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ABSTRACT. In arecent work by Kamali and Srivastava [5], a certain family of the n-fold sym-
metric Koebe type functions was introduced and studied systematically. In an earlier investiga-
tion, Eguchi and Owa [4] had considered its special case when n = 1 (see also [10]). Here, in
our present sequel to these earlier works, this general family of the n-fold symmetric Koebe type
functions is studied further and several distortion theorems and such other properties as the radii
of spirallikeness, the radii of starlikeness and the radii of convexity, which are associated with
this family of the n-fold symmetric Koebe type functions, are obtained. We also provide certain
criteria that embed this family of the n-fold symmetric Koebe type functions in a function class
G which was introduced and studied earlier by Silverman [[7].
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let A denote the class of functions f(z) normalized by the following Taylor-Maclaurin se-
ries:

(1.1) f)=z2+) ax"  (z€U),
n=2

which are analytic in the open unit disk
U:={z:2€C and |[z] <1},

C being, as usual, the set of complex numbers. Thus, equivalently, A denotes the class of
functions f(z) which are analytic in U and normalized by

f(0) = f(0) =1 =0.
Suppose also that S denotes the subclass of functions in .4 which are univalent in U (see, for
details, [3] and [[10]; see also the recent works [[1]], [2], [8]], [9], [L1], and [12]).
Some of the important and well-investigated subclasses of the univalent function class &
include (for example) the class S*(k) of starlike functions of order r in U and the class K(k)
of convex functions of order k in U. By definition, we have

(1.2) S*(/@)::{f:feS and %(Zf’<z>>>n (ze[U;0§/-i<1)}

f(2)
and
13)  K(k) = {f:feS and %(1+ZJ{,/;S)) >k (z€U; 0§/<c<1)}.
It readily follows from the definitions and that
(1.4) f(z) € K(k) <= 2f'(2) € §*(k).

Furthermore, for the relatively more familiar classes $* and K of starlike functions in U and
convex functions in U, respectively, we have

S*:=8%(0) and K :=K(0).

In particular, the class /C of convex functions in U consists of functions that map the unit disk
U into a convex region.
A function f(z) € A is said to be a-spirallike of order

I6] (—E§a<g;0§ﬁ<cosa§1>

2
in U if it satisfies the following inequality:
PEING)
(1.5) %(e w‘-—) > f3
f(2)
<26U; —g§a<g; 0§B<cosoz§1>.

In the special case when 5 = 0, geometrical characterization of the above-defined functions
is that they map the unit disk U onto an «a-spirallike region, that is, for each point wy € f(U),
the unique a-spiral given, from wj to the origin, by

w = wpe ()\ =e te R)
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lies entirely in f(U). The class of all such functions is denoted here by S’ (/3). For a = 0,
0-spirals are radial half-lines and the corresponding class

S*(B) = S5(6)

is indeed the class of starlike functions of order $ in U. Moreover, if « = 8 = 0, we are led to
the class of starlike functions in U:

S*:=5;(0) =: §*(0).

All of the aforementioned function classes are subclasses of the class S of univalent functions
in U (see, for details, [3]]; see also [10] and some recent investigations of several interesting
subclasses of spirallike functions of real or complex order by Kim and Srivastava [6]], Srivastava
et al. [12]], and the references cited in each of these earlier works).

It can be verified from the work of Eguchi and Owa [4] that the function f(z) given by

z
(16) f(Z) - (1 _ Z)Q(cosafﬁ) exp(ia)

is the extremal function for the class S’ (/). In the case when @ = = 0, we get the well-
known Koebe function. Eguchi and Owa [4] studied the generalized Koebe type function f,(z)
given by

z

(1.7) fu(z) = 1= 2ypeeta)

beR;, 0= a<2m).

Since, in general, the function f,(z) defined by (1.7) is neither a-spirallike of order 3 in U, nor
starlike of order 8 in U, nor convex of order 5 in U, Eguchi and Owa [4] calculated the radii
of a-spirallikeness of order 3 (denoted by r;,), the radii of starlikeness of order 5 (denoted by
rst), and the radii of convexity of order 3 (denoted by ry) such that

(1.8) 0S<r<ry, = R (e_m : Zj?(i?) >8 (2] <),
(1.9) 0Sr<ry =— §R<Zf{i(i§)> >8 (2] <),
and

(1.10) 0Sr<m =— é)fe(Hzﬁ;(ZZ))) >8 (2] <),

respectively. More precisely, Eguchi and Owa [4] proved the following theorems.

