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2 D. AL IMOHAMMADI AND M. M AYGHANI

1. I NTRODUCTION

We letN = {1, 2, 3 . . . }, C, D = {z ∈ C : |z| < 1}, D = {z ∈ C : |z| ≤ 1}, D(λ, r) =

{z ∈ C : |z − λ| < r} andD(λ, r) = {z ∈ C : |z − λ| ≤ r} denote the set of natural numbers,
the field of complex numbers, the open unit disc, the closed unit disc, the open and closed disc
with center atλ and radiusr, respectively. We also denoteD(0, r) by Dr.

LetA andB be unital commutative semi-simple Banach algebras with maximal ideal spaces
M(A) andM(B). A homomorphismT : A → B is a linear map which also preserved
multiplication. A homomorphismT : A → B is calledunital homomorphismif T1A = 1B.
If T is a unital homomorphism fromA into B, thenT is continuous and there exists a norm-
continuous mapψ : M(B) → M(A) such thatT̂ f = f̂ ◦ ψ for all f ∈ A, whereĝ is the
Gelfand transformg. In fact,ϕ is equal the adjoint ofT ∗ : B∗ → A∗ restricted toM(B). Note
thatT ∗ is a weak∗-weak∗ continuous map fromB∗ into A∗. Thusψ is a continuous map from
M(B) with the Gelfand topology intoM(A) with the Gelfand topology.

Let A be a unital commutative semi-simple Banach algebra and letT be an endomorphism
of A, a homomorphism fromA intoA. We denote the spectrum ofT by σ(T ) and define

σ(T ) = {λ ∈ C : λI − T is not invertible}.

For a compact Hausdorff spaceX, we denote byC(X) the Banach algebra of all complex-
valued functionsf onX with the uniform norm‖f‖X = sup{|f(x)| : x ∈ X}.

Definition 1.1. Let X be a compact Hausdorff space. ABanach function algebraonX is a
subalgebraA of C(X) which contains1X , the constant function1 onX, separates the points of
X and is a unital Banach algebra with an algebra norm‖·‖. If the norm of a Banach function
algebra onX is ‖·‖X , the uniform norm onX, it is called auniform algebraonX.

Let A andB be Banach function algebras onX andY , respectively. Ifϕ : Y → X is a
continuous mapping such thatf ◦ ϕ ∈ B for all f ∈ A, and if T : A → B is defined by
Tf = f ◦ ϕ, thenT is a unital homomorphism, which is called theinduced homomorphism
from A into B by ϕ. In particular, ifY = X andB = A, thenT is called theinduced
endomorphismof A by the self-mapϕ of X.

Let A be a Banach function algebra on a compact Hausdorff spaceX. Forx ∈ X, the map
ex : A → C, defined byex(f) = f(x), is an element ofM(A) and called theevaluation
homomorphismonA atx. Note that the mapx 7→ ex : X →M(A) is a continuous one-to-one
mapping. If this map is onto, we say thatA is natural.

We know thatC(X) is a natural uniform algebra onX and every Banach function algebra on
X is a unital commutative semi-simple Banach algebra.

Proposition 1.1. LetX andY be compact Hausdorff spaces. LetA andB be natural Banach
function algebras onX andY , respectively. Then every unital homomorphismT : A → B is
induced by a unique continuous mapϕ : Y → X. In particular, if X is a compact plane set
and the coordinate functionZ belongs toA, thenϕ = TZ and soϕ ∈ B.

Proof. Let T : A −→ B be a unital homomorphism. SinceA andB are unital commutative
semi-simple Banach algebras, there exists a continuous mapψ : M(B) −→ M(A) such that
T̂ f = f̂ ◦ψ for all f ∈ A. The naturality of the Banach function algebraA onX implies that the
mapJA : X −→M(A), defined byJA(x) = ex, is a homeomorphism and soJ−1

A : M(A) −→
X is continuous. SinceB is a Banach function algebra onY , the mapJB : Y −→ M(B),
defined byJB(y) = ey, is continuous. We now define the mapϕ : Y −→ X byϕ = J−1

A ◦ψ◦JB.

