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2 VASILE CIRTOAJE, YUANZHE ZHOU

1. INTRODUCTION

Consider the fourth degree cyclic homogeneous polynomial

(1.1) fa(z,y,2) = Zw4 + AZnyQ + Bxysz + C’Zx3y + Dngf,

where A, B, C, D are real constants, and »  denotes a cyclic sum over x, y and z.

The following theorem expresses the necessary and sufficient condition that the inequality
fa(z,y,2) > 0 holds for any real numbers x,y, z in the particular case when f4(1,1,1) = 0
(see [3]] and [4]):

Theorem 1.1. If
1+ A4+ B+C+D=0,

then the cyclic inequality fy(x,y, z) > 0 holds for all real numbers x, vy, z if and only if
3(14+A4)>C*+CD + D

The corollary below gives only sufficient conditions to have fy(x,y,z) > 0 for any real
numbers x, ¥y, z (see [3]):

Corollary 1.2. If
1+A+B+C+D>0

and
20+ A4)>B+C+D+C*+CD+ D?
then the cyclic inequality f4(x,y,z) > 0 holds for all real numbers x, vy, z.
In this paper, we generalize the results in Theorem |1.1|to the case where
1+A+B+C+D >0,

which is equivalent to the necessary condition f4(1,1,1) > 0.

2. MAIN RESULTS

We establish two theorems which give necessary and sufficient conditions to have

f4(x7ya Z) > 0

for any real numbers z, y, z, where f(z, y, z) is a fourth degree cyclic homogeneous polynomial
having the form (1.1)).

Theorem 2.1. The inequality
f4(I7 Y, Z) Z 0
holds for all real numbers x, vy, z if and only if

fit +kk+1kt+1) >0
for all real t, where k € [0, 1] is a root of the polynomial
fk)y=(C—-D)k*+(2A—~B—-C+2D —4)k* - (2A—-B+2C -~ D —4)k+C — D.

Remark 2.1. For C' = D, the polynomial f(k) has the roots 0 and 1, while for C' # D, f(k)
has three real roots, but only one in [0, 1]. To prove this assertion, we see that f(0) = —f(1) =
C —D.IfC > D, then

f(=00) = —00, f(0)>0, f(1) <0, f(oo)= o0,
and if C' < D, then

f(=o0) =00, f(0)<0, f(1)>0, f(c0)=—c0.
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From the proof of Theorem 2.1 we get immediately the equality cases of the inequality
f4($7 Y, Z) > 0.

Proposition 2.2. The inequality fi(x,y,z) > 0 in Theorembecomes an equality if
r Yy oz
t+k k+1 kt+1
(or any cyclic permutation), where k € (0, 1] is a root of the equation
(C—DEk*+2A-B—-C+2D—-4)k* - (2A—-B+20-D-4)k+C—-D=0
andt € R is a root of the equation
falt+Ekk+1,kt+1)=0.

Theorem 2.3. The inequality
f4 (.I', Y, Z) >0
holds for all real numbers x, vy, z if and only if g4(t) > 0 for all t > 0, where

9(t)=32+A—-C—-D)t' —Ft* +34—-B+C+D)t*+1+A+B+C+D,
F=+27(C -D)?2+E? E=8-4A+2B—-C—D.
Remark 2.2. In the special case f4(1,1,1) = 0, when
1+4A+B+C+D=0,
from Theorem [2.3| we get Theorem|I.1] The condition g4(¢) > 0 in Theorem 2.3|becomes
2+A—-C—D)t"+(5+A+20+2D)t* > /(2—-24A—-C — D)2 +3(C — D)2 13,
and it holds for all ¢ > 0 if and only if
24 A—C—D>0,
5+A+2C+2D) >0,
2/(2+A—-C—-D)5+A+20+2D)>+/(2—2A—-C — D)2 +3(C — D)2
The last inequality is equivalent to
3(1+A4)>C*+ D*+CD,

which involves

D)? D
2+A—C—D21—(C+D)+(CJ; ) —03
(C+D)? (C+ D)? C+ D\’
> _ J— = —_ >
>1—-(C+ D)+ 3 15 1 5 >0
and
D)? D
5+A+2G+2D24+2(C+D)+(Oz ) —03
D)2 D)? D\’
z4+2(0+D)+(C+3 ) —(C; ) :(2+O; ) > 0.