Theorem 1. (see [4, Theorem 3]) Suppose that

—g§a<g and 0SB <cosa=1.

() Ifb 2 2(cosa — 3), then
cosa — f3
B —cosa+b

(i) If0 = b = 2(cosa — f3), then ry, = 1.
(iii) Ifb £ 0, then

rsp = = Tspl-

Tsp = —Tspl-
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Theorem 2. (see [4, Theorem 4]) Let
0= a< 2, 0sp<1,
b Vb2 —4b(1 — B) cosa + 4(1 — ()2
and rgo =
2(bcosa+ 3 —1) 2(bcosa+  —1)
(1) Letb = 0 and cosa = 0.

Tsg1 =

(@) If
1—
b#0 and b # 6,
COoSs v
then
Tst = Tst1 — Tst2-
() If
1—
b= B,
CoS (v
then
Tst = COS
() Ifb=0, thenry = 1.
(ii) Ifb = 0 and cos o < 0, then
Tst = Tst1 — Tst2-
(iii) Ifb < 0 and cos « = 0, then
T'st = —Tst1 — Tst2-
(iv) Let b < 0 and cos o < 0.
(@) If
1—
-y
Ccos «v
then
T'st = Tst1 Tst2
() If
1—
b= B,
CoS (v
then
T = — COS (L.
Theorem 3. (see [4, Theorem 2]) Let 0 < 5 < 1 and o = 0, that is, let
z
f (Z) (1 _ Z)b ( )

(1) Ifb 2 1, then

b(3 — ) — 21 — B) — /b(8* — 26 +5) — 4(1 — B)]
20— 1)(b—1+ B |

Tk =

(i) Ifb < —1, then

b3~ B) +2(1 — ) — \/blb(B* — 26+ 5) — 4(1 — )]
20— 1)(b—1+ ) |

Tk =
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The main object of this paper is to present a systematic further study of the following general
family of the n-fold symmetric Koebe type functions:
z

(1.11) k(z) = (1= omyemstia) meN; beR;, —m S a <),

which was introduced by Kamali and Srivastava [5]. For this general family of the n-fold
symmetric Koebe type functions, we derive several distortion theorems, that is, the estimates of

k(z)|, |K'(z)| and |arg (K'(2))].

Further, we obtain the radii of a-spirallikeness, starlikeness and convexity of some order (using
markedly diffrent techniques than those used in [4]). We also provide sufficient conditions (or
criteria) that would embed this general family of the n-fold symmetric Koebe type functions in
the following function class:

Zf”(z)

— ) f'(z) .
(1.12) Gy:=<f:feA and 70 Il<A (z€U; 0<AS1)

f(2)

which was defined earlier by Silverman [7]].

2. A SET OF DISTORTION THEOREMS
In this section, we prove several distortion theorems which provide the estimates for
k(z)l, K(2)] and |arg (K'(2))|  (]z] =7 <1),

where the n-fold symmetric Koebe type function k(z) is given by (I.11). Some of these esti-
mates are shown to be sharp.

Theorem 4. Supose that

p T+ (1—r)tanla+1)]
le—larctan<\/ + (1 —r*)tan®a + ) ,
n

(14 7rm") tan o

0y = 2 [arctan <\/1 + (1) tan’ o — 1 ]
n (14 r7) tan o
and
hi(6) = /1 — 21" cos(nf) + 2" - exp [(tan @) - arctan (Mﬂ '
1 — rmcos(nd)
Also let

k= [h(00)]7"%  and ks = [l (0)] 0.
The the following estimates hold true.
(1) Ifbcosa = 0, then
Tk S |k(2)| = 1k (|z| =7 < 1).
(i) Ifbcosa < 0, then
rky S |k(2)] = 1k (|z| =r < 1).

