p“ + Cn;

where ) b, < ocoand ) ¢, < co. Hence, we find

n=1 n=1
(3.7 dx,, F) < (140b,)d(xp-1,F)+cn

So, the inequality (3.7) with Lemma [2.3| implies the existence of the limit lim d(z,, F). By
n—o0
condition (3.5)), one gets

lim d(z,, F) = liminfd(z,, F)=0.

n—oo n—0o0

Let us prove that the sequence {x,} converges to a common fixed point of {7;}Y, and
{5}
In fact, due to 1 + ¢ < exp(¢) for all £ > 0, and from (3.6), one finds

(3.8) len —pll < exp(ba)l|zn-1 —pll + cn-
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Hence, for any positive integer m, n, from (3.8) we find

||$n+m - p” < exp(bn—l—m)nxn—&-m—l - p” + Cntm
S eXp(bn—i-m + bn+m—1>‘|xn+m—2 - pH
+cn+m + Cnerfl exp(bn+m)
< exp(bnim + bnrm—1 + bugm-2)|Tnim—3 — Dl
+Cn+m + Cn+m—1 eXp(bn+m) + Cn+m—2 eXp(bn+m + bn+m71)
) n+m n+m—1 n+m
< o ( 3 bz») ew bl et 30 e ( 3 bi)
i=n+1 j=n+1 i=j+1
n+m
< o ( 3 bz») -
i=n+1
n4+m n+m—1 n+m
+Cpam €XP ( Z bl-) + Z cj exp ( Z bl->
i=n+1 j=n+1 i=n+1
n+m n+m
< exp ( > bz-) (Hwn—pll + > Cj)
i=n+1 j=n+1
< exp (Zb> (Hwn —pll+ > Cj)
i=1 Jj=n+1
(3.9) < W (Hxn —pl+ ) q) ,
j=n+1

for all p € F, where W = exp (Z bi> < 0.
=1

o
Since lim d(z,, F') = 0and ) ¢; < oo, for any given € > 0, there exists a positive integer
n—oo .

7=1
number nq such that
€ - €
d(l‘nO,F)<ﬁ, Z CJ<W
j=no+1
Therefore there exists p; € F' such that
€ - €
2o = p1ll < 5577 Z G < gy
j=no+1

Consequently, for all n > n from (3.9) we have

[en —pull < W<||$no—p1||+ > Cj)

j=no+1
£ £
< W W
ow e
= (C:’
this means that the sequence {x,,} converges strongly to a common fixed point p; of {T;}Y,

and {I;}_,. This completes the proof. &
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To prove main results we need one more an auxiliary result.

Proposition 3.3. Let X be a real uniformly convex Banach space and K be a nonempty closed
convex subset of X. Let {Tj}j\f:l : K — K be a finite family of uniformly L,—Lipschitzian
asymptotically quasi I;—nonexpansive mappings with a common sequence {\,} C [1,00)
and {I; }évzl : K — K be a finite family of uniformly L,—Lipschitzian asymptotically quasi-
nonexpansive mappings with a common sequence {j1,,} C [1,00) such that

FZO(F(Tj)ﬂF(Ij))#@-

Suppose B, = igfﬁn, B* =supf3,, A = sup\, > 1, M = supp, > 1and {a,.}, {58,}
() {aa), {8}, {3,,) are sixiequences in ELO, 1] which satisfy t;lle following conditions:
D @+ By + v =0n+ B, +7, =1, Vn>1,
@) 3= (hupty = 1), < 0
(iii) O<B*§B*<W
v) 0 < B, = igfﬁn < sgpﬁn =DB* <1,

<1,

W) 37, <00, 32 A, < o
n=1 n=1

Then the implicit iterative sequence {x,, } with errors defined by (1.0)) satisfies the following

lim ||z, — Tjz,| =0, lim ||z, — Ljz,|| =0, Vj=1,N.

n—00 n—00
Proof. First, we shall prove that

. k(n . k(n
Sl = Ty all =0, lm flon = Ll = 0.

According to Lemma [3.1|for any p € F" we have

(3.10) lim ||z, — p| = d.
n—oo
So, the sequence {z,} is bounded in K.
It follows from that
lzn —pll = (1= Bu) (@1 =+ 7, (tn — zn1))
(3.11) BT Y = D+ Y (tn — 201))-

Due to condition (v) and boundedness of the sequences {u,,} and {z,,} we have

msup [|[Zp—1 — P+ 7, (Un — )| <
n—oo
(3.12) < limsup ||z,—1 — p|| + limsup v, ||u, — zn—1]] = d.
n—oo n—oo
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By means of asymptotically quasi /; —nonexpansivity of 7; and asymptotically quasi-nonexpansivity
of I; from (3.1)) and boundedness of {u,}, {v,}, {x,} with condition (v) we obtain

limsup || T3y — p+ vt — 201) |

n—oo
< limsup Aoy () |9 — Il + limsup v, [[un — @51 ]|
n—oo n—o0
< limsup ||y, — p||
n—oo
(3.13) < limsup A gy [[ €0 = pl| + limsup 3, [Jo, — pl| = d.
n—oo n—oo
Now using (3.12), (3.13)) and applying to Lemma[2.2]to (3.11)) one finds
(3.14) lim |2,y — Tyl = 0.
n—o0

