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IULIU MANIU 50, 500091 BRAŞOV, ROMANIA
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1. INTRODUCTION

Let H = H (U) denote the class of functions analytic in U = {z ∈ C : |z| < 1}. For n a
positive integer and a ∈ C, let

H [a, n] = {f ∈ H : f (z) = a+ anz
n + ...} .

We also consider the class

A =
{
f ∈ H : f (z) = z + a2z

2 + ...
}

.

We denote by Q the set of functions f that are analytic and injective on U \ E (f), where

E (f) =

{
ζ ∈ ∂U : lim

z→ζ
f (z) =∞

}
,

and which are such that f ′ (ζ) 6= 0 for ζ ∈ ∂U \ E (f).
Since we use the terms of subordination and superordination, we review here those defi-

nitions. Let f, F ∈ H. The function f is said to be subordinate to F, or F is said to be
superordinate to f , if there exists a function w analytic in U , with w (0) = 0 and |w (z)| < 1,
and such that f (z) = F (w (z)). In such a case we write f ≺ F or f (z) ≺ F (z). If F is
univalent, then f ≺ F if and only if f (0) = F (0) and f (U) ⊂ F (U).

Since most of the functions considered in this paper and conditions on them are defined
uniformly in the unit disk U, we shall omit the requirement ”z ∈ U”.

Let ψ : C3 × U → C, let h be univalent in U and q ∈ Q. In [3], the authors considered the
problem of determining conditions on admissible functions ψ such that

(1.1) ψ
(
p (z) , zp′ (z) , z2p′′ (z) ; z

)
≺ h (z)

implies p (z) ≺ q (z), for all functions p ∈ H [a, n] that satisfy the differential subordination
(1.1). Moreover, they found conditions so that the function q is the ”smallest” function with this
property, called the best dominant of the subordination (1.1).

Let ϕ : C3 × U → C, let h ∈ H and q ∈ H [a, n]. Recently, in [4], the authors studied the
dual problem and determined conditions on ϕ such that

(1.2) h (z) ≺ ϕ
(
p (z) , zp′ (z) , z2p′′ (z) ; z

)
implies q (z) ≺ p (z), for all functions p ∈ Q that satisfy the above differential superordina-
tion. Moreover, they found conditions so that the function q is the ”largest” function with this
property, called the best subordinant of the superodination (1.2).

For two functions f (z) = z +
∞∑
n=2

anz
n and g (z) = z +

∞∑
n=2

bnz
n, the Hadamard product (or

convolution) of f and g is defined by

(f ∗ g) (z) := z +
∞∑
n=2

anbnz
n.

Let λ > 0. The generalized Sălăgean derivative of a function f is defined in [1] by

Do
λf (z) = f (z) , D1

λf (z) = (1− λ) f (z) + λzf ′ (z) , Dm
λ f (z) = D1

λ

(
Dm−1
λ f (z)

)
.

If f (z) = z +
∞∑
n=2

anz
n, then we write the generalized Sălăgean derivative as a Hadamard

product

Dm
λ f (z) = f (z) ∗

{
z +

∞∑
n=2

[1 + (n− 1)λ]m zn

}
= z +

∞∑
n=2

[1 + (n− 1)λ]m anz
n.
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When λ = 1, we get the classic Sălăgean derivative [7], denoted by Dmf (z).
In this paper we will determine some properties on admissible functions defined with the

generalized Sălăgean derivative.

2. PRELIMINARIES

In our present investigation we shall need the folllowing results.

Theorem 2.1 ([3], Theorem 3.4h., p.132). Let q be univalent in U and let θ and φ be analytic in
a domain D containing q (U), with φ (w) 6= 0, when w ∈ q (U). Set Q (z) = zq′ (z) · φ [q (z)],
h (z) = θ [q (z)] +Q (z) and suppose that either

(i) h is convex or
(ii) Q is starlike.

In addition, assume that

(iii) Re
zh′ (z)

Q (z)
> 0.

