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ABSTRACT. We obtain some subordination and superordination results involving the general-
ized Séldgean differential operator for certain normalized analytic functions in the open unit disk.
Our results extend corresponding previously known results.

Key words and phrases: Differential subordination, Differential superordination, Generalized Silagean derivative.

2000 Mathematics Subject Classification, Primary 30C80. Secondary 30C45.

ISSN (electronic): 1449-5910
(© 2012 Austral Internet Publishing. All rights reserved.


http://ajmaa.org/
mailto: Dorina Raducanu <dorinaraducanu@yahoo.com>
http://math.ubbcluj.ro/~vnechita/
mailto: Veronica Nechita <vnechita@math.ubbcluj.ro>
http://www.ams.org/msc/
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1. INTRODUCTION

Let H = #H (U) denote the class of functions analyticin U = {z € C: |z| < 1}. Forn a
positive integer and a € C, let
Hla,n|={feH f(z)=a+a,2"+..}.
We also consider the class

A:{fEH:f(z):z+a2z2+...}.

We denote by Q the set of functions f that are analytic and injective on U \ E (f), where
E(f):{CEGU:IiHéf(z):oo},
2—

and which are such that f’ (¢) # 0 for ¢ € OU \ E (f).

Since we use the terms of subordination and superordination, we review here those defi-
nitions. Let f, FF € H. The function f is said to be subordinate to F, or F' is said to be
superordinate to f, if there exists a function w analytic in U, with w (0) = 0 and |w (2)] < 1,
and such that f (z) = F (w(z)). In such a case we write f < F or f(z) < F(z). If Fis
univalent, then f < F'if and only if f (0) = F'(0) and f (U) C F (U).

Since most of the functions considered in this paper and conditions on them are defined
uniformly in the unit disk U, we shall omit the requirement "z € U”.

Let1) : C® x U — C, let h be univalent in U and ¢ € Q. In [3], the authors considered the
problem of determining conditions on admissible functions 1 such that

(1.1) ¥ (p(2),2p (2),2°D" (2);2) < h(2)
implies p (z) < ¢(z), for all functions p € # [a, n] that satisfy the differential subordination
(1.1). Moreover, they found conditions so that the function ¢ is the ”smallest” function with this
property, called the best dominant of the subordination (I.1).

Letp: C3 x U — C,leth € H and ¢ € H [a,n]. Recently, in [4], the authors studied the
dual problem and determined conditions on ¢ such that
(1.2) h(z)<¢(p(2), 20 (2),2%" (2);2)

implies ¢ (2) < p(z), for all functions p € Q that satisfy the above differential superordina-
tion. Moreover, they found conditions so that the function ¢ is the "largest” function with this
property, called the best subordinant of the superodination (I.2).

For two functions f (z) = z + Z a,z™and g (2) = z+ > b,2", the Hadamard product (or
n=2
convolution) of f and g is deﬁned by

(f*g) =2+ Z apbp 2"
Let A > 0. The generalized Séldgean derivative of a function f is defined in [1]] by
D3f () = f(2),Dyf(2) = (1 = A) f(2) + Azf" (=) , DY f (2) = Dy (DX f (2)) .-

If f(2) = 2+ ) a,z", then we write the generalized Séldgean derivative as a Hadamard
n=2

product

D;”f(z):f(z)*{z—i—Z[l—l—(n—l)/\ }—z Z + (n— 1) \™ a,z".
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When A = 1, we get the classic Silagean derivative [7], denoted by D™ f (2).
In this paper we will determine some properties on admissible functions defined with the
generalized Sdlagean derivative.

2. PRELIMINARIES

In our present investigation we shall need the folllowing results.

Theorem 2.1 ([3]], Theorem 3.4h., p.132). Let q be univalent in U and let 6 and ¢ be analytic in
a domain D containing q (U), with ¢ (w) # 0, when w € q (U). Set Q (2) = zq' (2) - ¢ [q (2)],
h(z) =0[q(2)] + Q (2) and suppose that either

(1) h is convex or
(i1) Q is starlike.
In addition, assume that

zh (2)
(iii) Re 00 > 0.
If p is analytic in U, with p (0) = ¢ (0), p(U) C D and
Olp(2)] + 20" (2) - @ p(2)] < O[q (2)] + 29" (2) - @ la (2)] = h (2),

then p < q, and q is the best dominant.

