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ABSTRACT. Let X and K be compact plane sets witi C X. We denote byA(X, K) and

A(X) the algebras of all continuous complex-valued functionsXomwhich are analytic on
int(K) andint(X), respectively. It is known thati(X, K) and A(X) are natural uniform
algebras onX. A(X) and A(X, K) are calledanalytic uniform algebraandextended analytic
uniform algebraon X, respectively. In this paper we study unital homomorphisms between ex-
tended analytic uniform algebras and investigate necessary and sufficient conditions for which
these homomorphisms to be compact. We also determine the spectrum of unital compact endo-
morphisms of extended analytic uniform algebras.
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2 D. ALIMOHAMMADI AND M. MAYGHANI

1. INTRODUCTION

We letN = {1,2,3...},C,D={2 € C: |z <1},D={z € C: |z] <1},D(\r) =
{z€C:|z— ) <r}andD(\,r) ={z € C: |z — A| < r} denote the set of natural numbers,
the field of complex numbers, the open unit disc, the closed unit disc, the open and closed disc
with center at\ and radiug-, respectively. We also denaig0, r) by D,.

Let A and B be unital commutative semi-simple Banach algebras with maximal ideal spaces
M(A) and M(B). A homomorphismI’ : A — B is a linear map which also preserved
multiplication. A homomorphism” : A — B is calledunital homomorphisnif 71, = 13.

If 7" is a unital homomorphism from into B, thgﬂT is continuous and there exists a norm-
continuous map) : M(B) — M(A) such thatl'f = fouforall f e A wherejis the
Gelfand transforny. In fact, ¢ is equal the adjoint of * : B* — A* restricted taM(B). Note
that7T™ is a weak-weak continuous map fronB* into A*. Thus is a continuous map from
M(B) with the Gelfand topology intav1( A) with the Gelfand topology.

Let A be a unital commutative semi-simple Banach algebra anfl le¢ an endomorphism
of A, a homomorphism from into A. We denote the spectrum 6fby o (7") and define

o(T)={X € C: A\ — T is notinvertiblg-.

For a compact Hausdorff spacé, we denote byC'(X) the Banach algebra of all complex-
valued functionsf on X with the uniform norm| ||, = sup{|f(z)| : x € X}.

Definition 1.1. Let X be a compact Hausdorff space. Banach function algebran X is a
subalgebral of C'(X') which containd x, the constant functioh on X, separates the points of
X and is a unital Banach algebra with an algebra ngrjm If the norm of a Banach function
algebra onX is ||-|| -, the uniform norm onX,, it is called auniform algebraon X

Let A and B be Banach function algebras onh andY’, respectively. Ifp : ¥ — X is a
continuous mapping such thgto ¢ € Bforall f € A, andifT : A — B is defined by
Tf = f o, thenT is a unital homomorphism, which is called thluced homomorphism
from A into B by ¢. In particular, ifY = X and B = A, thenT is called theinduced
endomorphisnof A by the self-mapy of X.

Let A be a Banach function algebra on a compact Hausdorff sjadeorz € X, the map
e, : A — C, defined bye,(f) = f(x), is an element ofM(A) and called theevaluation
homomorphisnon A atz. Note that the map — e, : X — M(A) is a continuous one-to-one
mapping. If this map is onto, we say thatis natural.

We know thatC'(X) is a natural uniform algebra oki and every Banach function algebra on
X is a unital commutative semi-simple Banach algebra.

Proposition 1.1. Let X andY be compact Hausdorff spaces. L&tnd B be natural Banach
function algebras onX andY’, respectively. Then every unital homomorphiEm A — B is
induced by a unique continuous map: Y — X. In particular, if X is a compact plane set
and the coordinate functio#f belongs toA, theny = TZ and sop € B.

Proof. LetT : A — B be a unital homomorphism. Sinceand B are unital commutative
semi-simple Banach algebras, there exists a continuous/map1(B) — M(A) such that
f\f = foy forall f € A. The naturality of the Banach function algebtan X implies that the
mapJ, : X — M(A), defined by/4(z) = e,, is a homeomorphism and sq' : M(4) —
X is continuous. Sincé is a Banach function algebra dn, the mapJg : Y — M(B),
defined byJ3(y) = e,, is continuous. We now definethe map Y — X by p = J; oo J.
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Clearly,¢ is continuous. Lef € A. Since

(1.2) (TF)(y) =Tfley) = (f o) (Jp(y)) = (f o Ja)(p(y))
= f(ecp(y)) = e@(y)(f) = f(%p(y))
= (fop)(y).

forally € Y, we havel'f = f o ¢. Therefore,I" is induced byp.
Now, let X be a compact plane setand lete A. Thenp = Zop =TZ,and sop € B. 1

Corollary 1.2. Let X be a compact Hausdorff space and letbe a natural Banach function
algebra onX. Then every unital endomorphisiof A is induced by a unique continuous self-
map of X. In particular, if X is a compact plane set andl contains the coordinate function
Z,theny = TZ and sop € A.

