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1. INTRODUCTION

The Laplace transform £ (f) of Lebegue integrable mapping f : [a,b] — R where [a,b] C
[0, 00) is defined by

(1.1) L(f)(2)= / f(t)e *at.

A\

for every z € C for which the integral on the right hand side of 1b exists, i.e. ’ fab f ) e‘“dt‘
0.

In the recent paper [[1]] the following theorems involving the Fourier transform F (g) () =
f: g (t) e 2™t dt of the function g were proved:

Theorem 1.1. Assume (p, q) is a pair of conjugate exponents, that is %#—é = 1. Letg: [a,b] —
R be absolutely continuous such that g € Ly, [a,b]. Then for 1 < p < oo, and for all x # 0 we
have the inequality

1

b ) i
E (—27ixa, —27rz'a:b)/ g()dt —F(g)(z)| <2(b—a)'te (H—l) 1911, »

while for p = 1 we have

b
‘E (—2miza, —2mwixh) / g(t)dt—F (g)(x)| <2(b—a)|d|,-
Here E (z,w) is exponential mean of z and w
et
(1.2) E(z,w) = z,w e C

e, if z=w.

Theorem 1.2. Assume (p, q) is a pair of conjugate exponents, that is %%—é =1. Letg: [a,b] —
R be absolutely continuous such that ' € Ly, [a,b]. Then for 1 < p < oo, and for all x # 0 we
have the inequality

b —q)e
(1.3) ‘E(—Qm’ma, _2m:pb)/ g(t)dt —F(g)(z)| < %HQ/HP,
while for p = 1 we have
b
1
(1.4) 'E(—?m’xa,—%ixb)/ 9(8)dt = F(0) @)] < =1

where F (g) is a Fourier transform of the function g and E (z,w) is given by ([I.2).

In this paper error estimates of the analogue approximations in complex domain for the
Laplace transform £ (f) (x + iy) are given for functions which vanish beyond a finite domain
la,b] C [0, 00) and such that f” € L, [a, b]. The estimate of difference between L (f) ((z + iy))
and F (— (z +iy) a,— (z +iy) b) f; f (s) ds is given in the Section 2. Some new inequalities
concerning the estimate of difference between two Laplace transforms are presented in the Sec-
tion 3. Two associated numerical quadrature rules and error bounds of their remainders are
derived in the Section 4.
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2. ESTIMATES OF DIFFERENCE BETWEEN L (f) (x + iy) AND
E(—(z+iy)a,— (x+1iy)b ff(s

Theorem 2.1. Assume (p, q) is a pair of conjugate exponents, that is 1—1)4—% =1 Let f:[a,b] —

R be absolutely continuous such that f' € L, [a,b]. Then for x + iy # 0, 1 < p < oo, and for
x > 0 we have the inequality

Q=

b —za
LW e+in)— B @+ina—@+i [ o] < 282D,
and for x < 0

. , , b 2¢—b (b—a)% ,
ﬁ(f)(wﬂy)—E(—(fcﬂy)a,—(wﬂy)b)/ [ (s)ds <$2—+y2||f||p,
while for p = 1 and x > 0 we have

b 2e—Ta
L) atin) - B+ ia- @+ [ f(5)ds < 517
and for x < 0

L) a+in) = B(=@+ia—@+m)h) [ f5)ds <217,

Proof. Montgomery identity states (see [3]]):

= [r@ass [CPas e

where P (t, s) is the Peano kernel, defined by

f(t)

P(t,s) =

Using Montgomery identity we have

L(f) (@ +iy) = / £ () e~ @ty

b—a/ {/f d3+/(S—G)f()dSJF/b(S—b)f'(s)ds]e_(”iy)tdt.

By an interchange of the order of integration we get

/b (/b f(s) ds) e~ @rWt gy — /b (/b e_(“iy)tdt) f(s)ds
b 6—(x+iy)b o 6—(x+iy)a
[ (=) e

b
:E(—(a:+iy)a,—(:v+iy)b)(b—a)/ f(s)ds
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<
<
<

e—(:v—f—iy)s . e—(a:—f—iy)a )
Sy P )(s—b)f (s)ds.

So we have
b e—(z-‘riy)s

b
LD e+in) =Bt im)o—@+inh) [ fods= [ r (s

a

| o (=) roes [ (o) (220) roa]

For 1 < p < oo, by applying Holder inequality we obtain

‘ﬁ(f)(wﬂy)—E(—(:Hiy)m—(wﬂy)b)  (s) ds

a
/b e—(x—l—i-y)s B s—a e—(:c—l—i‘y)b B b—s e—(m—i—z"y)a f/ (S> s
o | *T+1y b—a/) x+1y b—a/) x-+iy
67(x+z’y)s s—a ef(eriy)b b—g 67(:Jc+iy)a ,
r+iy \b—a) z+iy \b—a) z+iy 1771,

q
Now, if x > 0 we have

e—(z+iy)s s —a) e @t+wb b— g\ e (ztiy)a
x4 1y b—a) x+1iy b—a) x+11y

<

q

e (‘T""zy S—a :E+ly) b_ S 6_($+iy)a
< + .
- a:~|—zy b—a :L'+zy b—a) x-+iy ‘
e~ s—a\ e b—s\ e
< — + :
e+, b—a) x4y b—a) z+uyl,