Thus, we obtained the necessary and sufficient condition in Theorem[I.1] namely
31+ A4)>C*+CD + D>

The following proposition gives the equality cases of the inequality f,(z,y, z) > 0 for F' = 0.
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Proposition 2.4. For F' = 0, assume that the inequality fy(x,y,z) > 0in Theorembecomes
an equality for at least a real triple (x,y, z) # (0,0,0). Then, the inequality fi(x,y,z) > 0 in
Theorem[2.3| has the following three possible forms:

(x+y+2)?*+y*+ 22 +k(vy +yz+22)] >0, ke[-1,2],
or
[2® +y* + 22 + k(zy +yz + 22)]* > 0, k€ (-1,2),
or
(2 + 2+ 22 —ay —yz —zx)[2? + P+ 22+ k(ry +yz +22)] >0, ke [-1,2).
The following proposition gives the equality cases of the inequality f(z,y, z) > 0 for F' > 0.

Proposition 2.5. For ' > 0, the inequality fiy(x,y,z) > 0in Theorembecomes an equality
if and only if x,y, z satisfy
(C=D)z+y+2)(z—y)ly—2)(z—2)=0

and are proportional to the roots wy, wo and w3 of the polynomial equation
2F
w3—3w2+3(1—a2)w+?a3+3a2—1:(),
where o is any double nonnegative real root of the polynomial q4(t).

Remark 2.3. The polynomial
2F
fw) =w® — 3w® + 3(1 — a*)w + 7043 +3a* — 1

in Proposition has three real roots for any given o > 0. This is true if f(w}) > 0 and
f(wh) <0, where w] =1 —«a and w) = 1+ « are the roots of the derivative f’'(w). Indeed, we
have

Fw)) =2 (1 ¥ %) 0t >0,
flwh) = —2 <1 - %) o’ <0.

Thus, for F' > 0, the number of distinct non-zero triples (z, y, z) which satisfy fy(z,y,2) =0
is equal to the number of distinct nonnegative roots of the polynomial g4(¢). Since this number
is less than or equal to 2, the equality f4(z,y,z) = 0 holds for x = y = z = 0 and for at most
two distinct triples (z, y, 2).

In the special case f4(1,1,1) = 0, when 1 + A+ B + C + D = 0, from Theorem
and Remark [2.2] it follows that 3(1 + A) = C? + C'D + D? is a necessary condition to have
fa(z,y,z) > 0 for all real x, y, z, with equality for at least a real triple (x,y, z) with  # y or
y # z or z # x. Thus, by Proposition [2.5|we get the following corollary.

Corollary 2.6. Let fi(x,y,z) be a fourth degree cyclic homogeneous polynomial such that
f1(1,1,1) = 0 and fy(x,y,z) > 0 for all real numbers x,y, z. Let us denote

E=12-3(C+D)—2(C*+CD+ D?, F=+/27(C —D)?+ E?,
_ [3(C+D+4)+(C - D)?
~\/3(C+D—2)2+(C—D)?*

For F > 0, the inequality fi(x,y,z) > 0 becomes an equality when x = y = z, and also when
x, Y, 2 satisfy

(C=D)(x+y+2)(z—-y)ly—2)(z-2)=>0
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and are proportional to the roots w1, wo and w3 of the polynomial equation
2F
w3—3w2+3(1—a2)w+?a3+30z2—120.

A new special case is the one in which C' = D, when the homogeneous polynomial fy(z,y, z)
is symmetric. Since
F=|E|=2/4-2A+B-C|,
the polynomial
2F
f(w) =w® — 3w® + 3(1 — o*)w + 7043 +3a* -1

in Proposition [2.5|becomes either

fw) =w* = 3w? +3(1 —a®)w+2a* +3a* — 1 = (w — a — 1)*(w + 2a — 1),
or

fw) =w® = 3w? 4+ 3(1 — a®)w — 2a® +30* — 1 = (w + a — 1)*(w — 2o — 1).
In both cases, two of the real roots wy, wo and w3 are equal. Setting y = z = 1, the equation
fa(z,y, z) = 0 becomes

7' +202° + (2A+ B)2* +2(B+C)v + A+2C +2 = 0.

So, the following corollary holds.
Corollary 2.7. Let
fle.2) = Yot + A 0% + By Y0+ O Y au(a? + )

be a fourth degree symmetric homogeneous polynomial such that 4 — 2A + B — C # 0 and
fa(z,y, z) > 0 for all real numbers x,y, z. The inequality f,(z,y,z) > 0 becomes an equality
when x/w =y = z (or any cyclic permutation), where w is a double real root of the equation

w? +2Cw* + (2A + B)w® +2(B+ C)w + A+2C +2=0.

