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1. INTRODUCTION

In (1960), Opial established the following integral inequality as follows [1]]. Let f(¢) be a
continuous function on [a, b] such that f (a) = f (b) =0and f (t) > 0, then

b
(1.1) /|f \dt< a>/ (1) dt.

Yang [9] obtained the following integral inequality in two independent variables

an [ ([ ol s < CUEED T oPanas

where

92
(1.3) fi(s,t) = —f (s,t) and fi2 (s,t) = 99 8tf (s,t).
During the past few years many number of papers which deal with the Opial’s inequality (see
[6], [7]and [8]). The main aim of this paper is to obtain some new integral inequalities in n-

independent variables. Our results are considered improvement and partial generalization of
those given in [2], [4], (6] and [8]].

2. THE MAIN RESULTS

Throughout this paper we use the following notations. If f(¢1,t,, 5, ..., t,) is a differentiable
function of n variables, then

af(tl, t2, t3, oo 7t’l’b)

f’i (tl,t2,t3’ e ,tn) =

ot; ’
O?f(ty,ty, s, ... t,)
i (t, g, ts, o t,) = nz
f](l 27 Y3 ) atzat]
Bf (t,tyts, ... t,)
ik (1, oy tg, . t)) = nloL,
Figr (b1, s ) t;0t; 0t

8”f(t1,t27t3>""t)
ijk..n t )t 7t 7"'7tn = . ’

where i, j, k,...,n=1,2,3,...,n. Assume the interval A be such that A = [ay, b1] X [ag, ba] X

las, bs] X -+ X [an, by, Wwhere ay, as, ag, ..., an, by, ba, bs, ..., b, are real constants, n is a pos-
itive integer and (t1, ¢y, t5,...,t,) € A,
and
ANy = ay, s1] X [ag, s3] X [as, s3] X -+ X [an_1, Sn_1] X [an, Sn],
DNy = Jay, s1] X [ag, $9] X [az, s3] X -+ X [an—1, Sn—1] X [Sn,bn],
Az = lay,s1] X [ag, s2] X [as, s3] X -+ X [$p_1,bn1] X [@n, Sn] ;- -,
Npo1 = [ag,s1] X [s9,bs] X [53,63] X oo X [sn,l,bn,l] X [Sny bn)
Ny = [s1,b1] X [s2,b2] X [83,b3] X -+ X [$n_1,bn_1] X [Sn, bn],
where a1< 51 < by, as< 89 < by, a3< 853 < b3, ..., 1< 8,1 < bp_1, a,< s, <b,. Let

f(t1,ty,t5,...,t,) satisfies the following hypotheses.

r'n

(H]_) Letf(t]_,tQ,t:)’,?tn), f]_ (t17t27t3,.--, n) f]_Q (tl,t2,t3, t ),
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Jros (t1, g ts, oo t,) 5 ooy fi2s. m—1) (L1, £y, t3, . . ., 1,,) be continuous functions on A , and
flan,tote, ... t) = flbityts,... L)
= [t ag,t5,... 1) = f (t1, by, 85, .- 1)
= f(t1,ty,a5,...,t,) = f(t1,t5,b5,...,t,)
= f(t1,ty,ts,...,0a,) = f(t1,ty,t5,...,b,) =0

(Hs) Let
filar,to,ts, .. t,) = fi(by,ty,ts,. .. 1,
= fi(ty, ay,tg, ...t
= fi(t1,ty,aq,...,t . .
= fi(t1,ty,ts, ... 0a,) = f1(t1,ty,ts,...,b,) =0.
Using the above assumptions we introduce the following results.