By taking 6 (w) := w and ¢ (w) := 7 in Theorem[2.1] we get
Corollary 2.2. Let q be univalent in U, v € C* and suppose
1 1
Re [1 + zq/ (Z)} > max{(), —Re—}.
q'(2) gl
If p is analytic in U, with p (0) = ¢ (0) and

p(2) + 20 (2) < q(2) +72¢ (2),
then p < q, and q is the best dominant.

Theorem 2.3 ([5]]). Let 0 and ¢ be analytic in a domain D and let q be univalent in U, with
q(0)=a,qU)CD.SetQ(z) =2q¢(2) - ¢[q(2)], h(2) =0[q(2)] + Q (2) and suppose that

- 0 [q (2)]
om0
(il) Q (z) is starlike.

IfpeHla,1]NQ, p(U)C Dandfp(2)] + 2p' (2) - ¢ [p(2)] is univalent in U, then

0lq(2)] + 20" (2) - ¢lq(2)] = O[p(2)] + 20 (2) - @ [p(2)] = g < p

and q is the best subordinant.

> 0 and

By taking 6 (w) := w and ¢ (w) := 7 in Theorem[2.3] we get

Corollary 2.4 ([2]). Let q be convex inU, q(0) =aandy € C,Rey > 0. Ifp € Hla,1]NQ
and p (z) + vzp' (2) is univalent in U, then

q(2) +y2q (2) < p(2) +y2p' (2) = ¢ < p

and q is the best subordinant.
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3. MAIN RESULTS

Theorem 3.1. Let g be univalent in U with q (0) = 1, o € C*, § > 0 and suppose

1) oo

If f € A satisfies the subordination

(3.1) <1 _ %) <%<Z))6 + % (DZZ (Z)>6 . Dg;;f(g) <q(z)+ gzq/ (2),

<%(z)>6 < q(2)

then

and q is the best dominant.

Proof. We define the function

z

p(2) = (M)é-

By calculating the logarithmic derivative of p, we obtain

/ Dm /
4 W () (z( 1/ (2) _1>
p(2) DY f (2)
Because the generalised Sdldgean derivative satisfies the identity
1 1
6.3 SORf ) = 3087 )+ (1 1) DR o)
equation (3.2)) becomes

2p'(2) 0 (DYf()
»(2) ‘A(sz) 1)

' (z) 1 (D% (2))6 (Dg;;j;ij) _ 1> .

and, therefore,

d A
The subordination (3.1)) from the hypothesis becomes

P()+ 52 (2) <4 (2) + 524 (2).

We apply now Corrolary [2.4{ with v = ® to obtain the conclusion of our theorem.

0
If we consider m = 0 in Theorem [3.1] we obtain the following result.
Corollary 3.2. Let q be univalent in U with ¢ (0) = 1, a € C*, § > 0 and suppose

Re [1 n qu,ﬂ(ij)] > max {0, —Re g} .

If [ € A satisfies the subordination

1_ %) (fiz))5+% (fﬁ(;))f (1—A)f;z()z;r Aef ()

(3.4) (

then

and q is the best dominant.
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For A\ = 1 in Theorem [3.1| we get the following corrolary.
Corollary 3.3. Let q be univalent in U with ¢ (0) = 1, a € C*, § > 0 and suppose

1/
Re [1 + =4 (2)} > maX{O,—Reé}.

7 (2) o

If f € A satisfies the subordination

(1—a) (DmT(z))é +a (Dmf <2))6 : D;;;f(g) <q(z) + %Zq/ (2),

D™f(2)\°
< f( )> < q(2)
z
and q is the best dominant.