From (L.6)), (3.14) and condition (v) we infer that

(3.15) nh_>1£10||xn — | = hm 18, ( J(n yn Tp_1) + Yp(tn — Tn_1)|| = 0.
From (3.15)) one can get
(3.16) Tm flz — 2nygll = 0, j=TN.
On the other hand, we have
|lzn1 =l < oy — m%m+ujm n =Dl
< Nanor = T nll + Moy gy 19 = I,

which means
k(n
1201 = Bl = 21 = T vl < Aeaybtiio v — pI-

The last inequality with (3.1)) implies that
k n
21 = pll = lzn1 = Tje vall - < Ak Mk(n lyn —pll <
Then condition (v) and (3.14)), (3.10) with the Squeeze theorem yield
(3.17) lim [y, — p| = d
n—o0
Again from (I.6) we can see that

lyn =Pl = 11 = B)(@n —p + Fplvn —224))

(3.18) + Bl L a0 = p + F(vn — z0))|
From (3.10) with condition (v) one finds
limsup ||z, — p+7,(vn —a,)| <
n— o0

< limsup ||z, — p|| + limsup 7, ||v, — || = d.
n—oo

n—oo

and

limsup | [0 2, = p+ 7, (00 — )|

n—oo
< limsup gy |2 — pll + limsup 7, [[v, — ||
< limsup ||z, —p| = d.

n—oo
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Now applying Lemma[2.2]to (3.18)) we obtain

(3.19) lim ||, — I ol = 0.
Consider
_ k) < _ T _ k()
e j(n) | [0 = Tna || + [J2n-1 — J(n ynH + (n yn i(n )an
< lwn = @aaall + lon-1 = J(n ynH + L[y — @al|
= @0 — zpa|l + l2n-1 — Tj((: Ynl|
k n
+L1||B (£ ((n))xn = Zn) + Fn(vn — )|
k n
< ww = 2| + 201 — J((n Y|

LB L = all + LiA,l|on — 2l
Then from (3.14), (3.13)), (3.19) and condition (v) we get
(3.20) lim |, — T, =0,

n—

Now we prove that
lim ||z, — Tjx,| =0, lim ||z, — I;z,|| =0, Vj=1,N.
n—oo

n—o0

For eachn > N we have n = n — N(modN) and n = (k(n) — 1)N + j(n), hence
n—N=((k(n)—1)—=1)N +j(n) = (k(n—N)—1)N + j(n — N), ie.
Bn—N)=k(n) 1, j(n—N) = j(n)
So letting 75, := T)j(n)(modn) We Obtain
k(n
nwax%—Tm%n

|zn — Thznl| < o, =T 'n

k(n)

< Nan = TS wall + Lo TR 2 — 2
< o — T xw+me% n = Tyt
—%ﬂT?£%N Toon |l + Ly = ]

< Nan = TES 2l + L0 — oo
HNTSQ%N Toen | + Lill@n-n — 2
< lwn — T an + Li(Ly + D)||xy — e n||

+mw:$%N |
which with (3.16), (3.20) implies
(3.21) lim ||z, — Thx,| = 0.
n—oo

Analogously, one has

k(n

Ly @nll + La(Lo + V[zn — 2p ||

[0 — Inwnl| < Jon —

+L2HI,I<;(: ]]VV)JJH N — 36an||-

which with (3.16), (3.19) implies
(3.22) lim ||z, — I,z,|| = 0.
n—oo
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For any j = 1, N, from (3.16) and (3.21)) we have
|20 = Torjanll < 2w = ngsll + @04y = Tati@nasll + 1 TnsjTnrs — Totjnl)
< (14 L)t = ne |+ [nss — Tosgnss| 0 (> 00),

which implies that the sequence

(3.23) LvJ{Hxn-—- Triitall oo, =0 (n — 00).

Analogously we have
|20 = Lnjoall < (14 Lo)l|zn — Togill + | Tnsg — LngjTnsgll = 0 (n — 00),

and
(3.24) U{Hxn — Lnssmall} oo, = 0 (n— 00).

According to
{lam = Taall}e, = {llon = Turgommal b,

{”ﬂfn - ”JFJnan}n 1 C U{Hxn n+l'r'n”}n 1’

and
{an_[jxnu}:;l = {Hmn_ n+(j— nQJ”H}n 1

= {llzn = Lnvjuzall},, € U{Hl’n Lozl },2,

where j — n = j,(modN), j, € {1,2,--- , N}, from @, @D we find

(3.25) lim ||z, — Tjz,| =0, lim ||z, — Ijz,| =0, Vji=1,N.
n—00 n—00

1

Now we are ready to formulate one of main result concerning weak convergence of the se-
quence {x,}.

Theorem 3.4. Let X be a real uniformly convex Banach space satisfying Opial condition
and K be a nonempty closed convex subset of X. Let E : X — X be an identity map-
ping, {T;})., : K — K be a finite family of uniformly L,—Lipschitzian asymptotically quasi
I;—nonexpansive mappings with a common sequence {\,} C [1,00) and {I;}}_, : K — K be
a finite family of uniformly Lo—Lipschitzian asymptotically quasi-nonexpansive mappings with
a common sequence {, } C [1,00) such that

F= ﬂ (1)) #0.