Note that ifA is a natural uniform algebra on a compact Hausdorff spae@adT is a unital
endomorphism of4, then||T|| < 1.

Let X be a compact plane set. We denoteA(yX) the algebra of all continuous complex-
valued functions oX” which are analytic omnt(X ), the interior ofX, and callanalytic uniform
algebraon X. It is known thatA(X) is a natural uniform algebra ok (see [3]).

F. behrouzi and H. Mahyar studied compact endomorphisms of certain natural subalgebras
of A(X), for certain compact plane s&t [1].

Let X and K" be compact plane sets such thaiC X. We denote byd( X, K') the algebra of
all continuous complex-valued functioi®n X that are analytic ot (K) and calledextended
analytic uniform algebraon X with respect to/. Clearly, A(X, K) = A(X) if K = X and
A(X,K) = C(X) if int(K) is empty. We know thatl(X, K') is a natural uniform algebra on
X (seell3)).

In this paper, we study unital homomorphisms between extended analytic uniform algebras
and investigate sufficient and necessary conditions for which these homomorphisms to be com-
pact. We also determine the spectrum of unital compact endomorphisms of these algebras.

2. UNITAL COMPACT HOMOMORPHISMS

We first give a sufficient condition for which a continuous ngap X, — X; induces a unital
homomorphisn¥’ from a subalgebr#, of A(X;, K;) into a subalgebr#, of A(Xs, K5).

Proposition 2.1. Let X; and K; be compact plane sets with¢(K;) # § and K; C X, and
let B, be a subalgebra of\(X;, K;) which is a natural Banach function algebra o6, under
an algebra norny|-[|;, wherej € {1,2}. If ¢ € By with p(X2) C int(K;), theny induces a
unital homomorphisrd’ : By — B,. Moreovery, ifZ € By, thenp =T7Z.

Proof. The naturality of Banach function algebf® on X, implies thatop,(h) = h(X3),
whereao 4(h) is the spectrum ok € A in the Banach algebrd. Let f € B;. Sincep € B,
»(X3) C int(K;) and f is analytic onint(K), we conclude thaf is analytic on an open
neighborhood ot 5, (¢). By using the Functional Calculus Theorem [3, Chapter I, Theorem
5.1], there existg € B, such thagy = f o ¢ on M(Bsy). It follows that

(2.1) 9(z) = ex(g) = g(ez) = f(ple:))
= [lex(p)) = f(#(2)) = (fow)(2),

forall z € X, and sag = fop. Therefore,f op € B,. This implies thatthe map : B, — Bs
defined byT'f = f o ¢, is a unital homomorphism from; into B, which is induced byp.
Now letZ € B,. Theny = T'Z by Propositior 1Ly
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Corollary 2.2. Let X and K be compact plane sets witht(K) # ) and K C X. LetB be
a subalgebra ofA( X, K') which is a natural Banach function algebra o under an algebra
norm|-||z. If ¢ € B with o(X) C int(K), theny induces a unital endomorphisii of 5.
Moreover, ifZ € B,thenp =TZ.

Proposition 2.3. For j € {1,2} suppose that; € C, 0 < r; < R;, G; = D(z;, R;), Q =
D(z;,7;), X; = G; and K; = Q;. Then for eactp € (ry, R;] there exists a continuous map
¢, Xo — Xy with gop(Xg) = (2, p) such thatp, € A(Xy, Ky) andyp, does not induce any
homomorphism froml (X, K7) to A(Xs, K5).

