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2 CHOONKIL PARK AND JUNG RYE LEE

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [58]] con-
cerning the stability of group homomorphisms. Hyers [28] gave a first affirmative partial answer
to the question of Ulam for Banach spaces. Hyers” Theorem was generalized by Aoki [3] for
additive mappings and by Th.M. Rassias [49] for linear mappings by considering an unbounded
Cauchy difference. The paper of Th.M. Rassias [49] has provided a lot of influence in the de-
velopment of what we call generalized Hyers-Ulam stability or Hyers-Ulam-Rassias stability of
functional equations. A generalization of the Th. M. Rassias theorem was obtained by Gdvruta
[24] by replacing the unbounded Cauchy difference by a general control function in the spirit
of Th. M. Rassias’ approach.

The functional equation

flx+y)+ flz—y)=2f(z)+2f(y)

is called a quadratic functional equation. In particular, every solution of the quadratic functional
equation is said to be a quadratic mapping. A generalized Hyers-Ulam stability problem for
the quadratic functional equation was proved by Skof [57] for mappings f : X — Y, where
X is a normed space and Y is a Banach space. Cholewa [11] noticed that the theorem of Skof
is still true if the relevant domain X is replaced by an Abelian group. Czerwik [[13] proved the
generalized Hyers-Ulam stability of the quadratic functional equation. The stability problems
of several functional equations have been extensively investigated by a number of authors and
there are many interesting results concerning this problem (see [1, 4, 16, 12, [14], [18]]-[22],
[29, 132,133,139, 411, [SO]-[54]).
In [31], Jun and Kim considered the following cubic functional equation

(1.1) fQRr+y)+ f(2r —y) =2f(v +y) +2f (v — y) + 12f(z).

It is easy to show that the function f(x) = 2 satisfies the functional equation , which is
called a cubic functional equation and every solution of the cubic functional equation is said to
be a cubic mapping.

In [35]], Lee et al. considered the following quartic functional equation

(12)  fQRr+y)+ fRRr—y)=4f(x+y) +4f(x —y) +24f(r) = 6f(y).

It is easy to show that the function f(x) = z* satisfies the functional equation , which is
called a quartic functional equation and every solution of the quartic functional equation is said
to be a quartic mapping.

Let X be a set. A functiond : X x X — [0,00] is called a generalized metric on X if d
satisfies

(1) d(z,y) = 0if and only if z = y;

2)d(x,y) =d(y,x) forall z,y € X;

B)d(z,2) < d(z,y) +d(y, z) forall z,y,z € X.

We recall a fundamental result in fixed point theory.

Theorem 1.1. [7,[15] Let (X, d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element
z € X, either
d(J"z, J"z) = 0o

for all nonnegative integers n or there exists a positive integer ng such that

(1) d(J"z, J"r) < oo, Vn > ng;

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fixed point of J in the setY = {y € X | d(J™z,y) < oco};
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(4) d(y,y*) < 2£d(y, Jy) forally € Y.

In 1996, G. Isac and Th. M. Rassias [30] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [42,43] 48]]).

The aim of this paper is to investigate the generalized Hyers-Ulam stability of the additive-
quadratic-cubic-quartic functional equation

(1.3) fle+2y)+ flx —2y) = 4f(x+y) +4f(z—y) —6f(z)
+ f2y) + f(=2y) —4f(y) — 4f(~y)

in Banach spaces, in random Banach spaces and in non-Archimedean Banach spaces by using
the direct method random and by the fixed point method.

2. GENERALIZED HYERS-ULAM STABILITY OF AN AQCQ-FUNCTIONAL EQUATION
IN BANACH SPACES: DIRECT METHOD

One can easily show that an odd mapping f : X — Y satisfies (1.3) if and only if the odd
mapping mapping f : X — Y is an additive-cubic mapping, i.e.,
fle+2y) + fle—2y) =4f(x +y) +4f(x —y) — 6/ (2).

It was shown in Lemma 2.2 of [17] that g(x) := f(2z) —2f(x) and h(z) := f(2z) —8f(x) are
cubic and additive, respectively, and that f(z) = ¢g(z) — $h(z).

One can easily show that an even mapping f : X — Y satisfies if and only if the even
mapping f : X — Y is a quadratic-quartic mapping, i.e.,

flx+2y) + f(x —2y) =4f (v +y) +4f (v —y) —6f(x) +2f(2y) — 8f(y).

It was shown in Lemma 2.1 of [16] that g(x) := f(2x) — 4f(x) and h(x) := f(2z) — 16f(x)
are quartic and quadratic, respectively, and that f(z) = 5 g(z) — 5h(z).

In this section, assume that X is a normed space and Y is a Banach space.

For a given mapping f : X — Y, we define

Df(z,y): = flz+2y)+ flo—2y) —4f(z+y) —4f(z —y) +6f(z)
— fQ2y) = f(=2y) +4f(y) +4f(~y)

forall z,y € X.

Note that the main results of this section are contained in [47]].

We prove the generalized Hyers-Ulam stability of the functional equation D f(z,y) = 0 in
Banach spaces: an odd case.

Theorem 2.1. Let ¢ : X* — [0, 00) be a function such that

g (Y
2.1 ®(z,y) ._nzzog ¢(2—n,2—n> < o0
forall x,y € X. Let f : X — Y be an odd mapping satisfying
(2.2) I1Df(z,y)ll < ¢lz,y)
forall x,y € X. Then there exists a unique cubic mapping C' : X — Y such that
(2.3) 1F(20) = 2f(2) = C@)l| <40 (5, 5) + @ (.5)
forall x € X.
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Proof. Letting x = y in (2.2)), we get

(2.4) 1F(By) —4f(2y) + 55 W)l < @(y.y)
forally € X.

Replacing = by 2y in (2.2)), we get
(2.5) 1/ (4y) — 4fBy) + 6 (2y) — 4f (W)l < ¢ (2y,y)
forall y € X.

By (24) and (3.

[f(4y) —10f(2y) + 16f(y)|| < [l4(f(3y) —4f(2y) +5f (W)l
+ |If(dy) —4f(3y) +6f(2y) — 4f (W)l
< do(y,y) +o(2y,y)

forally € X. Letting y :=  and g(z) := f(2z) — 2f(x) forall z € X, we get
<

T xr T xr
(5l =5 8) e e
Hg(x) 89(2)” ?l33) TPy

for all x € X. Hence

m—1 m—1
;T m o X - r T (T T
@6 II8'9(5) = 8" < 3480 (57757 ) + 2 8¢ (5507
Jj=l l

j=

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.1) and
(2.6) that the sequence {8*¢(Z)} is Cauchy for all 2 € X. Since Y is complete, the sequence
{8%g(5%)} converges. So one can define the mapping C': X — Y by

C(x) := lim 8Fg (Zx—k)

k—oo
forall z € X.
By (2.1) and (2.2),
7 k r y
IDC@ I = Jim & Dy (5 5) |

) 2x 2y Tz Yy
s s (‘P(zw)”@ 2 o ) !

forall z,y € X. So DC(x,y) = 0. Since g : X — Yisodd, C : X — Y is odd. So the
mapping C' : X — Y is cubic. Moreover, letting [ = 0 and passing the limit m — oo in (2.6),
we get (2.3). So there exists a cubic mapping C' : X — Y satisfying (2.3).

Now, let C" : X — Y be another cubic mapping satisfying (2.3). Then we have

0@ -c@l = & e (5) - ()]
(5) -9 (%)

e () -9 ()] +

4.1 z i) . Q4 (ﬂ i)
< 2.4 8®<2q+1,2q+1 +2.8 (o )

IN

which tends to zero as ¢ — oo for all z € X. So we can conclude that C'(z) = C’(x) for all
x € X. This proves the uniqueness of C'. &

Corollary 2.2. Let 0 > 0 and let p be a real number with p > 3. Let f : X — Y be an odd
mapping satisfying
2.7) IDf (@, )|l < 0(l[z]|” + llyl[")
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forall x,y € X. Then there exists a unique cubic mapping C : X — Y such that

2P +9
1£(22) = 2f(2) = Cla)]| < S

0llz”
forall x € X.
Similarly, we can obtain the following. We will omit the proof.

Theorem 2.3. Let ¢ : X? — [0, 00) be a function such that

o0

1
O(r,y) =) 5o (2"0,2"y) < o0
n=0

forallx,y € X. Let f : X — Y be an odd mapping satisfying (2.2)). Then there exists a unique
cubic mapping C' : X — Y such that

I£(2r) — 2f(x) ~ C(@)| < 5® (w,2) + 3@ (20,)
forall x € X.

Corollary 2.4. Let 0 > 0 and let p be a real number with0 < p < 3. Let f : X — Y be an odd
mapping satisfying (2.7). Then there exists a unique cubic mapping C : X — Y such that

9+ 2°F
1£(22) = 2f(2) = Cla)]| < o—;

0lc[”
forall x € X.

Theorem 2.5. Let ¢ : X? — [0, 00) be a function such that

00 . Ty
O(z,y) = ZQ ® <2—n,2—n> < 0
n=0

forallx,y € X. Let f : X — Y be an odd mapping satisfying (2.2)). Then there exists a unique
additive mapping A : X — Y such that

|£(22) = 8f() = A@)|| < 40 (5.5) +@ (=.5)
forall x € X.
Corollary 2.6. Let 6 > 0 and let p be a real number with p > 1. Let f : X — Y be an odd
mapping satisfying (2.7). Then there exists a unique additive mapping A : X — Y such that

2P +9
1£(22) = 8f(z) — Ax)l| < 55— Oll«l”
forall x € X.
Theorem 2.7. Let o : X? — [0, 00) be a function such that
— 1
2.8 P = —p (2", 2"
(2.8) (z,y) §2nw( ,2"y) < 00

forallx,y € X. Let f : X — Y be an odd mapping satisfying (2.2)). Then there exists a unique
additive mapping A : X — Y such that

1£(20) = 8() — A@)] < 20 (&,) + 3@ (22,)
forall x € X.
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Corollary 2.8. Let 0 > 0 and let p be a real number with 0 < p < 1. Let f : X — Y be an odd
mapping satisfying (2.7). Then there exists a unique additive mapping A : X — Y such that

|£(2r) ~ 8f(x) ~ AW < o)

0lz”
forall x € X.