With regard to the distinct nonnegative roots of the polynomial g,(¢), the following statement
holds.

Proposition 2.8. Assume that F' > 0 and g4(t) > 0 for all t > 0. The polynomial g,(t) in
Theorem[2.3] has the following nonnegative real roots:
(i) two pairs of nonnegative roots, namely

t1=1=0, t3=1t, >0,

if and only if
1+A4+B+C+D=0, 3(1+A)=C*4+CD+ D?
(ii) only one pair of zero roots,

if and only if
1+A+B+C+D=0, 3(1+A)>C*+CD+ D?
(iii) only one pair of positive roots,
tp =1ty >0,
if and only if
C2V2(2b + VB2 + 12¢)
3vVh+ VB2 + 12¢

a
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where
- F >0 b:4—B+C’—I—D C:1+A—I—B+C’+D
32+A-C—-D) 7 2+A-C-D’ 324+4A—-C-D)
Remark 2.4. It is much easier to make a thorough study of a cyclic homogeneous polynomial
inequality of degree four fy(z,y,z) > 0 by applying Theorem than by applying Theorem
especially in the case where f4(1, 1, 1) # 0. For this reason, Theoremis more useful for

the study of the inequality f4(x,y,2) > 0 by means of a computer. For example, let us prove
by both Theorems [2.1and [2.3] the well known inequality ([1]], [2]])

(22 +y* 4+ 22)? > 323y +v*2 + 2P2), z,9,2 € R

> 0.

We have
fa(w,y, 2) = (2 +y° + 2% = 3(z°y + v’z + 2°x);
that is,
A=2 B=0, C=-3, D=0.
According to Theorem [2.1] we need to show that fy(t + k,k + 1, kt + 1) > 0 for all real ¢,
where k ~ 0.445042 satisfies the equation
E—k*—2k+1=0.
After many calculation, we get

fat+Ek k+1kt+1) = (t —D?[(1 = k)(3 = 2k)t* +2(1 — k)(3k — 1)t + 2 — k — 8Kk?]

= (1—k)(3—2k)(t — 1) (t + gk_;;) > 0.

By Proposition[2.2] equality holds for
T i Yy . z
t+k  k+1 kt+1

k
}; that is, for x = y = 2z, and also for

(or any cyclic permutation), where ¢ € {1, 3 ok

x B Y B z
1-2k2  (1+k)(3—-2k) 3—Fk— 3k2
(or any cyclic permutation).
According to Theorem we need to show that g4(¢) > 0 for all ¢ > 0. Indeed, we have

E =3, F = 61/7, and hence

ga(t) = 33(VTt —1)* >0,

Since f4(1,1,1) = 0, we apply Corollaryto find the other equality cases. We geta = 1//7,
and the equality conditions

(@ +y+2)(z—-y)ly—2)(z-2) <0

and 18 o7
3 2
—3 - =
w w 7 W=7 5 ,
which lead to the equality case
r Yy oz
4 2 ™
sin 77T sin? 77T sin”

(or any cyclic permutation).
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3. PROOF OF THEOREM 2.1
The main idea is to use the linear cyclic substitution
r=a+kb, y=0+kc, z=c+ka,

in order to convert the cyclic polynomial f;(x,y, z) to a fourth degree symmetric homogeneous
polynomial
hy(a,b,c) = fo(a+ kb, b+ kc,c+ ka).

If this is possible for a real constant k£ € [0, 1], then the inequality f4(x,y, z) > 0 holds for all
real numbers z, y, z if and only if the inequality h4(a, b, ¢) > 0 holds for all real numbers a, b, c.
According to Lemma below, the inequality h4(a,b,c¢) > 0 holds for all real a, b, ¢ if and
only if hy(t,1,1) > 0 for all real ¢; that is, if and only if

ha(t,1,1) = fut + k, 1+ k, 1 + kt)

for all real ¢. So, we only need to show that the polynomial hy(a, b, ¢) is symmetric if £ is a real
root of the polynomial f(k).