Proof. Letp € (71, Ry|. We define the map, : X, — X by

o [ o=zl <,
Z =
Pr ICE) ry < |z — 23| < Ry.

lz2—z2]

Clearly, ¢, is a continuous mappings,(Xz) = D,(21, p) andy, € A(Xy, K>). We now define
the functionf, : X; — C by

p(z=21)
- |z — 21| <y,
fp(z> = { '

plz=z1) r1 < |z —2z1| < Ry.

|z—z1]

Thenf, € A(Xy, Ki). Since0 < =2 <r; and

p2 (Z — 2’2) |Z — 2’2| S rira

(.fp o (pp)(z) — { r1r2p(27z2) p

r1iro
nr < |z — 2 < R
|z—z2| P | 2| - 2y

we conclude thaf, o, ¢ A(Xs, K5). Thereforey, does not induce any homomorphism from
A(Xl, K1> to A(XQ, Kg) |

Corollary 2.4. Suppose thah € C, 0 < r < R, G = D(A,R), 2 = D(\,r), X = G
and K = Q. Then for eactp € (r, R], there exists a continuous self-map of X with

¢,(X) = D(\, p) such thaty, € A(X, K) and ¢, does not induce any endomorphism of
A(X,K).

We now give a sufficient condition for which a unital homomorphism from a uniform subal-
gebraB; of A(X;, K;) into a uniform subalgebr®, of A(X,, K,) to be compact.

Theorem 2.5. Suppose thak; and K; are compact plane sets witht(K) # (), andK; C X

and B; is a natural uniform subalgebra of(X;, K;) wherej € {1,2}. Lety : X, — X, be
a continuous mapping. p is constant orp € By with o(X5) C int(K;), theny induces a
unital compact homomorphisii: B; — Bs.

Proof. If ¢ : X, — X is constant, then the map : B, — B, defined byl'f = fopisa
unital homomorphism fron®; into B, with dim T'(B;) < 1, and sdl’ is compact.

Let v : Xo — X; be a nonconstant mapping with € By andp(Xs3) C int(K;). Then
the mapl’ : B; — B, defined byl'f = f o ¢ is a unital homomorphism from®; into B, by
Propositior} 2./1. To prove the compactnes§ofet { f,,}°2 , be a bounded sequencef with
[ fnllx, < 1. By Montel's theorem{ f,}72, has a subsequenég,, }32, which is uniformly
convergent on every compact subsetdf K, ), in particular onp(X,). Therefore{ f, op}32,
is uniformly convergent ok, i.e. {1'f,,;}32, is convergent uniformly or,. It follows that
{T'fn,;}32, is @ Cauchy sequence (s, [|-|| ). Since(Bs, ||-|| ) is a complete normed space,
we conclude thafT'f,,, }52, is convergent inB,. Hencel' is compacta
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Corollary 2.6. Suppose thak and K are compact plane sets witht(K) # (), and K C X.
Let B be a natural uniform subalgebra of( X, K') andy be a self-map oK. If ¢ is constant
or ¢ € Bandy(X) C int(K), theny induces a unital compact endomorphisn¥bf

We now give a necessary condition for which a unital homomorphisirom a uniform
subalgebra3; of A(X;, K;) into a uniform subalgebr&, of A(X,, K,) to be compact.

Definition 2.1. (&) A plane setX atc € 0X, the boundary ofX, has an internal circular
tangent if there exists a dig@ in the complex plane such thatc 9D andD \ {c} C
int(X).

(b) A plane sefX is called strongly accessible from the interior, if it has an internal circular
tangent at each point of its boundary.
Such sets include the closed unit dB@ndD(z, r) \ U,_, D(zx, %), where
closed disc®(z, ry) are mutually disjoint ifD(z, r).
(c) Acompactplane set has peak boundary with respectBoC C'(X) if for eachc € 0.X
there exists a nonconstant functibre B such that|h|, = h(c) = 1.

Example 2.7. The closed unit dis® has peak boundary with respect 4¢D). Because if
¢ € ID, then the functiorh : D — C defined byh(z) = 1(1 + ¢z), belongs toA(D), and
satisfies in|h||g = h(c) = 1.

Example 2.8.Let X be a compact plane set such tfiat X has smooth boundary. Ry(X) C
B C C(X), thenX has peak boundary with respect/By whereRy(X) is the algebra of all
rational functions with poles ofk'.

