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ABSTRACT. A method for the solution of fractional transport equation in three-dimensional case
by using Walsh function is presented. The main characteristic of this technique is that it reduces
these problems to those of solving a system of algebraic equations, thus greatly simplifying the
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1. INTRODUCTION

The spectral methods established an analytical formulation whose basic goals is to find exact
solution for approximations of the fractional transport equation, this technique by using the
fractional derivatives greatly simplifying the problem and making it computational plausible
on the other hand that permit us to solve some of the particular cases and then we can check
that the solution is close to the dynamics of some anomalous processes, the other aspect of this
technique, it allows us to establish a fractional derivative which performs the same mapping
of a given linear operator, it becomes to use the Riemann-Liouville definition for fractional
derivatives and considerate the ordinary model and look that in the limit of some situations
where the ordinary model do not work fine it is necessary to introduce such fractional operators
in the model so we solve the problem.

In ordinary cases several approaches have been suggested among them, the method pro-
posed by Chandrasekhar [7]] solves analytically the discrete equations, (S equations), the SGF’
method [3} 4], is a numerical nodal method that generates numerical solution for the Sy equa-
tions in slab geometry that is completely free of spatial truncation error. The LTSy method [28]]
solve analytically the Sy equations employing the Laplace Transform technique in the spatial
variable (finite domain). Recently, following the idea encompassed by the L7'Sy method, we
have derived a generic method, prevailing the analyticity, for solving one-dimensional approxi-
mation that transform the transport equation into a set of differential equations.

In our recent work, we have presented a new approximation where the one dimensional frac-
tional integro-differential equation is converted into a system of fractional differential equation
(FDE), where we are using the Chebyshev polynomials [21].

There are three classes of set of orthogonal functions which are widely used. The first in-
cludes sets of piecewise constant basis functions (e.g. Walsh, block-pulse, etc.). The second
consists of sets of orthogonal polynomials (e.g. Laguerre, Legendre, Chebysheyv, etc.). The
third is the widely used sets of sine-cosine functions in Fourier series.

Briefly speaking, in this paper the Walsh function is used for solving the three-dimensional
case of fractional transport equation. This method is based on expansion of the angular flux in a
truncated series of Walsh function in the angular variable. By replacing this development in the
transport equation, this will result a first-order fractional linear differential system is solved for
the spatial function the convergence of a solution defined for all the spatial variables obtained
in the context of the discrete-ordinates approximation for the isotropic case.

The paper has been organized as follows. Section [2| contains a definition and some proper-
ties of Walsh function, in Section [3| we enlist some basic results and definitions of fractional
derivatives, Section 4] describes how to convert a fractional transport equation into a first-order
fractional linear differential equation system by using Chebyshev polynomials, and in Section
[5| we report the convergence of the spectral solution, finally we give an specific application of
this method in Section [6l

2. WALSH FUNCTION

The Walsh functions have many properties similar to those of the trigonometric functions.
For example they form a complete, total collection of functions with respect to the space of
square Lebesgue integrable functions. However, they are simpler in structure to the trigono-
metric functions because they take only the values 1 and —1. They may be expressed as linear
combinations of the Haar functions [13]], so many proofs about the Haar functions carry over to
the Walsh system easily. Moreover, the Walsh functions are Haar wavelet packets; see [29]. For
a good account of the properties of the Haar wavelets and other wavelets. We use the ordering
of the Walsh functions due to Paley [15]. Any function f € L? [0, 1] can be expanded as a series
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of Walsh functions
00 1

2.1) flx) = aWi(z) wherec; = / Fla)W;(x).
=0 0

Fine [[11] discovered an important property of the Walsh Fourier series: the m = 2" th partial
sum of the Walsh series of a function f is piece-wise constant, equal to the L' mean of f,
on each subinterval [(¢ — 1)/m,i/m]. For this reason, Walsh series in applications are always
truncated to m = 2" terms. In this case, the coefficients ¢; of the Walsh (-Fourier) series are
given by

m—1
1
(2.2) C = E EVVijfja
=0

where f; is the average value of the function f(z) in the jth interval of width 1/m in the interval
(0,1), and W;; is the value of the ith Walsh function in the jth subinterval. The order m Walsh
matrix, W,,, has elements WW;; .

Let f(z) have a Walsh series with coefficients ¢; and its integral from 0 to = have a Walsh
series with coefficients b;: [ f(t)dt = >0 b;W;(x) . If we truncate to m = 2" terms and
use the obvious vector notation, then integration is performed by matrix multiplication b = P ¢
where

T Pm/2 ﬁ[m/Z T _ % le :|

and [,,, is the unit matrix, O,, is the zero matrix (of order m), see [9].

