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ABSTRACT. The common fixed point results for Banach operator pair with generalized nonex-
pansive mappings inq-normed space have been obtained in the present work. As application,
some more general best approximation results have also been determined without the assumption
of linearity or affinity of mappings. These results unify and generalize various existing known
results with the aid of more general class of noncommuting mappings.
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1. I NTRODUCTION

Existence of fixed point has been used at many places in approximation theory. Number of
results exist in the literature where fixed point theorems are used to prove the existence of best
approximation(see in [1, 2, 4, 13, 16, 19, 21]).

Meinardus [13] was the first to employ a fixed-point theorem of Schauder to establish the
existence of an invariant approximation. Further, Brosowski [2] obtained a celebrated result
and generalized the Meinardus’s result. Later, several results [4, 19, 21] have been proved in the
direction of Brosowski [2]. In the year1988, Sahab et al. [16] extended the result of Hicks and
Humpheries [4] and Singh [19] by using two mappings, one linear and the other nonexpansive
mappings for commuting mappings.

Al-Thagafi [1] extended the result of Sahab et al. [16] and proved some results on invariant
approximations for commuting mappings. The introduction of non-commuting maps to this
area, Shahzad [17, 18] further extended Al-Thagafi’s results and obtained some results regarding
invariant approximation. Afterwards, numbers of results by changing the nature of mappings
for convex domain within various space structures appeared. Main contributors in this direction
are Shahzad [17], Hussain et al. [6], Jungck and Hussain [9] and O’Regan and Hussain [14]
for R-subweakly commuting, compatible andCq-commuting maps. All the above mentioned
results are obtained on starshaped domain and linearity or affinness condition of mappings.

Recently, Chen and Li [3] introduced the notion of Banach operator pair as a new class of
noncommuting maps. Using this concept, common fixed-point theorems are obtained without
the assumption of linearity or affinity of mappings and which is further applied to prove best
approximation results in normed space.

Attempt has been made to show the validity of results of Chen and Li [3] for more general
class ofg-nonexpansive maps inq-normed space. Also, more general best approximation results
have been determined as application of common fixed point theorem; incidently, the work of
Al-Thagafi [1], Jungck and Hussain [9], O’Regan and Hussain [14] and Shahzad [17, 18] have
also been extended and unified.

2. PRELIMINARIES

In the material to be produced here, the following definitions have been used:

LetX be a linear space. Aq-norm onX is a real-valued function‖.‖q onX with 0 < q ≤ 1,
satisfying the following conditions :

(a)‖x‖q ≥ 0 and‖x‖q = 0 iff x = 0,

(b) ‖λx‖q = | λ |q‖x‖q,

(c) ‖x + y‖q ≤ ‖x‖q + ‖y‖q,
for all x, y ∈ X and all scalarsλ. The pair(X , ‖.‖q) is called aq-normed space. It is a metric
space withdq(x, y) = ‖x−y‖q for all x, y ∈ X , defining a translation invariant metricdq onX .
If q = 1, we obtain the concept of a normed linear space. It is well-known that the topology of
every Hausdorff locally bounded topological linear space is given by someq-norm,0 < q ≤ 1.
The spaceslq andLq[0, 1], 0 < q ≤ 1 areq-normed space. Aq-normed space is not necessarily
a locally convex space. Recall that, ifX is a topological linear space, then its continuous dual
spaceX ∗ is said to separate the points ofX , if for eachx 6= 0 in X , there exists anI ∈ X ∗
such thatIx 6= 0. In this case the weak topology onX is well-defined. We mention that, ifX
is not locally convex, thenX ∗ need not separates the points ofX. For example, ifX = Lq[0, 1],
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0 < q < 1, thenX ∗ = {0} ( [15], page36 and 37). However, there are some non-locally convex
spaces (such as theq-normed spacelq, 0 < q < 1) whose dual separates the points [12].