For C' = D and k = 0, the polynomial h4(a, b, ¢) is clearly symmetric. Consider now that
C # D. Itis easy to show that the expressions >_ x4, " 222, xyz > x, > 2%y and > 29®
contain respectively the following cyclic expressions > a®b and > ab®:

Zm4 : 4kZa3b+4kSZab3,
Zx2y2 : 2k32a3b+ QkZ@bg,
xysz : (k‘2—|—/€)2a3b+(k3+k2)2ab3,
oty o (K1) d’b+ BE + k)Y ab’,
Z zy® o (K + 3K Z a*b+ (k* + 1) Z ab’.
Therefore, hy(a, b, ¢) contains the expression

EZa?’b—I—FZab?’,

E = 4k + 2AK* + B(k* + k) + C(k* + 1) + D(K* + 3k?),
F =4k* + 2Ak + B(K* + k*) + C(3k* + k) + D(k* + 1).
Obviously, if £ = F, then hy(a, b, ¢) is a symmetric homogeneous polynomial. From
E—-F=(C—-Dk*+(2A—B+D—4)k*—3(C — D)k?
—2A-B+C—-4)k+C—-D=(k+1)f(k),
it follows that f(k) = 0 involves £/ = F.

To complete the proof, we still need to show that the equation f(k) = 0 has at least a root in
[0, 1]. This is true since f(k) is a continuous function and f(0) = —f(1) = C — D # 0.

where

Lemma 3.1. Let hy(a, b, c) be a fourth degree symmetric homogeneous polynomial. The in-
equality

h4(a’7 b7 C) > 0
holds for all real numbers a, b, c if and only if hy(t,1,1) > 0 for all real t.
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Proof. Letp =a+ b+ ¢, q = ab+ bc + ca and r = abe. For fixed p and ¢, from the known
relation
27(a — b)*(b — ¢)*(c — a)® = 4(p* — 3¢)* — (2p* — Ipq + 271)?,

it follows that  is maximal and minimal when two of a, b, c are equal. On the other hand,
for fixed p and ¢, the inequality h4(a,b,c) > 0 can be written as g(r) > 0, where g(r) is a
linear function. Therefore, g(r) is minimal when r is minimal or maximal; that is, when two
of a, b, c are equal. Since the polynomial hy(a, b, c¢) is symmetric, homogeneous and satisfies
hy(—a,—b,—c) = hy(a,b,c), g(r) is minimal if and only if h4(¢,1,1) > 0 and h4(¢,0,0) > 0
for all real ¢. To complete the proof, it suffices to show that if h4(¢,1,1) > 0 for all real ¢, then
hy(t,0,0) > 0 for all real ¢. Indeed, since hy4(a, b, ¢) has the general form

hy(a,b,c) = AOZa +Alzab(a2+l)2)+A22a2b2+A3acha,

the condition h4(t,1,1) > 0 for all real ¢ involves Ay > 0, and hence hy4(t,0,0) = Agt? > 0
for all real . &

4. PROOF OF THEOREM
Using the substitutions

p=x+y+z q=xy+yz+zx, r=abc,

vyzy w=pr, Y 2y =q" —2pr,
Yot =2 —2) 2Py = (p* —29)° —2(¢° — 2pr) = p* — g + 24" + dpr,

o2ty ayt = wy)(Y_a’) —ayz ) w=q(p’ —2) -
ny ny =plr—y)(y—2)(z — x),

27(x —y)*(y — 2)*(z — 2)* = 4(p" — 3q)* — (2p° — 9pq + 27r)".
Further, we need Lemma/4.1} Lemma.2Jand Lemma.3|below. By Lemma.1] the inequal-
ity f4(z,y, z) > 0 holds if and only if

(4.1) Su(z,y,2) 2 [(C = D)z +y+2)(x —y)(y — 2)(z — )]

for all real x, y, .

we have

Sufficiency. Consider the following two cases: p = 0 and p # 0.

Case 1: p = 0. Since >_ 2t = 2¢%, Y. 2%y? = ¢* and >_ 23y + > xy® = —2¢>, the desired
inequality (4.1)) becomes

(2+A—-C—D)¢>0.
This is true since the hypothesis g4(¢) > 0 for all £ > 0 involves 2+ A — C — D > 0.

Case 2: p # 0. Due to homogeneity, we may set p = 1, which involves ¢ < 1/3. Since

— (2= 9q +27r)?
27 ’

&= Dl = 2 = a)| = a9l = P =P = AL
(@1) becomes

2-(8—C—-D)q+22+A—-C—-D)¢*+(8—4A+2B—-C — D)r >

|C — D

> e VA(L = 3q)3 — (2 — 9q + 27r)2.
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Substituting ¢ = /1 — 3¢, which implies ¢ = (1 — t?)/3, t > 0, the inequality turns into
20+ A—-C—-D)t'+ (16 —4A+C + D)t* —2+2A+C+ D +9Er >
> \/3|C — D|\/4t6 — (3t> — 1 + 27r)2,

where
E=8-4A+2B—-C—-D.
Applying Lemma [.2] for
E
4.2) a=+3|C - D], b=, a=2t b=23t>—1+27r,
we get

3 2
\/glC—D|\/4t6—(3t2—1+27T)2§Qgt +E<3t 31+277‘)'

Thus, we only need to prove that
20+ A—-C—D)t'+ (16 —4A+C+ D)t* —2+2A+C+ D +9Er >
3 2 _
S 2Ft . E3t* -1+ 277“),
-3 3
which is just the hypothesis g4(t) > 0.