Each of these estimates is sharp.
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Proof. It can easily be verified that
[K(re®)] = r[hn (6)] P

Moreover, since h(#) is continuous and h, () # 0, we find that the condition that /) (6) = 0 is
equivalent to the following condition:

sin(nf) + cos(nf) tan o — r" tan v = 0

with solutions given by

1+ (1—r2) tan?a + 1
2 arctan V14 (1 —r2)tan® o + Y. (¢ e7)
n (14 7r) tan o
and
2 1+ (1—r2)tana — 1
—— |arctan V1+ (1) tanta + 2w (teZ).
n (14 7r7") tan «

For ¢ = 0, we obtain the solutions ¢, and 0, respectively. Therefore, () has the extremal
values hl (91) and h1(92)
We next show that
h1(01) > hq(62) (161] > 161]) -

Obviously, since

|91| > |92|7
we have
cos |01 < cos |6s] (161 > |62])
and
(21) \/1 — 2rn COS(n91> +r2n > \/1 — 9rn COS(nQQ) + r2n,
If & 2 0, then

tana = 0 and 01 > 0> 0,.
On the other hand, if o < 0, then

tana < 0 and 0y >0 > 0.
In both cases, we find that

(tan o) - arctan( " sin(nfy) > >0

1 —rmcos(nbq)

™ sin(nfy) ) |

1 — r7 cos(nby)

(2.2) > (tan «) - arctan (

It follows from (2.1]) and (2.2)) that
hi(01) > ha(62)  ([01] > 161]) .

Finally, in view of the monotonicity properties of the exponential function, we find for
bcosa = 0 that

min |k(re)| =rk; and max |k(re?)| = rky (bcosa 2 0).
In a similar manner, if b cos a < 0, then
min |k(re®)| = rky and max |k(re®)| = rk,.

Sharpness of the estimates asserted by Theorem [4| follows from the fact that h;(6) attains its
extremal values for 6, and 5. |
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Theorem 5. Let
bsin «

- 1+bcosoz’
2 1 2n 2 1
A3 = — |arctan \/ —re
n (1+7"")
VIt (1 —r) a2 -1
arctan
(I+7")a

ha(0) = /1 — 2rm cos(nf) + r2n - exp [a - arctan (M)} :

1 — rmcos(nd)

)

D
o~
I
|
S

and

Suppose also that
k'3 _ [h2(63)]_bcosa_1 ’ l{?4 _ [h2(04)]—bcosa—1 7
ks =1—7r"v1—2bncosa + b2n?

and

ke =14 r"V1 — 2bn cos o + b2n?2.
Then the following estimates hold true.
() Ifbcosa+1 = 0, then
ksks < |K'(2)| S kakg  (J2| =7 < 1).
(i) Ifbcosa+ 1 < 0O, then
kaks < |K'(2)| S kskg  (J2| =7 < 1).
Proof. Since

1+ (bne™ —1) 2"

I\
2.3) K (z) = (1- Zn)bexp(ia)Jrl )

which, for z = re'?, yields
K (re”) | = [ha(0)]"F - ha(0),
where
hs(6) = |1 + (bne’™ — 1) - r™ - ei"9| :
Just as in the proof of Theorem ] it can be shown that the inequality:
1+bcosa=0

implies that

min HhQ(Q)]bcosoH—ll =k and maXHh (0)]bcoso¢+1‘ — Lk

Similarly, the inequality:
14+bcosa <0
implies that

(6))]bcosoz+1| — k?4 (9)]bcosa+1‘ — Lk

min [ and  max |[h

Since
min th(Q)] = k5 and max |h3(9>’ = k6,
we easily arrive at the estimates asserted by Theorem[3] &
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Remark 1. The estimates in Theorem [5] are not sharp, since the minima and the maxima used
in the proof of Theorem[5]are (in general) obtained for different values of 6. Owing to the obvi-
ously complicated calculations, we leave the finding of sharp estimates as an open problem.

When r — 1—, Theorem 4] and Theorem [5]yield the following corollary.

Corollary 1. Assume that
bsin «

@ 1+bcosa’

atan o 2 . ewarctan(a)

V1+a? '

a; =2-|cosal-e and a9 =

(1) Ifbcosa = 0, then
k(2)] 2 ar”*=* (]2 = 1).
(i) Ifbcosa < 0, then
k(2)] S ar”=* (]2 = 1).
(iii) Ifbcosa+ 1 2 0, then
K ()] 2 ap"=t (2] = 1)
@iv) Ifbcosa+ 1 < 0, then
K ()] S ag=e7t (2] = 1)
The estimates asserted by (i) and (ii) are sharp.