Let M be a subset of a normed space(X , ‖, ‖). The setPM(x̂) = {x ∈ M : ‖x − x̂‖ =
dist(x̂,M)} is called the set of best approximants tox̂ ∈ X out ofM, wheredist(x̂,M) =
inf{‖y − x̂‖ : y ∈ M}. We denote by=0 the class of closed convex subsets ofX containing
0. ForM ∈ =0, we defineM

bx= {x ∈ M : ‖x‖ ≤ 2‖x̂‖}. It is clear thatPM(x̂) ⊂ M
bx ∈ =0

[1]. We shall useN to denote the set of positive integers,cl(M) to denote the closure of a set
M andwcl(M) to denote the weak closure of a setM. Let f : M → M be a mapping. A
mappingT : M→M is called anf -contraction if, for anyx, y ∈ M, there exists0 ≤ k < 1
such that‖T x − T y‖ ≤ k‖fx − fy‖. If k = 1, thenT is calledf -nonexpansive. The set
of fixed points ofT ( resp. f ) is denoted byF(T )(resp. F(f)). A point x ∈ M is a coin-
cidence point ( common fixed point) off andT if fx = T x (x = fx = T x). The set of
coincidence points off andT is denoted byC(f, T ). The pair(f, T ) is called(1) commuting
if T fx = fT x for all x ∈ M, (2) R-weakly commuting [17] if for allx ∈ M, there exists
R > 0 such that‖fT x − T fx‖ ≤ R‖fx − T x‖. If R = 1, then the maps are called weakly
commuting;(3) compatible [8] iflimn ‖T fxn−fT xn‖ = 0 when{xn} is a sequence such that
limn T xn = limn fxn = t for somet in M; (4) weakly compatible if they commute at their
coincidence points, i.e.,iffT x = T fx wheneverfx = T x. The setM is calledp-starshaped
with p ∈ M, if the segment[p, x] = {(1− k)p + kx : 0 ≤ k ≤ 1} joining q to x, is contained
in M for all x ∈ M. Suppose thatM is p-starshaped withp ∈ F(f) and is bothT - and
f -invariant. ThenT andf are called(5) R-subweakly commuting onM (see [17]) if for all
x ∈ M, there exists a real numberR > 0 such that‖fT x − T fx‖ ≤ Rdist(fx, [p, T x]).
It is well known thatR-subweakly commuting maps areR-weakly commuting andR-weakly
commuting maps are compatible but not conversely in does not hold general (see for examples
[17, 18]).

Further, definition providing the notion of Banach operator pair introduced by Chen and
Li [3] may be written as:

Definition 1. Banach Operator Pair. The ordered pair(f, g) of two self-maps of a metric space
(X , d) is called a Banach operator pair, if the setF(g) is f -invariant, namelyf(F(g)) ⊆ F(g).
Obviously commuting pair(f, g) is Banach operator pair but not conversely in general, see[3].
If (f, g) is Banach operator pair then(g, f) need not be Banach operator pair(see[3, Example
1]).

If the self-mapsf andg ofX satisfy

(2.1) d(gfx, fx) ≤ kd(gx, x)

for all x ∈ X andk ≥ 0, then(f, g) is Banach operator pair. In particular, whenf = g andX
is a normed space, (2.1) can be rewritten as

(2.2) ‖f 2x− fx‖ ≤ k‖fx− x‖

for all x ∈ X . Suchf is called Banach operator of typek in [21].

The following result would also be used in the sequel.

Theorem 2.1. [14, Corollary 2.2]. LetM be a nonempty closed subset of a metric space
(X , d), andf andg be self-maps ofM. Assume thatclf(M) ⊂ g(M), clf(M) is complete,f
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is g-continuous andf andg satisfy for allx, y ∈M and0 ≤ h < 1,

(2.3) d(fx, fy) ≤ hmax{d(gx, gy), d(fx, gx), d(fy, gy), d(fx, gy), d(fy, gx)}.
ThenC(f, g) 6= ∅.

3. MAIN RESULTS

A lemma is presented below, which extends and improves Lemma3.1 of Chen and Li [3]:

Lemma 1. LetM be a nonempty closed subset of a metric space(X , d), and(f, g) be Banach
operator pair onM. Assume thatclf(M) is complete, andf andg satisfy for allx, y ∈ M
and0 ≤ h < 1,

(3.1) d(fx, fy) ≤ h max{d(gx, gy), d(fx, gx), d(fy, gy), d(fx, gy), d(fy, gx)}.
If g is continuous,F(g) is nonempty andf is g-continuous, then there is unique common fixed
point off andg.