AJMAA, Vol. 9, No. 2, Art. 11, pp. 1-9, 2012 AJMAA

http://ajmaa.org


UNITAL COMPACT HOMOMORPHISMS BETWEEN EXTENDED ANALYTIC UNIFORM ALGEBRAS 3

Clearly,ϕ is continuous. Letf ∈ A. Since

(Tf)(y) = T̂ f(ey) = (f̂ ◦ ψ)(JB(y)) = (f̂ ◦ JA)(ϕ(y))(1.1)

= f̂(eϕ(y)) = eϕ(y)(f) = f(ϕ(y))

= (f ◦ ϕ)(y).

for all y ∈ Y , we haveTf = f ◦ ϕ. Therefore,T is induced byϕ.
Now, letX be a compact plane set and letZ ∈ A. Thenϕ = Z ◦ ϕ = TZ, and soϕ ∈ B.

Corollary 1.2. LetX be a compact Hausdorff space and letA be a natural Banach function
algebra onX. Then every unital endomorphismT ofA is induced by a unique continuous self-
mapϕ ofX. In particular, ifX is a compact plane set andA contains the coordinate function
Z, thenϕ = TZ and soϕ ∈ A.

Note that ifA is a natural uniform algebra on a compact Hausdorff spaceX andT is a unital
endomorphism ofA, then||T || ≤ 1.

Let X be a compact plane set. We denote byA(X) the algebra of all continuous complex-
valued functions onX which are analytic onint(X), the interior ofX, and callanalytic uniform
algebraonX. It is known thatA(X) is a natural uniform algebra onX (see [3]).

F. behrouzi and H. Mahyar studied compact endomorphisms of certain natural subalgebras
of A(X), for certain compact plane setX [1].

LetX andK be compact plane sets such thatK ⊆ X. We denote byA(X,K) the algebra of
all continuous complex-valued functionsf onX that are analytic onint(K) and calledextended
analytic uniform algebraonX with respect toK. Clearly,A(X,K) = A(X) if K = X and
A(X,K) = C(X) if int(K) is empty. We know thatA(X,K) is a natural uniform algebra on
X (see [3]).

In this paper, we study unital homomorphisms between extended analytic uniform algebras
and investigate sufficient and necessary conditions for which these homomorphisms to be com-
pact. We also determine the spectrum of unital compact endomorphisms of these algebras.

2. UNITAL COMPACT HOMOMORPHISMS

We first give a sufficient condition for which a continuous mapϕ : X2 → X1 induces a unital
homomorphismT from a subalgebraB1 of A(X1, K1) into a subalgebraB2 of A(X2, K2).

Proposition 2.1. LetXj andKj be compact plane sets withint(Kj) 6= ∅ andKj ⊆ Xj, and
letBj be a subalgebra ofA(Xj, Kj) which is a natural Banach function algebra onXj under
an algebra norm‖·‖j, wherej ∈ {1, 2}. If ϕ ∈ B2 with ϕ(X2) ⊆ int(K1), thenϕ induces a
unital homomorphismT : B1 → B2. Moreover, ifZ ∈ B1, thenϕ = TZ.

Proof. The naturality of Banach function algebraB2 on X2 implies thatσB2(h) = h(X2),
whereσA(h) is the spectrum ofh ∈ A in the Banach algebraA. Let f ∈ B1. Sinceϕ ∈ B2,
ϕ(X2) ⊆ int(K1) andf is analytic onint(K1), we conclude thatf is analytic on an open
neighborhood ofσB2(ϕ). By using the Functional Calculus Theorem [3, Chapter I, Theorem
5.1], there existsg ∈ B2 such that̂g = f ◦ ϕ̂ onM(B2). It follows that

g(z) = ez(g) = ĝ(ez) = f(ϕ̂(ez))(2.1)