Proof. The estimates asserted by Corollary 1 follow from the facts that

Jim Sm =g e Im () =a,
0 1
lim 2% = arctan <—) ) lim hs(03) = as,
r—1— 2 a r—1-
. nbh . nb,y . .
lim — = lim — =0 and lim hy(62) = lim he(64) = 0.
r—1— 2 r—1— 2 r—1- r—1-

Theorem @ below provides sharp estimate of ‘arg (k’ (z))] in the case when o = 0. The
estimation of ‘arg (k’ (z)) ] in more general cases would involve complicated calculations.

Theorem 6. Let o = 0, that is, let

k(z) = ﬁ (be R\ {0}.

Suppose that

o
A

r<l and -1 —=bn| <1,
A= —2bnr*"(1 — bn),
B=bnr" [r**(1—bn)(3+n—bn) +n+1]
and
C = —bnr® [r*"(1 — bn)® + 1+ 2n — bn?] .
Assume also that s is the unique solution of the following equation:

(2.4) As>+ Bs+C =0 (=1<sy<1).

AJMAA, Vol. 9, No. 2, Art. 1, pp. 1-17, 2012 AJMAA
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Then the following sharp estimate holds true:

(2.5) |arg (K'(2))| < |ha(00)]  (|2] =7),
where

0y = %arccos(so)
and

r™(bn — 1) sin(nd)
1 4 r7(bn — 1) cos(nd)
Proof. For z = re? | we find from (2.3) that
arg (K'(re”)) = (1+ (bn — 1)r"e™) — (b+ 1) arg (1 — r"e™) =: hy(0).

h4(0) = arctan (

) — (b+ 1) arctan (ﬂ) |

rmcos(nf) — 1

Since

Kz =k(z) (z€),
we conclude that
ha(0) = arg (K'(re”))
attains its minimal and maximal values for some 6, = 0 and —#@,. Further, since the function
hy(0) is continuous and

ha(0) = ha () =0,

0, € (O, %) ;

cos(nb,) # £1.

It also implies that 2/ (6,) = 0, which is equivalent to

we also conclude that

that is, that

g(s,) = As2+ Bs, +C =0 and S, = cos(nb,).

This quadratic equation has two real roots and only one of them lies in the interval (—1,1)
because

g(—=1) - g(1) = b*n*r*(r*" — 1)[r*"(bn — 1)* — (n + 1)*][r*"(bn — 1)* = 1] < 0.

Therefore, we have
cos(nb,) = s,
that is,
1
0, = — arccos(sg) =: 0.

n
1

For bn = 1, we deduce Corollary 2 below.

Corollary 2. Let o = 0, that is, let

z
Suppose that 0 < r < 1. If bn = 1, then
/ r’
2.6) jarg (K'(2))] = (b+1) - arctan <—m) (2] = 7).

This estimate is sharp.
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Proof. For bn = 1, we use the notations which are already introduced in Theorem (6. We thus
find that

A=0, B=r"(n+1), C=—r"(n+1), so=r" and 0= %arccos(r").
The estimate given by (2.6) now follows easily from the estimate (2.5)) asserted by Theorem
6 n
When r — 1— in Theorem|[6] we obtain the following corollary.
Corollary 3. Let o = 0, that is, let

k(z) = (be R\ {0}.

(1 —2zn)b
If 0 < bn < 2, then the following sharp estimate holds true:
T
}arg (k:'(z))’ <+ 1)5 (|z| = 1).

Furthermore,

k:(z)q;‘Rgz{f:feA and |alrg(f'(z))‘<577T (z €U; 0<5§1)}

and
k(z) ¢ R(y)={f:feA and R(f'(2)) >~ (z€U; 0y <1)}.

Proof. Corollary 3 follows directly from Theorem@in light of the fact that, forr = 1, 7™ - |1 —
bn| < 1isequivalent to 0 < bn < 2, and by verifying that the equation (2.4) has the following
solutions:

1 1
si=1 and sgzi(n—bn—i—l—g;tl) (152 = 1).

