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1. INTRODUCTION

By an n-tuple of operators we mean a finite sequence of length n of commuting continuous
linear operators on a Banach space X.

Definition 1.1. Let 7 = (7}, T, ..., T,,) be an n-tuple of operators acting on an infinite dimen-
sional Banach space X. We will let

F={T\"T," T,k >0i=1,.,n}
be the semigroup generated by 7. For = € X, the orbit of = under the tuple 7T is the set
Orb(T,z) ={Sx: S € F}.

A vector z is called a hypercyclic vector for 7 if Orb(T, x) is dense in X and in this case the
tuple 7 is called hypercyclic. The set of all hypercyclic vectors of T is denoted by HC(T).

Also, for all £ > 2, by 7;(k) we will refer to the set of all k£ copies of an element of F, i.e.

TV ={S@..®8: S =..=8¢€F}h

" is hypercyclic provided there exist z1, ...,z € X such that

Wi ®...dx): WeTH)
is dense in the &k copies of X, X & ... ® X.

We say that 7;(

Note that if 71,75, ...,T;, are commutative bounded linear operators on a Banach space X,
and {m;(7)},, is a sequence of natural numbers for i = 1, ..., n, then we say

{Tlmj(l)szj(Q)‘“Tnmj(n) . § >0}
is hypercyclic if there exists € X such that

{Tym Wy @ 7 mim g >0}
is dense in X.

Definition 1.2. We say that a tuple 7 = (73,15, ..., T,,) is topologically transitive with respect
to a tuple of nonnegative integer sequences

(ki ti ki@ i - AR 1)
if for every nonempty open subsets U, V' of X there exists jo € N such that

TP @ et 1y Ay £,

Also, we say that an n-tuple 7 is topologically transitive if it is topologically transitive with
respect an n-tuple of nonnegative integer sequences. Similarly, We say that 7;(2) is topologically
transitive provided for any given nonempty open sets Uy, V7, Uy, V5 in X, there exist two positive
integers m;, ¢ = 1, ..., n, such that

Ty T (U) NV # 0
and

T Ty T (Ug) NV # 0.

Definition 1.3. Let 7 = (7}, T3, ...,T,,) be a tuple of bounded linear operators acting on a
separable infinite dimensional Banach space X. Then, z € X is called a periodic point of 7 if
there exists a tuple (mq, mo, ..., m,) of nonnegative integers such that

M. T = x.
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Definition 1.4. Let 7 = (11,75, ...,7,,) be a tuple of continuous linear operators acting on a
separable infinite dimensional Banach space X. A point x € X is said almost periodic for 7T if
Orb(T, ) is precompact.

Definition 1.5. Let 7 = (71,75, ...,7,,) be a tuple of continuous linear operators acting on a
separable infinite dimensional Banach space X . We say that 7 is chaotic if it is hypercyclic and
admits a dense set of periodic points. Also, we say that 7 is para-chaotic if 7 contains a dense
set of periodic points and for any positive integers j1, Jo, ..., Jn, the sequence

(T T T s M =0,1, ..}
is hypercyclic.

A nice criterion namely the Hypercyclicity Criterion was developed independently by Kitai
[[15], Gethner and Shapiro [12]. This criterion has used to show that hypercyclic operators arise
within the class of composition operators [6], weighted shifts [18], adjoints of multiplication
operators [7]], and adjoints of subnormal and hyponormal operators [3)], and hereditarily opera-
tors [4]], and topologically mixing operators [8]. The formulation of the Hypercyclicty Criterion
for a pair of operators was given by N. S. Feldman [11]. Here, we want to extend some prop-
erties of hypercyclic operators to a tuple of commuting operators. For some topics we refer to
[]-[29].

2. MAIN RESULTS

In this section we characterize the relation between the Hypercyclicity Criterion and a chaotic
tuple.

Lemma 2.1. Let T = (11,15, ...,T,,) be a tuple of continuous operators acting on a separable
infinite dimensional Banach space X. Then T is topologically transitive if and only if it is
hypercyclic.

