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ABSTRACT. The common fixed point results for Banach operator pair with generalized nonex-
pansive mappings ip-normed space have been obtained in the present work. As application,
some more general best approximation results have also been determined without the assumption
of linearity or affinity of mappings. These results unify and generalize various existing known
results with the aid of more general class of noncommuting mappings.
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2 HEMANT KUMAR NASHINE

1. INTRODUCTION

Existence of fixed point has been used at many places in approximation theory. Number of
results exist in the literature where fixed point theorems are used to prove the existence of best
approximation(see in [1/2] 4,113,116, 19] 21]).

Meinardus [[13] was the first to employ a fixed-point theorem of Schauder to establish the
existence of an invariant approximation. Further, Brosowski [2] obtained a celebrated result
and generalized the Meinardus’s result. Later, several resllts/[4,/19, 21] have been proved in the
direction of Brosowskil[2]. In the yedr988, Sahab et all [16] extended the result of Hicks and
Humpheriesl]4] and Singh [19] by using two mappings, one linear and the other nonexpansive
mappings for commuting mappings.

Al-Thagafi [1] extended the result of Sahab et all[16] and proved some results on invariant
approximations for commuting mappings. The introduction of non-commuting maps to this
area, Shahzad[17,18] further extended Al-Thagafi’s results and obtained some results regarding
invariant approximation. Afterwards, numbers of results by changing the nature of mappings
for convex domain within various space structures appeared. Main contributors in this direction
are Shahzad [17], Hussain et all [6], Jungck and Hussain [9] and O’Regan and Hussain [14]
for R-subweakly commuting, compatible adg-commuting maps. All the above mentioned
results are obtained on starshaped domain and linearity or affinness condition of mappings.

Recently, Chen and LI [3] introduced the notion of Banach operator pair as a new class of
noncommuting maps. Using this concept, common fixed-point theorems are obtained without
the assumption of linearity or affinity of mappings and which is further applied to prove best
approximation results in normed space.

Attempt has been made to show the validity of results of Chen and Li [3] for more general
class ofg-nonexpansive maps ianormed space. Also, more general best approximation results
have been determined as application of common fixed point theorem; incidently, the work of
Al-Thagafi [1], Jungck and Hussain [9], O’'Regan and Hussain [14] and Shahzad [17, 18] have
also been extended and unified.

2. PRELIMINARIES

In the material to be produced here, the following definitions have been used:

Let X be a linear space. A-norm onX’ is a real-valued functiofj.||, on X with 0 < ¢ <1,
satisfying the following conditions :

(@ 2], > 0 and]lz], = 0iff = = 0,
(b) [zl = | A 7]l

© [l +yllg < llzllg + llyllg,
for all z,y € X and all scalars.. The pair(X, ||.||,) is called aj-normed space. It is a metric
space withd, (z,y) = ||z —y||, for all =, y € X, defining a translation invariant metig on X .
If ¢ = 1, we obtain the concept of a normed linear space. It is well-known that the topology of
every Hausdorff locally bounded topological linear space is given by sentem,0 < ¢ < 1.
The spaceg, and£,[0,1], 0 < ¢ < 1 areg-normed space. A-normed space is not necessarily
a locally convex space. Recall that Afis a topological linear space, then its continuous dual
spaceX™ is said to separate the points &f if for eachz # 0 in X', there exists adl € &A™
such thatZz # 0. In this case the weak topology dnis well-defined. We mention that, &
is not locally convex, thei’* need not separates the points\ofFor example, itt = £,[0, 1],
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0 < q < 1,thenX* = {0} ([15], page36 and 37). However, there are some non-locally convex
spaces (such as tkenormed space,, 0 < ¢ < 1) whose dual separates the points [12].