If p is analytic in U , with p (0) = q (0), p (U) ⊂ D and

θ [p (z)] + zp′ (z) · φ [p (z)] ≺ θ [q (z)] + zp′ (z) · φ [q (z)] = h (z) ,

then p ≺ q, and q is the best dominant.

By taking θ (w) := w and φ (w) := γ in Theorem 2.1, we get

Corollary 2.2. Let q be univalent in U , γ ∈ C∗ and suppose

Re

[
1 +

zq′′ (z)

q′ (z)

]
> max

{
0,−Re

1

γ

}
.

If p is analytic in U, with p (0) = q (0) and

p (z) + γzp′ (z) ≺ q (z) + γzq′ (z) ,

then p ≺ q, and q is the best dominant.

Theorem 2.3 ([5]). Let θ and φ be analytic in a domain D and let q be univalent in U , with
q (0) = a, q (U) ⊂ D. Set Q (z) = zq′ (z) · φ [q (z)], h (z) = θ [q (z)] +Q (z) and suppose that

(i) Re

[
θ′ [q (z)]

φ [q (z)]

]
> 0 and

(ii) Q (z) is starlike.

If p ∈ H [a, 1] ∩Q, p (U) ⊂ D and θ [p (z)] + zp′ (z) · φ [p (z)] is univalent in U , then

θ [q (z)] + zp′ (z) · φ [q (z)] ≺ θ [p (z)] + zp′ (z) · φ [p (z)]⇒ q ≺ p

and q is the best subordinant.

By taking θ (w) := w and φ (w) := γ in Theorem 2.3, we get

Corollary 2.4 ([2]). Let q be convex in U , q (0) = a and γ ∈ C, Re γ > 0. If p ∈ H [a, 1] ∩ Q
and p (z) + γzp′ (z) is univalent in U , then

q (z) + γzq′ (z) ≺ p (z) + γzp′ (z)⇒ q ≺ p

and q is the best subordinant.
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3. MAIN RESULTS

Theorem 3.1. Let q be univalent in U with q (0) = 1, α ∈ C∗, δ > 0 and suppose

Re

[
1 +

zq′′ (z)

q′ (z)

]
> max

{
0,−Re

δ

α

}
.

If f ∈ A satisfies the subordination

(3.1)
(
1− α

λ

)(Dm
λ f (z)

z

)δ
+
α

λ

(
Dm
λ f (z)

z

)δ
· D

m+1
λ f (z)

Dm
λ f (z)

≺ q (z) +
α

δ
zq′ (z) ,

then (
Dm
λ f (z)

z

)δ
≺ q (z)

and q is the best dominant.

Proof. We define the function

p (z) :=

(
Dm
λ f (z)

z

)δ
.

By calculating the logarithmic derivative of p, we obtain

(3.2)
zp′ (z)

p (z)
= δ

(
z (Dm

λ f (z))
′

Dm
λ f (z)

− 1

)
Because the generalised Sălăgean derivative satisfies the identity

(3.3) z (Dm
λ f (z))

′ =
1

λ
Dm+1
λ f (z) +

(
1− 1

λ

)
Dm
λ f (z)

equation (3.2) becomes
zp′ (z)

p (z)
=
δ

λ

(
Dm+1
λ f (z)

Dm
λ f (z)

− 1

)
and, therefore,

zp′ (z)

δ
=

1

λ

(
Dm
λ f (z)

z

)δ (
Dm+1
λ f (z)

Dm
λ f (z)

− 1

)
.

The subordination (3.1) from the hypothesis becomes

p (z) +
α

δ
zp′ (z) ≺ q (z) +

α

δ
zq′ (z) .

We apply now Corrolary 2.4 with γ =
α

δ
to obtain the conclusion of our theorem.�

If we consider m = 0 in Theorem 3.1, we obtain the following result.