) 2e~ (b — a)%
. Y

- |z + 1y|

< e~ e . + s—a+b—s
= |z + iyl ¢ b—a b—a

and if x < 0 we have
ef(gchiy)s s—a ef(eriy)b b—s ef(:eriy)a
x4 1y b—a/) x+1iy b—a) x+1iy .

e~ s—a b—s 2~ (b — a)%
< — | [l + — + . _
|z + 1y b—a b—a)l,

|z + dy|
AJMAA, Vol. 8, No. 1, Art. 10, pp. 1-22, 2011
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Similarly for p = 1 we have

b
\ﬁ@Mwmw—E«4x+wmfwx+ww[/f@Ms
6_(13-‘1-2':!/)5 s —a e—(l‘-‘riy)b b — S 6_(x+iy)a

iy <b—a> iy (b—a) Tty

e—(a:—l—iy)s s —a 6_($+iy)b b — S e—(x—i—iy)a
T+ 1y b—a) x+1y b—a/) x+1y

e~ a s—a b-—s Qe *a
< (. + " -
|z + iy b—a b—a)l |z + iy
and if z < 0 we have

e_(m‘f'iy)s s—a 6—($+iy)b b—s e_(m"'iy)a
x4y b—a/) x+1iy b—a) x-+1y

< e~ b Il + s—a_l_b—s
= o+ iy > b—a b—a

and the proof is done. 1

£y -

o0

Ifz >0

[e.9]

)_ 2e~ b
- e iyl

Remark 2.1. We have ,
L= [ 1o

and for x = y = 0 the left-hand side of the inequalities from the previous Theorem reduces to

/abf(s)ds—/abf(s)ds

= 0.

Mﬂ@—EQM/f®%

3. ESTIMATES OF THE DIFFERENCE BETWEEN TWO LAPLACE TRANSFORMS

Let weighted function w : [a,b] — R be integrable such that fabw (t)dt # 0and W (z) =
fam w (t) dt, x € [a,b]. Then weighted Montgomery identity states (given by Pecaric in [4])

1 b b
G3.1) f@) - [ fOud= [ P o
[ w (t)dt Ja a
where P, (¢, s) the weighted Peano kernel, defined by
W (t
W(b;’ a<s<u,
(3.2) P, (z,t) =
% -1, r<s<b.

By subtracting two weighted Montgomery identities, one for the interval [a, b] and the other for
¢, d], the next result is obtained (see [1]]).
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Lemma 3.1. Ler f : [a,b] U [c,d] — R be an absolutely continuous function on [a bl U [c,d],
w : [a,b] - Rand u : [c,d] — R some weighted functions, such that f t)ydt # 0,

fcd u (t) dt # 0 and

07 t < a, 0, t < C,
Wiz)={ [fwlt)dt, a<t<b, Ux)=< [Tu)dt c<t<d,
[Pw(tydt, t>b, [Tutydt, t>d,
and [a,b] N [e,d] # 0. Then, for both cases [c,d] C |[a,b] and [a,b] N [¢,d] = [¢,b], (and also for
la,b] C [c,d] and [a,b] N [c,d] = |a, d]) the next formula is valid
1 ’ 1 a
- dt — ——— d
ffw(t)dt/a w(t) f (1) di fcdu(t)dt/c u(t) £ (1) dt
max{b,d}
(3.3) :/ K (t) f' (t)dt
min{a,c}

where
K (t) = P, (z,t) — Py, (x,t), t € [min{a, c}, max {b, d}]
and P, (z,t), P, (x,t) are given by

W(t)

we)y 4= s=<7, To)y CSs=w
P, (z,t) = , Pu(z,t) =
VM[;—((Zg—, r<s<b, % , r<s<d
thus
( w
—W(g, tela,d,
(3.4) K(t) =< =g + o, te€led, i [edClab],
W (t)
| 1-w teldb),
w
( —ng, tela,d,
3.5) K(t)=1{ —mg+ o, teleb), i lablnfed=/[ch.
U(t)
\ [ [b’d]

Remark 3.1. Weighted Montgomery identity and the previous Lemma hold also for w : [a, b] —
C integrable and such that f t)dt # 0.

Theorem 3.2. Assume (p,q) is a pair of conjugate exponents, that is % + % = 1. Let [ :
la,b] — R be absolutely continuous, f' € L, [a,b] and c,d € [a,b], ¢ < d. Then for x > 0 and
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1 < p < oo we have inequalities

e d
et - Bt ia - @iy [ fod

<eoria—o (EELO=D) g,

<(d—¢) ((Qq ) (b)_ a))q 171,

(g+1

while for p = 1 we have

‘z:z,ﬁ(f)(x+iy)—E(—(x+iy)a,—(x—|—iy)b)/ f(t)dt‘

<2e7 (d =) |f'll,
<2(d—=o) 'l
where E (z,w) is given by (I.2).