Proof. According to assumptions,f(F(g)) ⊆ F(g) andF(g) is nonempty closed andclf(F(g)) ⊆
clf(M) is complete. Also (3.1) implies that

d(fx, fy) ≤ h max{d(gx, gy), d(gx, fx), d(gy, fy), d(fy, gx), d(fx, gy)}

= h max{d(x, y), d(x, fx), d(y, fy), d(fy, x), d(fx, y)}
for all x, y ∈ F(g). Hencef is generalized contraction onF(g) andclf(F(g)) ⊆ clF(g) =
F(g). Thus, Theorem 2.1 guarantees that,f has a unique fixed pointw in F(g) and conse-
quentlyF(f, g) is singleton.

Theorem 3.1.LetM be a nonempty closed subset of aq-normed spaceX which is starshaped
with respect top ∈ M, andf and g be self-maps ofM. Suppose thatg is continuous,F(g)
is p-starshaped withp ∈ F(g) and f is g-continuous. If(f, g) is Banach operator pair and
satisfies, for allx, y ∈M,

(3.2)
‖fx− fy‖q ≤ max{‖gx− gy‖q, dist(gx, [fx, p]), dist(gy, [fy, p]),

dist(gx, [fy, p]), dist(gy, [fx, p])},
thenM∩F(f, g) 6= ∅, provided one of the following conditions holds;

(i) clf(M) is compact,

(ii) X is complete,wclf(M) is weakly compact,g is weakly continuous andg− f is demi-
closed at0,

Proof. Choose a sequence{kn} ⊂ (0, 1) with kn → 1 asn → ∞. Define for eachn ≥ 1 and
for all x ∈M, a mappingfn by

fnx = (1− kn)p + knfx.
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Then eachn, fn is a self-mapping ofM, sinceM is p-starshaped withp ∈M. Again by (3.2),

‖fnx− fny‖q = (kn)q‖fx− fy‖q

≤ (kn)q max{‖gx− gy‖q, dist(gx, [fx, p]), dist(gy, [fy, p]),

dist(gx, [fy, p]), dist(gy, [fx, p])}

≤ (kn)q max{‖gx− gy‖q, ‖gx− fnx‖q, ‖gy − fny‖q, ‖gx− fny‖q,

‖gy − fnx‖q},
for eachx, y ∈M and0 < kn < 1. Since(f, g) is Banach operator pair, forx ∈ F(g), we have
fx ∈ F(g), and hencefnx = (1 − kn)p + knfx ∈ F(g) by the fact thatF(g) is p-starshaped
with p ∈ F(g). Thus(fn, g) is Banach operator pair onM for eachn.

(i) As clf(M) is compact, for eachn ∈ N, clfn(M) is compact and hence complete.
By Lemma 1, for eachn ≥ 1, there existsyn ∈ M such thatyn = gyn = fnyn.
The compactness ofcl(f(M)) implies that there exists a subsequence{fym} of {fyn}
such thatfym → z ∈ cl(f(M)) as m → ∞. Sincekm → 1, ym = fmym =
(1−km)p+kmfym → z. Asg is continuous, thengym converges toy and hencey = gy.
Theg continuity off implies thatfym converges tofy. Consequently,y = fy = gy.
ThusM∩F(f, g) 6= ∅.

(ii) By weak compactness ofwclf(M), wclfn(M) is weakly compact[9] and hence com-
plete for eachn. By Lemma 1, there existsyn ∈ M such thatyn = gyn = fnyn. Since
wclf(M) is weakly compact, there exists a subsequence{ym} of {yn} andy ∈ M
such thatym → y weakly. The weak continuity ofg implies thaty = gy. Further,
‖gxm− fxm‖q = ‖((1− km)p + kmfxm)− fxm‖q = (1− km)q‖p− fym‖q converges
to 0, asym is bounded andkm → 1. The demiclosedness ofg − f at 0 implies that
gy = fy. ThusM∩F(f, g) 6= ∅.

Remark 1. Theorem 3.1 extends and improves Theorem2.2 of [1], Theorems 3.2 - Theorem 3.3
of [3] and Theorem6 of [10].