Now we prove the generalized Hyers-Ulam stability of the functional equation D f(z,y) = 0
in Banach spaces: an even case.

Theorem 2.9. Let ¢ : X* — [0, 00) be a function such that

(2.9) 216” ( ) < 00

forallz,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and . Then there
exists a unique quartic mapping () : X — Y such that

1f(22) —4f(z) - ()H<4‘I’(2 2>+\I’( 326>

forall x € X.

Proof. Letting x = y in (2.2), we get

(2.10) 1f(3y) — 6 (2y) + 15f(w)ll < @(y,y)
forall y € X.

Replacing = by 2y in (2.2)), we get
2.11) 1f (4y) — 4f(3y) + 4 2y) +4f W)l < ¢(2y,9)
forally € X.

By (2.10) and @.1T)),

1 (42) = 20f(22) + 64 f (2)]]
< [14(f(3x) — 6f(22) + 15f(2))]]
| f(4z) — 4f (Bx) +4f(2x) + 4 (z)||
<Adp(z,x) + p(2z,x)

forall x € X. Letting g(x) := f(2x) — 4f(x) for all z € X, we get
x
109 (5)[ <0 (55) e (=3)
Hg(x) Gg <dp(5.5) teleg
forallz € X.

The rest of the proof is similar to the proof of Theorem [2.1] §

Corollary 2.10. Let 8 > 0 and let p be a real number with p > 4. Let f : X — Y be an even

mapping satisfying f(0) = 0 and . Then there exists a unique quartic mapping ) - X —'Y
such that

w4
2P — 16

1/ (22) —4f(x) — Q(z)]| < 9||pr
forall x € X.

Similarly, we can obtain the following. We will omit the proof.
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Theorem 2.11. Let ¢ : X% — [0, 00) be a function such that
S 1 n n
\Ij(xay> = Zﬁ¢(2 ZL’,2 y) <00
n=0

forallz,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and . Then there
exists a unique quartic mapping @ : X — Y such that

|£(2r) — 4£(x) ~ Q)| < 7 (&) + ¥ (22, )

forall x € X.

Corollary 2.12. Let 6 > 0 and let p be a real number with 0 < p < 4. Let f : X — Y be

an even mapping satisfying f(0) = 0 and . Then there exists a unique quartic mapping
Q : X — Y such that

9+ 2°
16 — 2p

If(22) = 4f(2) = Q(z)] < 0l|[”

forall x € X.
Theorem 2.13. Let ¢ : X? — [0, 00) be a function such that

24” ( ><oo

forallx,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and . Then there
exists a unique quadratic mapping T : X — Y such that
x T x
|£(22) = 16f(x) = T() | < 4% (5,5) +¥ (2,5)
forall x € X.

Corollary 2.14. Let 0 > 0 and let p be a real number with p > 2. Let f : X — Y be an

even mapping satisfying f(0) = 0 and (12:7]) Then there exists a unique quadratic mapping
T: X — Y such that

2P +9

17(22) = 16f(2) = T'(2)|| < 55— 0ll=[l”
forall x € X.
Theorem 2.15. Let ¢ : X? — [0, 00) be a function such that
— 1
v = —p (2"x,2"y) <
(z,9) ;@90( z,2"y) < oo

forallx,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and . Then there
exists a unique quadratic mapping T : X — Y such that

1f(22) = 16f(z) = T(2)|| < ¥ (z,2) + ;L‘I’ (27, z)
forall x € X.

Corollary 2.16. Let 8 > 0 and let p be a real number with 0 < p < 2. Let f : X — Y be

an even mapping satisfying f(0) = 0 and . Then there exists a unique quadratic mapping
T : X — Y such that

1£(22) - 16f(z) - T(x)]| < 2F=

4 —2p

0|]|”
forall x € X.
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Let f,(z) := M and f.(z) = w Then f, is odd and f, is even. f, and f,

satisfy the functional equation (1.3). Let g,(z) = f,(2z) — 2f,(z) and h,(z) = f,(2x) —
8fo(x)' Then fe(x) = %go<x) - gho(f)- Let g@(l‘) = fe(Qm) - 4fe(x) and he(x) = fe(Qx) -
16f.(z). Then f.(z) = 559.(z) — $5he(x). Thus

(&) = Zaul) -

Hence we obtain the following results.

1 1

ho(z) + Ege(x) — Ehe(az)

1
6

Theorem 2.17. Let ¢ : X? — [0,00) be a function satisfying (2.9). Let f : X — Y bea
mapping satisfying f(0) = 0 and . Then there exist an additive mapping A : X — Y,
a quadratic mapping T : X — Y, a cubic mapping C' : X — Y and a quartic mapping
Q : X — Y such that

() = ZAW) = T() - 50() - 15Q()

2 x X 1 x 1 T X 1 T
2 (50) (D) e (5D )
=3%1\53) ™ \Bg) T3¥2\5g) T2 (05

2 T T 1 x 1 T T 1 x
b, (53) (e 3) G E) )
T3%\2g) TP \mg) TaPilyn) Y
forall z € X. Here &1 := &, Vy := W, O3 := O and V, := VU are given in the statements of
Theorems and respectively.

Corollary 2.18. Let 0 > 0 and let p be a real number withp > 4. Let [ : X — Y be a mapping
satisfying f(0) = 0 and . Then there exist an additive mapping A : X — Y, a quadratic

mapping T' : X — 'Y, a cubic mapping C' : X — Y and a quartic mapping Q : X — Y such
that

|10 - 240 - 70 - het) - o
2P+ 9 2P +9 Q% L9 % 49 ,
< (srn " w5 o i)

forall x € X.

Theorem 2.19. Let ¢ : X*> — [0,00) be a function satisfying (2.8). Let f : X — Y bea
mapping satisfying f(0) = 0 and . Then there exist an additive mapping A : X — Y,

a quadratic mapping T : X — Y, a cubic mapping C' : X — Y and a quartic mapping
Q@ : X — Y such that

1 1

J10) - 400 - 1570 - 500 - 1500

1 1 1 1
S §CI)1 (va) + Ecbl (21‘71‘) + E\IIZ (fL‘,l’) + 4_81112 (2£C,£L‘)

1 1 1 1
+ECI>3 (x,x) + 4_8(1)3 (2z,x) + @\114 (x,x) + @\114 (2x,x)

forall x € X. Here & := ®, Uy := U, O3 := & and ¥, := VU are given in the statements of

Theorems[2.7) 2.15] 2.3|and 2.11} respectively.

Corollary 2.20. Let 8 > 0 and let p be a real number with 0 < p < 1. Let f : X — Y be
a mapping satisfying f(0) = 0 and . Then there exist an additive mapping A : X — Y,
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a quadratic mapping T : X — Y, a cubic mapping C' : X — Y and a quartic mapping
Q@ : X — Y such that

70 - )~ 5T0) - 50 - 500
<< w19 N 2 49 N 2P 49 N 2P 49 )QHpr
=\6(2—20) " 124 —20) " 6(8—27) ' 12(16 — 27)

forall x € X.

3. GENERALIZED HYERS-ULAM STABILITY OF AN AQCQ-FUNCTIONAL EQUATION
IN BANACH SPACES: FIXED POINT METHOD

In this section, assume that X is a normed space and Y is a Banach space.

Using the fixed point method, we prove the generalized Hyers-Ulam stability of the functional
equation D f(z,y) = 0 in Banach spaces: an odd case.

Note that the fundamental ideas in the proofs of the main results are contained in [7, |8, 9],
and that the main results of this section are contained in [34].

Theorem 3.1. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with

L
pla,y) < g (22, 2y)
forall x,y € X. Let f : X — Y be an odd mapping satisfying

3.1 IDf(z, y)ll < ¢(z,y)
forall x,y € X. Then there is a unique cubic mapping C' : X — Y such that
(3.2) 1£(20) = 2f(2) = Clo)| £ 5= (o, ) + 9(22,2)
forall x € X.
Proof. Letting x = y in (3.1)), we get
(3.3) 1FBy) —4f(2y) + 55 (W)l < ¢(y.v)
forally € X.

Replacing = by 2y in (3.1)), we get
(3.4) 1/ (4y) — 4fBy) + 6/ (2y) — 4f (W)l < ¢(2y,y)
forally € X.

By (33) and (54).

| f(4y) —10f(2y) + 16 ()| < [|4(f(By) —4f(2y) +5f(v))|l
+ |If(dy) —4f(3y) +6f(2y) — 4f (W)l
< do(y,y) + 0 (2y,y)

forall y € X. Letting y := ¢ and g(z) := f(2z) — 2f(x) forall z € X, we get
<

x T x x
3-5) o) 89(2)” 4¢(2,2>+¢(a¢,2>
forall z € X.

