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ABSTRACT. In this paper we establish scales of sufficient conditions for the boundedness of
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1. INTRODUCTION

In [11], Sinnamon considered the weighted gradient inequality

1/p

an [ wrwa) el [ pvimpwel” o e

for1 < p < ooand 0 < ¢ < oo, which is equivalent to

1/p

12 { nr@fm)\qu(x)da:}l/qgc{ [ \rPoeas}

forall f € C§°(R™). Here Q f(z) = [, f(«t)dt/t is a solution to the equation z - V(Q f)(z) +
f(z) = 0for f € Cg°(R™). Necessary and sufficient conditions for (I.2)) to hold for 0 < ¢ <
p < oo, p > 1, were given in [[11, Theorem 3.2 & Theorem 3.3]. Moreover, Sinnamon also
proved that if 1 < p < ¢ < 0o, n > 1, and the weight v is locally integrable on R", then (1.2))
holds only if u = 0 almost everywhere. If p, ¢ > 1, then (1.2)) holds for all measurable functions
f if and only if

(13) { IPF(@) P v(a)'™ p*dx}l/p* o{ [ 1@ utey- d}/

where Pf(z fo t" 1 f(xt)dt and 1/p + 1/p* = 1, 1/q + 1/¢* = 1. The operator P is a
special case of Hardy’s averaging operator H, defined as

(1.4) Hof () = / K(E) f (at)dt,

where k : (0,1) — [0, 00) is a measurable function. Xiao [15] proved that Hy is bounded on
L,(R™), 1 < p < o0, if and only if fol k(t)t~™/Pdt is finite. The operator norm of Hj, was also
given.

In this paper, we consider the weighted inequality

(1.5) { / <ka<x>>w<x>dx}”q < o{ / f(x)”v(x)dfv}l/p

for0 < ¢ < p < oo, p > 1, and u, v are measurable functions which are positive and finite
almost everywhere on F. Here E is a spherical cone in R” and f € L; »» Which are defined
below. In the case k(t) = t""! and E = R", Hyf(x) can be reduced to P f(z) and necessary
and sufficient conditions on u, v for to hold for all f € L}, can be obtained by the results
given in [11]. On the other hand, the one-dimensional case of was studied by many authors.
See [21, [31, [6], [7), (8], [O], [10], [12], and [13] for k(t) = 1. In the case k(t) = (1 —t)*~1,
see [I] for0 <a<1/pand1 <p <qg=p/(1l —ap),and[5]fora > 1land1 <p < ¢ < .
Actually in [S], inequality (I.5])) was investigated for more general & that is nonincreasing and
satisfies k(ab) < D(k(a) + k(b)) for 0 < a,b < 1. For some more generalizations of these
results see [4], [[14], and the references given there.

The purpose of this paper is applying the methods given in [11, Theorem 3.2 & Theorem
3.3] to obtain scales of sufficient conditions on u, v so that (I.3)) holds for all f € L} with a
finite constant C' independent of f. The estimation of C' is also given. As an application, the
operator

1
Jonf () = /0 (1 —to)e 1omto=1 f(zt)dt, o > 0and o > 0,

which is called the Erdélyi-Kober operator in the one-dimensional case, is also discussed.
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We say that E is a spherical cone in R" if each x € E can be written in the form x = o for
some 0 < ¢ < oo and some o € B, where B is a given measurable subset of the unit sphere in
R™. We assume that all functions involved in this paper are measurable on their domains. We
write f € Lf,, 1 < p < oo, provided that f is nonnegative on E and [, f(x)Pv(x)dz < oo.
For 0 < z < oo, we define z* by 1/z + 1/z* = 1. We also take 0° = oo’ = 1 and co/00 =
0/0=0-00=0.

2. MAIN RESULT

Let0 < ¢ < p < oo and p > 1. By the results given in [I1] we see that (I.5) holds for
k(t) =t"! and F = R™ if and only if A < oo, where

1 . 1/p* S 1/p
2.1 A= sup ( / v(zt)' P t”%lt) ( / u(:ct)t”"pldt)
z€R™ 0 1

for p = q and

B . e a(p-1)/(p—q)
(2.2) A = Jan | Sy v(at) Pt dt
a/(p—q) (r—a)/(pa)
(fl (wt)tn—na— 1dt) u(:z:)d:c}

for p > ¢q. Now for 1 < s < p,and 6 € R we define A%{ as follows:

1 . (s=1)/p ) 1/p
(2.3) A% = sup (/ (50T (at)) 0 dt) (/ t_5+"_1u(xt)dt>
0 1

zelR

for p = ¢ and

q(s—=1)/(p—q)
@4 AG = { Ji ( fol(t55+”1v(xt))1s*dt)

a/(p—q) (r—a)/ (pa)
X (floo t5q/p+"1u(xt)dt> u(x)d:p}

for p > ¢. If E = R™ and we choose s = p and § = np, then A?{ can be reduced to A defined
by @2.1) — (2.2)). In the one-dimensional case n = 1 and E = (0, c0), A" can be reduced to the
well-known Muckenhoupt conditions by choosing s = § = p. See [2]], [7], [12]], and [13]]. The
following is our main theorem.

Theorem 2.1. Let 0 < ¢ < p < occandp > 1. Let k : (0,1) — (0,00). Suppose that there
exist1 < s < pandd € R such that K,5 < oo, where

© {fk‘ p/ps(s5)/psdt}P3P, if 1 <s<np,
s6 — ;
SUDg<t<1 k( )tl 6/p= if s=p

If A% < oo, then (L) holds for all f € L} and the best constant C satisfies

2.5)

D (r—a)/(pq)
(2.6) C< (_) Sl/p(s*)(sfl)/sz(SAgg'
p—q

Proof. Let h®* = fP. For § € R, we have

1 1 s/p
H,f(z) = / k(t)t“5)/%(5S)/ph(:ct)s/pdths5< / t5/31h(:vt)dt)
0 0
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and hence

sq/p
H, )dr < K% o/s=1p( d) d
[E< o (@) u(e)de < /E(/t ot)dt) ()
[e'e) 5q/p
=K / / ( / /57 h(Eot) dt) u(éo)E" N dedo
B JO
[e’e) 5q/p
:Kga// (/ 25/S_lh(z0)dz) u(Eo)E0UPT e do.
B JO 0

Let (&) = u(€0)E VP~ 5(2) = 25=9t71y(20), and define
Dy(0) = S“Py>o(f a(€)de) s ( fo ) ifp =g,
s {fo fy £)d¢) Y/ (P=a) fyd)\ 5= 1/(p Dy )dy}p /9 ifp > g,

where d\ = ©(2)7*"dz. It is well-known that D.s(0) < oo is a necessary and sufficient
condition for

(2.7) {/OOO (/:g(z)dz) sq/pa(g)dg}p/(sq) < (J{/Ooo g(z)s@(z)dz}l/s

to hold for all nonnegative function g and

D (p—q)/(sq) .
C< <—> 31/5(3*)1/5 Dgs(0).
pP—dq

Here {p/(p — q)}P~9/(s9) is taken to be 1 when p = ¢. See [12]] and [13]]. This implies

1/q » (p—q)/(pq)
{/(ka(x))qu(x)dw} < (—) sl/p(s*)(s_l)/szgll/q,
E b—q

0 a/p
I= / Dys(0)%/P </ h(za)sv(za)z”_ldz) do.
B 0
If p = q, then

I< (sustg )// (z0)*v(z0)2" 'dzdo = (AR)P /f VPo(z)dx.
o€EB

On the other hand, if 0 < ¢ < p < co and p > 1, then by Holder’s inequality we have

(r—a)/ q/p
1< {/ Dgs sq/p qda} {// (zo)*v(zo)z"" 1dzda}
= (A%) {/f Pu(x d:c}

This completes the proof. 1

where

In the case k(t) = t"~!, we choose s = p and § = np. Then K, 5 = 1 and Agg can be reduced
to A defined by (2.1) — (2.2). Therefore we obtain the sufficient part of Sinnamon’s results in
[LL1].

As an application, we consider the case k(t) = (1 — t°)* 1¢7""°~! where ¢ > 0 and « > 0.
In this case, Hy f () can be reduced to

1
Jo fx) = /0 (1 — o) homto=L £ (xt)dt.
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In the one-dimensional case, the operator .J, is called the Erdélyi-Kober operator. If 0 < ¢ <
p < oo, p > 1, and @ > 1/p, then by choosing s and § so that 1 < s < min(ap,p) and
§ < (n+ 1)op, we have K;5 < oo. Therefore A% < oo is a sufficient condition for the
boundedness of J, from L, to L} .
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