Proof. Let T be topologically transitive and fix an enumeration {B,, : n € N} of the open balls
in X with rational radii, and centers in a countable dense subset of X. By the continuity of the
operators 1;, © = 1, ..., n, the sets

G = T, O By k(i) > 0; i =1, .0}

n

are open. Clearly, HC(T) is equal to ({G; : j € N}. Now, let IV be an arbitrary nonempty
open set in X. Then, for all m € Nand i = 1, ..., n, there exist k,,(¢) in N such that

T Mm@ Tk (WY A B,, # 0,

which implies that W N G,,, # 0 for all m. Thus each G,, is dense and so HC(T) is also
dense in X. In particular, HC(T) is nonempty and so 7 is hypercyclic. Conversely, let 7
be hypercyclic and (U, V') be a pair of nonempty open subsets of X. Let z € HC(T). Since
Orb(T,x) C HC(T), thus HC(T) is dense and so the sets U N HC(T ) and V N HC(T) are
nonempty. Choose x € UN HC(T)andy € VN HC(T). Since V N Orb(T, x) is nonempty,
thus there there exists a tuple my, mo, ..., m,, of integers such that

L™ T, (x) e VA HCO(T),
and so

T T,™(U)NV £,

Thus 7 is topologically transitive. This completes the proof. B

Note that, 7 is said to satisfy the Hypercyclicity Criterion if it satisfies the hypothesis of the
following theorem.
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Theorem 2.2. (Hypercyclicity Criterion for tuples) Suppose that X is a separable infinite di-
mensional Banach space and T = (11,15, ...,T,) be the n-tuple of operators Ty, T, ..., T,
acting on X. If there exist two dense subsets Y and Z in X, and strictly increasing sequences
{mju}j fori=1,...,n such that :

LT 19y = 0forally € Y

2. There exist a sequence of functions {S; : Z — X} such that for every z € Z, Sjz — 0, and
Trj(l)...Ténj(msz — 2z,

then T is a hypercyclic tuple.

Proof. Let U and V' be two nonempty open sets in X and choose y € Y NU and z € ZNV.
Define x; = y + S;z. Then z; — y and we have

T (1) LT J(") _ T ‘Tg’"bﬂn)y + T{”j(l)mT:l”j(n) sz
which tends to z as j — oo. Thus for large j, we have z; € U and
T, T M € V.
Hence we get
T T U) NV £

and so 7 is topologically transitive. Thus by Lemma 2.1} 7 is a hypercyclic tuple. This com-
pletes the proof. &

Proposition 2.3. Let T = (13,15, ..., T,,) be a tuple of bounded linear operators acting on a
separable infinite dimensional Banach space X and HC(T) # (). If there exists a dense set of
almost periodic points for T, then T satisfies the Hypercyclicity Criterion.

Proof. Denote the dense subset of almost periodic points of 7 by D. Let x € HC(T) and
define U, = B(0,1/k) and V}, = B(x,1/k). Since T is hypercyclic, thus there exists a tuple

I} AmP}, s Am,)

of integer sequences such that

D@ ()
T Ty T (U) N Vi # 0.

Since HC(7) = X and

e
Tl k T k ...Tn k (Vk) ﬂ Uk; % @7

thus there exists a hypercyclic vector u;, such that u; — 0 and

D m@
T T T () € Vi

for all k. Also, note that since D = X, thus D N B(x,1/2k) # (. Now choose y € D N
B(x,1/2k). Since Orb(T,y) is precompact, there exist a tuple of subsequences

{mi)}, AmY, e A,

of the tuple of sequences

({mk }k’{mk)}k7 - {mk } ),
and yo € X, kg € N such that
m® @ ™
171, T () - woll < 1/2k

for all j > k.
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But, Orb(T, x) is dense in X, thus there exists a tuple of integers (mgl), m((f), o mé”)) such
that
mD () (n)
|17 Ty ° .10 (x) 4+ yol| < 1/2k.

n

Note that
(1) (2) (n)
T Ty T uy —

thus we can choose a tuple of large enough integers
1) 2 n 1 2 n)
(mie) 2oy € (fmi)}, A2, i),

with jy > kg such that

(1) (2) n
Juw, || < /KT T3 T

)7

and
1) (2) (n)
mlD m® ml(cjo e T
||T1 T2 ...Tn 0 Tl T2 ...Tn uk]o + yOH S 1/2k.
Set
(1) (2) (n)
_ Mo Mg m
w=y+T° Ty° T g,
Thus,

(1) (2) (n)
lw =zl < fly —al| + |17 T T g, || < 1/k
and so, w € V). Therefore, we have
S () (n) &S, (n) eS) (n)

mkjo mkjo mkjo mkjo mkjo mkjo mkjo mél) m(n)
T, T, 0Ty wl| = T 0T Py Ty LT T LT |
m}(é) m}(:;)
< Ty T " (y) — woll
my!) m{") D )
T T T T )+ ol
< 1/2k +1/2k =1/k.
So
w®  m®
Tl 7o T2 70 ...Tn 70 w E Uk;.
Thus we get

m®  m® ™

T, °T, .. T, °(Vi)NU, # 0
and this completes the proof.

