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2 DRAGOMIR & GOMM

1. INTRODUCTION

The Hermite-Hadamard integral inequality for convex functignga, b] — R
a+b 1 b f(a)+ f(b)
< < =~ 7 - 7
(HH) f( 5 )_b_alf(x)dac_ 5

is well known in the literature and has many applications for special means.
In order to provide various refinements of this result, the first author introduced in 1991, see
[2], the following associated mappirfg : [0, 1] — R defined by

H(#) ::bia/abf(t:ch(l—t) ;b> dz,

for a given convex functiotf : [a, b] — R.
The following theorem collects some of the main propertieé/dsee alsol[2], [3],[[4] and

[6]):

Theorem 1.1. With the above assumptions, we have that the funciion
() is convex ono, 1] ;
(77) has the bounds:

inf H(t)=H(0):f<a+b>

te[0,1] 2
and
1 b
sup H(t)=H (1) = / f(x)dx;
te0,1] b—a/,

(i73) increases monotonically df, 1].
(17v) The following inequalities hold:

a+3b

(1) f(a;b>§bfa£a;f(x)dx
/H
ApR) st froe]

The corresponding double integral mapping in connection with the Hermite-Hadamard in-
equalities was considered first id [3] and is defined as

- //fta:+ (1—t)y) dedy.

The following theorem provides some of the main results concerning this mapping [3] (see also
[4]):
Theorem 1.2.Let f : [a,b] — R be as above. Then
(1)) F(r+3)=F(—r)forall7€ [0,4] andF (t) = F (1 —t) forall t € [0,1];
(1) F'is convex oro0, 1] ;
(77i) We have the bounds:

sup F(t):F(O):F(l):bia/ f (@) do

t€[0,1]

F:[0,1 - R, F(t)
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and

. 1 1 borb T +y
té{é,qu“)—F(é) —m/ / f( ) )dmdy’
(iv) The following inequality holds:
a+b 1
< — 1.
1(57)=r ()

(v) F decreases monotonically df, 1] and increases monotonically d8, 1] ;
(vi) We have the inequality:

H(t) < F(t) forall t €[0,1].

For other related results, see for instance the research papers [1], [8], 9], [10], [12], [11],
[13], [14], [15], the monograph onlinel[7] and the references therein.

Motivated by the above results we establish in this paper some new bounds involving these
two mappings. Applications for special means are also provided.

2. THE RESULTS

Theorem 2.1.Let f : [a,b] — R be a convex function on the interval b]. Then we have

(2.2) 0 <2min{t,1 -t}
b a atsb
i [ ()] i L s
b
< bfa/a f(:v)dger(l—t)f(a;Lb) — H (1)

< 2max {t,1 —t}

ol [ (9] -5 Lo v

and

(22) 0 < 2min {t,1— 1} {ﬁ/jf(x)d:p—F(%)}

1
b—a

< omax {t,1— 1) {ﬁ/abf(x)cm-F(%)} ,

<

[ r@a-ra

foranyt € [0,1].
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Proof. Recall the following result obtained by the first authorlih [5] that provides a refinement
and a reverse for the weighted Jensen’s discrete inequality:

(2.3) n min | {pi} [%ZW%)—@(%in)]

i€{l,...,n}

S%nipz 17z ( szxz>
<n max {pz [EZ®<xz)_®<%le>]7

ie{l,...,n}

whered : C' — R is a convex function defined on the convex sulisetf the linear space,
.} are nonnegative numbers with := > ", p; >

{;z:i}le{1 ,,,,, .} are vectors irC and{pz}zeu .....
Forn = 2 we deduce fron (2]3) that
(2.4) 2min {t,1 — t} [w—cb (w;y)}

<t@(x)+(1-1)(y) — @ (te+ (1 -1t)y)
O (x)+ P (y) _q)($_+y)]

<2 t,1 -t} | ———

foranyz,y € C'andt € [0,1].
On making use of the inequality (2.4) we can write for the convex funcfioria,b] — R

that
(2.5) 2min {t,1 — } [f@") ) <x+2“7+”>]

Stf(m)+(1—t)f<

< 2max{t,1 —t} [f 5

foranyz € [a,b] andt € [0, 1].
Integrating over: € [a, b] in (2.5) we get

(2.6) 2min {¢t,1 — t}
X E [/abf(:c)dx—l—f(a;b) (b—a)} —/abf<$+2a7+b> dx]
St/:f<x>dx+<1—t>f(“§b) (b a)— H®) (b0

< 2max {t,1—t}

« E [/abf(x)dxqtf(a;—b) (b—a)} —/abf<x+2a7+b> dm]
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and since

/abf<$+2a7+b>dx:2/3a;f(s)ds

then from [(2.6) we gef (2.1).
Now, if we write the inequality] (2]4) for the convex functigrand integrate over andy on
la,b] , we get

(2.7 2min {¢,1 —t}

[ s [ [ (55 e
g/G/a[tf(w)+(1—t)f(y)]dxdy—/a/Gf(tx+(1—t)y)dwdy

< 2max {t, 1—t}

L[ f(5)on]
[ [ (25 o= [ s

Since
b b b
//[tf(m)+<1—t>f<y>]dwdy=<b—a>/f(x)da:

[ L))o

then we deduce fronmh (4.7) the desired result](2s2).

and

Corollary 2.2. With the above assumptions we have

28  0<2min{t,1—1¢)
[l [waes (5] -2 L v
<slits [ r@ar (5] - g aa -

< 2max{t,1—t}

2

2

1 1 b 9 [
ol [vmees (5] 525 [ 0]

foranyt € [0,1].