Before to start to study the three-dimensional spectral solution of a fractional transport equa-
tion, we give some preliminaries.

3. PRELIMINARIES
We enlist some definitions and basic results [26] 22|, [23]].

Definition 3.1. A real function f(x),z > 0 is said to be in the space C,, ¢ if there exists a
real number p(> «), such that f(x) = a? fi(x) where fi(x) = C'[0,00) . Clearly C, C Cj if
p<a.

Definition 3.2. A function f(z),x > 0 is said to be in space C7', m € N U {0}, if f,,) € C,.
Definition 3.3. The (left sided) Riemann-Liouville fractional integral of order 1 > 0, of a
function f € C,,a > 1is defined as:
1 t

3.1) [“f(t):—/ (t — 7)1 f(r)dr, > 0,t >0,

U'(1) Jo

I°f(t) = f(1),

Definition 3.4. The (left sided) Riemann-Liouville fractional derivative of f, f € C™, m €
N U {0} of order > 0, is defined as:

dm
(3.2) D“f(t):dt—mlm_“f(t), m—1<pu<m, méeN.

Definition 3.5. The (left sided) Caputo fractional derivative of f, f € C™, m € N U {0} of
order o > 0, is defined as:

. DEF(1) — [ fm@)] m—1<p<m, meN,
(33) 10 = { A <m 7
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Note that
() MY = (j >)ﬂ+u w>0,v>—1,t>0.
(i) I*DEf(t) = f(t) — Spg B0, m—1<pu<m,meN.
Gii) D2 f(t) = D* (f <>—Z£”;3f<’f><0+>2—’i) m—1<p<mmeN.

1B f(t)ifa > B,
) DS = f()  ifa=p
DFf(t)ifa < B,
(V) DYD™f(t) = Dt f(t),m =0,1,2,...n—1 < a <n.

4. THE THREE-DIMENSIONAL SPECTRAL SOLUTION

Consider the three-dimensional linear, steady state, transport equation given by

o 0 1 2 0 o 1\ 0 in 6 o Y 0
a (X K, )+ — K (COS a_’lﬂ (Xnua )+SIH % (Xhu? )>
2w
4.1) + oV (x, 1, 0) = / / as(ul, 0 — pu, 0)U(x, ul,Hl)dH/dul + S(x, i, 0)
~1Jo

where we assume that the spatial variable x :=(x, y, z) varies in the cubic domain

Q= {(zr,y,2): -1 <2,y,2<1},0 < v < 1 and ¥(x,u,0) = ¥Y(z,y,2,u,0) is the
angular flux in the direction defined by 1 € [—1, 1] and 0 € [0, 27]. 0, and o denote the total
and the differential cross section, respectively, o, (1, gb' — 1, ¢) describes the scattering from
an assumed pre-collision angular coordinates (1, 6') to a post-collision coordinates (1, #) and
S is the source term. See [[14] for further details.

Note that, in the case of one-speed neutron transport equation; taking the angular variable
in a disc, this problem would corresponds to a three dimensional case with all functions being
constant in the azimuthal direction of the z variable. In this way the actual spatial domain may
be assumed to be a cylinder with the cross-section €2 and the axial symmetry in z. Then D will
correspond to the projection of the points on the unit sphere (the speed”) onto the unit disc
(which coincides with D.).

Given the functions f1(y, z, i1, @), fo(z, 2, 11, @) and f3(z, y, i, ) describing the incident flux,
we seek for a solution of subject to the following boundary conditions:

For the boundary terms in z; for 0 < 6 < 27, let

fl(y7zﬂ70)7x:_]-; 0<M§1,
(4.2) U(r==+1,y,2,u,60)= { 0 e=1  —1<u=o0

For the boundary terms in y and for —1 < p < 1,

fo(x, 2, 1,0), y=—1, 0 <cost <1,
(4.3) Uz, y=+1,210) = { 0, y=1, —1<cosf <0.