Therefore, we get
bo=0 and  |n(0)] = (b+1)3.
Moreover, bn. > 0 implies that b > 0. We thus arrive readily at each of the following assertions:
k(z) ¢ Rg  and  k(z) ¢ R(v)

of Corollary 3. 1

3. RADII OF SPIRALLIKENESS, STARLIKENESS AND CONVEXITY

We begin this section with the relation between the n-fold symmetric Koebe type function
k(z) and the class S’ () of a-spirallike functions of order 3 in U.

Theorem 7. If a # v and b # 0, then k(z) ¢ S3(8).
Proof. By means of straightforward calculations, we see that
2K (2) bne' 2"

(3.1) i) =1+ T = hs(2)

and that, for z = €',

R () s 12 ooy (1) sesta )]

Therefore, if & # v and b # 0, then
hs(U) = R.

AJMAA, Vol. 9, No. 2, Art. 1, pp. 1-17, 2012 AJMAA
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From Theorem|7|naturally arises the interesting question of finding the radii of a-spirallikeness
of some order, as described in (I.9). Such a set of radii exists, since every analytic function f(z)
maps, one-to-one, a small disk onto a small disk, that is, there always exists small enough disk

U,={2:2€C and |z| <7}
such that f(U,) is a convex, starlike or a-spirallike region.
Theorem 8. Assume that

and 0SB <cosa S 1.

o <

bo| 3
IA
bl 3

() If bn =2 2(cosa — ), then

. cosa — 3
= = Tsp2.
P B —cosa+bn P

(i) If0 < bn < 2(cosa — f3), then

r

(iii) Ifb < 0, then

Proof. Since

it is fairly easy to verify that

zk'(z) ' 2" fi(z")
T IR APy
and , )
R <e_i°‘ . Z:(;)) =(1—-—n)cosa+n-R (e_io‘ . %ﬁi))) > .
Therefore, we have
o AMAEMY O B—(1—n)cosa
%(e RAED )> o

Thus, upon setting
f—(1—n)cosa

B
in Theorem I}, we get the result asserted by Theorem 8] §

Since
rep =1 <= k(z) € S,(5),
we can easily deduce Corollary 4 below.

Corollary 4. Suppose that

—g§a<% and 0SB <cosa < 1.
Then the n-fold symmetric Koebe type function k(z) is a-spirallike of order ( in U, that is,
k(=) € S2(B), if and only if
0= bn = 2(cosa— ).

For the radii of starlikeness of order (3, by using Theorem [2| and similar technique as in the
proof of Theorem 8] we now prove Theorem [9] below.

AJMAA, Vol. 9, No. 2, Art. 1, pp. 1-17, 2012 AJMAA
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Theorem 9. Assume that

bn
0Sa<?2 08«1 st3 =
=aseT =p<l, a3 2(bncosa+ f —1)
and
V0212 — 4bn(1 — B) cosa + 4(1 — )2
Tsta =
t4 2(bncosa+ f —1)
(1) Letb = 0 and cos o = 0.
(a) If X
b#0 and bn 4 — B,
CoS (v
then
Tet = Tst3 — Tstd-
() If .
bn = — /6,
cos &
then
ri = COS Q.
(©) Ifb=0, thenry = 1.
(i) If
b=0 and cosa < 0,
then
T?t = Tst3 — Tst4-
(1) If
b<0 and cosa 2 0,
then
Tet = —Tst3 — Tstd-
(iv) Let b < 0 and cos o < 0.
(@) If X
o £~
cos &
then
Tet = —Tst3 — Tstd-
() If .
bn = — /6,
cos v
then
T = — COS Q.

Proof. We first observe that

(5 -rovenn ()

or, equivalently, that

z”f;(z”)) B—1+n
r > .
( fi(z") n
Now, in Theorem 2] we set

n

AJMAA, Vol. 9, No. 2, Art. 1, pp. 1-17, 2012
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We then obtain the result asserted by Theorem @ I