Proof. If we apply identity ll withw (t) = e @ ¢ € [q, bl and u (t) = 7, t € [e,d], w
have W (t) = (t —a) E(— (z +1y)a,— (x +1iy)t), t € [a,b]; U (t) = ==, t € [¢,d] and

1
(— (z+1iy)a,— (z +1iy) b)

d
G-aF ) arin -5 [ F0@
- [kwr

Since ¢, d] C [a, b] we use (3.4) so

—W, tE[a,c],
K(t)=1{ —jg + 5=, telcd),
W(t)
\ 1_W’ tE[d,b]

Thus

—c d
Z_aﬁ(f)($+iy)—E(—(a:+z‘y)a,—(x+z'y)b)/ Ft)dt

d—c b ,
:b_aW(b)/a K (1) f (t) dt

and by taking the modulus and applying Holder inequality we obtain

‘d—c

d
b_auf)(xwy)—E<—<x+z'y>a,—<x+z'y>b>/c Foa

()
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Now, for 1 < p < oo (for 1 < g < 00) we have

-
d—c t—c
b—aW(t)_b—a

d—c
W (t
V(@)

q b
0 |
d

f; ef(x+iy)sd8

d—c d—rc
b—a

W (b)

W (b)

d
o

and since z > 0 we have |[W (t)| =
(t —a)e * fort € |a,b], thus

c q c o q _ q _ e+l
/ dt < / ewd =)} gz e (IC) )
a a b—a b—a <Q+1)
/d d—c t—c

- =iwo| as [ ([ o)+ [Iiv e

d d— q
ge—‘wq/ (b_;(t—a)+t—c) dt

_ <b€_m;>q/cd((b—a—l—d—c)t—c(b—a)—a(d—c))th.

q
dt)

< [i et ds = [|em*|ds <

d—c
b—a

W ()

W (b)

If we denote
(3.6) At)y=b—a+d—c)t—c(b—a)—a(d—c)

wehave A (¢) = (d—c¢)(c—a)and A (d) = (d —¢) (b+ d — 2a) so

<;_M;)q/cd((b—a+d—c)t—c(b—a)—a(d—c))th

e—arq ()\ (d)q-i-l Y (C)Q—H)
b—a)(¢g+1)(b—a+d—c)
e (d— )™ ((b+d—2a)"" = (c—a)"™) < e~ 4421 (d — ¢)? (b — a)
(b—a)(qg+1)(b—a+d—c) B (¢+1) ‘

Also

q

dt

d— b .
c / (e in)s g
t

b q b
t) — dt =
/d b—a ®) b—a /d b—a

brd—c a d—c\* (b—d)™'
< —axq _ — p—axq )
s [ (mao-n) - (5=0) i
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Thus
d“’W(b)K(t)
b—a
< g (d ) a)*! 2q(d—c)‘1(b—a)+(d—c)q(b—d)q+l ‘
- b—a (g+1) b—a (g+1)
1
<, (d ) ) Qq(d—c)q(b—a) !
B b—a (g+1)
(274+1) (b —a)
-
(¢+1)
and since e~ ** < 1 inequalities in case 1 < p < oo are proved. For p = 1 we have
d—c d—c
W (b) K (t = W (t
fi=two o] —na{am =]
d—c t—rc d—c d—c
su W (t) — W (b)|, su W (t) — W (b
te[c%b—a () b—a <> te[d%]b a () b—a ()‘}
e d (=) (c—a)
—c —c)(c—a
su Wit) <e ™ ,
= o)< b-a)
d—c t—rc d—c t—c
sup W (t) — Wb’gsup{’ Wt‘+’ Wb‘}
S [TV ()~ g W )] < sup W 0]+ [T )
d—c b+d—2a
< pax . —azx o _ ,—ax .
—b_a(d a)+e (d—c)=e"(d C)—b—a :
d—c d—c e (d=0)(b—d)
su W (t) — W) <e®—re—~.
te[dg]b a ®) b—a <>‘_ (b—a)
Thus
d—c _d—c
Wh)K @) <e* max{(c—a),(b+d—2a),(b—d)}
b—a o b—a
<e *2(d—c)

and since e~ ** < 1 the proof is completed. §

Remark 3.2. The inequalities from the previous Theorem hods for x > 0. Similarly it can be
proved that in case x < 0 and 1 < p < co we have the inequality

L in) - B (e i) [ 1)

b (4= ) (@q 1) (b>‘ ‘”)é 11,

(g+1

while for x < 0 and p = 1 we have

]Z:§£<f><x+z'y>—E< (¢ +iy) 0, — (& + iy) b /f dt]<ebx2< )NF,

AJMAA, Vol. 8, No. 1, Art. 10, pp. 1-22, 2011 AJMAA
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Theorem 3.3. Assume (p, q) is a pair of conjugate exponents, that is %4—% =1 Let f:[a,b] —
R be absolutely continuous, f' € L,[a,b] and c,d € [a,b], ¢ < d. Then for x +iy # 0,z > 0
and 1 < p < oo, we have inequalities

Z:acuf)(xwy)—E<—<x+iy>a’—<“iy>”>/ f(t)dt‘
geax(d_@%wu
g(d_c)%wup,

while for p = 1 we have

z:;ﬁ(f)(wriy)—E(—(xﬂ”y)a’_(eriy)b)/ f(t)dt‘
e 2(d =)
= )(x2+y)||f||1
2(d—c)
< Gaw o

where E (z,w) is given by (I.2).