Finally, for the boundary terms in z; for —1 < p < 1,

_ f3(z,y, 1, 0), z=-1, 0<60<m,
4.4) U(z,y,z==+1,pu,60)= { 0.2=1 r<0<or
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Theorem 4.1. Consider the fractional integro-differential equation under the boundary

conditions , and , then the function V(x,vy, z, i, 0) satisfy the following first-
order fractional linear differential equation system for the spatial component U, ;(x, 1, 6)

O,
a oxY

1 1 i ! i ! ! /
/ / os(p, 0 — p, 0)V; j(x, 1, 0)do dp

1J-1
with the boundary conditions

(2, 1,0) + 00V, j(x, 1, 0) = G, (x5 11, 0)

\Ili,j(_L 22 77) = fvj (:uv 0)7

where )
(z
I, / / \/ 1_ = )fl(y,z,uﬁ)dzdy,
;(1, ,u,e) 0,
and
Gi,j(x;:uae) - Si,j (%/%9)_
I J
V1—p? [cos@ Z ARy (e, 1, 0) +sin @ Z B (x,1,0) |
k=i+1 I=j+1
with "
Sij(w,p,0) = / v _y> Jiz_) ZQ)S(X , 11, 0)dzdy,

e 21 d L)
At =2 [ o)y

l_z 1i R;(2) .
B, = 7_‘,/_1 dy(Rl(y))md :

Proof. Expanding the angular flux W(z,y, z, i, ¢) in a truncated series of Chebyshev polyno-
mials 7;(y)and R;(z) leads to

I J
(4.5) U(z,y, 2, p1,0) ZZ\P; 2, 1, 0)Ti(y) Ry (2).
=0 j=

We insert V(z,y, z, u,0) given by (4.5 into the boundary condition in (4.3), for y = =+1.

Multiplying the resulting expressions by \/ﬁ and integrating over z, we get the components

o j(x, 1, 0) for j =0,...J

I

(4.6) Woj(, 1,0) = (2, 10,0) = Y (=1 W (2, 1,0); 0 <cosh <1,
=1

and

4.7 U i(z, 1, 0) Z\P”x,u, ); —1<cosf <0.

Similarly, we substitute ¥ (x,y, z, i, 6’) from ( into the boundary conditions for z = =£1,
T;

multiply the resulting expression by % , 1= O, ...I and integrating over y, to define the
-y

components U, o(z, p,0) : For =1 <2 <1, -1 <p<1,
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M“

\Di,g(ﬁ,,u, ) f3 €, ,U7 zg :E #79) 0< 0 < ™,

]:1
U, o(z, 1, 0) Z\Il”:c,u, o< 0 <2nm,
where
f3 (1,0 50]/ foz, 2,11, 0 (Z) d
fiw, p,0) = — ZO/ fo(w,y, 1,0 (j/)y dy.

To determine the components U, ;(x, 11, 6), 7 =1,...1,and j = 1, ....J, we substitute U(x, 11, 6),
from (4.3)) into @.I)) and the boundary conditions for z = =£1. Multiplying the resulting ex-

pressions by \/—) R'( ) , and integrating over y and z we obtain / X .J one-dimensional
transport problems, viz
(97\11
a o (-1' ,U79> + Ut\Iji,j<x7ﬂ> 9) = ng (‘r;,u79>
l 1 / / / ’ / !
(4.8) [ [ ol 6 = 6w a8
—1J-1
with the boundary conditions
(4.9) Wiy(—1 1) = fi7 (1,0),
where
i 4 (1Y TR,(2)
(4.10) (w0 :—/ J L2,y 0)dzdy,
re = ] ¢(1_y2)<1_z2>f1(y p, 0)dzdy
and

\I/i,j(lv — 0) = 07
for0 < u <1,and 0 < # < 27. Finally
Gz’,j(m;:uue) - Sz‘,j (ZL‘,/L,@)—

I J
4.11) V1= p? [COSQ Z ARy (2, 1, 0) +sin @ Z B;»\I/i,l(x,u,ﬁ) :

k=i+1 I=j+1
with
4.12) S5 1,6 7T2/ : ¢ 1_ YR, <_> 555 1 0)ddy.
(4.13) Al =~ /_ 2y @))%d@,
(4.14) Bl = z/t%(&(y))%dz

Now, starting from the solution of the problem given by equations (4.8} - 4.14) for Uy ;(x, 1, 0),
we then solve the problems for the other components, in the decreasmg order in i and J. Recall
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that Zf: I = Zj: s+1 = 0. Hence, solving I x J one-dimensional problems, the angular

flux ¥(x, i, 0) is now completely determined through (4.5)). 1

Remark 4.1. If we have to deal with different type of boundary conditions, we have to keep in
mind that the first components W, o(x, p1,6) and Uq ;(x, 1, 6) fori = 1,...,Tand j = 1,...,J
will satisfy one-dimensional transport problems subject to the same of boundary conditions of
the original problem in the variable x.