= f(ez(ϕ)) = f(ϕ(z)) = (f ◦ ϕ)(z),

for all z ∈ X2 and sog = f ◦ϕ. Therefore,f ◦ϕ ∈ B2. This implies that the mapT : B1 → B2

defined byTf = f ◦ ϕ, is a unital homomorphism fromB1 into B2, which is induced byϕ.
Now letZ ∈ B1. Thenϕ = TZ by Proposition 1.1.
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Corollary 2.2. LetX andK be compact plane sets withint(K) 6= ∅ andK ⊆ X. LetB be
a subalgebra ofA(X,K) which is a natural Banach function algebra onX under an algebra
norm ‖·‖B. If ϕ ∈ B with ϕ(X) ⊆ int(K), thenϕ induces a unital endomorphismT of B.
Moreover, ifZ ∈ B, thenϕ = TZ.

Proposition 2.3. For j ∈ {1, 2} suppose thatzj ∈ C, 0 < rj < Rj, Gj = D(zj, Rj), Ω =
D(zj, rj), Xj = Gj andKj = Ωj. Then for eachρ ∈ (r1, R1] there exists a continuous map
ϕρ : X2 → X1 with ϕρ(X2) = D(z1, ρ) such thatϕρ ∈ A(X2, K2) andϕρ does not induce any
homomorphism fromA(X1, K1) toA(X2, K2).

Proof. Let ρ ∈ (r1, R1]. We define the mapϕρ : X2 → X1 by

ϕρ(z) =

{
z1 + ρ(z−z2)

r2

z1 + ρ(z−z1)
|z−z2|

|z − z2| ≤ r2,

r2 < |z − z2| ≤ R2.

Clearly,ϕρ is a continuous mapping,ϕρ(X2) = Dρ(z1, ρ) andϕρ ∈ A(X2, K2). We now define
the functionfρ : X1 → C by

fρ(z) =

{
ρ(z−z1)

r1

ρ(z−z1)
|z−z1|

|z − z1| ≤ r1,

r1 < |z − z1| ≤ R1.

Thenfρ ∈ A(X1, K1). Since0 < r1r2

ρ
< r2 and

(fρ ◦ ϕρ)(z) =

{
ρ2

r1r2
(z − z2)

ρ(z−z2)
|z−z2|

|z − z2| ≤ r1r2

ρ
,

r1r2

ρ
< |z − z2| ≤ R2,

we conclude thatfρ◦ϕρ 6∈ A(X2, K2). Therefore,ϕρ does not induce any homomorphism from
A(X1, K1) toA(X2, K2).

Corollary 2.4. Suppose thatλ ∈ C, 0 < r < R, G = D(λ,R), Ω = D(λ, r), X = G
andK = Ω. Then for eachρ ∈ (r, R], there exists a continuous self-mapϕρ of X with

ϕρ(X) = D(λ, ρ) such thatϕρ ∈ A(X,K) and ϕρ does not induce any endomorphism of
A(X,K).

We now give a sufficient condition for which a unital homomorphism from a uniform subal-
gebraB1 of A(X1, K1) into a uniform subalgebraB2 of A(X2, K2) to be compact.

Theorem 2.5.Suppose thatXj andKj are compact plane sets withint(K) 6= ∅, andKj ⊆ Xj

andBj is a natural uniform subalgebra ofA(Xj, Kj) wherej ∈ {1, 2}. Letϕ : X2 → X1 be
a continuous mapping. Ifϕ is constant orϕ ∈ B2 with ϕ(X2) ⊆ int(K1), thenϕ induces a
unital compact homomorphismT : B1 → B2.

Proof. If ϕ : X2 → X1 is constant, then the mapT : B1 → B2 defined byTf = f ◦ ϕ is a
unital homomorphism fromB1 intoB2 with dim T (B1) ≤ 1, and soT is compact.