Proof. If we apply identity (3.3) with w (t) = e~ """ ¢ € [a,b] and u () = 7, t € [¢,d]
again we have W (t) = (t —a) E (— (x +iy) a, — (x + iy)t), t € [a,b; U (t) = 15, t € [c, d]

and

1
(= (z+1iy)a,— (z +iy)b)

G-ab ) atin - 5= [ Fo@
- [k

Since ¢, d] C [a, b] we use (3.4) so

t—a E(=(z+iy)a,—(z+iy)t)
" b—a B(—(a+iy)a,—(a+iy)b)’ t€fa,d,
K) =~ i e o),
t—a E(—(z+iy)a,—(z+iy)t)
\ " b—a E(—(z+iy)a,—(z+iy)b)’ te [d’ b] :
Thus
d—c . . . ¢

L)@ty - E(=(z+iy)a—(z+wy)b) [ f(t)d

b
:(d—c)E(—(x+iy)a,—(:v+z’y)b)/ K (t) f'(¢t)dt

AJMAA, Vol. 8, No. 1, Art. 10, pp. 1-22, 2011 AJMAA
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and by taking the modulus and applying Holder inequality we obtain

. d
et - Bt ia - @iy [ fod
<= ) IB (et i) o, o+ i) b) K O, 1],

Now, for 1 < p < oo (for 1 < g < co) we have
q

||E(—(x+iy)a,—(m+iy)b)K(t)||q:</C Z:ZE(—(x+iy)a,—(x+iy)t) dt
+/ E:ZE(_(I+i9)a>_($+iy>t)_Q:CE(—(x—i-iy)a,—(x%—iy)b)th
—l—/d Z:ZE(—(x—iriy)a,—(x—l—iy)t)—E(—(:c—l—’iy)@,—(:c—l—iy)b)th)

e~ (@Fiy)r _o—(z+iy)s
—(z+iy)(r—s)

q c —azx q
dtg/ ( e ) dt
o \(b—a)|z+iy|

267(1"17 q
‘(C‘“)<<b—a>|x+z‘y|) ’

q

dt

2e "
< el for r,s € [a, ],

and since |E (— (z +iy)r, — (z +iy) s)| =

we have

_ZE(_(g;+iy)a,—(x+iy)t)

t_aE(—(:U—l—z'y)a,—(a:—l—iy)t)—;:ZE(—(x—l—z'y)a,—(x—l—iy)b)

q

=t ria L2 C ~@rinp _ iy

d—rc d—rc

d— te—(x-‘riy)a + t— Ce—(m-‘riy)b

q d
dt —(z+iy)t|9 dt
d—c d—c + /c |€ }

d—t t—cl? d 2(d—c)e 4

- dt 119dt )| <

PR +/C" )-<<b—a>|x+iy|>q’
q

dt

e dt

1 d
(b= a) | +iy])" /

(=) |1:c+zy|>q (/

== 5>|xaj: )’ (/

/

t_

b_ZE(—(a:—l—iy)a,—(x—l—iy)t) —E(—(x+1iy)a,—(x+1iy)b)
1 /b |ef(x+iy)b o ef(x+iy)t’q dt

((b—a) |z +y))" /g

1 ’ —azxz\4q _ (26—xa)q (b_d)
< GaETar b = Gk TR

Thus

IE (~ (@ +iy)a,— (z +iy) ) K (1)), < e e
2(b—a)i”!

|z + 1y|

(zq(c—a)+2(d—c)+2Q(b—d>)é
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and since e~ ** < 1 inequalities in case 1 < p < oo are proved. For p = 1 we have

1B (= (z +iy) a, — (x +iy) b) K (t)

oo

t_
= max { sup aE(—(:c—l—z’y)a,—(x—iriy)t) )
t€la,c] b—a
t—a . . t—rc ) .
sup E(=(r+iy)a,— (z+iy)t) — E(—(r+iy)a,— (z+1iy)b)|,
t€(c,d] b—a d—c
t —
sup YE(— (et iy)a,—(z+iy)t) — E(~ (x+iy)a,—(x+iy)b)’}
teldp] |0 — @
and
t—aE( ( +> ( —|—)t)‘< 26_550«
sup —(x+1iy)a,— (x + iy < —,
t€la,c] b—a (b - a) |($ + Zy)’
t—a . ) t—c . .
sup | “—2B (= (2 + i) o, — (@ + i) £) — ~—CE (— (x + iy) o, — (2 + i) b
e |b—a d—c
1 d—1 , t—c : .
_ —(z+iy)a —(z+iy)db —(z+iy)t
= - sup e +—ze —e
(b_a)‘(x"i_zy”te[c,d} d—c d—c
< e ra d—t+t—c+1' 2e 0
>~ ; sup = ; ,
(b—a)|(x+1y)| ceq|d—c d—c (b—a)|(z+iy)|
t _
sup aE(— (x+ 1) a,—(x+1wy)t) — E(—(x +iy)a,— (x + iy) b)‘
teldp] |0 — @
1 , , Qe %@
— —l(x+iy)lo _ —l(z+iy)lt|
, sup |e e < .
(b —a)|(z +iy)| ey ‘ (b—a)|(z+iy)|
Thus