Let M be a subset of a normed spack, ||, ||). The setPy(z) = {xr € M : ||z — 2| =
dist(z, M)} is called the set of best approximantsitee X out of M, wheredist(z, M) =
inf{lly — x|l : y € M}. We denote by, the class of closed convex subsetstbtontaining
0. For M € 3y, we defineMz= {z € M : ||z]| < 2||z][}. Itis clear thatP(z) C Mz € o
[1]. We shall useN to denote the set of positive integet§, M) to denote the closure of a set
M andwcl(M) to denote the weak closure of a set. Let f : M — M be a mapping. A
mappingZ : M — M is called anf-contraction if, for anyr,y € M, there exist$ < k < 1
such that|7x — Ty|| < k| fx — fy||. If & = 1, thenT is called f-nonexpansive. The set
of fixed points of7 ( resp. f) is denoted byF (7 )(resp. F(f)). A pointz € M is a coin-
cidence point ( common fixed point) gfand7 if fo = Tz (x = fo = Tz). The set of
coincidence points of and7 is denoted by’(f, 7). The pair(f,7) is called(1) commuting
if 7fx = fTxforall z € M, (2) R-weakly commuting([17] if for allz € M, there exists
R > 0suchthat|fTz — 7 fz|| < R||fx — Tz|. If R = 1, then the maps are called weakly
commuting;(3) compatible([8] iflim,, ||7 fx, — f7 x,|| = 0 when{z, } is a sequence such that
lim, 7z, = lim, fx, = t for somet in M; (4) weakly compatible if they commute at their
coincidence points, i.e.,if7x = 7 fx wheneverfz = 7z. The setM is calledp-starshaped
with p € M, if the segmenip, 2] = {(1 — k)p + kz : 0 < k < 1} joining ¢ to z, is contained
in M for all x € M. Suppose thaiM is p-starshaped withh € F(f) and is both7- and
f-invariant. ThenZ and f are called(5) R-subweakly commuting oM (see [17]) if for all
x € M, there exists a real numb& > 0 such that||f7x — 7 fz| < Rdist(fz,[p, Tx]).

It is well known thatR-subweakly commuting maps afe-weakly commuting an@R-weakly
commuting maps are compatible but not conversely in does not hold general (see for examples
[17,[18]).

Further, definition providing the notion of Banach operator pair introduced by Chen and
Li [B] may be written as:

Definition 1. Banach Operator Pair The ordered paif f, ¢) of two self-maps of a metric space
(X,d) is called a Banach operator pair, if the &% g) is f-invariant, namelyf(F(g)) € F(g).
Obviously commuting pafif, g) is Banach operator pair but not conversely in general, [Ske

If (f,g) is Banach operator pair thefy, f) need not be Banach operator pair(§82 Example

1]).
If the self-mapg and g of X’ satisfy

(2.1) d(gfz, fx) < kd(gz,z)

forall x € X andk > 0, then(f, ¢g) is Banach operator pair. In particular, whefh= g and X
is a normed space, (3.1) can be rewritten as

(2.2) | f22 — fal| < k| fz — =
for all x € X. Suchf is called Banach operator of typein [21].

The following result would also be used in the sequel.

Theorem 2.1. [14, Corollary 2.2] Let M be a nonempty closed subset of a metric space
(X,d), and f andg be self-maps oM. Assume thatl f (M) C g(M), clf(M) is completef

AJMAA Vol. 8, No. 1, Art. 1, pp. 1-9, 2011 AIJMAA


http://ajmaa.org

4 HEMANT KUMAR NASHINE

is g-continuous and and g satisfy for allx,y € M and0 < h < 1,

(2.3)  d(fx, fy) < hmax{d(gz, gy),d(fx,gx),d(fy, gy),d(fz, gy), d(fy,gz)}.
ThenC(f,g) # 0.

3. MAIN RESULTS
A lemma is presented below, which extends and improves Letimaf Chen and Li([3]:

Lemma 1. Let M be a nonempty closed subset of a metric sgacel), and( f, g) be Banach
operator pair onM. Assume that!f(M) is complete, and and g satisfy for allz,y € M
and0 < h < 1,

(B.1)  d(fx, fy) < hmax{d(gz,gy),d(fz,gx),d(fy,gy),d(fz,gy),d(fy,gz)}.

If g is continuousF(g) is nonempty and is g-continuous, then there is unique common fixed
point of f andg.

Proof. According to assumptiong(F(g)) C F(g) andF(g) is nonempty closed andf(F(g)) C
clf(M) is complete. Also[(3]1) implies that

d(fz, fy) < hmax{d(gx, gy), d(gz, fx),d(gy, fy),d(fy, gz),d(fr,gy)}

= hmax{d(xv y), d(ﬁa fI), d(yv fy)7 d(fy, $), d(f(B, y)}
forall z, y € F(g). Hencef is generalized contraction df(g) andclf(F(g)) C clF(g) =
F(g). Thus, Theorerh 2|1 guarantees thétas a unique fixed point in F(g) and conse-
quentlyF(f, g) is singleton.g

Theorem 3.1.Let M be a nonempty closed subset @f-aormed spac&’ which is starshaped
with respect tap € M, and f and g be self-maps ofM. Suppose thag is continuous,F(g)
is p-starshaped withp € F(g) and f is g-continuous. If(f,¢) is Banach operator pair and
satisfies, for alle, y € M,

52) [ fx = fylly < max{||gz — gyllq, dist(gz, [fz, p]), dist(gy, [fy,p]),

dist(gz, [fy,p)), dist(gy, [fz,p])},
thenM N F(f, g) # 0, provided one of the following conditions holds;

