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1. PRELIMINARIES

We start from an important result related to the convex functions due to Ch. Hermite [9] and
J. Hadamard [8]] which asserts that for every continuous convex function f : [a,b] — R the
following inequalities hold:

(1.1) f(“;rb> < bia/abf(x)dxg M

Fejér [6]] established the following well-known weighted generalization:

Proposition 1.1. If f : [a,b] — R is continuous and convex and if g : [a,b] — R is integrable
and symmetric about “—+b (i.e. g(x)=g(a+b—x)), then the following inequalities hold:

(12) f(‘”b)/ dac</ flx < fl Hf”/a g(z)de.

Before stating the results we recall some useful facts from the literature. S. S. Dragomir, P.
Cerone and A. Sofo present in [3, 4] the following estimates of the precision in the Hermite-
Hadamard inequality:

Proposition 1.2. Let f : [a,b] — R be a twice differentiable function such that there exist real
constants m and M so that m < f” < M. Then

(b —a)? a+b (b—a)?
(1.3) / f(z (T) < MT
and

(b—a)® _ fla)+ f(b) 1 (b—a)’
(1.4) m— < 5 5 a/a flz)de < M THE

These inequalities follow from the Hermite-Hadamard inequality, for the convex functions
$2 I2
f(x) —m% and M5 — f (z).
Motivated by the above results, the purpose of this paper is to discuss further inequalities of
Fejér type.

2. FEJER TYPE INEQUALITIES FOR CONVEX FUNCTIONS

Theorem 2.1. Let f : [a,b] — R be a twice differentiable function such that there exist real
constants m and M so that m < f"” < M. Then

A1 — ) AL =2)

2.1) m (a=0)* < Af(a) +(1=N)f(0) = fQRa+ (1= N)b) < M=——(a—b)",
forall A € [0, 1].
Proof. We consider the function g : [0, 1] — R, defined by

90 = (@) + (1= N F0) — fOat (1= np) -2 e

2
Since

g"(A) = (a=b)*[m — f"(Aa+ (1= Nb)] <0,
the function ¢ is concave. But g(0) = g(1) = 0, which implies that
(

0= (1=X)g(0) +Ag(1) <g((1 =A)-0+X-1) = g(}),
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for all A € [0, 1]. Therefore, we obtain the first part of inequality (2.1

To see that the later inequality holds, our next step is to take the convex function & : [0,1] — R,
defined by

h(A) = Af(a) + (1 =A)f(b) = fAa+ (1 = A)p) = M
Since h(0) = h(1) =0,
0= (1= A)A(0) + (1) > h((1 = A) -0+ A-1) = h(N),

for all A € [0, 1]. The assertion is now clear. §

AL — \)

5 (a —b)*.

For a slight generalization and alternative proof of Theorem [2.1] the reader is referred to [[7,
Theorem 4.2].

Remark 2.1. By integrating each term of the inequality (2.1) on [0, 1] with respect to the vari-
able \ we recover the inequality (1.4).

Corollary 2.2. Preserving the notation of Theorem the following inequalities hold:
1 —2)\)? A 1—=X)b 1—A Ab b

2 2

(2.3) < MM

SRS s

forall A € [0, 1].

Proof. According to Theorem for A = % we obtain the following result, previously estab-
lished in [5]]:
b M
(2.4) M- apr < LOEIO) g (at0) My
8 2 8
We consider the above inequality (2.4) replacing a — Aa + (1 — A)band b — (1 — X)a + \b

(the hypothesis m < f” < M is still working on the interval with these endpoints because it is
contained by [a, b]) and we get the claimed result. §

Remark 2.2. Notice that by integrating all terms of (2.2) on [0, 1] with respect to A\ we recover
now the inequality (1.3).