Consider the set

S={g: X =Y}
and introduce the generalized metric on S:

d(g,h) = nf{js € R, : |g(2) — hia)]| < pldp(e, x) + p(22,2)), Va € X},
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where, as usual, inf ¢ = +o0. It is easy to show that (.5, d) is complete (see the proof of Lemma
2.1 of [37]).
Now we consider the linear mapping .J : S — S such that

Jg(x) =8¢ (g)

forall x € X.
Let g, h € S be given such that d(g, h) = . Then

[g(z) — h(x)[| < 4p(z,2) + p(27, 7)
for all z € X. Hence

i
179(2) = Th@)ll = 189 (5 ) = 8h (5 ) | < Lide(z,2) + p(20,2))
forall z € X. So d(g, h) = € implies that d(.Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g, h)

forall g,h € S.
It follows from (3.5]) that

lo(e) ~ 8 (5) I < 5 (ol 2) + p(2z, 2)

forallz € X. Sod(g, Jg) < L.
By Theorem|[I.1] there exists a mapping C': X — Y satisfying the following:
(1) C'is a fixed point of J, i.e.,

x 1
(3.6) C (5) = 0@
forall x € X. Sinceg: X — Yisodd, C': X — Y is an odd mapping. The mapping C' is a

unique fixed point of .J in the set
M={geS:d(f g) <o}
This implies that C' is a unique mapping satisfying such that there exists a 4 € (0,00)
satisfying
lg(z) = C(a)|| < plde(z, ) + (22, ))
forallx € X;
(2)d(J"g,C) — 0 as n — oo. This implies the equality

Jim 9 (57) = 0@

for all x € X;
(3) d(g,C) < t27d(g, Jg), which implies the inequality

< .

This implies that the inequality (3.2) holds.

By (3.1),
woa (o)< (o (50 50) +2¢ (o)

forall z,y € X and all n € N. So
‘S"D ( )H < L"(p (22, 2y) + 20(z, )
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forall z,y € X and all n € N. So
IDC(z, y)|| =0
for all z,y € X. Thus the mapping C' : X — Y is cubic, as desired. &

Corollary 3.2. Let 0 > 0 and let p be a real number with p > 3. Let X be a normed vector
space with norm || - ||. Let f : X — Y be an odd mapping satisfying

3.7) IDf(z, y)| < 0Cllz[” + llyll”)
forall x,y € X. Then there is a unique cubic mapping C : X — Y such that
2P +9
1£(22) = 2f(z) = Cla)|| < 55— Oll=l”

forall x € X.
Proof. The proof follows from Theorem [3.1| by taking
(e, y) = 0"+ [lyll”)
for all z,y € X. Then we can choose L = 2377 and we get the desired result. |
Similarly, we can obtain the following. We will omit the proof.

Theorem 3.3. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with
Ty
5 <38L <_7 _>
plz,y) < 8Ly |55
forall z,y € X. Let f : X — Y be an odd mapping satisfying (3.1). Then there is a unique
cubic mapping C' : X — Y such that

1f(22) = 2f(x) = C(z)] < (4o(z, ) + (22, 7))

8 —8L
forall x € X.

Corollary 3.4. Let 0 > 0 and let p be a real number with 0 < p < 3. Let X be a normed vector
space with norm || - ||. Let f : X — Y be an odd mapping satisfying (3.7). Then there is a
unique cubic mapping C' : X — Y such that

1£22) - 2f(z) — C(a)]| < 2=

8 —2p

0l]l”
forall x € X.

Theorem 3.5. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with

L

forall z,y € X. Let f : X — Y be an odd mapping satisfying (3.1). Then there is a unique
additive mapping A : X — Y such that

1 (22) = 8f(z) — A(z)] < (4o(z, ) + (22, 2))

2-2L
forall x € X.
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Corollary 3.6. Let 6 > 0 and let p be a real number with p > 1. Let X be a normed vector

space with norm || - ||. Let f : X — Y be an odd mapping satisfying ([3.7). Then there is a

unique additive mapping A : X — Y such that
2P +9
1f(22) = 8f(x) — Az)|| <

- 2r =2

0llx”
forall x € X.

Theorem 3.7. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with
Yy
) <2L <_7 _>
pla,y) < 2Lp 5 5
forall z,y € X. Let f : X — Y be an odd mapping satisfying (3.1). Then there is a unique
additive mapping A : X — Y such that

1£(22) = 8f(2) = A@)] < 557 Upla, 2) + p(2r, 2)

forall x € X.

Corollary 3.8. Let 0 > 0 and let p be a real number with 0 < p < 1. Let X be a normed vector

space with norm || - ||. Let f : X — Y be an odd mapping satisfying (3.7). Then there is a
unique additive mapping A : X — Y such that

1£(22) - 8f(x) — Ax)]| < 272

2—2r

0|
forall x € X.

Using the fixed point method, we prove the generalized Hyers-Ulam stability of the functional
equation D f(z,y) = 0 in Banach spaces: an even case.

Theorem 3.9. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with
L
pla.y) < 75 (22,2y)

forallz,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and . Then there
is a unique quartic mapping () : X — Y such that

L
1£(22) = 4f(2) = Q)| < {p—57 (e(,2) + ¢(22,2))

forall x € X.
Proof. Letting x = y in (3.1)), we get
(3.8) 1f(3y) = 6/(2y) + 15f (W)l < @(y,v)
forall y € X.

Replacing z by 2y in (3.1), we get
(3.9) 1 (4y) — 4f By) + 4 (2y) + 4f (W)l < ¢(2y,y)
forall y € X.

By (3.8) and (3.9),

1f(42) — 20f(22) + 64 f(2)]]
< [14(f(3z) — 6f(22) + 15f(z))||
+|[f(4x) — 4f(3x) + 4f(22) + 4f (2)||
<Adp(z,x) + ¢(2z,)
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for all x € X. Letting g(x) := f(2x) — 4f(x) for all z € X, we get

(.10) Jot@) =160 (5)]| <20 (5:5) + ¢ (=:3)

forall x € X.

Let (S, d) be the generalized metric space defined in the proof of Theorem
It follows from (3.10]) that

[ote) ~ 169 (5| < 15 (4ot 2) + (20, 2)

forallz € X. Sod(g, Jg) < &
The rest of the proof is similar to the proof of Theorem[3.1] §

Corollary 3.10. Let 6 > 0 and let p be a real number with p > 4. Let X be a normed vector
space with norm || - ||. Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.7). Then
there is unique quartic mapping ) : X — Y such that

I£(22) ~ 4f() ~ Q)| < it

0|c]]”
forall x € X.
Similarly, we can obtain the following. We will omit the proof.

Theorem 3.11. Ler ¢ : X? — [0, 00) be a function such that there exists an L < 1 with

ple,y) <16L¢ (5.5)

forallx,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and . Then there
is a unique quartic mapping () : X — Y such that

1f(2z) — 4f(x) — Q(z) (4p(z, ) + (22, 2))

1
| <
16 — 16L
forall x € X.
Corollary 3.12. Let 0 > 0 and let p be a real number with 0 < p < 4. Let X be a normed

vector space with norm || -||. Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.7).
Then there is a unique quartic mapping () : X — Y such that

I£(2x) ~ 4f() ~ Q)| < -0

0lx”
forall x € X.

Theorem 3.13. Let ¢ : X% — [0, 00) be a function such that there exists an L < 1 with
L
pla,y) < v (22, 2y)

forallx,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and . Then there
is a unique quadratic mapping T : X — Y such that

1f(22) = 16f(z) = T(x)]| < (4p(z, ) + (22, 7))

forall x € X.
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Corollary 3.14. Let 0 > 0 and let p be a real number with p > 2. Let X be a normed vector

space withnorm || - ||. Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.7). Then
there is a unique quadratic mapping T' : X — Y such that

7(25) ~16f() ~ T(@)] < > Jellal?

forall x € X.

Theorem 3.15. Let ¢ : X% — [0, 00) be a function such that there exists an L < 1 with

Ty
; <4L <_7 _>
pla,y) < 4Ly |55
forallx,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and . Then there
is a unique quadratic mapping T : X — Y such that

1f(22) = 16f(x) = T(2)[| <

7 4w, 2) + 9(2,2)

forall x € X.

Corollary 3.16. Let 8 > 0 and let p be a real number with 0 < p < 2. Let X be a normed

vector space with norm || -||. Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.7).
Then there is a unique quadratic mapping T' : X — 'Y such that

9+ 2
|£(22) = 16f() - @)l <

0||[”
forall x € X.

Hence we obtain the following results.

Theorem 3.17. Let ¢ : X2 — [0, 00) be a function such that there exists an L < 1 with
L
play) < 75 (22,2y)

forall z,y € X. Let f : X — Y be a mapping satisfying f(0) = 0 and (3.1). Then there

exist an additive mapping A : X — Y, a quadratic mapping T : X — Y, a cubic mapping

C : X — Y and a quartic mapping () : X — Y such that
1

J10) - §4(0) - 157 - 500 - 500

< ( L N L N L N L )
“\12—-12L 48 —48L 48 —48L 192 — 192L
X (do(x, ) + (22, 1))
forall x € X.

Corollary 3.18. Let 6 > 0 and let p be a real number withp > 4. Let f : X — Y be a mapping
satisfying f(0) = 0 and . Then there exist an additive mapping A : X — Y, a quadratic

mapping T' : X — 'Y, a cubic mapping C' : X — Y and a quartic mapping () : X — Y such
that

Hf(w) - éA(a:) - %T(:E) ~ éC(x) - %Q(I)H
2P+ 9 2P +9 2?49 %49 ,
< (6(217 _ 2) - 12(2}7 _ 4) + 6(21’ — 8) + 12<2p — 16)) QH-TH

forall x € X.