Corollary 3.2. Let q be univalent in U with q (0) = 1, α ∈ C∗, δ > 0 and suppose

Re

[
1 +

zq′′ (z)

q′ (z)

]
> max

{
0,−Re

δ

α

}
.

If f ∈ A satisfies the subordination

(3.4)
(
1− α

λ

)(f (z)
z

)δ
+
α

λ

(
f (z)

z

)δ
· (1− λ) f (z) + λzf ′ (z)

f (z)
≺ q (z) +

α

δ
zq′ (z) ,

then (
f (z)

z

)δ
≺ q (z)

and q is the best dominant.
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For λ = 1 in Theorem 3.1 we get the following corrolary.

Corollary 3.3. Let q be univalent in U with q (0) = 1, α ∈ C∗, δ > 0 and suppose

Re

[
1 +

zq′′ (z)

q′ (z)

]
> max

{
0,−Re

δ

α

}
.

If f ∈ A satisfies the subordination

(1− α)
(
Dmf (z)

z

)δ
+ α

(
Dmf (z)

z

)δ
· D

m+1f (z)

Dmf (z)
≺ q (z) +

α

δ
zq′ (z) ,

then (
Dmf (z)

z

)δ
≺ q (z)

and q is the best dominant.

If we take m = 0 and λ = 1 in Theorem 3.1, then we obtain the next result.

Corollary 3.4 ([6]). Let q be univalent in U with q (0) = 1, α ∈ C∗, δ > 0 and suppose

Re

[
1 +

zq′′ (z)

q′ (z)

]
> max

{
0,−Re

δ

α

}
.

If f ∈ A satisfies the subordination

(1− α)
(
f (z)

z

)δ
+ α

(
f (z)

z

)δ
· zf

′ (z)

f (z)
≺ q (z) +

α

δ
zq′ (z) ,

then (
f (z)

z

)δ
≺ q (z)

and q is the best dominant.

We consider a particular convex function q (z) =
1 + Az

1 +Bz
to give the following application

to Theorem 3.1.

Corollary 3.5. Let A,B, α ∈ C, A 6= B be such that |B| ≤ 1, Reα > 0 and let δ > 0. If
f ∈ A satisfies the subordination(

1− α

λ

)(Dm
λ f (z)

z

)δ
+
α

λ

(
Dm
λ f (z)

z

)δ
· D

m+1
λ f (z)

Dm
λ f (z)

≺ 1 + Az

1 +Bz
+
α

δ

(A−B) z

(1 +Bz)2
,

then (
Dm
λ f (z)

z

)δ
≺ 1 + Az

1 +Bz

and q (z) =
1 + Az

1 +Bz
is the best dominant.

The next theorem is a result concerning a differential superodination.

Theorem 3.6. Let q be convex in U with q (0) = 1, α ∈ C with Reα > 0, δ > 0. If f ∈ A such

that
(
Dm
λ f (z)

z

)δ
∈ H [1, 1] ∩ Q,

(
1− α

λ

)(Dm
λ f (z)

z

)δ
+
α

λ

(
Dm
λ f (z)

z

)δ
· D

m+1
λ f (z)

Dm
λ f (z)

is

univalent in U and satisfies the superordination

(3.5) q (z) +
α

δ
zq′ (z) ≺

(
1− α

λ

)(Dm
λ f (z)

z

)δ
+
α

λ

(
Dm
λ f (z)

z

)δ
· D

m+1
λ f (z)

Dm
λ f (z)

,
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then

q (z) ≺
(
Dm
λ f (z)

z

)δ
and q is the best subordinant.

Corollary 3.7. Let q be convex in U with q (0) = 1, α ∈ C with Reα > 0, δ > 0. If f ∈ A such

that
(
f (z)

z

)δ
∈ H [1, 1]∩Q,

(
1− α

λ

)(f (z)
z

)δ
+
α

λ

(
f (z)

z

)δ
· (1− λ) f (z) + λzf ′ (z)

f (z)
is

univalent in U and satisfies the superordination

q (z) +
α

δ
zq′ (z) ≺

(
1− α

λ

)(f (z)
z

)δ
+
α

λ

(
f (z)

z

)δ
· (1− λ) f (z) + λzf ′ (z)

f (z)
,

then

q (z) ≺
(
f (z)

z

)δ
and q is the best subordinant.