Theorem 2.1. Assume that (H,) and (Hs) hold. Then the following inequality holds

[

bn
(/ F (bt tar ) [ Frssn (oot ) dn) - Vs )dt) ity

(bl — Cbl) (bz — (1,2) (bg — a,3> e (bn — Cbn>
on+1

« /bl (/b2 (/b3 (... (/b" Frosn (brotgs st V2 dEn) . Vdlts)dta)dr.

ai as as an

21 <

Proof. We consider the following 2" cases.
Case 1. Let (ty,ty,t5,...,t,) € A1, and we define the following function

(2.2) h(s1, 89,85, .-,$,)
- / (/32 (/83(...</S” Frosn (b tostas -tV dtn) - Vet ) dt) ity

Thus, from avlve oljtgain N "
(2.3)

s2 s sn

hy (81,89, 83, -+, 5,) :/a (/a ((/a | f123..m (1, T, tgy oo 1) dty) .. )dEs)dEs,
and 2 3 '
(2.4) hia (81,89, S35+, S,,)
= /83 (/S4 (...( /55 | f123.m (t1, Ty Ty o t))| dby) .. )dEy)dts.
Therefore, if we cont?)inue i4n these dif;erentiations, we get
2.5) Bso o) (51, 591 S50+ 51) = / " fizon (1, sty )]
Now, under the condition (H;), we have "
2.6) £ (51, 5925025, 3/51 1 (b1, 80,500 5,)| o,
ay
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(2.7) | f1 (51,89, 83,58, S/ | fi2 (51,85, 85, 8,,)| dia,
az
S3
(2.8) | f12 (51, 89, 85, 8,)] S/ | f123 (81,82, 15, - -, 8,)| dls.
a3
Also, we get
(29) ‘le..‘(nfl) (81752,83,...,871)‘ S/ |f12...n (51a827837"'7tn)|dtn-
It follows from, 2.7} [2.8] and [2.9] that
|f<81732’83>"'78n)|
S1
S / |f1 (t17327537'-'78n)|dt1
ai
< [ Mttty sl i
ay a2
S1 S9 S3
2100 < / (/ (/ Fros (b tos s -5, dts)dta)dt
v pen pes on
< / (/ (/ (...(/ | fio3.m (t1, Lo, tay oo t,) | dEy) .. )dEs)dts)dty
al as a3 an
= h<$17527837"'73n)7
(2.11) | f1 (51,89, S35y 8,)| < h1 (81,89, S3,--+,5,),
(212) |f12 (81782a837 s 'asn)| S h12 (81a82783a s 78n)a
and
(213) |f123..,(n71) (817 895835+ -+, Sn)‘ < h123...(n71) (317 S9y 83y -+ - 7Sn) .

Now, let I; be such that

81 ED) 83 Sn
11:/ (/ (/ ((/ ‘f(tlth;t:’)a7tn>’|f123n<t17t27t37
al a2 as an

From[2.5|and 2.10] we get

(L

s1an
< / h’(t17327337"'75n)

al

)| dt) . )dts)dt)d

) dtg) dt2> dt,

x</52(/83(. ) (/s"(yfm,‘n (bt ty ) dE) - )ty )dts)dt

as as an

S1
= / h(t1752783,,8n)

al

s2 s3 Sn—1
X(/ (/ ( .. (/ <h123...(n—1) (th t27 t3, ey tno, Sn) dtn_l) R )dtg)dtg)dtl

az as an—1
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Then, we have

[1 S / h(t1,82,83,...,8n> (/ h12 (tl,t2,53,...,8n)dt2> dtl

al az

S1
S / h(t1752783754785) hl <t1752783754785) dtl

al

1
= §h2 <817827537"'7Sn)

L L i i (ot tld) )t )
(e )

Now, by applying Schwarz’s inequality, we get

(2.14) L < (s1—a1) (52— a2) (s3 —as) ... (s — an)
: L < :

TNRIRE

(/ | frosn (b1, o, by oo t,)Pd) - )dis)dts)diy

Case 2. Let (ty,ty,t5,...,t,) € Ao, and we define
(2.15) h(s1, 89,85, .--,5,)

ren

_ /(/(/( ) (/b Frosn (bt oo £ dtn) - Vet b )dts.

By similar manner as in the first case we obtain

(2.16) I, < (s1 —ay1)(s2—az) (ss—as)...(b, — sp)
. , < .

