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ABSTRACT. A weighted Toeplitz operator on H?(f3) is defined as T,,f = P(¢f) where P
is the projection from L?(3) onto H?(3) and the symbol ¢ € L?(3) for a given sequence
B = (B,,)nez of positive numbers. In this paper, a matrix characterization of a weighted mul-
tiplication operator on L?(/3) is given and it is used to deduce the same for a weighted Toeplitz
operator. The eigenvalues of some weighted Toeplitz operators are also determined.
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2 S. C. ARORA AND RITU KATHURIA

1. INTRODUCTION

Let 8 = {f3, }nez be a sequence of positive numbers with 5, = 1, 0 < ﬁﬁn < 1 for all
n+1
n>0and 0 < & < 1 for all n < 0. Consider the spaces [2], [4]:
n—1
L*(6) = {f(z) = Y a"lan € CIfIF= Y laal’8h < oo}

and

H*(8) = {f(z) = ap2"la, € C||fIIF = |ad*B; < oo}
n=0

n=0

k
Then (L?(3), ||-||5) is a Hilbert space [4] with an orthonormal basis given by {ek(z) = ;—}
kJ kez

and with an inner product defined by

< i anzna i bnzn> - i anl;nﬁi

n=—oo n=—oo

Further, H?(3) is a subspace [4] of L*(3).
Now, let

120 = {ols) = Y " loL*(9) € 12(3) and

3e R suchthat sl <l 1 € 1205)

Then L>°(3) is a Banach space with respect to the norm defined by

1]l = inf{c[l|¢f]ls < cllflls V f € L*(8)}.

Let P : L?(3) — H?(3) be the orthogonal projection of L*(/3) onto H?(/3). Then the weighted
Toeplitz operator on H?(3) with symbol ¢ € L>°(/3) [4] is defined as

Ts(f) = P(of)-

The above mapping is well defined, for if f € H?*(3) C L*(83), then by definition, ¢f € L?([3)
and hence P(¢f) € H*(B).

2. MATRIX CHARACTERIZATION OF A WEIGHTED TOEPLITZ OPERATOR

Clearly,
Tyej; = P(oej)
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If we denote the matrix of Ty by (A;)75_, then

:&ai_j for all i,j:0,1,2,....

B

One can observe that if we extend the matrix of 7y to a bilaterally infinite matrix, then the
matrix of My, the weighted multiplication operator is obtained. In other words, if (\;;)?5__
denotes the matrix of M, on L?(3) given by My f = ¢f forall f € L*(f3), then

Bi

2.1) Nj = Ztaij, 0,j=0,4£1,42,...
B;
The above matrix is of the form
P = T
By Bo
By o Paa, Bag,
572 60 61
60 60 60 60
—Q —Q a —Qa_ —Qa_
Byt Byt CB B,
61 Bl 51 51
—Qa —Q —Qa a —Qa._
By o Byt By R

Further, the matrix of T can be easily identified as the lower right part as shown above.
It is interesting to note that the inducing function ¢ can be recaptured from the matrix of 7.
The non positive Fourier coefficients of ¢ can be obtained from the matrix of 7y by multiply-

b By
Bo' Bo’”

coefficients can be obtained by multiplying the entries in the 0-th column by 1,

ing the entries in the O-th row by 1, .., respectively whereas the non-negative Fourier

Bo P
ERTARE

respectively.

Definition 2.1. Let w = (w,,),cz be a sequence of positive numbers and 0 < w,, < oo for each
n. The weighted Laurent matrix corresponding to w is a bilaterally infinite matrix (\;;) such
that

Wy o
(22) )‘i+17j+1 = —)\7;7]', 1,1 = O, :l:l, :|:2, cee s

w .