Next, by recalling the fact that
re =1 <= k(z) € S*(p),
we are led to the following corollary.
Corollary 5. Let 0 £ 3 < 1. Then the n-fold symmetric Koebe type function k(z) is starlike of
order B3, that is, k(z) € S*(B), if and only if one of the following conditions is satisfied:
(1) b=0;
(i) a=0andbn =1-j;
(i) a =mandbn = 3 — 1.
Proof. Corollary 5 follows directly from Theorem [9 because bn = 1 — /3 implies that b > 0,
and that bn = 8 — 1 implies that b < 0. Cases (i)(a), (ii), (iii) and (iv)(a) do not lead to r¢; = 1
because, under the conditions specified there, we cannot have
Tst3 — T'sta = 1 and — Tst3 — Tst4 = 1.
|
Finally, for the radii of convexity of order (3, we choose to cover only the case when o« = 0

and |b| = 1. As before, the more general cases would involve complicated calculations, and so
we leave them as open problems.

Theorem 10. Let 0 < 5 < 1 and o = 0, that is, let

k(z) = ﬁ (b€ R).

(i) Ifb = 1, then

bn(2 +n - 5) - 2(1 - ﬁ) - n\/b[b(ﬁz —2n83 + n? +4n) B 4(1 . ﬁ)] B
2(bn — 1)(bn — 1+ p) =Tl

Ty =
(i) Ifb < —1, then

b2+ n— B) +2(1— B) — ny/Bb(5° — 208 + n? + 4n) — 4(1 — B)]
e 2(n — 1)(bn — 1 + B) ‘

Proof. We start from the following relation:

14 Z:,((;) —1—bntnb+1)-hs(z) —n-he(z) = hi(2),
where ] ]
ha(z) = 1—2zn and  ho(z) = 1+ (bn — 1)z
so that
min{h5(rei?) 0e0,2m)} = (1+r")"t (nf =),
max{hs(re?) : 0 € [0,2m)} = (1 —r")~! (nf = 0),
and

1

A ron—1)) (bn = 1; nf = 0)

min{hﬁ(rew) 10 e0,2m)} =

(bn < 1; nf =)
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and
1
(I+7(bn — 1))

(bn = 1; nd =0)

min{hg(re’) : 6 € [0,27)} = ,

(1 —=rn(bn —1))

We now let b = 1. Then bn = 1 and we find that

(bn < 1; nf = 7).

min{h;(re?) : 0 € [0,27)} =1 —bn + nl(b_:_ri) -1 (b??— Ty =: hg(r) (nf = ).

Further, hg(0) = 1 > /8 and hg(r) on the interval [0, 1] has exactly one point of discontinuity
given by

1

Cbn—1

Moreover, hg(r) on the interval [0, 7,) is a decreasing function with the range (—oo, 1]. There-
fore, the following implication:

n
*

OSr<r, — %<1+ZIZS))>6 (|| <)

holds true only when 7 is the unique solution of the equation hg(r) = (3, that is, when r{* = 7.
In a similar manner, we can prove the assertion given in Part (ii) of Theorem@ ]

Remark 2. By setting n = 1 in Theorem [§] Theorem [9] and Theorem [I0] we can deduce the
above-mentioned Theorem [T} Theorem [2]and Theorem [3] respectively, in this paper.

4. A SET OF NECESSARY AND SUFFICIENT CONDITIONS
FOR THE FUNCTION CLASS G, OF SILVERMAN

In our next theorem, we shows that, in general, the n-fold symmetric Koebe type function
k(z) is not in the class G, which was introduced (for any A € R) by Silverman [7].

Theorem 11. If b(bn — 2cos ) > 0, then k(z) ¢ G,.

Proof. We begin by noting that

zk"(2)
1 .
i ( K (2) ) bn?et ;"

(Z:;(j)) —1:m (6 :==bne™ —1).
If b(bn — 2cosa) > 0, then
20k" (20)
0] > 1, zozﬂetu and lJr(Z(()]jZS)))l > A (A € R).
k(=)
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Remark 3. In light of Theorem[11] we are now motivated to find r; € (0, 1] such that

4.1 0Sr<ry =— : ES}:’%}ZS)) —1l <\ (
k(z)

which, together with other available information, will lead us to the necessary and sufficient
conditions for k(z) € G,. In fact, since every analytic function maps, one-to-one, a small disk
onto a small disk, such rg; as defined by (@.1]) above exists.

2| <),

Theorem 12. Suppose that
0<A=1 and § = bne™™ — 1.