If we take m = 0 and A = 1 in Theorem [3.1} then we obtain the next result.

then

Corollary 3.4 ([6]]). Let q be univalent in U with q (0) = 1, a« € C*, 6 > 0 and suppose
!
Re [1 + =4 (2)} > max {O, —Reé}.
a

¢ (2)

If f € A satisfies the subordination

(1-a) (&)a—i—a (f@)&- ) L)+ =2 (2),

z z f(2)
then 5
f(z)
—) <
( . q(z)
and q is the best dominant.
1+ Az

We consider a particular convex function ¢ (z) =
to Theorem

Corollary 3.5. Let A, B,a € C, A # B be such that |B| < 1, Rea > 0 and let 6 > 0. If
f € A satisfies the subordination

(1-9) <M>5+g (DTf(z))‘s_ Dytife)  144: a(A-B):

1+ B> to give the following application

A 2z A z Dy f(z) 14+ Bz 5(1—|—Bz)2’
then 5
DY f (2) - 1+ Az
z 14 Bz
1+ A
and q (z) = . 1 Bz is the best dominant.

The next theorem is a result concerning a differential superodination.

Theorem 3.6. Let q be convex in U withq(0) =1, « € CwithRea > 0,6 > 0. If f € A such

Dy f(2)) o\ (DEf(2)\" o (Dyf(2)\° DYt'f(e) .
that(%) e H[L,1]NQ, (1—X>()‘T> +X( )\z > . Bg"f(z) is
univalent in U and satisfies the superordination
) (D;”f <z>)5 L (D;”f (z))‘? Dy f (2)

A

a
(3.5) q(2) + 574 () < (1 S\ > z Dyf(z)
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then

z

q(z) < (MY

and q is the best subordinant.

Corollary 3.7. Let q be convexin U withq(0) =1, « € CwithRea > 0,6 > 0. If f € A such

that (@)5 eH[1,1]NQ (1_ §) (fiz )‘5+§ (fiz))é. (1 —A)fj(cz()z)+ Mf'(2)

univalent in U and satisfies the superordination

a) (f(Z))6+% (f(@)a. (1=A) f(z) +Azf"(2)

q(z)+—=2q (2) < (1 — = . 5 ,

5 A
q(z) < (@)6

Corollary 3.8. Let q be convex in U with ¢(0) =1, « € CwithRea > 0,0 > 0. If f € A

D"f(2))’ D" (2)\ D" f(2)\" DS (2)
. EH[l,l]ﬂQ,(l—oz)( . ) +a< . ) D (2)
is univalent in U and satisfies the superordination
Drf () (D" ()N D ()
2 e (FFE)

then

and q is the best subordinant.

such that

o)+ 5 () < (1= )

o < (2L

z

then

and q is the best subordinant.

Concluding the results of differential subordination and superordination we state the follow-
ing sandwich result.

Theorem 3.9. Let ¢y, qs be convex in U with ¢, (0) = ¢2 (0) = 1, « € CwithRea >0, § > 0.
If f € A such that L(Z) EH[I,I]HQ,(l—g) A (z) +2 Vf(2) )

z A z A z
DY f(2)

is univalent in U and satisfies

DYf(2)
m s m 6 mym+1
w5 (15) (BEE) 5 (B B <o
then

0« (ZLE) g

and q,, qo are the best subordinant and the best dominant respectively.

Corollary 3.10. Let 1, qo be convex in U with q; (0) = ¢2(0) = 1, « € C with Rear > 0,

5> 0. If f € A such that (@)6 e HLNQ (1-5) (@)Z%(@)d
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Q=N F(z) + A2/ (2)
f(z)

0@ 0= (1-3) (FO) o2 (LY LALD L)) 2o,

is univalent in U and satisfies

then

00+ (12) <ae

and q,, qo are the best subordinant and the best dominant respectively.
Corollary 3.11. Let q1, go be convexin U with g, (0) = g2 (0) = 1, « € CwithRea > 0,6 > 0.

If f € A such that <Dm—(z)>6 e H[LING (1—a) (M)a + (M)5~

z z
Dm+1 =
—f() is univalent in U and satisfies

Dmf(z)
a_, Df(2)\*, (D"f(2)\" D" (2) @,
¢ (z)—l—gqu (2) < (1-aq) <T> +a < ~ > D ) = Q2 (Z)“‘gﬂb (2),
then Dt () 5
¢ (2) < (T) < q2(2)

and q1, qo are the best subordinant and the best dominant respectively.
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