267151

|E (—za, —xb) K ()|, < b—a) [ + )]

and since e~ %" < 1 the proof is completed. &

Remark 3.3. The inequalities from the previous Theorem hods for x > 0. Similarly it can be
proved that in case x < 0 and 1 < p < oo we have the inequality

d—c . . . ¢
e @i - Bt ia - @iy [ fo
B 2(b—a)s !
bx
<e (d—C)xQ—erng/Hp,
while for x < 0 and p = 1 we have

. d
e i - Bt ia @iy [ fod
2(d—c)

(b—a) (2 +y?)

S e—bar

171y -
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Theorem 3.4. Assume (p,q) is a pair of conjugate exponents, that is % + % = 1. Let f :

la,b] — R be absolutely continuous, f' € L, [a,b] and c,d € [a,b], ¢ < d. Then for x > 0 and
1 < p < o0, we have inequalities

e b d '
‘Z_GE(— (x—i—z'y)c,—(m—i—iy)d)/a f(t)dt—/c e("’”“y)tf(t)dt‘

20+1)(b—a)\7, .,
- (E 0= i,
+
4

Db—a)\r
=),

d
(x +iy)c,— (x +iy)d / f(t)dt — / e~ @t () dt‘

s(d—)(

while for p = 1 we have

< *“2( — ) IlF1l;
<2(d=) [lF1;
where E (z,w) is given by (I.2).

Proof. If we apply identity (3.3) with w (t) = =, ¢ € [a,b] and u (t) = e~ @+ ¢ € [¢,d], we
have W (t) = =2, t € [a,b); U (t) = (t —¢) E ( (x +iy)c,— (x +iy)t), t € [c,d] and
1 b 1 b eriy)

t)dt — “Etr(t) di
ey R e v e e AR
b
:/ K () f (t) dt
Since [¢, d] C [a,b] we use (3.4) so
—f=e t €la,d,
K(t)={ tg— &2 teled),

e tEldD]

Thus

d
Z_CE( (z +1iy) e, — (z +1y) d /f dt—/C e~ @HWL (1) dt

/ K (t

and by taking the modulus and applying Holder inequality we obtain

_ b d '
\Z_jE(— <x+z‘y>c,—<x+z‘y>d>/a f(t)dt—/c 6_(’”+’y)tf(t)dt‘

< U (d) K @)l 11, -
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Now, for 1 < p < oo (for 1 < g < 00) we have

o @xon,=( [
+Zd

fct e—(:(:+iy)sds

t—a

b—a
b—t

q b q
dt dt
*é b )

< Joles|ds < e [Tds = e (t = ¢) for t € [e,d],

dt

U (d)

t—a

U3

U (d)

U (d)

— a

and since |U (t)| =
we have

C
/
t—a

q c/t—a q d—c Q(C_a)Q-i-l
dt < e~ d—c)) dt = e
<o [(maumo) u-e (5=0) S
d q d ‘—a
- dt < ¢ d
/ [ < [(wor+|i=vw
d d—c q
<e '™ t— t— dt
<e /C( c—l—b_a( a))

q
)dt
e~

! q
gm/c (b—a+d—c)t—c(b—a)—a(d—c))"dt

t—a

b—a

U (d)

U (t)

U (d)

()\ (d)qH — A\ (C)qul)
b—a)(¢g+1)(b—a+d—c)
(d— o)™ ((b+d—2a)"" — (c— a)QH) Cweg 22 (d =) (b~ a)
b—a)(g+1)(b—a+d—c) - (g+1) ’
where ) (t) is given by and

—xcq

=€

_ —xcq

b q b q q g+1
b—t _ b—t _ d—c\" (b—d)
d)| dt <e " d— dt = e " .
/db—aU<) =° /d<b—a( C>> ’ (b—a> (¢+1)
Thus
1U (d) K ()]l
1
— e\ (p_ g)2T] a(d_ N\ (p _ N9 \aFL @
<o <d c) (c—a) +2(d ) (b a)+(d c) (b —d)
b—a (¢+1) (g+1) b—a (¢+1)
o q _ q+1 q _ q _ %
< o (d c) (b—a) +2 (d—1¢)"(b—a)
b—a (¢+1) (g+1)
1
q — q
:e_n<d_c)<<2 1) a))
(¢+1)
and since e~ *“ < 1 inequalities in case 1 < p < oo are proved. For p = 1 we have
1U(d) K ()]l
t—a t—a b—t
= max { sup Ud‘,sup U(t) — U (d)|, sup Ud‘
{te[a,c} b—a (d) telesd] Q b—a (@) tefdp) |0 —a (d)
" (c~a)(d~c)
t—a c—a —c
sup U(d)| <e ™ ,
t€la,c] a ( ) (b - CL)
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t—a a
sup U(t)—b U(d)‘ = sup {|U( )|—|—’b U(d)‘}
tele,d] —a te(c,d]
d—a b+d—2a
<e " sup |d—c+ d—c)|=e"(d ,
oup . (d=¢) (d=c) ——
b—t (b—d)(d—c)
sup U d‘_e B
teldb |0 —a (d) (b—a)