Proof. Let z € C\ X. SinceC \ X is strongly accessible from the interior each 0(C \ X)
there exists @ > 0 such thatc — z| = 6 andD(zy,0) \ {c} C int(C\ X). Now, define the
functionh : X — C by

52
(c=20)(z — 20)
Thenh € Ry(X) and soh € B. Moreover,||h||y = h(c) =1. 1

h(z) =

Theorem 2.9. Let X; be a compact plane set such th@t = int(X;) is connected@; = X;
and X has peak boundary with respectAg X, ). Suppose thd®, C G, is a bounded domain

in the complex plane and lét; = Q,. LetQ, be a bounded domain in the complex plane and
let K, = Q,. Suppose thak, is a compact plane set such that C X,. If T A(Xy, Ky) —
A(Xy, Ks) is a unital compact homomorphism, th&his induced by a continuous mapping
v : Xo — X7 such thatp is constant ori(; or p(K5y) C G = int(X;).

Proof. Since A(X,, K;) and A(X,, K,) are natural uniform algebras o¥y, and X,, respec-
tively, we conclude thdf’ is induced by a unique continuous mapping X, — X;. Moreover,
v € A(Xs, K5) since the coordinate functioriis in A(X;, K;). Sincey is a nonconstant ana-
lytic function on(2,, we deduce thap(€2,) is an open set in the complex plane and,) C X;.
Thus,

(2.2) e(() Cint(Xy) = G

If o(X2) € G, then there existsac 90X, such thatp(c) € 0.X;. SinceX; has peak boundary
with respect toA( X, ), there exists a nonconstant functibre A(X;) such that

(2.3) IAlly, = hle(c) = 1.
We now define the sequend¢,}>>, by f, = h". Thenf, € A(X;) C A(X,K;) and
|fnllx, = 1foralln € N. The compactness df implies that{f,};2, has a subsequence
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{fn, }52, such that the sequenéd’f,, }22, is converges to a functiopin A(X,, K5). Since
(T fn;)(c) = fn,;(0(c)) = (h((c)))™ = 1forall j € N, we haveg(c) = 1. On the other hand,
|h(z)] < 1forall z € 2, since||h| g < [|h]|x, = 1, his a nonconstant analytic function 6h
andh is a continuous complex-valued function @n. Letw € Q,. Theny(w) € Q, and so
|h(p(w))| < 1. Therefore,

g(w) = lim (T f,)(w) = lim (h 0 )" (w) =0.

The continuity ofg on Q, implies thatg(w) = 0 for all w € Q, = K,. This follows that
g(c) = 0, contradicting tgy(c) = 1. Consequentlyp(K>) C G1 = int(X1). 1

Corollary 2.10. Let X be a compact plane set such tiat= int(X) is connected and@ = X.
Suppose thaf) C G is a bounded domain in the complex plane andAet= Q. Suppose
that X has peak boundary with respect #4.X). If T"is a unital compact endomorphism of
A(X, K) thenT is induced by a continuous self-maypof X such thaty is constant onk” or
o(K) C G =int(X).

Lemma 2.11. Let Q2 be a domain in the complex plane and letbe a one-to-one analytic
function on(Q2. If f is a continuous complex-valued function ¢(X2) such thatfoy is an
analytic function orf2, thenf is an analytic function op(2).

Proof. By ([2];Chapter IV, Theorem 7.5 and Corollary 7.6), we deduce ¢&t) is a domain
in the complex planey’(z) # 0 for all 2 € Q andp= : p(2) — Q is an analytic function on
(). Sincef = f oo p~t, we conclude thaf is analytic onp(Q). &

Lemma 2.12. Let G and (2 be bounded domains in the complex plane withC G and let
X =G, K =) Then for each € G\ K, there exists a functiofi. in A(X, K) such thatf,
is not analytic atc.

Proof. Letc € G\ K. Then there exists an> 0 such that
{zeC:|z—¢| <r}CG\K.
We now define the functiofi. : X — C by

£.02) z—c ze€X,|z—c >,
c\?) = r)(z—c
(11++\)z(—c|) ze X, |z—cl <

It is easily seen thaf. € A(X, K) andf. is not analytic at. a

Definition 2.2. Let X and K be compact plane sets witki C X. We say thatk’ has K-peak
boundary with respect t8 C A(X, K) if for eachc € 0K there is a functiork in B such that
h is nonconstant o’ and||h||, = h(c) = 1.

Example 2.13.Let K = D,, where0 < r < 1. ThenK hasK-peak boundary with respect to
A(D, K).

Proof. We first assume that = 1. For each: € 0K we define the functioh, : D — C by
he(z) = %(1 +¢z). Thenh. € A(D, K), ||h.|lg = he(c) = 1.