Let ϕ : X2 → X1 be a nonconstant mapping withϕ ∈ B2 andϕ(X2) ⊆ int(K1). Then
the mapT : B1 → B2 defined byTf = f ◦ ϕ is a unital homomorphism fromB1 into B2 by
Proposition 2.1. To prove the compactness ofT , let {fn}∞n=1 be a bounded sequence inB1 with
‖fn‖X1

≤ 1. By Montel’s theorem,{fn}∞n=1 has a subsequence{fnj
}∞j=1 which is uniformly

convergent on every compact subset ofint(K1), in particular onϕ(X2). Therefore,{fnj
◦ϕ}∞j=1

is uniformly convergent onX2, i.e. {Tfnj
}∞j=1 is convergent uniformly onX2. It follows that

{Tfnj
}∞j=1 is a Cauchy sequence in(B2, ‖·‖X2

). Since(B2, ‖·‖X2
) is a complete normed space,

we conclude that{Tfnj
}∞j=1 is convergent inB2. HenceT is compact.
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Corollary 2.6. Suppose thatX andK are compact plane sets withint(K) 6= ∅, andK ⊆ X.
LetB be a natural uniform subalgebra ofA(X,K) andϕ be a self-map ofX. If ϕ is constant
or ϕ ∈ B andϕ(X) ⊆ int(K), thenϕ induces a unital compact endomorphism ofB.

We now give a necessary condition for which a unital homomorphismT from a uniform
subalgebraB1 of A(X1, K1) into a uniform subalgebraB2 of A(X2, K2) to be compact.

Definition 2.1. (a) A plane setX at c ∈ ∂X, the boundary ofX, has an internal circular
tangent if there exists a discD in the complex plane such thatc ∈ ∂D andD \ {c} ⊆
int(X).

(b) A plane setX is called strongly accessible from the interior, if it has an internal circular
tangent at each point of its boundary.

Such sets include the closed unit discD andD(z0, r) \
⋃n

k=1 D(zk, rk), where
closed discsD(zk, rk) are mutually disjoint inD(z0, r).

(c) A compact plane setX has peak boundary with respect toB ⊆ C(X) if for eachc ∈ ∂X
there exists a nonconstant functionh ∈ B such that‖h‖X = h(c) = 1.

Example 2.7. The closed unit discD has peak boundary with respect toA(D). Because if
c ∈ ∂D, then the functionh : D → C defined byh(z) = 1

2
(1 + cz), belongs toA(D), and

satisfies in‖h‖D = h(c) = 1.

Example 2.8.LetX be a compact plane set such thatC\X has smooth boundary. IfR0(X) ⊆
B ⊆ C(X), thenX has peak boundary with respect toB, whereR0(X) is the algebra of all
rational functions with poles offX.

Proof. Let z0 ∈ C \X. SinceC \X is strongly accessible from the interior eachc ∈ ∂(C \X)
there exists aδ > 0 such that|c− z0| = δ andD(z0, δ) \ {c} ⊆ int(C \ X). Now, define the
functionh : X → C by

h(z) =
δ2

(c− z0)(z − z0)
.

Thenh ∈ R0(X) and soh ∈ B. Moreover,‖h‖X = h(c) = 1.

Theorem 2.9. LetX1 be a compact plane set such thatG1 = int(X1) is connected,G1 = X1

andX1 has peak boundary with respect toA(X1). Suppose thatΩ1 ⊆ G1 is a bounded domain
in the complex plane and letK1 = Ω1. LetΩ2 be a bounded domain in the complex plane and
letK2 = Ω2. Suppose thatX2 is a compact plane set such thatK2 ⊆ X2. If T : A(X1, K1) →
A(X2, K2) is a unital compact homomorphism, thenT is induced by a continuous mapping
ϕ : X2 → X1 such thatϕ is constant onK2 or ϕ(K2) ⊆ G1 = int(X1).