TNRIRE

bn
(/ | fra3..m (t1, Loy tay ot Pdty) .. )dts)diy)dty.

n

Case 3. Let ({1, 1y, t3,...,t,) € As, and we define
(2.17) h(s1, 89,85, --+,S,)

_ /(/(/( . (/b(/ Frosn (b1 by, b oo £ dbn) - Vs )dts)dt.

Then, we get

(s1 —ay) (s —ag)(s3—as)...(bp_1 — Sp_1) (Sp — an)

2
RIS

bn—1 Sn
(/ (/ ros o (brstosts £V 2dEn) - )dts)dta)dts

Sn—1 an

2.18) I3 <

Similarly, we continue up to the following cases:
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Case (2™ — 1). Let (t1,ty,t5,...,t,) € Aon_1, and we define

(2.19) h(s1, 89,85, 5,)
si by pbs bn
_ / (/ (/ (...(/ ros. o (s tos st )] dtn) - Vet )ty
al S92 S3 Sn

Then, we get

—a1) (by — 55) (bs — 83) ... (b — 50
220) Iy, < iz 52)(23 5) - (bn — 5n)

Lfe

bn
( / rosn (b tostn VP dbn) - Vdts)dta)dt.

Case (2"). Let (t1,t,t3,...,t,) € Aon, and we define

h(s1, 89,85, .-,S,)
bi pbs pbs by
(2.21) = / (/ (/ (... (/ | f123..m (1, to, tsy oo 1) dty) - . )dEs)dts)dty .

Then, we obtain

b1 — s1) (ba — s3) (b3 — 53) ... (b — s
(2.22) Ipn q < (b1 — 1) (bs 32)(23 s3) ... ( Sn)

S

bn
(/ | f1o3.m (t1, toy tsy oo )| dty) - . )dts)dts)dt.
__ a1+by __ axtby

Finally, let s; = @30 gy = @t gp = aadhs = g = @udbo it follows from 2.14] [2.16]
[2.18] 2.20] and 2.22] that

[ 1t

| fi2s.m (t1,to, tsy .o T, dEy) .2 )ds)dts)dty

(b1 — al) (bQ — CLQ) (bg — CL3) Ce (bn — an)
gn+1

x /bl (/b2 (/b3 (.. (/b" | Froso (1ot by oo £ ) 2d) - V)i )di.

al az a3 an

<

This completes the proof. &
Remark 2.1. (1) Put n = 1in[2.1} we get Opial’s inequality as in [3]

' (b—a) ’ 2
/a|f(t)|\f1<t>|dt§ 7 /a|f1(t)\ dt.
(2) If n=2in[2.1] then

b pbo e
/(/ 1 (o) i (b1, 1) i)ty < O )8<b )/a

ai az

b1 bo ,
( / | fua (b1, 1) Pta) dtr,

1 az

which is Yang’s inequality [9].
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Theorem 2.2. Assume that (H,) and (Hs) hold. Then

/:(/a:z(/ajs(m(/ain 1f (st gy t)|™

X ‘f123...n (th tQ, t3, . 7tn)‘ dtn) . )dtg)dtQ)dtl

(223) < |:(bl—CL1) (bg—ag) (bg—ag)...(bn—an) "
- m+1 AL
b1 bo b3 bn
x/ (/ (/ (.. (/ rosn (b tostr V) Vi)t

where m > 0 is a constant.

Proof. We consider the same cases as in Theorem [2.1]
Case 1. Let (ty,ty,t5,...,t,) € Ay, and we let

2.24)], = /(/(/((

/ F (bt tar o B )™ Ufrason (b1 b £ ) - Vdls)dta)

From[2.2] [2.3] 2.5]and [2.10] we have

51
J < / h(t1, SgySgy ey Spy)

ai

x(/SZ(/Sg(. 5 (/Snl(hlgg,,,(n_n (t1 tystgs oo )b ) - . )dlts)dts )t

az as an—1

S1 S2

< / h(t17527537"'75n)m (/ (h12 (t17t27537"'75n) dt2)dt1
al az
s1

< / h(t1, 89,85,y 8,)" b1 (t1, Sg, S5, - .., 8,) dty

ai

1 S1 89 S3 Sn m+1
_ m—+1</ (/ (/ (...(/ |f123mn(t1,t2,t3,...,tn)|dtn)...)dtg)dtg)dtl) .

Now, applying Schwarz’s inequality, we have

1 m
m+ 1 (51 —a1) (s2—az) (s3 —as)...(s, —an)]