5. ANALYSIS

Now we would like to solve the first fractional order linear differential equation system with
isotropic scattering, i.e., o4(i,¢» — p,$) = o, = constant by using the Walch function.
Assuming isotropic scattering, the equation (4.8) is written as

87\11
a Y

1 27
(5.1) a/ / U, i(x, ul, Ql)dQId,u,
-1Jo

forx €Q:={(z,y)0<2<1,-1<y<1},0<y<1l,pe[-1,1]and § € [0,27].
Subject to the following boundary conditions (.9).

(ZL’ Ky 9) + o-t\l]i,j(x? Ky 0) = Gm‘ (ZL’, My 9)

Theorem 5.1. Consider the fractional integro-differential equation under the boundary
conditions (@) then the function V; ;(x, i1, 0) satisfy the following fractional linear system of
algebraic equations

N
ZDanSZ)Ja:Q ) —0s Z (2,0) + 0Y i (2,0) =

1 N
/ G, 1 OWE()dp + S D Zonss(1,6).
-1 n=0
ZDanm] z,0) —O’SZan 2,0) + 0y Zn4(x,0) =
n=0

1

1 N
/ G (s W () + 3 DoV, 0).
- n=0

Proof. For this problem we expand the angular flux in terms of the Walsh function in the angular
variable with its domain extended into the interval [—1,1]. To this end, the Walsh function
W, (1) are extended in an even and odd fashion as follows [6]:

eron o Walp), if p>0
(5.2) Wi (p) = { Wi(—p), ifp<0°

of N Wa(p), if pp >0
(5.3) Wya(p) = { —Wo(—p), ifp <0

forn = 0,1,..., N. The important feature of this procedure relies on the fact that a function
f(u) defined in the interval [—1, 1] can be expanded in terms of these extended functions in the
manner:

(5.4) = [anW(p) + baWe()],

n=0
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where the coefficients a,, and b,, are determined as:

1 1
(5.5) an =3 /1 S)We (p)dp,

1 1
(5.6) b =5 1 F)Wo (p)dp,

So, in order to use the Walsh function for the solution of the problem (5.1)), the angular flux
is approximated by the truncated expansion:

N
(5.7) Wi (@, 11, 0) = > Yoo (2, )W (1) + Zij (w, )W ()]

n=0
Inserting this expansion into the linear transport equation (5.1)), it turns out:

N
Y e
Z [{,u ot (.T, 9) + UtYn,i,j<x7 9)} Wn(u>+

v
et ox

87271 2, o
{HE ) 4 g ) W20

N 1 pon
(5.8) Zas [/ / Yn,i,j(x,QI)Ws(M/)deldul+
n=0 —-1J0

1 21
/ / Yoij(z, 9’)W;(M’)de’d4 + Gij(x, 1, 0)
—-1J0

Multiplying equation (5.8) by W< , m = 0., ..., N and integrating over the interval [—1,1],
results:

N

afyvaiaj ' o e

S | T [ iy
1

(59) Fo¥os(o) [ W)W )| =

-1

ias{/% Yooi(a, 0 dQ’/ W YW (s )du}

1
| Gustan oW

1
Similarly, multiplying equation (5.8) by W ,m = 0., ..., N and integrating yields:

S [W"”’f @) [ WV ()W )y

ox”

n=0

1

1
N o 1 ) ) )
S o, [ | zusste.nan [ wetd et W] ¥
n=0 0 -1
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1
[ Gt W2
-1
The integrals appearing in equations (5.9) and (5.10) are known and are given [6] as

1 1 ) . 1
(5.11) Dun = 5 / pW3 ()W (n)dp = / W (4 mod 2(14)
—1 0
or
1/2 ifn=m
(5.12) Dy =< —27*+2) Jif (n 4+ m)mod 2 = 2*, k natural
0 at another case

where the notation (n 4+ m) mod 2 denotes the mod 2 sum of the binary digits n and m [8] we
obtain an algebraic linear system of equations

N
ZDanmj(xQ (0 — 0 Z
n=0

n=0

1
(5.13) / G, 1, )W, (1 du+anme(x 0)

1 n=0

N
( J—
ZDWY;” (€,0) + (01— 03) Y Zpj(x,0) =

1

1 N
(5.14) / G2, 1, )W (1)dpn 4+ Dy (. 0)
- n=0

6. SPECIFIC APPLICATION OF THE METHOD

Consider now the discrete ordinates (Sy) approximation of the equation (.8) for m =
1., M
(6.1)

M
e CAY )+ 01V (T s ) = D W s (T, fhygs ) + Gy (T 1, D)

n=1

where 0 < v < 1.