Thus
U (d) K (t)||, < e_“ZT_;: max{(c—a),(b+d—2a),(b—d)} <e *2(d—c)

and since e~*¢ < 1 the proof is completed. &

Remark 3.4. The inequalities from the previous Theorem hods for z > 0. Similarly it can be
proved that in case x < 0 and 1 < p < oo we have the inequality

. b d '
Z_aE(—(x+iy)c,—(x+iy)d)/a f(t)dzf—/c e(x“y)tf(t)dt’

g (2D
< e o (FE =) .

while for x < 0 and p = 1 we have

b d
‘Z: "B (— (v +iy)e,— (a+iy)d) / f(t)dt— / et (1) dt‘

<e®2(d-)|fl;-

Theorem 3.5. Assume (p, q) is a pair of conjugate exponents, that is 1—1)4—% =1 Let f:[a,b] —
R be absolutely continuous, f' € L,[a,b] and c,d € [a,b], ¢ < d. Then for x +iy # 0,z > 0
and 1 < p < oo, we have inequalities

. b d '
Z_aE(—(x+iy)c,—(x+iy)d)/a f(t)dt—/C e(x“y)tf(t)dt’

we2(b—a)r )
2(b—a)r
< ——5 I,
x? + y?
while for p = 1 we have

. b d '
Z_aE(—(:U—i—z'y)c,—(:c—l—iy)d)/a f(t)dzf—/c e("”“y)tf(t)dt’

< o
>e€ :L,2_|_y ||f“1

< 7.
where E (z,w) is given by .

171,

AJMAA, Vol. 8, No. 1, Art. 10, pp. 1-22, 2011 AJMAA


http://ajmaa.org

16 ANDREA AGLIC ALJINOVIC

Proof. We apply identity 3) again withw (t) = 7=, ¢ € [a,b] and u (t) = e~ T ¢ € [¢, d],
so we have W (t) = =2, te la, b];
Ut)y=(t—c)E(—(x+iy)c,—(x+1y)t),t € [¢,d] and

1 d—(ﬂC iy)t
b_a/f - _C)E<—(:c+iy)c,—(x+iy)d)/c6 T () dt

:/ K () f (t) dt

Since [¢,d] C [a, b] we use (3.4) so

—i=2, t € la,,
_ —c E(—(z+iy)c,—(x+iy)t) —a
K (t) - fﬁ:E(—(z—Hg)c,—(x—i-ig)d) o It)—_a’ te <Ca d> )
=t teldb.
Thus

d—c b d ,

B G- @rim)d) [ fOd- [ ey
—a a c

b
_ (d—c)E(—(x+iy)c,—(x+iy)d)/ K (8) f () dt
and by taking the modulus and applying Holder inequality we obtain
d
‘ (x+iy)e,— (x +1iy)d / f(t)dt — / e~ @HW £ (¢) dt’

—C)HE( (x +iy) e, — (z +iy) d) K ()|, (1]l -

Now, for 1 < p < oo (for 1 < g < 00) we have

B (o tine—(rind KOl = ([ [[Z58@rme -] @
+/ ;:ZE( (x+z'y),—(:v+iy)t)—Z:ZE(—(x+iy)c,—(x+iy)d)th

b—1t
b—a

E(—(x+1y)c,— (x +iy)d)

o,

q
dt)

and since |12 (— (& +iy) r.— (& +iy) s)| < | HTE T < 20 for s € [, d) we
have
‘lt—a : . !
B @tiy)e—(w+iy)d) dt
. e [t —a)!
=|E(—(z+iy)c,— (z+iy)d)| — dt
(C _ a)Q-H 24 —TCcq (C _ a)q—i-l

= |E(=(z+w) e, —(z+iy)d)[*

(@+1)(b—a) = (¢+1)(z+iyl(d—c)(b—a))”
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dt—¢
[ e i@+ - =B (- e+ ig) e o+ i) d)

d q
_ 1 b=t —wrive | L2 —riya _ ~riny
((d—c) |z + iy|)*? b—a b—a

=W —c>|1x+zy| </ =

b—a

B " /\1|th< 2e™(d=c)
((d =) |z +y])* (d—c) |z +ay])"
b
/

S Bl [ (1=1)

d b—a

q

dt

dt

/ |€—(x+zy | >dt

(x—l—zy)c + A (:E—Hy)d
— a

::2E(—(a:—|—iy)c,—(x—l—z’y)d)

q

dt

= —(x+ww)e, —(x+1 q (b—d)QH 2qe—$cq<b_d)q+1
=|E(= @ riy)e,— @)l = < G (et il A= b= a))"