Proof. SinceA(X1, K1) andA(X2, K2) are natural uniform algebras onX1 andX2, respec-
tively, we conclude thatT is induced by a unique continuous mappingϕ : X2 → X1. Moreover,
ϕ ∈ A(X2, K2) since the coordinate functionZ is inA(X1, K1). Sinceϕ is a nonconstant ana-
lytic function onΩ2, we deduce thatϕ(Ω2) is an open set in the complex plane andϕ(Ω2) ⊆ X1.
Thus,

ϕ(Ω2) ⊆ int(X1) = G1.(2.2)

If ϕ(X2) 6⊆ G1, then there exists ac ∈ ∂X2 such thatϕ(c) ∈ ∂X1. SinceX1 has peak boundary
with respect toA(X1), there exists a nonconstant functionh ∈ A(X1) such that

‖h‖X1
= h(ϕ(c)) = 1.(2.3)

We now define the sequence{fn}∞n=1 by fn = hn. Thenfn ∈ A(X1) ⊆ A(X1, K1) and
‖fn‖X1

= 1 for all n ∈ N. The compactness ofT implies that{fn}∞n=1 has a subsequence
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6 D. AL IMOHAMMADI AND M. M AYGHANI

{fnj
}∞j=1 such that the sequence{Tfnj

}∞j=1 is converges to a functiong in A(X2, K2). Since
(Tfnj

)(c) = fnj
(ϕ(c)) = (h(ϕ(c)))nj = 1 for all j ∈ N, we haveg(c) = 1. On the other hand,

|h(z)| < 1 for all z ∈ Ω1 since‖h‖Ω1
≤ ‖h‖X1

= 1, h is a nonconstant analytic function onG1

andh is a continuous complex-valued function onΩ1. Let w ∈ Ω2. Thenϕ(w) ∈ Ω1 and so
|h(ϕ(w))| < 1. Therefore,

g(w) = lim
j→∞

(Tfnj
)(w) = lim

j→∞
(h ◦ ϕ)nj(w) = 0.

The continuity ofg on Ω2 implies thatg(w) = 0 for all w ∈ Ω2 = K2. This follows that
g(c) = 0, contradicting tog(c) = 1. Consequently,ϕ(K2) ⊆ G1 = int(X1).

Corollary 2.10. LetX be a compact plane set such thatG = int(X) is connected andG = X.
Suppose thatΩ ⊆ G is a bounded domain in the complex plane and letK = Ω. Suppose
thatX has peak boundary with respect toA(X). If T is a unital compact endomorphism of
A(X,K) thenT is induced by a continuous self-mapϕ of X such thatϕ is constant onK or
ϕ(K) ⊆ G = int(X).

Lemma 2.11. Let Ω be a domain in the complex plane and letϕ be a one-to-one analytic
function onΩ. If f is a continuous complex-valued function onϕ(Ω) such thatfoϕ is an
analytic function onΩ, thenf is an analytic function onϕ(Ω).

Proof. By ([2];Chapter IV, Theorem 7.5 and Corollary 7.6), we deduce thatϕ(Ω) is a domain
in the complex plane,ϕ′(z) 6= 0 for all z ∈ Ω andϕ−1 : ϕ(Ω) → Ω is an analytic function on
ϕ(Ω). Sincef = f ◦ ϕ ◦ ϕ−1, we conclude thatf is analytic onϕ(Ω).

Lemma 2.12. Let G and Ω be bounded domains in the complex plane withΩ ⊆ G and let
X = G, K = Ω. Then for eachc ∈ G \K, there exists a functionfc in A(X,K) such thatfc

is not analytic atc.

Proof. Let c ∈ G \K. Then there exists anr > 0 such that

{z ∈ C : |z − c| ≤ r} ⊆ G \K.
We now define the functionfc : X → C by

fc(z) =

{
z − c

(1+r)(z−c)
1+|z−c|

z ∈ X, |z − c| ≥ r,

z ∈ X, |z − c| < r.

It is easily seen thatfc ∈ A(X,K) andfc is not analytic atc.

Definition 2.2. LetX andK be compact plane sets withK ⊆ X. We say thatK hasK-peak
boundary with respect toB ⊆ A(X,K) if for eachc ∈ ∂K there is a functionh in B such that
h is nonconstant onK and‖h‖X = h(c) = 1.