We now assume théit< r < 1. For each: € 0K, set\ = @ Then) € C\ D. We define
the functionh. : D — C by

_Ez+ ﬁ? — A Z 17
hc(Z) = { == °C ’z ’

_rlz=l zeD,|z— A < L
c(z—A)

Thenh,. € A(D, K) and||h.|lz = he(c) = 1. &
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Theorem 2.14.Let X; be a compact plane set such that = int(X;) is connected and
G, = X,. Suppose thak; is a compact subset of; such that), = int(K,) is connected,
K, = ©; and K, has K;-peak boundary with respect té(X;, K;). Let{, be a bounded
domain in the complex plane and I8t = Q,. Suppose thal' : A(X;, K|) — A(Xs, K>)
is a unital homomorphism and = TZ. If T is compact andy is one-to-one ornf),, then

Proof. We first show thatp(2;) C K;. Sincep € A(Xs, K3) andyp is one-to-one o),

we conclude thap(€2;) is an open set in the complex plane. Thy$2,) C int(X;) = Gi.

Supposep(€2;) € K;. Then there exista € (), such thatp(\) € G; \ K;. SinceK; has
K-boundary with respect td (X, K,), there exists a functiotf,,) in A(X;, K;) such that
fo0 18 not analytic atp(A). But f,) 0 o = T f,0) € A(Xy, Ks), so thatf,) o ¢ is analytic
on . Sincey is a one-to-one analytic mapping 6 and, is continuous onp(€2,), we

conclude thatf,,(, is analytic onp(Q;) by Lemmg 2.1[L. This contradicts to thAj, is not
analytic atp(\). Hencep(€2) C K, so thaty(€,) C int(K;) = O sincep(£2y) is an open
set in the complex plane. This implies that

p(K32) = (D) C () € = K.
We now show thatp(K5) C Q. If o(Ky) € 4, then there exists € K, such thatp(c) €

0K, sincep(€;) C Oy andp(K,) C K;. This implies that there exists a functidn
A(X, K;) such thath is nonconstant ox’; and

1Bl x, = h(e(e) = 1.

We now define the sequené¢, },°, in A(X,, K;) by f,, = k™. Then|f,||y, = 1 for all
n € N. The compactness @f implies that there exists a subsequefi¢g }52, of the sequence
{fn}5Z, and a functiory in A(X,, K3) such thatl' f,,, — g in A(X;, K>). Since

n=1
T fn,(c) = fu,(0(c)) = h(p(c))™ =1,
for all j € N, we conclude thag(c) = 1. Buth is a nonconstant analytic function éh, so
that|h(w)| < 1 for all w € ;. This implies thath(p(2))| < 1 for all z € Q,. Therefore,

(T'fn;)(2) = (h(p(2)))" — 0,88 j — oo,

for all z € Q,. This follows thatg(z) = 0 for all z € Q,. The continuity ofg on Q, implies
thatg(z) = 0 for all = € Ky = Q,. Thereforeg(c) = 0 contradicting tog(c) = 1. Hence,
O(K3) €.

Corollary 2.15. Let X be a compact plane set such tifat= int(X) is connected and = X.
Let K be a compact subset &f such that? = int(K) is connected andl = Q. Suppose that
K hasK-peak boundary with respect #( X, K'). LetT be a unital endomorphism af( X, K')
and lety = T'Z. If T is compact and is one-to-one ofi}, thenp(K) C Q = int(K).

3. SPECTRUM OF UNITAL COMPACT ENDOMORPHISMS

In this section we determine the spectrum of a unital compact endomorphism of a natural
uniform subalgebra ofi( X, K).

The following result is a modification of[([4], Theorem 1.7) for unital compact endomor-
phisms of natural Banach function algebras.

Theorem 3.1.Let X be a compact Hausdorf space aBde a natural Banach function algebra
on X. If T'is a unital compact endomorphism Bfinduced by a self-map : X — X, then
N~ ¢n(X) is finite and ifX is connected;) ”, ¢, (X) is singleton where,, is nth iterate of
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o, i.e,00(x) =z andp,(z) = ¢(p,_1(2)). FN—, ¢ (X) = {0}, thenz is a fixed point for
@. Infact, if F = (2, ¢, (X), thenp(F) = F.

Theorem 3.2. Let G and ) be bounded domains in the complex plane Wittt G and let
X = G and K = Q. Suppose thaB is subalgebra ofd(X, K) containing the coordinate
function Z which is a natural Banach function algebra on with an algebra nornj|-|| ;. Let
T be a unital compact endomorphismBfinduced by a self-map of X. If p(X) C int(K)
with a fixed pointy, then

o(T)={0,1} U{(¢'(20))" : m € N}.