Suppose B, = inf 3,, B* = supﬁn, A =sup\, > 1, M =supp, > 1and {a,.}, {6,},

{7}, {an}, {Bn}, {7,,} are six sequences in [0, 1| which satisfy the following conditions:
@ @+ By + Y =0+ B, +7, =1, Yn>1,
n=1
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1
(111)0<B*§B*<W<1,
(iv) 0 < B, =inf B, <supf, = B* < 1,

(V) Z’Yn<oov Z:}/\n<00
n=1 n=1

If the mappings E — T and E — I; are semi-closed at zero for every j = 1, N, then the
implicit iterative sequence {x,} with errors defined by (1.6) converges weakly to a common
fixed point of finite families of asymptotically quasi I;—nonexpansive mappings {Tj}j\’:1 and
asymptotically quasi-nonexpansive mappings {1 }é\le

Proof. Let p € F, the according to Lemma [3.1| the sequence {||x,, — p||} converges. This
provides that {x,} is bounded. Since X is uniformly convex, then every bounded subset of X
is weakly compact. From boundedness of {z,} in K, we find a subsequence {z,, } C {z,}
such that {z,, } converges weakly to ¢ € K. Hence from (3.23), it follows that

niiinoo Hxnk - zjnk” =0, nilinoo Hxnk - [jwnkH =0, Vji=1N.
Since the mappings £ — T} and I — I; are semi-closed at zero, therefore we have T;q = g and
Iiq=gq,forall j = 1, N, which means g € F.

Finally, we prove that {x, } converges weakly to ¢. In fact, suppose the contrary, then there
exists some subsequence {w,;} C {x,} such that {z,,} converges weakly to ¢ € K and
¢1 7 q. Then by the same method as given above, we can also prove that ¢; € F.

Taking p = ¢ and p = ¢; and using the same argument given in the proof of (3.4), we can
prove that the limits nh—>I20 |z, — ¢l and nh_{go |zn, — q1|| exist, and we have

lim ”xn - QH =d, lim Hxn - QIH =dy,

where d, d; are two nonnegative numbers. By virtue of the Opial condition of X, one finds

d = limsup||z,, —q| <limsup||z,, —¢| =
Nj—>00 N —00
— limsup|fea, — ] < limsup |z, — gl = d
TLj—>OO nj—>oo

This is a contradiction. Hence ¢; = ¢. This implies that {x,,} converges weakly to ¢. This
completes the proof of Theorem [3.4] §

Next, we prove strong convergence theorem

Theorem 3.5. Let X be a real uniformly convex Banach space and K be a nonempty closed
convex subset of X. Let {T;}}L, : K — K be a finite family of uniformly L,—Lipschitzian
asymptotically quasi I;—nonexpansive mappings with a common sequence {\,} C [1,00)
and {I; }é\le : K — K be a finite family of uniformly Lo—Lipschitzian asymptotically quasi-
nonexpansive mappings with a common sequence {y,,} C [1,00) such that

F = (FT)NF(L) # 0.

Suppose B, = inf 3,,, B* = supf,,, A = sup A\, > 1, M = suppy, > 1and {a,}, {B,},

{7}, {an}, {Bn}, {7,,} are six sequences in [0, 1| which satisfy the following conditions:
@ @+ By + 7 =0+ B, +7, =1, Vn>1,
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1
(iii) 0 < B. < B* < jrs < 1,

@v) O<§*:infgn§sup5n:§* <1,

W) 3, <00, YA, < .
n=1 n=1

If at least one mapping of the mappings {1, I; }jvzl is semi-compact, then the implicit iterative
sequence {x,} with errors defined by converges strongly to a common fixed point of finite
families of asymptotically quasi I;—nonexpansive mappings {T,}jvzl and asymptotically quasi-
nonexpansive mappings {1;}7,.

Proof. Without any loss of generality, we may assume that 7} is semi-compact. This with
means that there exists a subsequence {z,, } C {x,} such that z,,, — 2* strongly and z* € K.
Since T}, I; are continuous, then from (3:23)), for all j = 1, N we find

||Z)3* - zj*H = lim ”xnk - zjnkH =0, HZL’* - ]]ZL‘*H = lim ”xnk - ]Jm”kH = 0.
Np—>00 N —00
This shows that * € F. According to Lemma(3.1|the limit lim ||z, — x*|| exists. Then
n—oo
lim ||z, — 2| = lm |z, —2"|| =0,
n— 00 ng—00
which means {x,} converges to * € F. This completes the proof. i

Remark 3.1. If we take v,, = 0, foralln € Nand [; = FE, 7 = 1,2,..., N then the above
theorem becomes Theorem 3.3 due to Sun [27]. If I; = E, j = 1,2,..., N and {T]}j\f:1 are
asymptotically nonexpansive, then we got main results of [4, [13]. If 7 = 1 and ~,, = 0 for all
n € N, then we recover the result of [19]].
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