(1) Ifb=0, thenrg = 1.
(ii) If |b|n = 1 and bncosa = 1, then

n A
Tsi) = —-
(iii) Letb # 0. If n - |b| # 1 or bncosa # 1, then
L 2MN0| +n? - |b] — \/4An2 - |6] - |b] + b2nt
T = = T
sil 2/\|5|2 1
Proof. We begin by recalling the fact that

il Gco) B U e
k(2)

The following cases correspond to those in Theorem [12]
(1) If b = 0, then

ho(z) =0< 1 (z € 1),
which yields rg; = 1.

(ii) If the conditions stated in Part (ii) of Theorem [[2] are satisfied, then
§=0, bne™ =1 and hy(re?) =nr",

which leads us to the following assertion:

A

(iii) Let b #£ 0. If n.- |b| # 1 or bncosa # 1, then

(4.3) §#0 and max{hg(re'd): 0 €[0,2m)} = M <\
(1 —rmol)
(0<A<1),
which is equivalent to the following inequalities:
4.4) 6" <1 and As*-|6]* — (2)\|5| +n?. |b|) s+A>0

(s=r"; 0<AS1).

AJMAA, Vol. 9, No. 2, Art. 1, pp. 1-17, 2012 AJMAA


http://ajmaa.org

16 H. M. SRIVASTAVA AND NIKOLA TUNESKI AND EMILIJA GEORGIEVA-CELAKOSKA

The corresponding quadratic equation has two different real roots given by
_2X[0] 4 n? - |b| £ VA4n2 - 8] - [b] 4 b2nt
12 = N ’

irrespective of the values of )\, § and n. Suppose that s, is the smaller root. Then, since A|6]* >
0, we conclude that the inequality (4.4)) holds true if and only if

s < 5 or 52 So.
Moreover, it is easily verified in this case that
0<s1<1Z 39,
which implies that the inequality (4.4)) holds true if and only if
0 r™ < sy,
Finally, if 0 < r™ < s1, then
o] < 1,
which allows us to conclude that the inequality (4.3) holds true if and only if
0=7r" < sy,
that is, that
Ta = S1 = Tsill-
|
Since k(z) € G, if and only if ry = 1, we have the following corollary.

Corollary 6. Each of the following assertions holds true:
(1) If b =0, then
k(z)e Gy (0<AZ1).
(i) If n = |b| = bcosa = X = 1, then k(z) € G;.
(iii) If
n? - [b|

(1 —vb*n? — 2bncosa + 1)2

b#0, bn <cosa and )= <1,

then k(z) € G,.
Proof. If b = 0, then k(z) = z and Part (i) of Corollary 6 follows readily. If, on the other hand,
n=1b| =bcosa=\=1,
then
n-bl=1 and bncosa =1
and, by appying Theorem [I2{ii), we find that

nl A
T'siit = \/j:L
n

which completes the proof of Part (ii) of Corollary 6. In the case of Part (iii) of Corollary 6, by
means of bn < cos «, and the notations used in the proof of Theorem |12} we find that || < 1

and, furthermore, that
. 2. b
4.5) max{ho(reif) : 0 € [0,27)} = % =\ (0<AZ1).

AJMAA, Vol. 9, No. 2, Art. 1, pp. 1-17, 2012 AJMAA


http://ajmaa.org

SOME DISTORTION AND OTHER PROPERTIES 17

5. CONCLUDING REMARKS AND OBSERVATIONS

Our present investigation is motivated essentially by a recent work by Kamali and Srivastava
[S], which dealt with the following family of the n-fold symmetric Koebe type functions:

z
l{?(Z) - (1 _ Zn)bexp(ioz)

beR; —mSa<m; neN),

whose special case when n = 1 was investigated in an earlier paper by Eguchi and Owa [4]. We
have discussed and presented here a systematic further study of this general family of the n-fold
symmetric Koebe type functions. In particular, we have proved several distortion theorems and
such other properties for this general family of the n-fold symmetric Koebe type functions as
the radii of spirallikeness, the radii of starlikeness and the radii of convexity. For this family
of the n-fold symmetric Koebe type functions, we have also demonstrated certain criteria that
embed this family of the n-fold symmetric Koebe type functions in a function class G, which
was introduced and studied earlier by Silverman [7].
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