Next we give some estimates of the Fejér inequalities (Proposition [I.1)):

Theorem 2.3. Let f : [a,b] — R be a twice differentiable function such that there exist real
constants m and M so thatm < f" < M. Assume g : [a,b] — R is integrable and symmetric
about “T“’ Then the following inequalities hold:

@3 %/b@—a)(b—t)g(t)dt < [+ / dt—/f

(2.6) < M/ (t—a)(b—t)g(t)dt

and

2.7) %/ab(2t—a—b)29(t)dt < /f dt—f(a;b) /abg(t)dt

% /a (2t —a — b)?g (t) dt.

(2.8)

IN
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Proof. We multiply (2.1) by g (Aa + (1 — \)b) and integrate the result on [0, 1] with respect to
the variable \. Using the change of the variable Aa + (1 — \)b = ¢ we get

b
T/ (t— a)(b— t)g (t) dt

< / dt+f(>/abz:a

(2.9) < % / (t—a)(b—t)g (1) dt.

£) dt —/ F(t)g () dt

On the other hand, due to the symmetry property of g, for £ = a + b — z, we also have

m [
E/a (b—2x)(z—a)g(x)dz

< @) [ Tt 1) [ g @yde— [ feg (e d

b
(2.10) < %/ﬂ(b—x)(m—a)g(z)dw.

Summing (2.9) and (2.10) we find (2.5).

In order to prove the remaining inequalities we follow same steps as above, using (2.2)
instead of (2.I). The computation is straightforward, taking into account the symmetry of g
(applied now as g (Aa + (1 — A\)b) = g ((1 — A)a + A\b)). We omit the details.

This completes the proof. 1

It is remarkable that (2.5]) agrees, having an extended form, with [12| pp.53, Exercise 4].

Remark 2.3. If g : [a,b] — [0, 1] then the function h(z) = 1 — g (z) satisfies the same
symmetry and positivity conditions and Theorem [2.3] also applies. That yields the following
estimates of the precision in (2.5):

b (MO L g 0=
@.11) > f”;f( / £ di — /f dt——/ (t—a)(b—t)g (t)dt >0

and

12 2
(2.12)> %/@b(t—a)(b—t)g(t)dt—f(a)z 0 / dt+/ F(H)g(®)dt > 0.

By a similar technique one can estimate (2.7)).

(b_a)(M(b—a)Z_f(a)+f(b)+ 1 /bf(t)dt>

Remark 2.4. For the particular case g (z) = 1 if we apply Theorem on the intervals
[a, “TJ“”} , [“T’Lb,b} we get:

(2.13) )
m(b4ga) S%(f(a);f(b)Jrf(a;b)) /f (Zga)
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and
(2.14)

(b9—a _b_a/ ) dt__(f(?,ajb) +f(az?>b>)§M(l)9;a)2.

The following theorem gives new Fejér-type inequalities.

Theorem 2.4. Let f : [a,b] — R be a differentiable, convex function with f' > 0 and g :
la,b] — R, be continuous. Then the following statements hold.
1) If g is monotonically decreasing then

(2.15)

f();f(/ dt/f dt>f<a);f( / dt/f £)dt > 0;
2) If g is monotonically increasing then

(2. 16)

/f £)dt —f(a+b>/ dt>/ F(H)g (t)dt —f(a;x)/axg(t)dtzo

forall x € (a,b).
Proof. 1) We consider the function h; : [a,b] — R, defined by

mie) = KD Fowma- [ g

Its first derivative is

iy = £ /mg(t) o f@-f@

Using the mean value theorems there exist ¢;, ¢ € [a, x] such that

) = (20 - L5290} (o -0

Thus, by the convexity of f and to the monotonicity of g, we have f'(x) > f'(¢y) > 0 and
g (c1) > g (z) > 0, hence we conclude that h; is increasing on its domain and h, (b) > hy (z) >
hi (a) = 0. Thus we have (2.15), as asserted.