Proof. Follows from the inequality[ (2]1) written far — ¢ instead oft, by adding the obtained
two inequalities and dividing the sum Ry i

AJMAA Vol. 8, No. 1, Art. 5, pp. 1-9, 2011 AJMAA


http://ajmaa.org

6 DRAGOMIR & GOMM

3. APPLICATIONS FOR Lp-MEANS

Let us consider the convex mappirfg: (0,00) — R, f(z) = 2P, p € (—00,0) U
[1,00) \ {—1} and0 < a < b. Define the mapping

H,(t) = bia/b(tx—l—(1—t)A(a,b))pdm, te0,1].

Itis obvious thattl, (0) = A? (a,b), H, (1) = L} (a,b) where, we recall thatl (a,b) = atb,

1 bp+1 _ ap+1

p+1 b—a

L?(a,b) := , p € (—00,0)U[l,00)\ {—1}

and fort € (0, 1) we have
1 th+(1—t) A(a,b)
3.1 H,(t) = / by
(3.1) » (1) [tb+ (1 —1) A(a,b)] = [ta+ (1 —1) A(a,0)] Jiar(1—t)A(ap) y-ay
= LY (ta+ (1 —t) A(a,b) ,tb+ (1 —t) A(a,b)).

The following proposition holds, via Theorgm [L.1, applied for the convex fungtian = 2?.

Proposition 3.1. With the above assumptions, we have for the fundtipn

(i) is convex ono, 1] ;
(71) has the bounds:

inf H,(t) = A" (a,b), sup H,(t) = Lt (a,b);

t€[0,1] t€[0,1]

(i73) increases monotonically dn, 1].
(17v) The following inequalities hold

(3.2) AP (a,b) < L5(A(a,A(a,b)),A(b, A(a,b)))
< /1Hp(t)dtgA(Ap(a,b),Lg(a,b)).

Now, on making use of Theoregm 2.1 we can state the following result as well:

Proposition 3.2. With the above assumptions, we have

(3.3) 0 <2min{t, 1 —t}
X E [Lg (a,b) + AP (a,b)] - Ly (3@2— b, a23b>]

< tLh(a,b) + (1 —t) AP (a,b) — H, (1)
< 2max{t,1 —t}

y B (L7 (a,b) + A (a,b)] — L2 <3a+b7a+3b)]

4 4
foranyt € [0, 1].

Now, consider the function

F () = ﬁ/@b/j (tr + (1— 1)) dudy.

AJMAA Vol. 8, No. 1, Art. 5, pp. 1-9, 2011 AJMAA


http://ajmaa.org

HERMITE-HADAMARD INEQUALITY 7

We observe thak;, (1) = F}, (0) = L} (a,b) and fort € (0, 1) we have

(3.4) Fp(t):bia/ab(bia/ab(taﬁt(l—t)y)mg;)dy

1 b 1 th+(1—t)y
= sPds | dy
b_a’/a tb+ (1 —t)y] = [ta+ (1 —1)y] /ta+(1—t)y

1 b
= L? 1— 1— .
b_a/a Plta+ (1 —=t)y,tb+ (1 —1t)y)dy

Utilising Theorem 1. we can state the following results:

Proposition 3.3. We have the following properties:
(i) F,(+3)=F,(3—7)forallr € [0,1] and F, (t) = F, (1 — t) forall ¢t € [0,1];
(i) £, is convex oro,1];
(i) We have the bounds:
sup F,(t) = F,(0) = F, (1) = L (a,b)

te(0,1]

1 1 R TAN
inf F(O)=F, (=) = — .
o, £ ) p<2) (b—a)2/a/Q< 2 )dmy’

(iv) The following inequality holdsA? (a,b) < F,, (1) ;
(v) F, decreases monotonically df, 1] and increases monotonically 4§, 1] ;
(va) We have the inequality:

H,(t) < F,(¢t) forall t € [0,1].

and

We can calculate the double integral
1 1 b b p
8(0) - [ [ (53 o
2 b-—a)? ). Ja 2
as follows.

Observe that fop # —1 we have

[ () et

2 p+1

and forp # —2 we have

b/ p+1 pp+2 _ (bia)PT2
/(—i—y) dy =2 (5*)

2 p+2
and
b a+y p+1d _Q(aT_H))P+2_ap+2
/a( 2 > a p+2
Then we get

borb r+y\” 4 b+a\P
drdy = bp+2_2 + p+2 ’
//< 2 ) )+ < 2 > !
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which gives that

1 4
(33) by (5) T - pr)(p+2)

forp #£ —2,—1.
The casey = —2 gives that

b —2
[ (=) =1l -m)
“ 2 a+y b+y

[UL ) w)oesf (-st5)
—4ln ({ggzzir) —8In (éiii;)

whereG (a,b) = Vab is the geometric mean of the positive numbeendb.
Therefore

()2 (28)

Finally, on making use of the inequalify (2.2) we can state that:

and

Proposition 3.4. We have the inequalities:

(3.7) 0 <2min{t,1 -1t} {Lﬁ (a,0) = Fy (%)}
< L (a,b) = F, (1)

< 2max {t,1—t} [Lg (a,b) — F, (%)] ,

foranyt € [0,1].
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