Thus

Q=

24(c—a)?t! q 24 (b—d)1t?
2e-a™ | o (g ¢) (b— a)? + 2=
1E (= (z +iy) e, — (x +iy) d) K (t)]], < e | —2= e ) =

o ((d—c) (b—a) |z +iy])*
—zc 2 (b — a)%
e -
(d—c) |z + iy
and since e~ *“ < 1 inequalities in case 1 < p < oo are proved. For p = 1 we have

1B (= (z +iy) e, — (z +1iy) d) K (8)]|

t_
= max { sup aE(—(x—l—iy)c,—(xsz'y)d)‘,
t€la,c] b—a

t—c ) . t—a . .
sup E(—(z+iy)c,— (v +iy)t) — E(—(z+iy)c,— (v +iy)d)]|,
t€(c,d] d—c b—a

b—t ) )
sup E(—(x—i—zy)c,—(x—i—zy)d)'}
teldp] |0 —a

and
t—a _ , e "2 (c—a)

sup E(—(z+iy)c,— x+zyd‘§ —,

s pm Pt we et < g o v

t—c ) ) t— . .
sup [SZ58 (— (o i) e~ o)1)~ F22B (= (o +in) e, (o + i) )
tefed) |d — € b—a

1 b—t ~ t—a ~ )
. —(z+1iy)c —(z+iy)d _ _—(z+iy)t

(d—c)xtil[lc%] b—ae +b—ae ¢
< e ¢ d—t+t—c+1 2e7%¢
su = ,

~ (d c)xte[cg] d—c d—c (d—c) |z + 1y|

AJMAA, Vol. 8, No. 1, Art. 10, pp. 1-22, 2011 AJMAA


http://ajmaa.org

18 ANDREA AGLIC ALJINOVIC

bt —(x+wy)e,—(x+1 c2(b—d)
eld ol (@ We—(@tiy)d)| < (d—c)(b—a)lz+iy|
Thus
. . eemax{2(c—a),2(b—a),2(b—d)}
1B (=@ +ig)e.— @+ i) K (@) < e P —
2e7%¢
T (d=c) ]z + iyl

and since e~ "¢ < 1 the proof is completed. &

Remark 3.5. The inequalities from the previous Theorem hods for x > 0. Similarly it can be
proved that in case x < 0 and 1 < p < oo we have the inequality

e b d '
‘Z_GE(— (x—i—z'y)c,—(m—i—iy)d)/a f(t)dt—/c e(’”“y)tf(t)dt‘
w200

x? + y?

while for x < 0 and p = 1 we have

d— b d A
‘b_;E(— (x+z‘y)c,—(x+iy)d)/a f(t)dt—/c e—(”’y)tf(t)dt‘
<e ™ $2+y [ralre

Corollary 3.6. Assume (p, q) is a pair of conjugate exponents, that is 1—13—1-% =1 Let f:[a,b] —
R be absolutely continuous and f' € Ly, [a,b]. Then for all x > 0 and 1 < p < oo, we have the
inequality

b
\E(—(xwy)a,—(aswy)b)/ f(t)dt—ﬁ(f)(xﬂy)‘

1 (2941 7
< (b— I+ (42T 4 '

while for p = 1 we have

\E<—<x+iy>a,—<x+z’y>b>/ f(t)dt—ﬁ(f)(:v+iy)’§2(b—a> TN

Proof. By applying the proof of the Theorems [3.2] or [3.4]in the special case when ¢ = a and
d=0b.1

Remark 3.6. The results of the Theorems [3.3] and in case ¢ = a and d = b reduce to the
results of the Theorem 2.11
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Corollary 3.7. Assume (p,q) is a pair of conjugate exponents, that is % + % = 1. Let f :

la,b] — R be absolutely continuous and f' € L, [a,b]. Then for all x > 0, for any ¢ € [a, ]
and 1 < p < oo, we have the inequality

1£(f) (& +iy) = (b—a) E(=(z +1iy)a, — (x+iy) b) f(c)]

1 (2941 .
< b_ 1+q - - /

while for p = 1 we have
1L(f)(z+iy) = (b—a)E(=(z+iy)a,— (x+iy)b) f () <2(b—a) || /]l

Proof. By applying the proof of the Theorem [3.2]in the special case when ¢ = d. Since f is
absolutely continuous, it is continuous, thus as a limit case we have lim,_,g —— T f ft

f(e)-

4. TWO NUMERICAL QUADRATURE FORMULAE

Letl,:a=ty <ty < - <t,_1 <t,=0bbeadivision of the interval [a, b], hy := t)1—1y,
k=0,1,...,n—1and v (h) := maxy {hy}. Define the sum

tk

n—1 tha1
4.1) E(f, I, x +iy) :ZE (x +iy) ty, — (x + iy) tkﬂ)/ f(t)dt
k=0

where x > 0.

The following approximation theorem holds.