Corollary 2.4. Let T = (13,15, ...,T,,) be a tuple of bounded linear operators acting on a

separable infinite dimensional Banach space X. Then 7;(2) is hypercyclic if and only if for given
four nonempty open subsets Uy, Uy, Vi, Vs of X, there exists a tuple of integers (my, ma, ..., my,)
such that the sets T{" 175" ..T)"(Uy) N Vi and T{™ T3 ... T (Uy) N Va are nonempty.

Theorem 2.5. Let T = (11,1, ...,T,) be a tuple of continuous linear operators acting on a

separable infinite dimensional Banach space X. If T is para-chaotic, then 7;(2) is topologically
transitive.
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Proof. To show that 7;(2) is topologically transitive, consider the nonempty open sets Uy, Us, V3
and V5 in X. Since 7 is hypercyclic, by Lemma there exists a tuple (my, ma, ..., m,) of
integers large enough such that

Ty T (U) NV # 0.
So,

T, Ty ™. T (Vi) N Uy

is a nonempty open set, and since 7 contains a dense set of periodic points, thus there exists a
periodic point u; € U; such that

mimse M,

Tl T2 ...Tn ul E ‘/i
and

Tf’lTQPQ...Tﬁ"ul = U1

for some p1, ..., p, € N.
On the otherhand, since

(T2 T i =0,1,...}
is hypercyclic, thus there exists 7 € N such that
T Ty TP (U) NIy ™ Ty ™2 T, (Va) # 0.
Define r; = m; +ip; for j = 1,...,n, then
TPy, T (Uy) N Vy = Tyt tve | prntivn (17,) 0V,
is nonempty, since
TPV TP (Uy) N T ™ Ty ™. T ™ (Vy)
is nonempty. Also, since
Ty Truy = Ty Ty T TP Ty T,
= T/ Ty € W,
thus
T 5210 (Uy) NV # 0.
This completes the proof. 1
Theorem 2.6. Let T = (11,15, ..., T,,) be a tuple of continuous linear operators acting on
a separable infinite dimensional Banach space X. If T is para-chaotic, then T satisfies the
Hypercyclicity Criterion.
Proof. By Theorem 7;(2) is topologically transitive. This implies that 7 satisfies the Hy-

percyclicity Criterion. Indeed, let x & y be a hypercyclic vector for 7;(2). In particular, x and
y are hypercyclic for 7. Thus for all tuple of nonnegative integers (mq, mo, ..., m,,), the vector
Ty 15", Ty is hypercyclic for 7 and so

(x, Ty T3 T y)

is a hypercyclic vector for 7;(2). This implies that for all nonempty open subset U of X, there is
u € U such that (z,u) is a hypercyclic vector for ’7:1(2). Fix now {Uj }x>1 a decreasing 0-basis
in X. Proceeding by induction we find u;, € Uy, for all £ € N, and increasing sequences {m,(j) He
(¢ =1, ...,n) of natural numbers satisfying

n @)
ET LT e Uy

m

T,
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and
Y CD I C I ()
Tl k T2 LT R u, € x+ U
for all k € N. Let X, = Orb(T, z) which is dense in X. Then we have that
@D @)
T T T8 2 — 0

and so
mD @)
Wr T, It v—0
for all v € X. Define
Sp(TyM I Tme) = T2 Ty,
for all m;, « = 1,...,n, and all £ in N. Then Syv — O for all v € X,. Finally, given
m&” mi?, . mi e N, we get

(n) ) m)

eN (n) 1 1)
m m m m
T T ST T ) = T T (T}

. D@ () '
whichtendsto 77, ° T, ° .. T, ° x as k — oo, so the proof is complete.

(n)
My,

...Tn uk)
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