Necessity. We need to prove that if (4.1]) holds for all real x, y, 2, then g4(¢) > 0 for all ¢ > 0.
Actually, it suffices to consider that (4.1)) holds for all real z,y, z such thatp = + y + 2z = 1.
As we have shown above, the inequality (4.1)) for p = 1 has the form

20+ A—-C—D)t'+ (16 —4A+C + D)t* =2+ 2A+C+ D +9Er >
> \/3|C — D|\/4t6 — (3t> — 1 + 27r)2,

where
E=8—-4A+2B—-C—-D.

Choosing the triple (z, y, z) as in Lemma.3] we get

224+ A—-C—D)t'* +(16 —4A+C+ D)t* —2+2A+C + D +9Er >
3 2

L 2FF B 1421
- 3 3

which is equivalent to g4(t) > 0.

Lemma 4.1. The inequality f,(z,y,z) > 0 holds for all real x,y, z if and only if the inequality
Su(x,y,2) 2 [(C = D) +y+ 2)(x - y)(y — 2)(z — 2)|

holds for all real z,vy, z, where

Sy(x,y,2) = 22:{:4 + 2A2x2y2 - QBxysz + (C'+ D)(Z 3y + nyg).

Proof. 1t is easy to show that
2fi(w,y,2) = Sa(w,y,2) + (C = D) _ 2’y = ay®)
= Su(,y,2) = (C = D)(x +y + 2)(x = y)(y — 2)(z — 2).
Sufficiency. According to the hypothesis
Su(z,y,2) 2 [(C = D)z +y + 2)(z —y)(y — 2)(z — )],

we have
2fa(x,y,2) = [(C = D)(x +y+2)(x—y)(y —2)(z — z)|
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—(C=D)(z+y+z)(z—y)(y—2)(z—x)>0.
Necessity. Since
2f4(x,y, Z) = S4(a:,y, Z) - (O - D)(.’E + Yy + Z)(Z’ - y)(y - Z)(Z - l’),
from the hypothesis fy(z,y, z) > 0, we get
Si(x,y,2) = (C = D)(x +y+2)(z —y)(y — 2)(z — ).

On the other hand, if fy(x,y,z) > 0 for all real z,y, z, then also fy(x, z,y) > 0 for all real
x, 1, 2. Since

2fu(x,2,y) = Salz,y,2) + (C = D)@ +y +2)(x —y)(y — 2)(z — 2),
we get
Su(@,y,2) 2 =(C = D)(x +y+2)(x —y)(y — 2)(z — z)
for all real x, y, z. Therefore, we have

Sy(w,y,2) 2 (C = D)z +y+2)(x —y)(y — 2)(z — )|

Lemma 4.2. If o, 3, a, b are real numbers, o > 0, a > 0 and a® > b?, then

ava? — b2 < ar/a? + 32 + b,

Ba+by/a2 + 3> =0.

with equality if and only if

Proof. Since

a\/a? + B% + 3b > |Bla + 8b > |B][b] + 5b > 0,

we can write the inequality as

o?(a® — b*) < (ay/a® + * + Bb)?,

which is equivalent to the obvious inequality

(Ba + b/ a2+ *)* > 0.
Lemma 4.3. Let A, B,C, D, E, F be given real constants such that
E=8—-4A+2B—-C—D, F=+/27(C— D)2+ E2.