Corollary 3.8. Let q be convex in U with q (0) = 1, α ∈ C with Reα > 0, δ > 0. If f ∈ A

such that
(
Dmf (z)

z

)δ
∈ H [1, 1] ∩ Q, (1− α)

(
Dmf (z)

z

)δ
+ α

(
Dmf (z)

z

)δ
· D

m+1f (z)

Dmf (z)
is univalent in U and satisfies the superordination

q (z) +
α

δ
zq′ (z) ≺ (1− α)

(
Dmf (z)

z

)δ
+ α

(
Dmf (z)

z

)δ
· D

m+1f (z)

Dmf (z)
,

then

q (z) ≺
(
Dmf (z)

z

)δ
and q is the best subordinant.

Concluding the results of differential subordination and superordination we state the follow-
ing sandwich result.

Theorem 3.9. Let q1, q2 be convex in U with q1 (0) = q2 (0) = 1, α ∈ C with Reα > 0, δ > 0.

If f ∈ A such that
(
Dm
λ f (z)

z

)δ
∈ H [1, 1] ∩ Q,

(
1− α

λ

)(Dm
λ f (z)

z

)δ
+
α

λ

(
Dm
λ f (z)

z

)δ
·

Dm+1
λ f (z)

Dm
λ f (z)

is univalent in U and satisfies

q1 (z)+
α

δ
zq′1 (z) ≺

(
1− α

λ

)(Dm
λ f (z)

z

)δ
+
α

λ

(
Dm
λ f (z)

z

)δ
·D

m+1
λ f (z)

Dm
λ f (z)

≺ q2 (z)+
α

δ
zq′2 (z) ,

then

q1 (z) ≺
(
Dm
λ f (z)

z

)δ
≺ q2 (z)

and q1, q2 are the best subordinant and the best dominant respectively.

Corollary 3.10. Let q1, q2 be convex in U with q1 (0) = q2 (0) = 1, α ∈ C with Reα > 0,

δ > 0. If f ∈ A such that
(
f (z)

z

)δ
∈ H [1, 1] ∩ Q,

(
1− α

λ

)(f (z)
z

)δ
+
α

λ

(
f (z)

z

)δ
·
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(1− λ) f (z) + λzf ′ (z)

f (z)
is univalent in U and satisfies

q1 (z)+
α

δ
zq′1 (z) ≺

(
1− α

λ

)(f (z)
z

)δ
+
α

λ

(
f (z)

z

)δ
·(1− λ) f (z) + λzf ′ (z)

f (z)
≺ q2 (z)+

α

δ
zq′2 (z) ,

then

q1 (z) ≺
(
f (z)

z

)δ
≺ q2 (z)

and q1, q2 are the best subordinant and the best dominant respectively.

Corollary 3.11. Let q1, q2 be convex in U with q1 (0) = q2 (0) = 1, α ∈ C with Reα > 0, δ > 0.

If f ∈ A such that
(
Dmf (z)

z

)δ
∈ H [1, 1] ∩ Q, (1− α)

(
Dmf (z)

z

)δ
+ α

(
Dmf (z)

z

)δ
·

Dm+1f (z)

Dmf (z)
is univalent in U and satisfies

q1 (z)+
α

δ
zq′1 (z) ≺ (1− α)

(
Dmf (z)

z

)δ
+α

(
Dmf (z)

z

)δ
·D

m+1f (z)

Dmf (z)
≺ q2 (z)+

α

δ
zq′2 (z) ,

then

q1 (z) ≺
(
Dmf (z)

z

)δ
≺ q2 (z)

and q1, q2 are the best subordinant and the best dominant respectively.
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