Example 2.13.LetK = Dr, where0 < r ≤ 1. ThenK hasK-peak boundary with respect to
A(D, K).

Proof. We first assume thatr = 1. For eachc ∈ ∂K we define the functionhc : D → C by
hc(z) = 1

2
(1 + cz). Thenhc ∈ A(D, K), ‖hc‖D = hc(c) = 1.

We now assume that0 < r < 1. For eachc ∈ ∂K, setλ = (1+r)c
r

. Thenλ ∈ C \ D. We define
the functionhc : D → C by

hc(z) =

{
− r

c(z−λ)

− r|z−λ|
c(z−λ)

z ∈ D, |z − λ| ≥ 1,

z ∈ D, |z − λ| < 1.

Thenhc ∈ A(D, K) and‖hc‖D = hc(c) = 1.
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Theorem 2.14. Let X1 be a compact plane set such thatG1 = int(X1) is connected and
G1 = X1. Suppose thatK1 is a compact subset ofX1 such thatΩ1 = int(K1) is connected,
K1 = Ω1 andK1 hasK1-peak boundary with respect toA(X1, K1). Let Ω2 be a bounded
domain in the complex plane and letK2 = Ω2. Suppose thatT : A(X1, K1) → A(X2, K2)
is a unital homomorphism andϕ = TZ. If T is compact andϕ is one-to-one onΩ2, then
ϕ(K2) ⊆ Ω1 = int(K1).

Proof. We first show thatϕ(Ω2) ⊆ K1. Sinceϕ ∈ A(X2, K2) andϕ is one-to-one onΩ2,
we conclude thatϕ(Ω2) is an open set in the complex plane. Thusϕ(Ω2) ⊆ int(X1) = G1.
Supposeϕ(Ω2) 6⊆ K1. Then there existsλ ∈ Ω2 such thatϕ(λ) ∈ G1 \ K1. SinceK1 has
K1-boundary with respect toA(X1, K1), there exists a functionfϕ(λ) in A(X1, K1) such that
fϕ(λ) is not analytic atϕ(λ). But fϕ(λ) ◦ ϕ = Tfϕ(λ) ∈ A(X2, K2), so thatfϕ(λ) ◦ ϕ is analytic
on Ω2. Sinceϕ is a one-to-one analytic mapping onΩ2 andϕλ is continuous onϕ(Ω2), we
conclude thatfϕ(λ) is analytic onϕ(Ω2) by Lemma 2.11. This contradicts to thatfϕ(λ) is not
analytic atϕ(λ). Henceϕ(Ω2) ⊆ K1, so thatϕ(Ω2) ⊆ int(K1) = Ω1 sinceϕ(Ω2) is an open
set in the complex plane. This implies that

ϕ(K2) = ϕ(Ω2) ⊆ ϕ(Ω2) ⊆ Ω1 = K1.

We now show thatϕ(K2) ⊆ Ω1. If ϕ(K2) 6⊆ Ω1, then there existsc ∈ ∂K2 such thatϕ(c) ∈
∂K1 sinceϕ(Ω2) ⊆ Ω1 andϕ(K2) ⊆ K1. This implies that there exists a functionh ∈
A(X1, K1) such thath is nonconstant onK1 and

‖h‖X1
= h(ϕ(c)) = 1.

We now define the sequence{fn}∞n=1 in A(X1, K1) by fn = hn. Then‖fn‖X1
= 1 for all

n ∈ N. The compactness ofT implies that there exists a subsequence{fnj
}∞j=1 of the sequence

{fn}∞n=1 and a functiong in A(X2, K2) such thatTfnj
→ g in A(X2, K2). Since

Tfnj
(c) = fnj

(ϕ(c)) = h(ϕ(c))nj = 1,

for all j ∈ N, we conclude thatg(c) = 1. But h is a nonconstant analytic function onΩ1, so
that|h(w)| < 1 for all w ∈ Ω1. This implies that|h(ϕ(z))| < 1 for all z ∈ Ω2. Therefore,

(Tfnj
)(z) = (h(ϕ(z)))nj → 0,as j →∞,

for all z ∈ Ω2. This follows thatg(z) = 0 for all z ∈ Ω2. The continuity ofg on Ω2 implies
that g(z) = 0 for all z ∈ K2 = Ω2. Therefore,g(c) = 0 contradicting tog(c) = 1. Hence,
ϕ(K2) ⊆ Ω1.