For any given t > 0, there exists a real triple (x,y, z) such that

r+y+z=1, sytyz+zx=(1-1%/3

and
2Ft?  E(3t* —1+27
VBIC — DIV/AtE = (317 — 1+ 2Tayz)? = —— + ( 3+ 92)

Proof. Let r = xyz. From the last relation we get

B3t -1+ 277«)}2 B <2Ft3>2

[x/§|0 — D|\/4t6 — (3t2 — 1 + 27r)% — ; ;

E 2
[\/§|C ~ DI~ 1+27r) + 5 /45— (32 ~ 1+ 277“)2] =0,
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thatis f(r) = 0, where

E
f(r) = V3|C = D|(3t2 — 1+ 27r) + gwm — (32 — 1+ 27r)2.
We need to prove that for any given ¢t > 0 there exists areal triple (z, y, z) such that x+y+2z = 1,
ry+yz+z2x = (1 —t*)/3 and f(r) = 0. According to
27(x — y)*(y — 2)*(z — 2)* = 4% — (3t* — 1 +27r)* > 0,

this is true if € [rq, 72], Where

r = 3t2 —21%),  ry = —(1 —3t* 4+ 2t7).

o (1= Pl
27 27
Therefore, we only need to show that the equation f(r) = 0 has a root in [ry, r5]. Indeed, from

f(m) ==2V3|C = DIt*, f(ra) =2V3|C = DI’ f(r1)f(r2) <0,

the desired conclusion follows.

5. PROOF OF PROPOSITION 2.4

We first see that ' = 0 involves
C=D=4—-2A+B
and

%94(15) = (5A—2B—6)t'"+(12—-4A+B)t** +3 - A+ B.

According to Theorem and its proof in section 4}, we have f,(z,y, z) > 0 for all real z, v, z,
with equality for at least a real triple (x,y, z) # (0,0,0), only if g4(¢) > 0 for all ¢ > 0 and
g4(t) = 0 for at least a nonnegative value of . In our case, we have g4(t) > 0 for all £ > 0 only
if5A—-2B —6 >0and 3 — A+ B > 0. We need to consider three cases: 5A — 2B — 6 = 0;
5A—-2B—-6>0and3 - A+B>0;5A—-2B—-6>0and3—- A+ B =0.

Case 1: 5A — 2B — 6 = 0. We get
A=2k+2, B=5k+2 C=D=k+2, keR,
and hence
fa(z,y, 2) Zx +2(k+1) Zw 5k+2xysz+ (k+2) nyx + %)
= (x+y+2)°2*+y*+2° + k(zy + yz + z22)].

Clearly, the inequality fy(x,y,z) > 0 holds for all real x,y, z if and only if £ € [—1,2]. The
same result follows from the condition g4(¢) > 0 for all t > 0, where

g1i(t) =92 — k)t* +9(1 + k).

Case2: 5A—2B —6>0,3— A+ B > 0. We have g4(t) > 0 for all ¢ > 0 and also g4(t) =0
for at least a nonnegative value of ¢ if and only if 12 — 44 + B < 0 and

(12— 4A+ B)?> =4(5A — 2B — 6)(3 — A+ B);
that is,
B=2A-2+VA-2), A>2.
Putting k = +1/A — 2, we get
A=k +2 B=2k(k+1), C=D =2k,

and hence
fa(z,y,2) = [ +y° + 22 + k(zy + yz + 22))%.
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From 12 —4A+ B=2(k+1)(2—k) <0,we getk € (—1,2).
Case3:5A—-2B—6>0,3— A+ B =0. We get

A=2—k B=—-1—-k C=D=k—1, k<2,
and hence
f4(x,y,z):Zx4+(2—k)2x2y2—(1—|—k)a:ysz+(k—l)ny(x2+y2)
=@+ v+ 22—y —yz—za)[2? +y* + 22+ k(vy +yz + 22)).

The inequality f4(x,y,2) > 0 holds for all real x,y, z if and only if £ € [—1,2). The same
result follows from the condition g, (¢) > 0 for all ¢ > 0, where

ga(t) = 9t?[(2 — k)2 + 1+ k).

6. PROOF OF PROPOSITION 2.3

By the proof of Theoremit follows that the main necessary condition to have fy(z,y, z) >
0 for all real z,y, z and f(z,y,z) = O for at least a real triple (z,y,z) # (0,0,0) is to have
g4(t) > 0forall t > 0 and g4(t) = O for at least a nonnegative value of ¢. Clearly, for ' > 0,
the inequality g4(¢) > 0 holds for all ¢ > O only if 24+ A — C'— D > 0. We can find all equality
cases of the inequality f4(x,y,z) > 0 using the above proof of Theorem Consider two
cases: t +y+z=0andx +y+ 2z = 1.