2) Similarly, we consider the function hs : [a,b] — R, defined by

0= [ soawa -7 (“5F) [Cawa

and we compute its first derivative

o) = (0= 1 (“55) )o@ = 57 (“57) [Caorae.

There exist k; € [%2%, z] and ky € [a, z] such that
, , ,fa+zT r—a
o) = (£ g -7 (S5 ) o)) 25

d

Therefore, due to the monotonicity we have f’ (k;
that h, is increasing on its domain and hs (b) > hs (x )
Thus the proof is completed. 1

The following result incorporates the classic statement of the Hermite-Hadamard inequality.
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Corollary 2.5. Suppose f : [a,b] — R is differentiable and convex. Then

@17 f();_f b—a/f ZE:ZU();JC x—a/f dt)

and

b —a z a—+zx
(2.18) ﬁ/ f(t)dt—f(a;b>zz_a(xia/ f(t)dt—f< JQF ))ZO

forall x € (a,b).

Proof. We can follow the steps in the proof of Theoremwith with g (z) = 1, which satisfies
both monotonicity conditions. I

Notice that in the previous corollary the condition f’ > 0 which appears in the statement of
Theorem [2.4] was no longer necessary and has been cancelled.

Remark 2.5. Under the same assumptions as in Proposition when we apply (2.18) to the
convex functions f(x) — mz; and M %2 — f (z), we recover and improve the inequalities lb

as follows:
Lo (252) -2
(2.19) > T (zia/;f(t)dt—f(a”) —m%) >0
and
ai0-o = (2 [ oa-1(*37))
(2.20) > ”Z:;‘{%(x—a)?—(x_a/a f(t)dt—f(a;x))] > 0.

Similarly if we use (2.17) we get improvements of (I.4) which at this moment can easily be
written by the interested reader. Obviously same steps could be followed from Theorem [2.4]
improving that way Theorem

We end this section with the weighted statement of a known result concerning convex func-
tions.

In the light of Proposition|[I.1] the following statement appears as a trivial generalization of a
result due to Vasi¢ and Lackovi€ [11], and Lupas [10] (cf. J. E. Pecaric€ et al. [13] pp. 143]) and
we omit its proof.

Proposition 2.6. Let p and q be two positive numbers and a; < a < b < by. Let g : [a,b] — R

be integrable and symmetric about A = pgigb. Then the inequalities
pa + gb Aty Aty p +qf (b A+y
ean (M) [Pywars [ g < OO [T )
+4q A—y A—y p+q A—y

hold for y > 0 and all continuous convex functions f : [a1,b;] — R if and only if

b—a .
y < ——min{p,q}.
s {p,q}
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3. APPLICATION TO SPECIAL MEANS

From the inequality (2.17) applied to the convex function t*, with p € (—00,0) U [1,00) \
{—1} we have

(3.1 (b - a) {[Ap (a7 b)]p - [LP (a7 b)]p} > (‘T - (l) {[Ap ((l, x)]p - [LP (a7 x)]p} )
where x € [a, ] . Here A, (a,b) = (#)1/}’ is the power mean and L,, (a, b) = <%)Up

is the p-logarithmic mean. Also the limit case p — —1 (or we may equivalently say the case of
the convex function 1/t) gives us

“"‘”{H&b) - L(clz,b)} - (x_a){H(;@ B L(‘ix)}’

where H (a,b) = S;f; is the harmonic mean and L (a, b) = bg;j%ﬁ)ga is the logarithmic mean.

It is also useful to consider the inequality (2.17)) applied for the convex function — log ¢, when
we get

Tl <[]

for a # b, z € [a,b], where G (a,b) = V/ab is the geometric mean and I (a, b) = 1 (2—3) s
the identric mean.

In the remainder, we focus on two immediate particular cases of Theorem [2.1] that help us
to give improvements of the well known arithmetic-geometric mean inequality (also known as
Young’s inequality).