AJMAA, Vol. 8, No. 1, Art. 14, pp. 1-39, 2011 AJMAA


http://ajmaa.org

AQCQ-FUNCTIONAL EQUATION AND ITS APPLICATIONS 15

Theorem 3.19. Let o : X? — [0, 00) be a function such that there exists an L < 1 with

zy
; <2L <_7 _>
pla,y) < 2Lp | 5 5
forall x,y € X. Let f : X — Y be a mapping satisfying f(0) = 0 and . Then there
exist an additive mapping A : X — Y, a quadratic mapping T' : X — Y, a cubic mapping

C: X — Y and a quartic mapping () : X — Y such that

1 1

J10) - 400 - 1570 - 500 - 1500

1 1 1 1
<
- (12 —12L * 48 — 48L * 48 — 48L * 192 — 192L)
X (dp(x, 2) + (27, x))
forall x € X.
Corollary 3.20. Let 0 > 0 and let p be a real number with 0 < p < 1. Let f : X — Y be
a mapping satisfying f(0) = 0 and . Then there exist an additive mapping A : X — Y,

a quadratic mapping T : X — Y, a cubic mapping C' : X — Y and a quartic mapping
Q : X — Y such that

1 1 1 1
1)~ () - 15T@) - §0() - 15Q0)
<< % 49 N 2% 4+ 9 N 29 4+ 9 N 2P +9 )QHQTHP
=\62—2) " 1204 —20) " 6(8—2¢) ' 12(16 — )

forall x € X.

4. GENERALIZED HYERS-ULAM STABILITY OF AN AQCQ-FUNCTIONAL EQUATION
IN RANDOM BANACH SPACES: DIRECT METHOD

Fuzzy set theory is a powerful tool set for modeling uncertainty and vagueness in various
problems arising in the field of science and engineering. It has also very useful applications in
various fields, e.g., population dynamics [3]], chaos control [23]], computer programming [25],
nonlinear operators [40], etc. Recently, the fuzzy topology has proved to be a very useful tool
to deal with such situations where the use of classical theories breaks down.

In the sequel, we adopt the usual terminology, notations and conventions of the theory of
random normed spaces, as in [10, 36, 37, [55] 56]. Throughout this paper, A is the space of
distribution functions, that is, the space of all mappings F' : RU{—o00, 00} — [0, 1] such that F’
is left-continuous and non-decreasing on R, F'(0) = 0 and F'(+00) = 1. D% is a subset of AT
consisting of all functions F' € A* for which [~ F(+00) = 1, where [~ f(z) denotes the left
limit of the function f at the point z, that is, [~ f(x) = lim;_,,— f(¢). The space A" is partially
ordered by the usual point-wise ordering of functions, i.e., F' < G if and only if F'(t) < G(t)
for all ¢ in R. The maximal element for A™ in this order is the distribution function ¢, given by

colt) = 0, ift <0,
TN 1, ift >0,

Definition 4.1. ([55]]) A mapping 7" : [0,1] x [0,1] — [0, 1] is a continuous triangular norm
(briefly, a continuous ¢-norm) if 7" satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;
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(¢) T(a,1) = aforalla € [0,1];
(d) T(a,b) < T(c,d) whenever a < cand b < d forall a,b,c,d € [0, 1].

Typical examples of continuous ¢-norms are Tp(a,b) = ab, Ty(a,b) = min(a,b) and
Tr(a,b) = max(a + b — 1,0) (the Lukasiewicz t-norm). Recall (see [26, 27]) that if T is a
t-norm and {z,} is a given sequence of numbers in [0, 1], then 7}, z; is defined recurrently

by Tih 2, = xy and T 2y = T(T) 2y, ) for n > 2. T x; is defined as T2, x,, ;1. It is
known ([27]) that for the Lukasiewicz ¢-norm the following implication holds:

n—oo

lim (TL)zlanrifl =1 Z(l — $n) < 0Q.
n=1

Definition 4.2. ([S56]) A random normed space (briefly, RN-space) is a triple (X, u, T'), where
X is a vector space, T is a continuous ¢-norm and x is a mapping from X into D™ such that the
following conditions hold:

(RNy) p,(t) = eo(t) forall t > 0 if and only if x = 0;

(RN2) 100 (t) = p,(75) forall z € X, a # 0;

(RN3) piyy, (t+5) > T(p,(t), p1,(s)) forall z,y € X and all £, s > 0.

Every normed space (X, ||.||) defines a random normed space (X, y, 7)), where
B t
t+ [l
for all t > 0, and T} is the minimum ¢-norm. This space is called the induced random normed
space.

Definition 4.3. Let (X, 11, T") be an RN-space.

(1) A sequence {z,,} in X is said to be convergent to z in X if, for every ¢ > 0 and A > 0, there
exists a positive integer N such that p, _,(€) > 1 — X\ whenever n > N.

(2) A sequence {x,} in X is called a Cauchy sequence if, for every ¢ > 0 and A > 0, there
exists a positive integer N such that p1,, _, (€¢) > 1 — X\ whenevern > m > N.

(3) An RN-space (X, i, T') is said to be complete if and only if every Cauchy sequence in X is
convergent to a point in X.

f ()

Theorem 4.4. ([55]) If (X, i, T') is an RN-space and {z,} is a sequence such that x, — z,
then limy, o f1, (t) = p1,(t) almost everywhere.

Throughout this section, assume that X is a real vector space and that (Y, u1, T') is a complete
RN-space.

Note that the main results of this section are contained in [46].

We prove the generalized Hyers-Ulam stability of the functional equation D f(z,y) = 0 in
complete RN-spaces: an odd case.

Theorem 4.5. Let f : X — Y be an odd mapping for which there isa p : X? — DT (p(x,y)
is denoted by p, ) such that

4.1) 15 (&) = pay (D)
forallz,y € X and allt > 0. If
nh_{glo ) (T (p2k+"*1a:,2k+"*1m (2k+n_3t) » Poktng 2kdn—1g (2k+n_1t>))
4.2) =1
and
(4.3) im pgn, on, (2") =1

n—oo
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forall x,y € X and all t > 0, then there exist a unique additive mapping A : X — Y and a
unique cubic mapping C' : X — Y such that

4.4) It (22)—8 £ (2)— A(z) ()
> Tlgil (T (ka*I:p,Qkflx (2k_5t) y Pok g ok—1y (2k_lt))) )
4.5) It (22) 2 (2)—C () ()

Z T]Sil (T (kaflx,Qkflac (Skilt) 7p2ka;,2k*1x (4 ' 8k71t)))
forall x € X and allt > 0.

Proof. Putting x = y in {.1)), we get

(4.6) P -afen+ssm) () 2 Pyy(t)
forall y € X and all ¢t > 0. Replacing « by 2y in (.1)), we get

4.7) Pt (a)-afu)+6@u)-21 () () = Payy(t)
for all y € X and all £ > 0. It follows from and (4.7) that

I (42)— 10 (22)+ 16 () ()

- /”L(4f(3x)—16f(2w)+20f(x))+(f(4x)—4f(3x)+6f(2$)—4f($))(t>

t t
>T (M4f(3x)_16f(2m)+20f(w) <§> 1 Hf(42)—4f (32)+6 £ (22)—4f (x) (§)>

>T (p (é) »Poae (%))

forallz € X andallt > 0. Let g : X — Y be a mapping defined by g(z) := f(2z) — 8f(z).
Then we conclude that

t t
Mg(Zx)fQQ(:c)(t) >T (px,x (g) ) P2g.a (5))

forall x € X and all ¢ > 0. Thus we have

t

forall x € X and all ¢ > 0. Hence
Hgk+ls)  g(2ka) (t) >T (p2kx,2k:r: (2k_2t> ) Pokt1g oky (2kt>)
ok+1 ok

forallz € X,allt >0andall kK € N. From 1 > %—I—Q%—I----%—l it follows that

n
t
/’wag(x)(t) 2 ngl(ﬂwzi’;m)_ggijz)(?))
(4.8) > T0y (T (por1p0t-10 (277°8) L porgan1, (257'1)))

for all z € X and all £ > 0. In order to prove the convergence of the sequence {%},
replacing = with 2"z in (4.8)), we obtain that

NM_%(U

an+m
(49) > Tl?:l (T (p2k+m*1w,2k+m*1x (2k+m_3t) y Poktm g ok+m—1g (2k+m_1t))) .
Since the right hand side of the inequality (4.9) tends to 1 as m and n tend to infinity, the

sequence {%} is a Cauchy sequence. Thus we may define A(x) = lim, g(;zw) for all
x e X.
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Now we show that A is an additive mapping. Replacing x and y with 2"z and 2"y in (4.1)),

respectively, we get

NDf(WQLi,?"y) (t) > p2"z,2"y<2nt)'
Taking the limit as n — oo, we find that A : X — Y satisfies (1.3)) for all z,y € X. Since
f: X —=Yisodd, A: X — Y is odd. By Lemma 2.2 of [17], the mapping A : X — Y is
additive. Letting the limit as n — oo in (#.8)), we get (#.4).