(i) clf(M) is compact,

(i) X is completewcl f(M) is weakly compacy is weakly continuous ang— f is demi-
closed ab,

Proof. Choose a sequende,,} C (0,1) with k,, — 1 asn — oo. Define for eacln > 1 and

for all z € M, a mappingf,, by
fn$ - (1 - kn)p + knfx
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Then each, f, is a self-mapping ofM, sinceM is p-starshaped with € M. Again by [3.2),
[t = faylle = (k)| f2 = fyllg
< (kn)? max{|lgz — gyllq, dist(gx, [fz,p]), dist(gy, [fy, p]),
dist(gz, [fy.pl), dist(gy, [f, p])}
< (kn)® maz{llgz — gyll, |92 = fazlle, ll9y = faylla: lgz = faylle,

lgy — fazllg}s
for eachr,y € M and0 < k, < 1. Since(f, g) is Banach operator pair, farc F(g), we have
fxr € F(g), and hence,,x = (1 — k,)p + k,fx € F(g) by the fact thatF(g) is p-starshaped
with p € F(g). Thus(f,, g) is Banach operator pair o for eachn.

(i) As clf(M) is compact, for each € N, ¢l f,(M) is compact and hence complete.
By Lemma[], for eacln > 1, there existsy, € M such thaty, = gy, = fuyn.
The compactness af( f(M)) implies that there exists a subsequefife,.} of { fy,.}
such thatfy,, — z € c(f(M)) asm — oo. Sincek,, — 1, yp = folYm =
(1—Fkn)p+kmfym — 2. Asgis continuous, theny,, converges tg and hence = gy.
The g continuity of f implies thatfy,, converges tgfy. Consequentlyy = fy = gy.
ThusM N F(f,g) # 0.

(i) By weak compactness abcl f (M), wcl f,,(M) is weakly compact][9] and hence com-
plete for eacm. By Lemmd 1, there existg, € M such thaty,, = gy, = f,.yn. Since
wel f(M) is weakly compact, there exists a subsequenge of {y,} andy € M
such thaty,, — y weakly. The weak continuity of implies thaty = gy. Further,
|92m — frmllg = (1 = kn)p + ki fam) — frmllg = (1 — kn)?llp — fymll, converges
to 0, asy,, is bounded and,, — 1. The demiclosedness gf— f at 0 implies that
gy = fy. ThusM N F(f,g) # 0.

Remark 1. Theorenj 3]1 extends and improves Thedehof [1], Theorems 3.2 - Theorem 3.3
of [3] and Theorent of [10].

Following is a more general result in best approximation theory with the aid of Banach oper-
ator pair, a generalized class of noncommuting mappingsiormed space.

Theorem 3.2. Let M be subset of g-normed spacet and f,g : X — X be mappings
such thatr € F(f,g) for somezr € X and f(0M) C M. Suppose thay is continuous on
D = Pum(T), DN F(g) is nonempty closeg-starshapedg(D) = D and f is g-continuous. If
the pair(f, ¢g) is a Banach operator pair of® and satisfies

lgz — gzl if y=2,
(3.3) I fzx = fyllg < § max{|lgz — gylly, dist(gz, [p, fz]), dist(gy, [p, fy]),

dist(gz, [p, fy)), dist(gy, [p, fz])}, ify € D,
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thenD N F(f, g) # 0, provided one of the following conditions is satisfied;
(i) cl(f(D)) is compact,

(i) X is completewcl(f(D)) is weakly compacy is weakly continuous ang— f is demi-
closed ab,

Proof. First, we show thaf is self-map oD, i.e., f : D — D. Lety € D, thengy € D, since
g(D) = D. Also, if y € OM, thengy € M, sinceg(OM) C M. Now sincegz = = = [T,
one may have fronj (3,3)

1fy —Zlq = 1fy = f2lq < llgy — 97llq = llgy — 24 = dist(z, M).
Thus, fy € D. Consequentlyf andg are self-maps o®. The conditions of Theorem 3.1 ((i)
and (ii)) are satisfied and hence, there exists @ D such thatfz = z = gz. 1

DefinesD = Py (z) N D,(Z), whereD%,(z) = {z € M : Iz € Pu ()}

Theorem 3.3.Let M be subset of g-normed spacel and f,g : X — X be mappings such
thatz € F(f,g) for somer € X and f(OM N M) C M. Suppose thaj is nonexpansive on
Pu(x)U{z}, DNF(g)is nonempty closegtstarshapedy(D(z)) = D and f is g-continuous.
If the pair (f, ¢) is a Banach operator pair o and satisfies

gz — gzl if y=12,
(3.4) | fx— fyllg << max{|lgz — gyl dist(gx, [p, fz]), dist(gy, [p, fy]),

dist(gx, [p, fy)), dist(gy, [p, fz])}, ify € D,
thenP,(z) N F(f, g) # 0, provided one of the following conditions is satisfied;