J
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Theorem 2.1. A necessary and sufficient condition that an operator on L*(3) be a weighted

k
multiplication operator is that its matrix with respect to the orthonormal basis {ek(z) = 5_ }
k) kez

be a weighted Laurent matrix corresponding to the weight sequence w = {wk = %} .
kEZ

Proof. For necessity, let M, be a weighted multiplication operator on L?(3). Then
Aig = (Mye;, e;)
- <¢€j7 ei)

= <Z anz”§,6i>

J

:ai_j& Z,j:O,ﬂ:l,ﬂ:Q,
B
Further,
Bi
Ait1,j+1 = ai—jﬁ +
j+1
w; n
= —\;; Wwhere w, = P H oneZ
W Bn

Hence from (2.2)), the matrix of M, is a weighted Laurent matrix corresponding to the weight
sequence w = (Wy)pez.

For sufficiency, let A be an operator on L?(/3) with its matrix as the weighted Laurent matrix
Br41
B
an operator on L?(/3) that commutes with the weighted shift operator M, is a multiplication
operator M, for some ¢ € L*>([3), it is enough to prove that A commutes with A/,. The proof
is immediate:

Given that

corresponding to the weighted sequence w = (wg)rez given by wy, = . Now, since [2]

(Aejin, i) = —(Aej,e)), 0,5 =0,4£1,42,... .
wj

Now,
(AM.ej, e;) = (Awjejy1, ;)
= wj(Aeji1,€)

w;—
= w;——(Ae;, e;_1)

wj
= <Aej7wi—1€i—1>
= <A€j, M;€z>
= (M,Ae;,e;), 1,j=0,£1,£2,....
Thus AM, = M,A. 1
Since a weighted Toeplitz operator is defined to be the orthogonal projection of a weighted
multiplication operator on H?([3), hence we are motivated to give the following definition.
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Definition 2.2. Let w = (wg, wy, ws, .. .) be a sequence of positive numbers and 0 < w,, < 00
for all non negative integers n. The weighted Toeplitz matrix corresponding to the weight

sequence w is a unilaterally infinite matrix (\;;) such that \; 11 41 = —\;j, 4,5 =0,1,2,....
w;
J

Theorem 2.2. A necessary and sufficient condition that an operator on H*(3) be a weighted

k
z
Toeplitz operator T} is that its matrix (\;;) with respect to the orthonormal basis {ek (2) = — }
Br ) kezrugoy
is a weighted Toeplitz matrix corresponding to the weight sequence w = (w,) given by w, =
%, n € Z*TU{0}.

Proof. For necessity, let T be a weighted Toeplitz operator on H?(3). Then
)\i+1,j+1 = <T¢>€j+17€¢+1>
= (PMyejia, €irn)
= (Myejr1, Preiyr)
= (Myeji1,€i11)
w.

:—Z>\i’j, i,j:O,1,2,....
Wy

Thus the matrix of T} is a weighted Toeplitz matrix. For sufficiency, let A be an operator on

H?(j3) such that (Aej 1, €;41) = %(Aej, e;) where wy, = % andi,j,k=0,1,2,....
Wy k
We now prove that A is a weighted Toeplitz operator on H?(3).

1
Let N : L*(3) — L?*(3) be an operator given by Ne; = —ej1.
w<

Also, let M, be denoted by M. ’
For each non negative integer n, consider the operator on L?(3) given by
A, = N"TAPM" .
Case (1): If 7, 7 > 0 then,
(Anej,e;) = (N""APM"e;, e;)
= (N*"""TAPM" 'Me;, Ne;)
W

= JZ<An71€j+1, €i+1>

n—1
- H (wj+k> <A0€j+n7 €i+n>

0 Wik
n—1 w
i+k
23) =11 (wa (Aesins Citn)
k=0 !
On the other hand,
n—1 W
(24) <A6j+n, €i+n> = H ok <A6j, 6i>
o \Witk

From (2.3) and (2.4)), we get that for i, j > 0
(Anej, e:) = (Aej, e)
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Case (i1): If 7 or j or both are negative, then for sufficiently large values of n, j + nand ¢+ n
are positive; so that the sequence {(A4,¢;, e;)} is convergent.