Theorem 4.1. Assume (p, q) is a pair of conjugate exponents. Let f : [a,b] — R be absolutely
continuous function on |a,b|, f' € L, [a,b]. Then we have the quadrature rule

L(f)(x+iy) =& (f, In,x+iy) + R(f, L.,z +iy)

where x > 0, € (f, I,,,x + iy) is given by ({.1) and for 1 < p < oo the reminder R (f, I,, x + iy)
satisfies the estimate

q WL
(4.2) !R(me:EHy)!S(z +1) [Z 1] 111,

k

while for p = 1
(4.3) R (f, In, x +iy)| < 2v (R) |1 f]]; -
Proof. For 1 < p < oo by applying the Corollary 3.6 with a = t;, b = ;41 we have

'E (= (@ + i)t — (& + i) tisa) / o rwa- / et (1) at

123 tg

2041 e NT
<t -0 (2E0) ([ o)
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Summing over k from 0 to n — 1 and using generalized triangle inequality, we obtain

|B(f Ins x +iy)| = [L(f) (@ +iy) = E(f, Lo, & + iy

n—1

rme Nt e A3
o (25 ([ o )
k=0 ¢+ t

) ot ([ ora)

IN

k=0
() BT B (U o)) |

Q=

1
29+ 1\ | !
- (25 %“]nfm
q Lk=0

and the inequality (4.2)) is proved. For p = 1 we have

n—1 kel
\R(f, I,z +1iy)| < ZQhk </t |f! (t)]dt)

Eé(/%“ Olat) =20 () 11,

and the proof is completed. 1

Corollary 4.2. Suppose that all assumptions of Theorem . 1| hold. Additionally suppose

4.4
a+(k+1)-2=2
E(f bty = [ £yt
a+k-b*T“
! , b—a , b—a
-ZE<—(SB+zy) <a~|—k- - ),—($+zy) (a+(k‘+1)- - )>
k=0

Then we have the quadrature rule

L(f)(x+iy) =& (f, In,x+iy) + R(f, L.,z +iy)

where © > 0 and for 1 < p < oo the reminder R (f, I,,, x + iy) satisfies the estimate

‘ 20 41\ (b—a)F7
4. I <
@) RO o) < (25 151,
while for p = 1 we have
, 2(b—a
“6) R(g, Tna+iy)] < 2222 g1,
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Proof. If we apply Theorem H with equidistant partition of [a,b], t; = a +j - =%, j =
0,1,...,n, we have 1| andhk =2 k=0,1,...,.n—1.Forl <p< ooweobtaln

|R(f; In, @ +iy)| < <2q+1) [th] 11,

20 4 1\ (b—a)'te
(Z5) =2,

qg+1

while forp =1, v (h) = b_T“ and the claim immediately follows. §

Now, define the sum

—_

@7 A(f, Lyx+iy) =) (tesr — ) E (= (2 +iy) te, — (2 + iy) ti1) f (
0

3

tpy1 + 1k
2

=
Il

where z > 0.

Also the following approximation theorem holds.

Theorem 4.3. Assume (p, q) is a pair of conjugate exponents. Let f : [a,b] — R be absolutely
continuous function on |a,b|, f' € L, [a,b]. Then we have the quadrature rule

L(f)(x+1y) =A(f, In,x+1y) + R(f, L,z + iy)

where x > 0, A(f, I, x + iy) is given by (#.7) and for 1 < p < oo the reminder R (f, I,,,x + iy)
satisfies the estimate

29 + 1
48) IR(fJn,:cHy)!S( i ) [th“] 11,
while forp = 1
4.9) R(f Loz + iy)| < 20 () ], -

Proof. By applying the Corollary With a =1, b= tg, c = % and then summing
over k from 0 to n — 1, we obtain results similarly as in the proof of the Theorem4.1]

Corollary 4.4. Suppose that all assumptions of Theorem 4.3 hold. Additionally suppose

A(f,ln,xﬂy):b—T“f (a+k(k+1)(b—a))

2n
b— b—
ZE( (z + iy) (a—i—k- na) ,— (z+1y) <a+(k+1)- na)) :
Then we have the quadrature rule
L(f)(x+iy) = A(f, In,x +iy) + R(f, Lo,z + iy)
where © > 0 and for 1 < p < oo the reminder R (f, I,,, x + iy) satisfies the estimate

20 4 1\ (b—a) s
qg+1

(4.10) R(f. Lz +iy)] < ( TN
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while for p = 1 we have

2(b—
@) R(g o +in) < 20Dy,

Proof. By applying Theorem 4.3| with equidistant partition of [a, b]. 1

Remark 4.1. For both numerical quadrature formulae in case z < 0, for 1 < p < oo, the
reminder R (f, I,,, x + iy) satisfies the estimate

1 n-1 %
. b 29+ 1\« ,
[R(f. Inyx +iy)| < e ”( ) [Zhi”] 1771

g+1 —

while forp =1
[R(f, Ln,x +ay)] < e 20 (W) [|f']]; -
For equidistant partition of [a, b] and for 1 < p < oo we have
20 4 1\ (b—a)ta
q+1

R(f Lo+ i) < e ( T

while forp = 1
, _wp2b—a
ROt i) < 2Dy
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