() cl(f(D)) is compact,

(i) Xis completewcl(f(D)) is weakly compacy is weakly continuous ang— f is demi-
closed a),

Proof. Letx € D. Then,z € Py (Z) and hencd|x — z||, = dist(zo, M). Note that for any
te(0,1),
Itz + (1 —t)x —Z||, = (1 — t)9||x — ||, < dist(z, M).

It follows that the line segmerdtz + (1 — t)x : 0 < ¢t < 1} and the setM are disjoint. Thug:
is not in the interior ofM and sar € oM N M. Sincef(OM N M) C M, fx must be inM.
Also, proceeding as in the proof of Theorem|3.2, we hawes P,(7). As g is nonexpansive
onPum(x) U {x}, we have

lgfz =Zllg < |Ifx = f2l, < llgz = gZllq = llgz — 2|y = dist(z, M).

Thusgfz € Pp(Z) and sofz € DY, (7). Hencefz € D. Consequentlyf(D) C D = ¢(D).
Now Theoreni 3]1 ((i) and (ii)) guarantee tiat,(z) N F(f, g) # ¢. 1
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Remark 2. It is remark that the Theorem 3.3 is trivialif € M, because the statement in the
proof that M and the line segment + (1 — ¢)z are disjoint is no longer necessarily true if
reM.

Forh > 0, let Dy~ (2)=Pu(Z) N G ™9(Z), where  Gu™9(2)={z € M : |lgz — T, <
(2h + 1)dist(z, M)}.

Theorem 3.4.Let M be subset of g-normed spacel and f,g : X — X be mappings such
thatz € F(f,g) for somer € X and f(OM N M) C M. Suppose thay is continuous on
Dp9(Z), D™ (w) N F(g) is nonempty closeg-starshapedg(Dn,? (7)) = Da™9(z) and
f is g-continuous. If the paif f, g) satisfies
(a) lgfx — fzlly < hl|gz — ||, for all z € Dy (z) andh > 0
(b) forall z € Do ™(z) U {7},
lgz — gzl i y =1,

(3.5) | fz = fyllg < § max{|lgz — gyll, dist(gz, [p, fz]), dist(gy, [p, fy]),

dist(gz, [p, y]), dist(gy, [p, fz])}, ify € D™ (@),
thenP,(z) N F(f, g) # 0, provided one of the following conditions is satisfied;

() cl(f(Dr™9(7))) is compact,

(i) X is completewcl(f(Dr™9(7))) is weakly compacy is weakly continuous ang— f
is demiclosed at,

Proof. Letz € D,,"?(%). Then, along in the line of the proof of Theor3f3:, € Pu(z).
From inequality in(a) and [3.5), it follow that,

lgfz —2lg = lgfz — fz+ fz -2,
< llgfz— falq+ I fz — 2,
< hllgz — =llg + | fz — 2|,
=hllgz -2+ 7 —zlly + || fz — 2|,
h(llgz — ullg + |z = Zl[y) + | fz — 2|4
< h(dist(z, M) + dist(z, M)) + dist(z, M)

< (2h + )dist(z, M).

Thus fz € Gu"9(Z). Consequentlyf(Dr9(z)) € D™ (2)=9(Dr™9(2)). Inequality in
(a) also implies that f, ¢) is a Banach operator pair. Now by Theorem| 3.1 ((i) and (ii)) we
obtain,P,(Z) N F(f, g) # 0 in each of the casg$) and(ii). §
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Remark 3. If we takeCpr?(7) = {x € M : gz € Pp(Z)}. Theng(Pum(Z)) C Pum(Z) implies
Pul(u) € Cu(F) € Gu"9(Z) and henceDp9(Z) = Pu(Z). Consequently, Theorem B.4
remains valid wherD,"9(Z) = P.(Z) and the pair(f, ¢) is Banach operator orP,(7)
instead of satisfyinga), which in turn extends many results (§&¢10,/11/ 13, 16, 19, 2}]

Remark 4. Theoreni 3]1 - Theorem 3.4 generalize Theorems 3.2-Theorem([8] 2rithe sense
that the more generalized relatively nonexpansive mappingsiormed space have been used
in place of relatively nonexpansive.

Acknowledgement 1.My deep sense of gratitude to the Professor Sever S. Dragormir and
referee for accepting the paper.
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