Thus if p and ¢ are trigonometric polynomials (finite linear combinations of the e;’s, i =
0,+1,£2,...), then the sequence {(A,p, q)} is convergent.

Also, [[Ap[| = [N*"APM™[| < [|N="[[[LA[[| P[] A" ] = [| Al

Next we show that lim (A, f, g) exists V f, g € L*(53).

n—oo
Let f, g € L?(3). By Weierstrass Approximation theorem, every continuous function can be

approximated by a polynomial. Hence V € > 0, 3 polynomials p and ¢ such that [1]],
€

lo=dl < AT DA+

and
€

IAF+1)(llgll + 1)

IF =l < 5

Now for n > m, consider

(Anf,9) = (Anf, 9l = [{Anf, ) — (Auf, @) + (Auf, @) — (Anf, @) + (Anf, @) — (Anf, 9)]
= |4l fllllg = all + {Anf, @) — (A, @) + 1Al £1lllg — qll

(2.5) < 2[[ Al fllg — all + [{Anf, @) — (A f. @)

Consider

(Anfq) — (AL )| < KAWL, @) — (Aup, @) + (Aup, @) — (A, @) + (A @) — (Anf, @)
< [AuMIf = pllllgh + 1Al f = 2lllgll + [(Anp, @) = (Amp, @)

€
< 2 Allllf = pllllqll + 5

€ €
2.6 -+ -
(2.6) <7t1

Putting from in (2.3)),
€ €

Therefore (A, f, g) is Cauchy in C. Hence (A, f, g) is convergent.
Now let us define

=€

: L*(B) x L*(B) —» C
as
®(f,9) = lim (A.f,9)

with addition and scalar multiplication defined as follows:

(1) (I)<f1 + f2ag> = q)<flag> + (I)<f27g>
(i) ®{af,g) = a®(f,9)
(i) D(f, g1 4 g2) = ®(f, 1) + (f, g2)
(iv) ®(f, ag) = a®(f,g)
Also, [D(f, )| < ||A|lllf]lllgll. Then ® is a bounded sesquilinear function defined on L?(3) x
L?(/3). Hence there exists a unique bounded linear operator A, on L?(3) such that

O(f,9) = (Asxsfr9) VY fog€ L(B).
i.e.
lim (A, f,9) = (Axf.g) ¥ [.9€L*(B).
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Thus, the sequence {A,,} of operators is weakly convergent to an operator A, on L*(3).
Further for all 7 and j,

(Ascej, €) = nli_)rg@(]\/*”APM”ej, e;)
- nlijg@(N*”“APM”Hej, e;)
= JLI&(N*”APM”M(BJ», Ne;)
= Z—Z nli_}ﬂ;()(N*APM”ejH, €it1)
= Z_Z<Aooej+17 €it1)

ﬁ(Aooej, e;).

J
Thus, A, is a Laurent operator on L?(3).

For f,g € H*(f3),

Hence (Ax€jt1,€i41) =

(PAxf,9) = (A f, P9g)
= <A<>of7 g>
= lim (A.f,9) V/fyge€ H*(3).

Now, A,, maps H?(3) to H?*(f3).
Therefore, A,e; € H*(8)V j > 0.
Also,

<An6]‘, 6i> = <A€j, 6@') v Z,j Z 0.

This is true for all j.
Thus A, = Aon H?(B).

Hence
(PAwf,g) = lim (A.f,g)
= (Af,g9) Vf.g€HB)
= PAf=Af Vf.
Thus A is the compression of A, on H?(3). Therefore, A is a weighted Toeplitz operator. 1
Pt

If the weight sequence w,, = is known, the Fourier coefficients of ¢ can be obtained

from the matrix of Ty by the followﬁlg set of equations.

Qg = >\0,0
Bo _ Ako
ap = A\po—= = ——
g k’oﬁk B
B _
a_f = >\O,k_ = /\o,kﬁk.
By

Let the compression of the bilateral weighted shift operator M on H?(/3) be denoted by U.
Then U : H*(3) — H?*(B) and

Uej:wjej+1, j:0,1,2,
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BnJrl
Bn

It may be recalled that {w, } is the weight sequence w,, =

Also, then

,n=0,12...