Next, we prove the uniqueness of the additive mapping A : X — Y subject to (4.4). Let
us assume that there exists another additive mapping L : X — Y which satisfies (#.4)). Since
A(2"z) = 2"A(z), L(2"z) = 2" L(x) for all x € X and all n € N, from (4.4), it follows that

() — () (20)
= Wa(ana)_peng) (2"F1E)
(4.10) > T(fa@n)—gan) (2"1); Hg(anz)—L(anz) (271))
> T(Tl::)il (T(p2"+k'*1x,2"+k'*1:v(2n+k_3t)’ p2"+kx,2”+k*1x<2n+k_1t)))7
Tlsil(T(pQ"““*lx,Z"*k*lx(2n+k_3t)7 p2”+kx,2”+k*1x(2n+k_1t>>>>

for all z € X and all ¢ > 0. Letting n — oo in (.10, we conclude that A = L.
Let h : X — Y be a mapping defined by h(x) := f(2z) — 2f(z). Then we conclude that

t t
Hh(22)—8h(x) (t) >T (px,z (g) ) P2z, (5))

for all z € X and all ¢ > 0. Thus we have
pne () 2 T (pa (1), pa e (41))
forall z € X and all ¢ > 0. Hence
Nm_m;#(t) >T (P2kx,2k'x (Skt) y Pok+1g 9k g (4 ) Skt))

gk+1

forallz € X,allt >0andall ¥k € N. From 1 > %+2i2+---+i it follows that

on
t
M%—h(m)(t) > T£:1(Hmzil':z>7h<§::z>(8_k))
(411) > Tl?:l (T (pgk—lxgkflm (Skilt) y Pk g ok—1y (4 : 8k71t)))

for all z € X and all ¢ > 0. In order to prove the convergence of the sequence {%},
replacing = with 2"z in (4.T1]), we obtain that
fnentma name (8) 2> Tiy (T (porsm—1ggrem—y (871E)
8m

gnt+m
(4.12) Parimy ghimt, (48 IE)))

Since the right hand side of the inequality (4.12)) tends to 1 as m and n tend to infinity, the
sequence {h(§:x)} is a Cauchy sequence. Thus we may define C'(x) = lim, % for all
r e X.

Now we show that C' is a cubic mapping. Replacing = and y with 2"z and 2"y in 4.1)),
respectively, we get

/.LDf(278L7af,2"y) (t) 2 p27zx,2ny(8nt).

Taking the limit as n — oo, we find that C' : X — Y satisfies (1.3) for all z,y € X. Since
f:X —=Yisodd, C : X — Y is odd. By Lemma 2.2 of [17], the mapping C' : X — Y is
cubic. Letting the limit as n — oo in (. TT)), we get (4.5).
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The proof of the uniqueness of C' : X — Y is similar to the proof of the uniqueness of
A: X =Y. 1

Similarly, one can obtain the following result.

Theorem 4.6. Let f : X — Y be an odd mapping for which there isa p : X*> — D" (p(x,y)
is denoted by p, ,) satisfying @ If

. o0 t _t =
i T <T (p (W) e e <8k+>)) -

. t
o () =1

forall x,y € X and all t > 0, then there exist a unique additive mapping A : X — Y and a
unique cubic mapping C' : X — Y such that

T (T (p;?mi (4-8"3) P (8_‘“»)

Now we prove the generalized Hyers-Ulam stability of the functional equation D f(z,y) = 0
in complete RN-spaces: an even case.

and

v

15 (20)—8f(2)—A(2) (1)

v

Hp (20) 25 () C(a) (F)

forallx € X and allt > 0.

Theorem 4.7. Let f : X — Y be an even mapping for which there isa p : X* — DT (p(x,y)
is denoted by p, ,) satisfying f(0) = 0 and . If

nh_{{.lo T]?il (T (p2k+n—1x’2k+n71x (2 . 4k+n72t) ,p2k+nx,2k+w1x (2 . 4k+nilt)))
=1
and
nh—>I£10 102"22,2"y(4nt) =1

forall z,y € X and all t > 0, then there exist a unique quadratic mapping P : X — Y and a
unique quartic mapping ) : X — Y such that

[f(22) 16 f () P(a) ()
> T2 (T (por-1g0610 (2 4572) | popgar1, (20 45711))),
P a)-41(@)—Q() ()
> T2 (T (por1g0510 (2 16°71) | porgon1, (8- 165711) )
forall x € X and allt > 0.
Proof. Putting x = y in {.1)), we get
(4.13) Fop(3y)—6£2y)+15 () (E) = Py ()
forall y € X and all ¢ > 0. Replacing z by 2y in (.1)), we get

4.14) Hf(4y)—4f (3y)+4f (2y)+4f () (1) = prvy(t)
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forall y € X and all ¢ > 0. It follows from (4.13)) and (4.14) that

[ (42)—20 f(2) 4641 () ()

= (4 (32) 24 (2) + 60 (x))+(f () — A (32) + 4 (22) + 41 (x)) (F)

t t
>T (M4f(3x)—24f(2:c)+60f(a:) <§> y Hf(4z)—Af (3x)+4f (22)+4f (z) (5))

>T (p (g) »Poae (é))

forallz € X andall ¢ > 0. Let g : X — Y be a mapping defined by g(x) := f(2z) — 16f(z).
Then we conclude that

t t
:ug(2:p)—4g(m)(t) >T (pm,x (g) ) P2z,x (5))

forall x € X and all ¢ > 0. Thus we have

t
M@ﬂ(gﬁ)(t) Z T (pac,$ <§> 7p2x,a; (2t))

forallz € X and all ¢ > 0.
The rest of the proof is similar to the proof of Theorem ]

Similarly, one can obtain the following result.

Theorem 4.8. Let f: X — Y be an even mapping for which there isa p : X* — DT (p(x,y)
is denoted by p,, ) satisfying f(0) = 0 and @.1). If

. o0 t —t =
i e () e () -

t
=1
16")

forall x,y € X and all t > 0, then there exist a unique quadratic mapping P : X — Y and a
unique quartic mapping ) : X — Y such that

and

lim po o (

PICRD)

I (22)~ 16 (2)— P(z) (£)

— ok 7.
N t ¢
tren-as@-ew(t) = TENT\Pa 2\ Tqar ) P (3

forallx € X and allt > 0.

V
-~
N
~
N
)

B
w‘a
7N
*’§
~
t
~_
<
(V]
N
|
~__
~_
~__

5. GENERALIZED HYERS-ULAM STABILITY OF AN AQCQ-FUNCTIONAL EQUATION
IN RANDOM BANACH SPACES: FIXED POINT METHOD

Throughout this section, assume that X is a real vector space and that (Y, 4, T := min) is a
complete RN-space.

Note that the main results of this section are contained in [2].

Using the fixed point method, we prove the generalized Hyers-Ulam stability of the functional
equation D f(z,y) = 0 in complete RN-spaces: an odd case.
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Theorem 5.1. Let p : X? — [0, 00) be a function such that there exists a constant L < 1 with
L
pla,y) < gv(22,2y)
forall x,y € X. Let f : X — Y be an odd mapping satisfying
t

5.1 >

(5.1) MDf(m,y)( ) ~ 4 @(x,y)
forall v,y € X and allt > 0. Then

0w = i & (1 (55) -2/ (5,))

exists for each x € X and defines a cubic mapping C : X — Y such that
(8 —=8L)t
t+5L(p(x, z) + p(2x, 1))

(5.2) It (22) 2 (2)—C(a) (1) = (8—8L)
forallx € X and allt > 0.
Proof. Letting x = y in (5.1)), we get

t

5.3 ty > ———
(5:3) Ff(3y)—af(2y)+5(y) (1) > t+ oy, y)
forally € X and all ¢ > 0.

Replacing x by 2y in (5.1), we get

t

5.4 ty> ———
(5.4) Hyean)=sseroren-s () 2 7525 =
forally € X and all ¢ > 0.

By (53 and ().

Ht(ay) 101 2y)+167(y) (4 + 1)

(5.5) > min {1y 539) a7 +556) (4 Mgy -aseo s en-15) (8}

t

>
Tty y) + ey, y)

forally € X and all £ > 0. Letting y := 7 and g(z) := f(2z) — 2f(z) forall z € X in (5.5),
we get

t
5.6 2\ (D) >
0 O Y ) P O3

forall x € X and all ¢ > 0.
Consider the set
S:={g: X =Y}

and introduce the generalized metric on S
d(Q? h) = inf{y € ]R—l- : lug(a:)—h(ac)(yt)

t
> , Vo e X,Vt >0},
2 e e }
where, as usual, inf ¢ = +o0. It is easy to show that (.5, d) is complete (see the proof of Lemma
2.1 of [37]).
Now we consider the linear mapping .JJ : S — S such that

Jg(x) == 8g <§>
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forall x € X.
Let g, h € S be given such that d(g, h) = ¢. Then

t
et) >
o) 2 TG ) + )

forall x € X and all ¢ > 0. Hence

L
MJQ(I)_Jh(I)<L€t> = MSQ(%)*8}L(%) (Lf:t) = Mg(%)fh(%) (ggt)
L Lt
> o 8 8
Tte(5.5)te(es)
t

v

Loy Lip(z,z) + (23,2))

t+ oz, x) + (27, 7)
forall z € X and all ¢t > 0. So d(g, h) = € implies that d(Jg, Jh) < Le. This means that
d(Jg. Jh) < Ld(g.h)

forall g,h € S.
It follows from (5.6)) that

5Lt > t
Yowrsa(5) \ 8" ) = 1+ o(,2) + 92, )

forall z € X and all t > 0. So d(g, Jg) < 3E.
By Theorem[I.1] there exists a mapping C' : X — Y satisfying the following:
(1) C'is a fixed point of J, i.e.,

T 1
(5.7) C (5) = <C(a)
forallz € X. Sinceg: X — Yisodd, C' : X — Y is an odd mapping. The mapping C' is a

unique fixed point of .J in the set
M ={ge€S:d(fg) <oo}.

This implies that C' is a unique mapping satisfying (5.7) such that there exists a v € (0, 00)
satisfying

t
vt) >
ug(z)_c(:”)( )= t+ oz, z) + o2z, )

forall z € X and all ¢t > 0;
(2)d(J"g,C) — 0 as n — oo. This implies the equality

lim 8"g (;ﬂ) = C(x)

n—oo

forallx € X;
(3)d(g,C) < 127d(g, Jg), which implies the inequality
5L
8 — 8L’

d(g,C) <

This implies that the inequality (5.2) holds.