Theorem 6.1. Consider the integro-differential equation , then the function ¥V, g(x, 11, 0)
satisfy the following differential equation

W,
Aka b

+ D W, =B

Proof. expand ¥, s(x, t,,, ¢,,) in a truncated series of Walsh functions i.e.

(6.2) Vo s (2, s by) ch (thyns G) Wi ()

where

1
Cilltyn, ) = / o (i . 6) Wi ()
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http://ajmaa.org

10 ABDELOUHAB KADEM

Inserting the equation (6.2)) in equation (6.I)) to get

o X K

M K
(6.3) = wn > Cilptn, ) Wi(2) + G, (2, 1, 6)
k=0

n=1
with
Ga,f} (ZL‘, s Qbm) = SQ,B (IL‘, s ¢m) —Vv1- MQ

I K
(6.4) x cos > AT Crlity, 6 Wil(z) +

a=i+1 k=0

ino 3 Bﬁzok fons G W)

B=j+1
then the matrix form of the equation (6.3)) ylelds the following differential equation
W,
(6.5) A" + D W, = B
ox
where
K
(6.6) Ak = 1 > Cilttn, 610)
k=0

M
6.7 Di=Y_ Ciltty, by, lat an+ 1— 2[cosgb 3 AL +sing Z B’
K=0

a=i+1 B=j+1
and
(6.8) B =S, (2t Pm)
the solution of differential equation for the vector W, is thus constructed as follows [23]
(6.9) Wi(z) = e P*W,(0) — / ex AT PO AT B(¢)de
0

equation depend on vector 1} (0). Having established an analytical formulation for the ex-
ponential appearing in equation (6.9), the unknown components of vector W (0) for the bound-
ary problem (4.1)) can be readily obtained applying the boundary conditions (#.2), #.3) and
4.

An analytical formulation for the exponential of matrix D, appearing in equation (6.9), is
given by [25]]

) Ery
—A-'Dz _ _B-1 1k xr
et = Y AP Ty

Moreover, it is easy to see that the function e’ A™'D gatisfies the following properties [23]]:

() If || A'D ||= max;; | A;;D;; |, where A; ; and D; ; are the components of matrix A
and D respectively then

21 o _ L(k1)y—1
e P 1l < 22 T AT'DIF ey (= > 0),

.. - - A1 z
(if) e Pesir # e PO (3 £ 1),
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(iii) DVet "PT = (A7ID)est P2,
where A, D, K € M, (R) and~y € (0,1]. n

7. CONCLUSION

We have discussed a Walsh function for solving the fractional transport equation in three-
dimensional case this method represent very interesting new ideas for studying the convergence
of many numerical methods and can be extended easily to general linear transport problems
should be general enough to consider higher spatial dimensions in a way similar to that pre-
sented in this paper, although we have not investigated this idea thoroughly. We will be con-
sidering more complicated geometries in future studies, during which we will ascertain this
method’s usefulness for larger spatial dimensional problems. In this context we expect to deter-
mine the unknown order of the fractional derivative comparing the kernel of the integral equa-
tion with the one of the Riemann-Liouville definition of fractional derivative. Our attention is
focus in this direction.

REFERENCES

[1] M. ASADZADEH and A. KADEM, Chebyshev Spectral-Sx Method for the Neutron Transport
Equation, Computers and Mathematics with Applications, v. 52, Issues 3-4 (2006), pp. 509-524.

[2] L. B. BARICHELLO and M. T. VILHENA, A General Approach to One Group One Dimensional
Transport Equation, Kernteknic, V. 58, (1993), pp. 182.

[3] R. C. BARROS and E. W. LARSEN, Transport Theory and Statistical Physics, V. 20 (1991), pp.
441.

[4] R.C.BARROS and E. W. LARSEN, A Numerical Method for One-Group Slab Geometry Discrete
Ordinate Problem Without Spatial Truncation Error, Nuclear Science Engineering, V. 104, (1990),
pp 199.

[5] C. CANUTO, M. Y. HUSSAINI, A. QUARTERONI, and T. A. ZANG, Spectral Methods in Fluid
Mechanics, 1988, Springer, New York.