Proof. Clearly 0 and alsol € o(T) sinceT(1x) = 1x. If ¢ is constant then the proof is
complete. Let\ € o(7) \ {0,1}. The compactness @f implies that there existg € B \ {0}
suchthafl'f = fop = Af. Sincep(z) = 2 € int(K), f(z) = 0. We claim thatf)(z,) # 0
for somej € N. If f(")(z,) = 0 foralln € N, thenf = 0 on an open disc with centeg and so
f = 00onQ by maximum modulus principle. It follows thgt= 0 on X sincep(X) C Q and
M(z) = f(p(2)) forall z € X. This contradicts tgf # 0. Hence, our claim justified. Let =
min{n € N: f("(z) # 0}. Thenf®)(z) =0forall k € {0,...,n — 1} andf™(z,) # 0. By
m times differentiation off o ¢ = Af, we have(¢’(20))™f™ (p(20)) = Af™(2), therefore
A= (f'(20))".Thena(T) \ {0,1} < {(¢'(20))" : n € N}.
Conversely, first we show thatXf € o(7") with |A\| = 1, then) = 1. Let A € o(T") and|\| = 1.
The compactness @f implies that there existg € B \ {0} such thaty o ¢ = Ag. It follows
that|g o | = |g|. Sincep(K) C int(K) = Q andg is analytic on the domaif2 we conclude
that ¢ is constant orf2 by maximum modulus principle. SinggX) C €, g o ¢ = Ag and
A € C\ {0}, we deduce thaf is constant onY. Applying againg o ¢ = \g implies that\ = 1.
We now claim thaty'(zg) € o(T). If ¢'(z0) € o(T), then there exists a nonzero linear
operatorS : B — B such that

(3.1) (T — ¢'(20))S = 1.
SinceZ — zlx € B,h=S(Z — zlx) € B and so
how— ¢ (20)h =Z — 21y,
by[3.1. By differentiation at,, we have
0 =1 (p(20))¢ (20) — ¢ (20)W (20) = L,
this is a contradiction. Hence, our claim is justified.
We now show thaty'(z9))" € o(T) forall n € N. If ¢'(z9) = 0 or|¢'(z)| = 1, the proof

is complete. Supposg/(z) # 0 and|¢’(z)| # 1. If (¢'(20))? & o(T) for some; € N with
J > 1, then there exists a nonzero linear operatpr B — B such that

(3.2) (T — (¢ ()Y 1)S; = 1.
Since(Z — zlx)! € B, hj = S;(Z — zlx)’ € B and so
hj oo —(¢'(20))hy = (Z — 20lx),
by[3.2. Byj — 1 times differentiation at,, we have
hi(z0) = Bj(20) = ... = b "V (z0) = 0,
and; times differentiation at,, we have
0= (¢(20))h5 (2(20)) = (¢ (20) 'y (z0) = 3,
this is a contradictiong
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Corollary 3.3. Let B and T satisfy the conditions of Theordm [3.2. li&ébe a finite set such
thato(F') = F. Then there existy € F andm € N such that

{A": A ea(T)} ={0,1} U{(¢,(20))" : n € N}.
Proof. SinceF is a finite set ang(F') = F, there exist, € F'andm € N such thatp,,(zy) =
2. Sincep(X) C int(K), s0z € int(K). If ¢ is constant the proof is complete. Whens
not constant, we defin€ : B — BbyTf = f o ,,. ThenT is a compact endomorphism of
B by Theorenf 2J5 an¢,, (z0) = 2. By Theorenj 3.,
o(T) = {0,1} U{(#},(20))" : n € N}.

SinceTf = fopandTf = f o, , we havel = T™. By Spectral Mapping Theorem,
o(T™) ={\": X € o(T)}. Therefore,

{N":Xeo(T)}={0,1} U{(¢],(20))" : n € N},
This completes the prooi

Corollary 3.4. Let G and 2 be bounded domains in the complex plane witlc G and let
X = G andK = Q. Suppose thap is a self-map of{ such thatp(X) C K andy(z) = 2
for somez, € int(K). If T : A(X, K) — A(X, K) is the endomorphism of (X, K') induced
by ¢, thenT is compact and

o(T) =40,1} U{(¢'(20))" : n € N}.
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