* P . .
U €j = W;-1€5-1 -

Theorem 2.3. A necessary and sufficient condition that an operator T on H*(3) be a weighted
Toeplitz operator is that T'U = U'T’; that is it commutes with the unilateral shift U.

Proof. Let T be a weighted Toeplitz operator on H?([3).

w
Then <T€j+1, €i+1> = J<T€j’ 6j>.
J

Now,
(TUej, ;) = (Twjeji1, €:)
=w;j(Teji1,€;)
W;—1
— w, Te;, e
W w; < €5, €i l>
= wi71<T€ja €i71>
= <T€j, U*€z>
= <UT€J', €i>
Thus TU =UT.
Conversely, let TU = UT..
Then

(TUej,e;) = (UTej, e;)
= (Uej, T e;) = (Te;,U"e;)
{
{

= wjejy1, T e;) = (Tej,wi_1e;,-1)

W;—1

= Teji1, ) = (Tej, ei-1)

J
Changing ¢ to 2 4+ 1 on both sides we get
w;
(Tej1,ei01) = —(Tej, €3)
wj

This shows that the matrix of 7" is a weighted Toeplitz matrix. Hence by above theorem, 7' is a
weighted Toeplitz operator. 1

3. EIGENVALUES OF SOME WEIGHTED TOEPLITZ OPERATORS

Now we try to find the eigenvalues of some weighted Toeplitz operators.

Theorem 3.1. If ¢ = «z, then A € C is an eigenvalue of T only if it satisfies the relation

n 00
ap = <—) ag ¥V n where f = > a,z" is the corresponding eigenvector.

n=0
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Proof. Let ) be an eigenvalue of 7. Then, for some 0 # f € H?(3), we must have
= azf = \f

o0 o
= « Z anz" =\ Z anz"
n=0 n=0
o o
= aZan,lz" = )\Zanz"
n=0 n=0

o0 oo
= aZBne" = )\Zanﬁnen
n=0 n=0

(3.1 = Qlp_1 = Ny, YN
Takingn = 1,2,..., we get

2
« o o
ay; = —Aaop, a9 = —a1 = | — ap . . . g SO On.
07

In general, a,, = (X) ap. 1

An

Observation 1. From equation (3.1|) above, we get that A\ =

a. Hence the eigenspace of
Ap—1

Ty consists of all functions f such that ), a,, is a geometric series.

Observation 2. For the weighted Toeplitz operator T} induced by ¢ = az, zero can not be an
eigenvalue.

Theorem 3.2. Zero can not be an eigenvalue of a weighted Toeplitz operator induced by ¢(z) =

2*,

Proof. Suppose A is an eigenvalue of T},. Then 3 0 # f such that

= zkf =\f
= Zan—kﬂnen = )\Zanﬁnen
(3.2) =~ A= “Z*’“ Vn

so A = 0 gives that a,, = 0 V n. Hence f = 0 which is a contradiction. g
In [4], Lauric has discussed in detail the weighted Toeplitz operator induced by the function

b . . . .
¢(z) = az + —. We now investigate the nature of the eigenvalues of this operator.
z

b

Theorem 3.3. If §(2) = az+ —, then \ is an eigenvalue of T if it satisfies aa,—1 +ba,+1 = \ay,
z

v n.

Proof. Clearly, for a given eigenvalue A € C, we must have 0 # f satisfying T, f = A\ f.

= (az + g) Z a,z" = A\ Z anz"
= (@42) Casen = AL aiboen
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This gives us the relation

(3.3) QGy_1 + bapiy = Aa, Vn.
|
. 1 . ag + az
Observation. Ifa = b = 1 then ¢(z) = z + — and from equation (3.3)we get X = and
z ay

50 on.
Further, if we choose A = 2, then corresponding eigenvectors constitute the set of all func-
tions [ = a,2" such that {a,) is an arithmetic progression.
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