1) We apply the theorem to the function f : [a,b] — R (a > 0) defined by f(x) = —log =z,
which leads to

M=n@=® _ Aa+ (1= A)b
(3.2) e 2 < g =

A(1=X)(a—b)?
e 2a2

2
Since em;# > 1, we obtain a refinement of Young’s inequality where \ € [0, 1].
We also obtained a reverse inequality for Young’s inequality.
2) Next, we apply the theorem to the function f : [log a,log b] — R, defined by f(z) = expx
and we arrive at

2 A7 2) < —\b— < 22 A7 bt
(3.3) 5 log <b> <Aa+(1=Nb—a'b ™ < 5 log (b) :

where a,b > 0 and A € [0, 1].
The inequality (3.3) gives an improvement of Young’s inequality.

REFERENCES

[1] S. S. DRAGOMIR, J. E. PECARIC and L. E. PERSSON, Some inequalities of Hadamard type,
Soochow J. Math. (Taiwan), 21 (1995), pp. 335-341.

[2] S.S. DRAGOMIR and S. FITZPATRIK, The Hadamard’s inequality for s -convex functions in the
second sense, Demonstration Math., 32 (4) (1999), pp. 687-696.

[3] S.S. DRAGOMIR, P. CERONE and A. SOFO, Some remarks on the midpoint rule in numerical
integration, Studia Univ. Babes-Bolyai, Math., XLV(1) (2000), pp. 63-74.

[4] S. S. DRAGOMIR, P. CERONE and A. SOFO, Some remarks on the trapezoid rule in numerical
integration, Indian J. Pure Appl. Math., 31 (5) (2000), pp. 475-494.

AJMAA, Vol. 9, No. 1, Art. 12, pp. 1-8, 2012 AJMAA


http://ajmaa.org

[12]

[13]

NICUSOR MINCULETE AND FLAVIA-CORINA MITROI

A. EL FARISSI, Z. LATREUCH and B. BALAIDI, Hadamard Type Inequalities For Near Convex
Functions, Gazeta Matematicd Seria A, No. 1-2/2010.

L. FEJER, Uber die Fourierreihen, Math. Naturwiss. Anz. Ungar. Akad. Wiss., 24 (1906), pp. 369—
390.

S. FURUICHI, N. MINCULETE and FE. -C. MITROI, Some inequalities on generalized entropies,
[Online: |http://arxiv.org/abs/1104.0360

J. HADAMARD, Etude sur les propriétés des fonctions entiéres et en particulier d’une fonction
considerée par Riemann, J. Math. Pures Appl., 58 (1893), pp. 171-215.

CH. HERMITE, Sur deux limites d’une intégrale définie, Mathesis, 3 (1883), 82.

A. LUPAS, A generalization of Hadamard inequalities for convex functions, Univ. Beograd. Publ.
Elektrotehn. Fak. Ser. Mat. Fiz. (1976), no. 544-576, pp. 115-121.

P. M. VASIC and I. B. LACKOVIC, Some complements to the paper: On an inequality for convex
functions, Univ. Beograd. Publ. Elektrotech. Fak. Ser. Mat. Fiz. No. 461-497 (1974), pp. 63-66;
Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. (1976), no. 544-576, pp. 59-62.

C. P. NICULESCU and L.-E. PERSSON, Convex Functions and Their Applications. A Contempo-
rary Approach, CMS Books in Mathematics, Vol. 23, Springer-Verlag, New York, 2006.

J. E. PECARIC, FE. PROSCHAN and Y. L. TONG, Convex Functions, Partial Orderings and Sta-
tistical Applications, Mathematics in Science and Engineering, 187 Academic Press, Inc., Boston,
MA, 1992.

AJMAA, Vol. 9, No. 1, Art. 12, pp. 1-8, 2012 AJMAA


http://arxiv.org/abs/1104.0360
http://ajmaa.org

	1. Preliminaries
	2. Fejér type inequalities for convex functions
	3. Application to special means
	References