[6] A. V. CARDONA and M. T. VILHENA, A Solution of Linear Transport Equation using Walsh
Function and Laplace Transform, Annals of Nuclear Energy, V. 21 (1994), pp. 495-505.

[7] S. CHANDRASEKHAR, Radiative Transfer, Dover, New York, (1960).

[8] M. S. CORRINGTON, Solution of Differential and Integral Equations with Walsh Functions, I[EEE
Transactions of Circuit Theory, v. 20(5) (1973), pp. 470-476.

[9] C. F. CHEN and C. H. HSIAO, A Walsh series direct method for solving variational problems, J.
Franklin Inst., 300(4) (1975), pp. 265-280.

[10] J. J. DUDERSTADT and W. R. MARTIN, Transport Theory, John Wiley and Sons, New York
(1975).

[11] N.J. FINE, On the Walsh Functions. Trans. Amer. Math. Soc., 65 (1949).

[12] D. GOTTLIEB and S. A. ORSZAG, Numerical Analysis of Spectral Method: Theory and Appli-
cation, SIAM, (1977).

[13] A.HAAR, Zur Theorie der orthogonalen Funktionen systeme, Math. Ann., 69 (1970), pp. 331-371.

[14] E. E. LEWIS and W. F. MILLER JR., Computational Methods of Neutron Transport, John Wiley
& Sons, New York, (1984).

[15] R. E. A. C. PALEY, A remarkable series of orthogonal functions (I & II), London Math. Soc., 34
(1932).

AJMAA, Vol. 9, No. 1, Art. 4, pp. 1-12, 2012 AJMAA


http://ajmaa.org

12

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

ABDELOUHAB KADEM

A. KADEM, Solving the one-dimensional neutron transport equation using Chebyshev polynomi-
als and the Sumudu transform, Analele Universitatii din Oradea, Fascicola Matematica, Vol. XII,
(2005), pp. 153-171.

A. KADEM, Analytical Solutions for the Neutron Transport Using the Spectral Methods, Interna-
tional Journal of Mathematics and Mathematical Sciences, (2006) pp. 1-11.

A. KADEM, New Developments in the Discrete Ordinates Approximation for Three Dimensional
Transport Equation, Analele Universitatii din Oradea, Fascicola Matematica", Vol. XIII (2006),
pp. 195-214.

A. KADEM, Solution of the Three-Dimensional Transport Equation Using the Spectral Methods,
The International Journal of Systems and Cybernetics, Vol. 36(2) (2007), pp. 236-252.

A. TAMRABET and A. KADEM, A combined Walsh function and Sumudu transform for solving
the two-dimensional neutron transport equation, International Journal of Mathematical Analysis,
V. 19 (2007), pp. 409-421.

A. KADEM, Chebyshev spectral method for the fractional radiative transfer equation, Submitted.

Y. LUCHKO, and R. GORENFLO, An operational method for solving fractional differential equa-
tion with the Caputo derivatives, Acta Math. Vietnamica, 24(2) (1999), pp. 207-233.

G. SAMKO, A. A. KILBAS and O. I. MARICHEYV, Fractional Integrals and Derivatives: Theory
and Applications, Gordon and Breach, Yverdon, (1993).

T. J. SEED and R. W. ALBRECHT, Application of Walsh functions to Neutron Transport Problems
- I. Theory, Nucl. Science and Engineering, 60 (1976), pp. 337-345.

B. BONILLA, M. RIVERO and J. J. TRUJILLO, On systems of linear fractional differential equa-
tions with constant coefficients, Applied Mathematics and Computation, V. 187(1) (2007), pp. 68-
87.

A. A. KILBAS, H. M. SRIVASTAVA, and J. J. TRUJILLO, Theory and Applications of Fractional
Differential Equations, North-Holland Mathematics Studies, V. 204 (2006).

Z. TRZASKA, An efficient Algorithm for Partial Expansion of the Linear Matrix Pencil Inverse, J.
of the Franklin Institute, 324 (1987), pp. 465-477.

M. T. VILHENA A New Analytical Approach to Solve the Neutron Transport Equation, Kerntech-
nik, 56 (1991), pp 334.

P. WOJTASZCZYK, A Mathematical Introduction to Wavelets, Cambridge University Press, 1997.

AJMAA, Vol. 9, No. 1, Art. 4, pp. 1-12, 2012 AJMAA


http://ajmaa.org

	1. Introduction
	2. Walsh Function
	3. Preliminaries
	4. The Three-Dimensional Spectral Solution
	5. Analysis
	6. Specific Application of the Method
	7. Conclusion
	References