By (5.),

o 8") > ————
’LLS”DQ(ZT’%)( >_t+(70(2£n,2ln)
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forall z,y € X,allt > 0and alln € N. So
t

MB"DQ(%7%> (t) > - 3n

a2 8n + 5_290 (.T,y)
forall z,y € X, allt > 0 and all n € N. Since lim,,_,, % = 1forall z,y € X and
8” Sn 1’7
allt > 0,

luDC(a:,y) (t) =1
forall z,y € X and all ¢ > 0. Thus the mapping C' : X — Y is cubic, as desired.
Corollary 5.2. Let 0 > 0 and let p be a real number with p > 3. Let X be a normed vector
space with norm || - ||. Let f : X — Y be an odd mapping satisfying

t
1Df(ay) (1) =
Ditey) t+ 0zl + [lyl?)

(5.8)

forallx,y € X and allt > 0. Then C(x) = lim,,_,, 8" (f (Qn%) —2f (2%)) exists for each
x € X and defines a cubic mapping C' : X — Y such that

b (2 — 8)t
forallx € X and allt > 0.

Proof. The proof follows from Theorem [5.1 by taking

p(z,y) = 0(zll” + lyll)

for all #,y € X. Then we can choose L = 2377 and we get the desired result. §
Similarly, we can obtain the following. We will omit the proof.

Theorem 5.3. Let p : X? — [0, 00) be a function such that there exists a constant L < 1 with
Ty
; <3L <_7 _>
pla,y) < 8Ly |5 5
forallz,y € X. Let f : X — Y be an odd mapping satisfying (5.1). Then
: 1 n n
C(z) = 7};%08_” (f (2"'z) —2f(2"2))
exists for each x € X and defines a cubic mapping C' : X — Y such that
() > (8 —=8L)t
Hfz)—2f(@)-C() \V) Z (8 = 8L)t + by(x, z) + by(2x, )
forall x € X and allt > 0.

Corollary 5.4. Let & > 0 and let p be a real number with 0 < p < 3. Let X be a normed
vector space with norm || - ||. Let f : X — Y be an odd mapping satisfying (5.8). Then
C(z) := limy o0 g7 (f (2" 2) — 2f(2"x)) exists for each v € X and defines a cubic mapping
C: X — Y such that
(8 —2P)¢
t) >
“ﬂ%*%@*“ﬂ(>—(8—2mt+a3+2mmuw

forallx € X and allt > 0.
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Theorem 5.5. Let p : X? — [0, 00) be a function such that there exists a constant L < 1 with

p(z,y) < gw (22, 2y)
forall z,y € X. Let f : X —'Y be an odd mapping satisfying (5.1). Then
x x
Alw) = N-lim 2" (f (7:5) =8/ (7))
exists for each x € X and defines an additive mapping A : X — Y such that
(2—2L)t
t+5L(o(x,z) + ¢(22, 7))

:uf(Zz)—Sf(z)—A(ac) (t) Z (2 I 2L)
forallx € X and allt > 0.

Corollary 5.6. Let 0 > 0 and let p be a real number with p > 1. Let X be a normed vector
space with norm || - ||. Let f : X — Y be an odd mapping satisfying (5.8). Then A(z) :=

lim,, o 2" (f (2%1) —8f (2%)) exists for each x € X and defines an additive mapping A :
X — Y such that

(20 — 2)t
t +5(3 4 27)0||z||P

Hyan)-ss-a) (B) 2 5
forallx € X and allt > 0.

Theorem 5.7. Let o : X? — [0, 00) be a function such that there exists a constant L < 1 with

p(z,y) < 2Ly (E g)

272
forallxz,y € X. Let f : X — Y be an odd mapping satisfying (5.1)). Then
Ax) = 7112202—” (f (2"*'z) —8f(2"x))

exists for each x € X and defines an additive mapping A : X — Y such that
(2—2L)t
(2 —2L)t + bo(x, x) + bo(2x, x)

v

1 f (20)-8f(x)- Az ()
forall x € X and allt > 0.

Corollary 5.8. Let 0 > 0 and let p be a real number with 0 < p < 1. Let X be a normed
vector space with norm || - ||. Let f : X — Y be an odd mapping satisfying (5.8). Then

Az) = limyyeo 55 (f (2"12) — 8f(2"2)) exists for each x € X and defines an additive

mapping A : X — Y such that
(2 —27)t
t+5(3 4 27)0||z||P

Hyten)-ss@-a () 2 550
forall x € X and allt > 0.

Using the fixed point method, we prove the generalized Hyers-Ulam stability of the functional
equation D f(z,y) = 0 in complete random normed spaces: an even case.

Theorem 5.9. Let ¢ : X? — [0,00) be a function such that there exists a constant L < 1 with

L
o(z,y) < ¥ (2z,2y)

forallz,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and . Then
: " TN (T
Q) := lim 16 (f <2n—1> A <2n>>
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exists for each x € X and defines a quartic mapping () : X — Y such that
(16 — 16 L)t
t) >
Hptes)-afe)-0) (1) 2 (16 — 16 L)t + 5L(p(x,x) + ¢(2x, x))
forallx € X and allt > 0.

Proof. Letting x = y in (5.1)), we get

t

(5.9) Hi(@y)-6re)+155) (1) 2 t+o(y,y)

forally € X and all ¢ > 0.
Replacing x by 2y in (5.1), we get
t

(5.10) Fof (4y)—af (3y)+4F (2y) +4f (1) (t) = m

forally € X and all ¢ > 0.
By (59) and (5.10)
[ (42)—20 (20)+64f () (4T + 1)
= min {4141 (30)-67(2) 1157)) (4) 5 g (a0 a0y 4472y 15wy (B}
> t
t+ p(z,x) + p(2z,x)
forall z € X and all t > 0. Letting g(x) := f(2z) — 4f(z) forall z € X, we get

t
« >
Hooes(5) 0 2 L o (0 7)

forall x € X and all ¢t > 0.
The rest of the proof is similar to the proof of Theorem [5.1] &

Corollary 5.10. Let 8 > 0 and let p be a real number with 0 < p < 4. Let X be a normed
vector space with norm || - ||. Let f : X — Y be an even mapping satisfying f(0) = 0 and (5.8).
Then Q(z) := limy, o0 1 (f (2""'x) — 4f(2"2)) exists for each x € X and defines a quartic
mapping () : X — Y such that
(16 — 27)t
t) >
Hsten) -1~ (1) 2 (16 — 2P)t + 5(3 + 2¢)0)||z||»

forallx € X and allt > 0.

Similarly, we can obtain the following. We will omit the proof.

Theorem 5.11. Let ¢ : X? — [0, 00) be a function such that there exists a constant L < 1 with

L
pla,y) < ¢ (22,2y)
forall z,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and . Then
o T\ T
T(z) = lim 4 (f <2n—1> 16/ <2n)>
exists for each v € X and defines a quadratic mapping T : X — Y such that
() > (4—4L)t
Hieo-16/@-T@) 1) = (4—4L)t+5L(p(x, ) + (22, x))
forallx € X and allt > 0.
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Corollary 5.12. Let 0 > 0 and let p be a real number with p > 2. Let X be a normed vector
space with norm || - ||. Let f : X — Y be an even mapping satisfying f(0) = 0 and (5.8).
Then T'(z) := lim,,_, ., 4" (f (%%1) —16f (2%)) exists for each v € X and defines a quadratic
mapping T : X — Y such that
t) > (2P —4)t
HiGa=167@ T W = (90 — 1) 1+ 5(3 + 20)0[[[JP

forall x € X and allt > 0.

Theorem 5.13. Let  : X? — [0, 00) be a function such that there exists a constant L < 1 with
z Yy

p(z,y) < 4Ly (57 5)

forallx,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and . Then
— 1i 1 n+1 n
T(x):= nll_{glo—n (f (2"'z) —16f(2"2))

exists for each v € X and defines a quadratic mapping T' : X — Y such that

) > (4—4L)t

Hi(@e)-16f(@)-T() ") = (4 —4L)t + bp(x, z) + bo(2x, )

forallx € X and allt > 0.

Corollary 5.14. Let 0 > 0 and let p be a real number with 0 < p < 2. Let X be a normed
vector space with norm || - ||. Let f : X — Y be an even mapping satisfying f(0) = 0 and
(@). Then T(z) := lim, o0 77 (f (2"'2) — 16 f(2"x)) exists for each v € X and defines a
quadratic mapping T' : X — Y such that
0 > (4 — 2v)t
HyGn)=167@)=1() W = (1 Zonyt + 5(3 + 20)0]|z||P

forallx € X and allt > 0.

6. GENERALIZED HYERS-ULAM STABILITY OF AN AQCQ-FUNCTIONAL EQUATION
IN NON-ARCHIMEDEAN BANACH SPACES: DIRECT METHOD

A valuation is a function | - | from a field K into [0, co) such that O is the unique element
having the 0 valuation, |rs| = |r| - |s| and the triangle inequality holds, i.e.,
Ir+s| < |r|+ s, Vr,s € K.