Corollary 2.15. LetX be a compact plane set such thatG = int(X) is connected andG = X.
LetK be a compact subset ofX such thatΩ = int(K) is connected andK = Ω. Suppose that
K hasK-peak boundary with respect toA(X,K). LetT be a unital endomorphism ofA(X,K)
and letϕ = TZ. If T is compact andϕ is one-to-one onΩ, thenϕ(K) ⊆ Ω = int(K).

3. SPECTRUM OF UNITAL COMPACT ENDOMORPHISMS

In this section we determine the spectrum of a unital compact endomorphism of a natural
uniform subalgebra ofA(X,K).

The following result is a modification of ([4], Theorem 1.7) for unital compact endomor-
phisms of natural Banach function algebras.

Theorem 3.1.LetX be a compact Hausdorf space andB be a natural Banach function algebra
onX. If T is a unital compact endomorphism ofB induced by a self-mapϕ : X → X, then⋂∞

n=0 ϕn(X) is finite and ifX is connected,
⋂∞

n=0 ϕn(X) is singleton whereϕn is nth iterate of
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ϕ, i.e,ϕ0(x) = x andϕn(x) = ϕ(ϕn−1(x)). If
⋂∞

n=0 ϕn(X) = {x0}, thenx0 is a fixed point for
ϕ. In fact, ifF =

⋂∞
n=0 ϕn(X), thenϕ(F ) = F .

Theorem 3.2. Let G and Ω be bounded domains in the complex plane withΩ ⊆ G and let
X = G andK = Ω. Suppose thatB is subalgebra ofA(X,K) containing the coordinate
functionZ which is a natural Banach function algebra onX with an algebra norm‖·‖B. Let
T be a unital compact endomorphism ofB induced by a self-mapϕ ofX. If ϕ(X) ⊆ int(K)
with a fixed pointz0, then

σ(T ) = {0, 1} ∪ {(ϕ′(z0))
n : n ∈ N}.

Proof. Clearly 0 and also1 ∈ σ(T ) sinceT (1X) = 1X . If ϕ is constant then the proof is
complete. Letλ ∈ σ(T ) \ {0, 1}. The compactness ofT implies that there existsf ∈ B \ {0}
such thatTf = f ◦ϕ = λf . Sinceϕ(z0) = z0 ∈ int(K), f(z0) = 0. We claim thatf (j)(z0) 6= 0
for somej ∈ N. If f (n)(z0) = 0 for all n ∈ N, thenf = 0 on an open disc with centerz0 and so
f = 0 on Ω by maximum modulus principle. It follows thatf = 0 onX sinceϕ(X) ⊆ Ω and
λf(z) = f(ϕ(z)) for all z ∈ X. This contradicts tof 6= 0. Hence, our claim justified. Letm =
min{n ∈ N : f (n)(z0) 6= 0}. Thenf (k)(z0) = 0 for all k ∈ {0, ..., n− 1} andf (m)(z0) 6= 0. By
m times differentiation off ◦ ϕ = λf , we have(ϕ′(z0))

mf (m)(ϕ(z0)) = λf (m)(z0), therefore
λ = (f ′(z0))

m.Thenσ(T ) \ {0, 1} ⊆ {(ϕ′(z0))
n : n ∈ N}.