Case 1: x + y + z = 0. The inequality , which is equivalent to fy(z,y, z) > 0, becomes
2+ A—C—D)(xy+yz+ zx)* >0,
with equality for x +y + z = 0 and zy + yz + zz = 0; thatis, forz =y = z = 0.
Case 2: v + y + z = 1. According to Lemma4.1] a first necessary equality condition is
(C=D)z+y+2)(z—y)ly—2)(z—2) =0

In addition, according to Lemmal4.2] it is necessary to have

Ba+by/o2+p*=0,

where «, (3, a and b are given by (4.2). This condition is equivalent to
2Ft° + F(3t° — 1 + 27xyz) = 0.
Since x +y + 2z = 1 and xy + yz + zx = (1 — ¢?) /3, where where ¢ is any nonnegative root of
the polynomial g4(t), the equality f4(z,y, z) = 0 holds when
(C=D)z+y+2)(r—y)ly—2)(z-2) =0,

2

— 2F
2Tzyz =1 — 3t — —t%
) xyz F Y

r+y+z=1, zy+yz+zx=
that is, when z, y, z are proportional to the roots of the equation
2F
27w — 27w* + 9(1 — t*)w + 7753 +3t2—-1=0

and satisfy (C'— D)(z +y + z)(x —y)(y — 2)(z — ) > 0. Substituting w/3 for w, we get the
desired equation

2F
w3—3w2+3(1—t2)w+Ft3+3t2—1 = 0.
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7. PROOF OF PROPOSITION [2.§]
Clearly, if g4(t) > forallt > 0,then24+ A —C — D > 0.

(i) If the polynomial g4(¢) has four nonnegative real numbers ¢; < ¢, < t3 < t4, then the

condition g4(t) > 0 for all ¢ > 0 holds if and only if
O§t1:t2:a§b:t3:t4,
when
gs(t) =32+ A—C — D)(t — a)*(t — b)*.

Since the coefficient of ¢ is 0 in g4(¢) and is 2ab(a-+b) in (t—a)?(t—b)?, it follows that a = 0 and
b > 0. From g,(0) = 0, we get 1+ A+ B+C+D = 0, which involves 3(1+A) = C?*+C D+ D?
(see Remark [2.2).

Reversely, if 1 + A+ B+ C+ D =0and 3(1 + A) = C? + CD + D?, then

r 2

62+A—C—_Dy]

gs(t) =32+ A—C — D)t* |t —

where F' > 0.
(ii) The polynomial g4(t) has the double root 0 if and only if 1 + A+ B+ C' + D = 0, when

94(t) = ¥g(t),
where
g(t)=32+A—~C - D)t* -~ Ft+3(4—B+C+ D).
Clearly, g4(t) has only two nonnegative roots (that are t; = to = 0) when ¢(¢) has either

negative real roots or complex roots. Since F' > 0, g(t) can not have negative roots, but can
have complex roots, when the discriminant of the quadratic polynomial g(t) is negative; that is,

3(1+A)>C?+CD + D>
(iii) Write the inequality g4(t) > 0 as h(t) > 0, where
h(t) = t* — at® + bt* + c.
In addition, writing h(t) in the form
h(t) = (t —to)*(t* + pt+q), to >0,
we find
20 —p=a, ti—2pto+q=0>b, pto—2¢=0, qts=c
From the last three relation, we get
2t2 = b+ V? + 12,
6q = Vb2 + 12¢ — b,
V2(VB? + 12¢ — b)
3V + VB2 + 12¢

Since p > 0 and ¢ > 0, the quadratic polynomial #*> + pt + ¢ has no nonnegative real root.
Substituting tg, p and ¢ in 2ty — p = a, we get
2 2t2 — 2
a:2t0—p:2t0——q: 0 q
lo lo

220+ VP2 +12¢)  2v/2(2b+ VB2 4 12¢)
3to 3vVh+ VB2 + 12¢
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8. APPLICATIONS OF THEOREM [2.3]

Application 1. If x,y, z are real numbers, then ([5])

8
(2* +y* + 222+ —=(Py + v’z + 2°2) > 0.

VT
Proof. We have

A=2 B=0, C=8/\V7, D=0, E=-8/V7, F =16,

and hence
2 4 3 2 2 8
2 347\ ,
:ﬁ<t— 5 ) [6(\/7—2)t+2(3—f7)t+1]

Since g4(t) > 0 for all ¢ > 0, the inequality is proved (Theorem 2.3).
To find all equality cases, we apply Proposition We see that the polynomial g,(t) has
only the nonnegative double root a = (3++/7) /2. Therefore, equality holds when x, y, z satisfy