A field K is called a valued field if K carries a valuation. Throughout this paper, we assume
that the base field is a valued field, hence call it simply a field. The usual absolute values of R
and C are examples of valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle inequality.
If the triangle inequality is replaced by

I+ s| < max{|r|,|s|}, Vr,s € K,

then the function | - | is called a non-Archimedean valuation, and the field is called a non-
Archimedean field. Clearly |1] = | — 1| = 1 and |n| < 1 forall n € N. A trivial example

of a non-Archimedean valuation is the function | - | taking everything except for O into 1 and
|0] = 0.
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Definition 6.1. ([38]) Let X be a vector space over a field K with a non-Archimedean valuation
| - |. Afunction || - || : X — [0, 00) is said to be a non-Archimedean norm if it satisfies the
following conditions:

() ||z|| = 0 if and only if = = 0;

(i) [lrz| = [r[ll=]  (re K,z e X),

(iii) the strong triangle inequality

|z +yll <max{[lz], [[yll},  VoyeX
holds. Then (X, || - ||) is called a non-Archimedean normed space.

Definition 6.2. (i) Let {x, } be a sequence in a non-Archimedean normed space X. Then the
sequence {x,,} is called Cauchy if for a given € > 0 there is a positive integer N such that

|2n — zm| < €

for all n,m > N.
(ii) Let {x,, } be a sequence in a non-Archimedean normed space X. Then the sequence {z,, }
is called convergent if for a given € > ( there are a positive integer N and an z € X such that

[0 — 2| <&

foralln > N. Then we call z € X alimit of the sequence {x, }, and denote by lim,, ., x,, = .
(ii1) If every Cauchy sequence in X converges, then the non-Archimedean normed space X
is called a non-Archimedean Banach space.

Throughout this section, assume that X is a normed space and that Y is a non-Archimedean
Banach space.

Note that the main results of this section are contained in [45]].

We prove the generalized Hyers-Ulam stability of the functional equation D f(z,y) = 0 in
non-Archimedean Banach spaces: an odd case.

Theorem 6.3. Let 6 and p be positive real numbers. Let f : X — Y be an odd mapping
satisfying

(6.1) IDf(z, y)l < 0z + llyll”)

forall x,y € X. Then there exists a unique cubic mapping C' : X — Y such that
P

< 241

(6.2) 1£(22) = 2f(2) = C2)l| < —,—0llI”
forall x € X.
Proof. Letting x = y in (6.1), we get
(6.3) 1f (By) —4f(2y) + 5 (w)ll < 20]y[l”
forall y € X.
Replacing = by 2y in (6.1)), we get
(6.4) 1/ (4y) — 4fBy) + 6/ (2y) — 4f(y)ll < (2" + )0 ly[I”
forally € X.
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By (6.3) and (6.4),
1/ (4y) — 10f(2y) + 16 (y)|| < max {[[4(f(3
(6.5) 1/ (4y) — 4f (By) + 6/ (2y) —
< max {|| f(3y) — 4f(2y) + 5f(y)||
1/ (4y) —4f(3y) + 6 (2y) — 4f (w)II}
< max{20|[y[|*, (2° + 1)0|y[|"} = (2* + 1)0]|y[|”
forally € X. Letting y :=  and g(z) := f(2z) — 2f(x) forall z € X, we get

2p + 1
9@) =39 (5) || < S5 0llall”
for all z € X. Hence

Fa(3) - (2)
oo zme{lén(3) ()
() - )
S (15 ) e RS

2P 41 )| z||P )|z 2p+1 )
< Tmax{?7 T 9p(m—1) p(l+1) 9” ||

for all nonnegative integers m and [ with m > [ and all z € X. It follows from that the
sequence {8¥¢g(Z)} is Cauchy for all z € X. Since Y is a non-Archimedean Banach space, the
sequence {8"g(Z%)} converges. So one can define the mapping C' : X — Y by

C(z) = hm 8kg (;)

y) —4f(2y) + 5/ W),
Aflly

yre

forall x € X.

By (6.1),
k—oo

< max{%uxuuuym f <kup+uynp>}
>~ opk 9pk

2P0
. . P p —
= i (S tlel? + 1)) =0

for all z,y € X. So DC(z,y) = 0. Since g : X — Y isodd, C : X — Y is odd. So the
mapping C' : X — Y is cubic. Moreover, letting [ = 0 and passing the limit m — oo in (6.6),
we get (6.2). So there exists a cubic mapping C' : X — Y satisfying (6.2)).

Now, let C" : X — Y be another cubic mapping satisfying (6.2). Then we have

[0(@) ~ (@)l = 310 () ~ 0 ()

me{le(@) -5 ()| () G))
< el

IDC@ )| = Jim 8Dy (5 )]

which tends to zero as ¢ — oo for all z € X. So we can conclude that C'(z) = C’(x) for all
x € X. This proves the uniqueness of C'. &
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Theorem 6.4. Let 0 and p be positive real numbers. Let f : X — Y be an odd mapping
satisfying (6.1). Then there exists a unique additive mapping A : X — Y such that

I7(2) ~ 8f(x) ~ A)] < Z =

0| [|”
forall x € X.
Proof. Letting y := § and g(x) := f(2z) — 8f(x) in (6.5)), we get

2’”—1—1
lo@) =29 (5)]| = =5—0l2ll”

forall x € X.
The rest of the proof is similar to the proof of Theorem [6.3] §

Now we prove the generalized Hyers-Ulam stability of the functional equation D f(z,y) = 0
in non-Archimedean Banach spaces: an even case.

Theorem 6.5. Let 6 and p be positive real numbers. Let f : X — Y be an even mapping
satisfying f(0) = 0 and (6.1). Then there exists a unique quartic mapping Q : X — Y such
that

2 +1

1f(22) —4f(z) — Q(z)|| < 0|x[”

forall x € X.
Proof. Letting x = y in (6.1I), we get
(6.7) 1/ (3y) — 6 (2y) + 151 (y) || < 20]ly[|”
forally € X.

Replacing = by 2y in (6.1)), we get
(6.8) 1 (4y) — 4f By) + 4 (2y) + 4f (W)l < (2" + 1)Oly]”
forall y € X.

By and (6.3),

[/ (42) = 20f(22) + 64f ()| < max{|[4(f(3z) — 6 (2z) + 15f(x))[],
1/ (42) — 4f(3x) + 4f (22) + 4f (2)[|}
< max{||f(3z) — 6f(2x) + 15/ (x|,
[ (4x) —4f(3x) + 4f (2x) + 4f ()]}
< max{20][y|]", (2" + DOly[I’} = (2" + 1)|ly[|”
forall z € X. Letting g(x) := f(2x) — 4f(z) forall z € X, we get

lote) 160 (2)] < Z 2l

forall z € X.
The rest of the proof is similar to the proof of Theorem|[6.3] §

Theorem 6.6. Let 6 and p be positive real numbers. Let f : X — Y be an even mapping
satisfying f(0) = 0 and . Then there exists a unique quadratic mapping T' : X — Y such
that

I£(2r) ~16/(x) ~ ()] < 2o

forall x € X.
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Proof. Letting g(x) := f(2z) — 16 f(x) in (6.9)), we get

27’—1—1
o) =169 (3| < == 0Nl

forall z € X.
The rest of the proof is similar to the proof of Theorem ]

Theorem 6.7. Let 6 and p be positive real numbers. Let f : X — Y be a mapping satisfying
f(0) = 0 and . Then there exist an additive mapping A : X — Y, a quadratic mapping
T:X —Y, acubic mapping C': X — Y and a quartic mapping Q) : X — Y such that

J10) - ) - 570 - ) - gow| < 25
forall x € X.

50l
12 6

7. GENERALIZED HYERS-ULAM STABILITY OF AN AQCQ-FUNCTIONAL EQUATION
IN NON-ARCHIMEDEAN BANACH SPACES: FIXED POINT METHOD

Throughout this section, assume that X is a non-Archimedean normed vector space and that
Y is a non-Archimedean Banach space.

Note that the main results of this section are contained in [44]].

We prove the generalized Hyers-Ulam stability of the functional equation D f(z,y) = 0 in
non-Archimedean Banach spaces: an odd case.

Theorem 7.1. Let ¢ : X* — [0,00) be a function such that there exists an L < 1 with

p(,y) < 8l ‘ o (22, 2y)
forall x,y € X. Let [ : X — Y be an odd mapping satisfying
(7.1) IDf(z, y)ll < ¢(z,y)
forall x,y € X. Then there is a unique cubic mapping C' : X — Y such that
L

02 1f@) - 2(w) - O < g grmax{itle(r.2). o(22.2))
forall x € X.
Proof. Letting x = y in (7.1)), we get
(7.3) 1F(3y) —4f(2y) +5f W)l < ¢(y,y)
forall y € X.

Replacing = by 2y in (7.1)), we get
(7.4) 1 (4y) — 4f(By) +6£(2y) — 4f (W)l < ¢(2y,y)
forally € X.