Conversely, first we show that ifλ ∈ σ(T ) with |λ| = 1, thenλ = 1. Letλ ∈ σ(T ) and|λ| = 1.
The compactness ofT implies that there existsg ∈ B \ {0} such thatg ◦ ϕ = λg. It follows
that |g ◦ ϕ| = |g|. Sinceϕ(K) ⊆ int(K) = Ω andg is analytic on the domainΩ we conclude
that g is constant onΩ by maximum modulus principle. Sinceϕ(X) ⊆ Ω, g ◦ ϕ = λg and
λ ∈ C \ {0}, we deduce thatg is constant onX. Applying againg ◦ϕ = λg implies thatλ = 1.

We now claim thatϕ′(z0) ∈ σ(T ). If ϕ′(z0) 6∈ σ(T ), then there exists a nonzero linear
operatorS : B → B such that

(T − ϕ′(z0)I)S = I.(3.1)

SinceZ − z01X ∈ B, h = S(Z − z01X) ∈ B and so

h ◦ ϕ− ϕ′(z0)h = Z − z01X ,

by 3.1. By differentiation atz0, we have

0 = h′(ϕ(z0))ϕ
′(z0)− ϕ′(z0)h

′(z0) = 1,

this is a contradiction. Hence, our claim is justified.
We now show that(ϕ′(z0))

n ∈ σ(T ) for all n ∈ N. If ϕ′(z0) = 0 or |ϕ′(z0)| = 1, the proof
is complete. Supposeϕ′(z0) 6= 0 and|ϕ′(z0)| 6= 1. If (ϕ′(z0))

j 6∈ σ(T ) for somej ∈ N with
j > 1, then there exists a nonzero linear operatorSj : B → B such that

(T − (ϕ′(z0))
jI)Sj = I.(3.2)

Since(Z − z01X)j ∈ B, hj = Sj(Z − z01X)j ∈ B and so

hj ◦ ϕ− (ϕ′(z0))
jhj = (Z − z01X)j,

by 3.2. Byj − 1 times differentiation atz0, we have

hj(z0) = h′j(z0) = ... = h
(j−1)
j (z0) = 0,

andj times differentiation atz0, we have

0 = (ϕ′(z0))
jh

(j)
j (ϕ(z0))− (ϕ′(z0))

jh
(j)
j (z0) = j!,

this is a contradiction.
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Corollary 3.3. LetB andT satisfy the conditions of Theorem 3.2. LetF be a finite set such
thatϕ(F ) = F . Then there existz0 ∈ F andm ∈ N such that

{λm : λ ∈ σ(T )} = {0, 1} ∪ {(ϕ′m(z0))
n : n ∈ N}.

Proof. SinceF is a finite set andϕ(F ) = F , there existz0 ∈ F andm ∈ N such thatϕm(z0) =
z0. Sinceϕ(X) ⊆ int(K), soz0 ∈ int(K). If ϕ is constant the proof is complete. Whenϕ is
not constant, we definẽT : B → B by T̃ f = f ◦ ϕm. ThenT̃ is a compact endomorphism of
B by Theorem 2.5 andϕm(z0) = z0. By Theorem 3.2,

σ(T̃ ) = {0, 1} ∪ {(ϕ′m(z0))
n : n ∈ N}.

SinceTf = f ◦ ϕ and T̃ f = f ◦ ϕm, we haveT̃ = Tm. By Spectral Mapping Theorem,
σ(Tm) = {λm : λ ∈ σ(T )}. Therefore,

{λm : λ ∈ σ(T )} = {0, 1} ∪ {(ϕ′m(z0))
n : n ∈ N}.

This completes the proof.

Corollary 3.4. LetG and Ω be bounded domains in the complex plane withΩ ⊆ G and let
X = G andK = Ω. Suppose thatϕ is a self-map ofX such thatϕ(X) ⊆ K andϕ(z0) = z0

for somez0 ∈ int(K). If T : A(X,K) → A(X,K) is the endomorphism ofA(X,K) induced
byϕ, thenT is compact and

σ(T ) = {0, 1} ∪ {(ϕ′(z0))
n : n ∈ N}.
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