(@+y+2)(z—-y)ly—2)(z-2)=0
and are proportional to the roots of the equation
‘ VT 27 3
3 2 1 vy (1 — ) =0:
w” — 3w —9 ( + 5 w + 1 + Ne ;

that is, z/w; = y/wy = z /w3 (or any cyclic permutation), where w; = 6.0583, ws ~ —3.7007,
ws =~ 0.6424. 1

Application 2. Let x,y, z be real numbers. If —3 < k < 3, then ([6])

429&4 +(9— /{:2)aryzzg: >2(1 +k)2:v3y+2(1 — k:)ngf’.
Proof. Applying Theorem [2.3]for

9 — k2 —1—-k —1+k
07 4 Y O 2 7 2 Y
27 — k? 27 + k?
we get £/ = 5 , F = ; and

4g4(t) = (t — 1)*[36t* + (9 — k*)(2t + 1)] > 0.
If —3 < k < 3, then the polynomial g,(¢) has only the nonnegative double root t = 1. By
Proposition we get that equality holds when x, y, z satisfy
ke+y+2)(@—-y)ly—2)(z—2) <0
and are proportional to the roots of the equation
108
27 + k2

If |k| = 3, then the polynomial g, () has also the double root t = 0, which leads to the equality
case r =y = z.
For instant, if £ = 1, then we get the inequality

ot oyt 2t 2myz(w by 4 2) > 2Py P4 2P, oy, 2 €R,

w? — 3w? + = 0.
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with equality for
r Yy oz
8T 4Am 2«
sin—  sin—  sin—

7 7 7
(or any cyclic permutation). Also, if £ = 3, we get the known inequality (see [[1])

syt A a4yt 42 > 208y + P+ 2%), xy,z € R

with equality for x = y = z, and also for

LT LT o 13x
xsin — = ysin — = zsin —
9 9

(or any cyclic permutation). ’
Application 3. Let m and n be real numbers. The inequality ([7])

et (m+3)) 2P > 2-n)> 2Py+(2+n)) ay
holds for all real numbers x,y, z if and only if m > 0 and

In| < 2\/(m+9)\/m(m+9) —m2.

-3 3

Proof. We have
A=m+3, B=0, C=n—-2, D=-n—2, E=—4m, F =2v27n?+ 4m?,
ga(t) = 3(m + Nt* — 2v27n2 + 4m2 2 + m.
According to Theorem the desired inequality holds if and only if g4(¢) > 0 for all t > 0.
From ¢4(0) > 0, we get m > 0, and by the AM-GM inequality, we have
3(m + Nt +m > 4y/m(m + 9)312 = 4\/(m +9)/m(m +9) 3,

Therefore, we have g4(t) > 0 for all ¢ > 0 if and only if

4\/(m +9)v/m(m +9) — 2v/27n2 4 4m? > 0,

which is equivalent to

2\/(m+9) m(m +9) —m?

In| < 3
3
|
Application 4. If z,y, z are real numbers, then ([8]])
(2 + % + 22?2 +2(2%y + P2 + 2P2) > 3wy + y2® + 22?).
Proof. We have
A=2 B=0, C=2 D=-3 E=1, F=2,

and hence
ga(t) = 15" — 26t° + 9t + 2 = (t — 1)*(15¢> + 4t + 2).
Since g4(t) > 0 for all ¢ > 0, the proof is completed (Theorem [2.3).

To analyse the equality cases, we apply Proposition Since the polynomial g,(t¢) has the
nonnegative double roots 1, we get the equality conditions

(z+y+2)(r—y)ly—2)(z—2)=>0
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and o7
P 3w+ = =0
w w+13 ,

which lead to the equality case x/w; = y/wy = z/ws (or any cyclic permutation), where
wy &= —0.7447, we ~ 1.0256, w3 ~ 2.7191.
|

Application 5. If x, y, z are real numbers, then

1OZI4 + 64Zx2y2 > 332xy(x2 +9?).

32 -33
A== B= —D=—2
: 0, C 10

Proof. We have
, E=F=11,

and hence
5g4(t) = 225t* — 55t° — 39t* + 4 = (5t + 2)*(9t* — 5t + 1).
Since g4(t) > 0 for all ¢ > 0, the proof is completed (Theorem .
Since C' = D, according to Corollary equality holds when
£ =Yy =z
w
where w is a double real root of the polynomial

h(w) = w* + 20w + (2A + B)w? + 2(B + C)w + A+ 2C + 2

1
= g(5w4 — 33w® + 64w* — 33w + 9)

1
= 5(w —3)?(5w* — 3w + 1).

Therefore, equality occurs for x/3 = y = z (or any cyclic permutation). §
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