By (7.3) and (7.4),

| f(4y) — 10f(2y) + 16f(y)| < max {H4(f(3y) —4f2y) +5f W),
1 f(4y) —4f(3y) +6f(2y) — 4f(y)[I}
(7.5) < max {|4] - || f(3y) — 4f(2y) +5f( i
|f(4y) — 4f(By) +6f(2y) —4f(y)II}
< max{|4|¢(y,y), (2y,y)}
forally € X.
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Letting y := § and g(z) := f(2x) — 2f(x) forall z € X, we get

(7.6) Hg —8g (3) H < max {"”‘P <§ g) 4 (”” g>}

forall z € X.
Consider the set
S={g: X =Y}
and introduce the generalized metric on S:
d(g,h) = inf{p € Ry : [g(x) — h(=)]
< p(max{|d|p(z, ), p(22, ), Vo € X})},

where, as usual, inf ¢ = +o00. It is easy to show that (.5, d) is complete (see the proof of Lemma
2.1 of [37]]).
Now we consider the linear mapping .J : S — S such that

x
Jg(x) := 8y <§>
forall z € X.
Let g, h € S be given such that d(g, h) = . Then
lg(z) — h(x)]] < e max{[4|p(z,z), (27, )}
for all x € X. Hence

|7g(a) - Th(a)]| = HSg(f)—Sh(%)H

|8|6| ‘maX{|4|90(fE ), (22, 1) }

forall z € X. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g, 1)

forall g,h € S.
It follows from ([7.6) that

Jote) =50 (3)]] < 7 (maxaleto.a). o221

forall x € X. Sod(g, Jg) < ﬁ.
By Theorem |[I.1] there exists a mapping C' : X — Y satisfying the following:
(1) C'is a fixed point of J, i.e.,

1.7) C (%) - éC(m)

for all x € X. The mapping C' is a unique fixed point of .J in the set
M ={heS:d(g,h) < oo}.
This implies that C' is a unique mapping satisfying (7.7) such that there exists a u € (0, 00)
satisfying
lg(z) = C(@)|| < p - max{|4]p(z, x), p(22,2)}
forallz € X;Sinceg: X — Yisodd, C : X — Y is an odd mapping.
(2)d(J"g,C) — 0 as n — oo. This implies the equality

lim 8"g <£> = C(x)

n—o00 on
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forall x € X;
(3)d(g,C) < 127d(g, Jg), which implies the inequality

L

d(g.C) < ——
9:0) < JTREE

This implies that the inequality (7.2) holds.

By (7.1),
vy 2 2y vy
809 (g5 37| < Brmax e (551 ) e (5537
|8°Dg (5755 )| = 181max 3 (50,52 ) s 121 (5 o
forall z,y € X and all n € N. So

5700 (57 30| < 181" Gmaxtieter. 20). 2t )}
forall z,y € X and all n € N. So

IDC(z,y)|| =0
for all z,y € X. Thus the mapping C': X — Y is cubic, as desired. &

Corollary 7.2. Let 6 and p be positive real numbers with p < 3. Let f : X — Y be an odd
mapping satisfying

(7.8) 1D f(z, y)ll < OCl=[1” + llyl”)

forall x,y € X. Then there exists a unique cubic mapping C' : X — Y such that

1f(22) = 2f () = C(2)|| < max{2- 4], |2]" + 1]’@!

kil
forallx € X.
Proof. The proof follows from Theorem|/.1|by taking
w(a,y) = 0= ]” + llyll”)
for all x,y € X. Then we can choose L = “2|L and we get the desired result. 1
Similarly, we can obtain the following. We will omit the proof.

Theorem 7.3. Let ¢ : X* — [0, 00) be a function such that there exists an L < 1 with

o (.y) < By (5.5)

forall z,y € X. Let f : X — Y be an odd mapping satisfying (7.1). Then there is a unique
cubic mapping C' : X — Y such that

1f(22) = 2f(x) = Cz)] <

forall x € X.

Theorem 7.4. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with

p(e,y) < || (22, 2y)

forall z,y € X. Let f : X — Y be an odd mapping satisfying (7.1). Then there is a unique
additive mapping A : X — 'Y such that

1f(22) = 8f(x) — A(x)]| <

1
mmaxﬂ%@(% ), p(2z, )}

L
Mmaxﬂ‘lh@(% ), ¢(2z, )}
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forallr € X.

Corollary 7.5. Let 0 and p be positive real numbers with p < 1. Let f : X — Y be an odd
mapping satisfying (7.8)). Then there exists a unique additive mapping C' : X — Y such that

0
If(22) — 8f(x) — A(z)|| < max{2-|4],2]" + 1}WHI’H”
forallr € X.

Theorem 7.6. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with

Ty
) <2L <_7_>
o (z,y) < [2|Le 55

forall z,y € X. Let f : X — Y be an odd mapping satisfying (7.1). Then there is a unique
additive mapping A : X — Y such that

12) = 85(a) = A@)]| € = rrmas{4le(.a). o 20.2)}
forall x € X.

Now we prove the generalized Hyers-Ulam stability of the functional equation D f(z,y) = 0
in non-Archimedean Banach spaces: an even case.

Theorem 7.7. Let ¢ : X* — [0, 00) be a function such that there exists an L < 1 with

L
o(z,y) < m@(%, 2y)

forallz,y € X. Let f : X — Y be an even mapping satisfying and f(0) = 0. Then there
is a unique quartic mapping () : X — Y such that

L
[f(2z) —4f(z) = Q=) < Mmaxﬂ‘lkﬂ(%ﬁ)w(?%ﬁ)}
forall x € X.
Proof. Letting x = y in (/.1)), we get

(7.9) 1/ (3y) — 6/ (2y) + 15f ()| < ¢(y,y)
forally € X.

Replacing = by 2y in (7.1)), we get
(7.10) 1/ (4y) —4fBy) +4f(2y) + 4f W)l < 2y, y)
forally € X.

By and (7.10),

1f(4y) —20f(2y) + 64 f(y)| < max {[|4(f(3y) — 6f(2y) + 15f(v))I],
[ f(4y) — 4f(By) +4f(2y) +4f(v)[|}
<max {[4] - | f(3y) — 6f(2y) + 15f(y)],
| f(4y) —4f(3y) +4f(2y) +4f (W)}
< max{|4]¢(y,v), v(2y,y)}
forall y € X.
Letting y := § and g(z) == f(2x) —4f(x) forall z € X, we get

Jotw) =169 (3) | < max {1ie (5.3) -2 (= 2) )
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forall x € X.
The rest of the proof is similar to the proof of Theorem|[7.1] §

Corollary 7.8. Let 0 and p be positive real numbers with p < 4. Let f : X — Y be an even

mapping satisfying and f(0) = 0. Then there exists a unique quartic mapping Q) : X —Y
such that

ki

1 (22) = 4f(2) — Q(x)|| < max{2-[4], |2]" + U’ﬁ\
forall x € X.
Proof. The proof follows from Theorem [7.7]| by taking
(e, y) = 02" + [lyll”)
for all z,y € X. Then we can choose L = % and we get the desired result. §

Similarly, we can obtain the following. We will omit the proof.

Theorem 7.9. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with

Ty
y) < [16|L (—,—)
¢ (z,y) < |16]Lyp 5 5

forall x,y € X. Let f : X — Y be an even mapping satisfying and f(0) = 0. Then there
is a unique quartic mapping ) : X — 'Y such that

1f(22) —4f(2) — Q)| <
forall x € X.

1
o] = g a4l (@ @), o2, 7))

Theorem 7.10. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with
L

forall x,y € X. Let f : X — Y be an even mapping satisfying and f(0) = 0. Then there
is a unique quadratic mapping T’ : X — Y such that

L
1f(22) = 16f(z) — T'(2)|| < Mmaxﬂ‘lww,w),@(?%x)}
forall x € X.
Corollary 7.11. Let 6 and p be positive real numbers with p < 2. Let f : X — Y be an

even mapping satisfying @) and f(0) = 0. Then there exists a unique quadratic mapping
T: X — Y such that

1f(22) = 16f () — T'(x)|| < max{2-[4],]2|" 4+ 1}
forall x € X.

0
p

Theorem 7.12. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with
Ty
) < |4|L <_7 _>
p(z,y) < [4lLe (5.5
forallz,y € X. Let f : X — Y be an even mapping satisfying and f(0) = 0. Then there
is a unique quadratic mapping T’ : X — Y such that

1£(22) — 16f(z) - T(@)]| < mmax{mwm,xwm,x)}
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forallr € X.

Hence we obtain the following results.

Theorem 7.13. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with

L

2]

forall x,y € X. Let f : X — Y be a mapping satisfying f(0) = 0 and . Then there
exist an additive mapping A : X — Y, a quadratic mapping T : X — Y, a cubic mapping
C: X — Y and a quartic mapping Q) : X — Y such that

|10) - §0) - 570 - i) - oW

_ { L L
S max s 5
6] - [2](1 = L) [12] - |4](1 - L)

L L }
6] - [8](1 — L) [12] - [16|(1 — L)

gmar{4e(r.2). o2r.2). e~z ~z). o(~2r. 1)}
. L
~ |12 - [16] - |2/(1 - L)
Xmax{|4|90<x7 [E), 90(21‘, CL’), |4|§0(_I7 —:L’), 90(_21;7 —ZL‘)}

forallz € X.

Corollary 7.14. Let 6 and p be positive real numbers withp < 1. Let f : X — Y be a mapping
satisfying f(0) = 0 and (7.8). Then there exist an additive mapping A : X — Y, a quadratic

mapping T : X — Y, a cubic mapping C : X — Y and a quartic mapping Q) : X — Y such
that

|10) - §60) ~ 570 - ) - 00|

0

forall x € X.
Theorem 7.15. Let o : X2 — [0, 00) be a function such that there exists an L < 1 with

Ty
y) < [16]L (-,-)
o(r,y) < [16|Le 55

forall z,y € X. Let f : X — Y be a mapping satisfying f(0) = 0 and ([7.1). Then there
exist an additive mapping A : X — Y, a quadratic mapping T : X — Y, a cubic mapping
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C : X — Y and a quartic mapping () : X — Y such that

1 1

J10) - §0) - 570 - 5t - oW

1 1
< max , ,
{|6| 211 = L) [12] - |4](1 - L)

1 1 }
6] - [8](1 — L) [12] - [16[(1 — L)

1
xmmax{|4|go(x, SL’), QO(QI, fL‘), |4|90<_x7 —SL’), 90(_2‘%7 —I)}
1

= Ji2] - 16 |21 - L)
xmax{|Ap(z, 7). p(2, 7)., [4lp(~x, ), o(~2, ~z)}

forall x € X.
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