« / (/82 (/33 (... (/8" Frosn (bt tas ™t dts)dts)dts.

ai a2 as an

J1

Proof of the remaining cases follows by same manner as those given in the proof of Theorem
2.1 so the result follows. 1

Remark 2.2. (1) We note that for the case m = 1 the inequality (2.23]) reduced to
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/: (/: (/ajg(---(/ajnIf(tl,tQ,t3,...,tn)|

X |f123...n (th t2, t3, . 7tn>| dtn) . )dtg)dtg)dtl

(by —ay) (by — ag) (bs —a3) ... (b, — an)
gn+1

« /bl (/b2 (/b3 (.. (/bn Fras o (brstostas V2 Vdlts)dta) iy

al az as an

<

This is the same result of Theorem 2.11
2. Putn = 1 in (2.23), we find that

[rorimoas 2[00 [norae

m—+1

Theorem 2.3. If (H,), (H2) and (Hj) hold. Then

/: (/: (/Q:S (“'(/Gin|f(t17t2,t3,...,tn>||f1 (t1, gty )]

(2.25) v frosn (B, te, ts, oo )| dEy) .2 )dts)dts)dty

ﬂ(bl — ay) (by — ay) (zbs —ag) ... (b _an)r

« /bl (/b2 (/bg (... (/b5 Frasn (bt tar oo £ )| dtn) - Vdlts)dta)dty

ay as as as

N {(bQ —ag) (bs —as) ... (b, —an)]

IN

2n71

bo bs by bs
x/ (/ (/ (/ Fras o (Suotortar £V - )dts)dbo.

Proof. The proof of Theorem [2.3]is similar to the Proof of Theorem [2.1]so it is omitted. §
Theorem 2.4. Let (H,), (H2) and (Hj) hold. Then

AJMAA, Vol. 9, No. 1, Art. 7, pp. 1-10, 2012 AJMAA


http://ajmaa.org

ON OPIAL’S INEQUALITY FOR FUNCTIONS OF N-INDEPENDENT VARIABLES 9

by ba b3 bn
m m
/ (/ (/ (...(/ If (t1, o, tgy st ) f1 (B, g, Egy ooyt
al ag as an

X |f123...n (tl, tg, t3, . 7tn>| dtn) . )dtg)dtz)dtl

< 1 (bl — CLl) (bz — CL2> (bg — ag) o (bn _ an) mi+1
b1 b2 bs
X / ( / ( / (...
bn
((/ | F12.n (L1t by o £,) 24t ) dts)dty)dty (2.26)
{(bl —a1) (by —az) (bs —ag) ... (b, — an)} 2mo—1
* on—1

ba b3 bn,
x/ (/ (...((/ | fras.m (t1, tos tay . )2ty . )dts)dts,

as as an

where my, mo > 0 are constants.

Remark 2.3. (1) Put n =2in[2.25 we get

/ | / S () (ta )] [ oz (b1 )] d)dt)

: a_2 — 3 bo
< }1{%1 a1>4<62 az)} / (/@ oo ()Pt
_ _ bo
+|:(bl GI)Q(bQ Cl2):| /a2 |f12 (Sl,t2)|2dt2.

Which is Yang’s result [9]].
(2) Let n = 3 in[2.25] we obtain

b1 by b3
/ </ </ F (st )| s (1o t)] | Fazs (1 s )| b))

by — by — b — 3 b b2 b3
< }L[( 1 —ay) (by . as) (bs a3)] /a1 (/a2 (/ag rss (11, £y, 1)t )t dty
_ _ by pbs
+ [(bz a2)4(b3 a3)] /a2 </Q3 | fros (Sl,tz,t3)|2dt3)dt2.

This is the result of Salem [8]].
(3) Put m; = 1 and my = 1 we obtain the inequality [2.23]
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