Following is a more general result in best approximation theory with the aid of Banach oper-
ator pair, a generalized class of noncommuting mappings inq-normed space.

Theorem 3.2. Let M be subset of aq-normed spaceX and f, g : X → X be mappings
such thatx̂ ∈ F(f, g) for somex̂ ∈ X and f(∂M) ⊂ M. Suppose thatg is continuous on
D = PM(x̂), D ∩ F(g) is nonempty closedp-starshaped,g(D) = D andf is g-continuous. If
the pair(f, g) is a Banach operator pair onD and satisfies

(3.3) ‖fx− fy‖q ≤


‖gx− gx̂‖q if y = x̂,

max{‖gx− gy‖q, dist(gx, [p, fx]), dist(gy, [p, fy]),

dist(gx, [p, fy]), dist(gy, [p, fx])}, if y ∈ D,
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thenD ∩ F(f, g) 6= ∅, provided one of the following conditions is satisfied;

(i) cl(f(D)) is compact,

(ii) X is complete,wcl(f(D)) is weakly compact,g is weakly continuous andg−f is demi-
closed at0,

Proof. First, we show thatf is self-map onD, i.e.,f : D → D. Let y ∈ D, thengy ∈ D, since
g(D) = D. Also, if y ∈ ∂M, thengy ∈ M, sinceg(∂M) ⊆ M. Now sincegx̂ = x̂ = fx̂,
one may have from (3.3)

‖fy − x̂‖q = ‖fy − fx̂‖q ≤ ‖gy − gx̂‖q = ‖gy − x̂‖q = dist(x̂,M).

Thus,fy ∈ D. Consequentlyf andg are self-maps onD. The conditions of Theorem 3.1 ((i)
and (ii)) are satisfied and hence, there exists az ∈ D such thatfz = z = gz.

DefinesD = PM(x̂) ∩ DIM(x̂), whereDIM(x̂) = {x ∈M : Ix ∈ PM(x̂)}.

Theorem 3.3. LetM be subset of aq-normed spaceX andf, g : X → X be mappings such
that x̂ ∈ F(f, g) for somêx ∈ X andf(∂M∩M) ⊂ M. Suppose thatg is nonexpansive on
PM(x̂)∪{x̂},D∩F(g) is nonempty closedp-starshaped,g(D(x̂)) = D andf is g-continuous.
If the pair (f, g) is a Banach operator pair onD and satisfies

(3.4) ‖fx− fy‖q ≤


‖gx− gx̂‖q if y = x̂,

max{‖gx− gy‖q, dist(gx, [p, fx]), dist(gy, [p, fy]),

dist(gx, [p, fy]), dist(gy, [p, fx])}, if y ∈ D,

thenPM(x̂) ∩ F(f, g) 6= ∅, provided one of the following conditions is satisfied;

(i) cl(f(D)) is compact,

(ii) X is complete,wcl(f(D)) is weakly compact,g is weakly continuous andg−f is demi-
closed at0,

Proof. Let x ∈ D. Then,x ∈ PM(x̂) and hence‖x − x̂‖q = dist(x0,M). Note that for any
t ∈ (0, 1),

‖tx̂ + (1− t)x− x̂‖q = (1− t)q‖x− x̂‖q < dist(x̂,M).

It follows that the line segment{tx̂ + (1− t)x : 0 < t < 1} and the setM are disjoint. Thusx
is not in the interior ofM and sox ∈ ∂M∩M. Sincef(∂M∩M) ⊂M, fx must be inM.
Also, proceeding as in the proof of Theorem 3.2, we havefx ∈ PM(x̂). As g is nonexpansive
onPM(x̂) ∪ {x̂}, we have

‖gfx− x̂‖q ≤ ‖fx− fx̂‖q ≤ ‖gx− gx̂‖q = ‖gx− x̂‖q = dist(x̂,M).

Thusgfx ∈ PM(x̂) and sofx ∈ Dg
M(x̂). Hencefx ∈ D. Consequently,f(D) ⊂ D = g(D).

Now Theorem 3.1 ((i) and (ii)) guarantee thatPM(x̂) ∩ F(f, g) 6= φ.
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Remark 2. It is remark that the Theorem 3.3 is trivial if̂x ∈ M, because the statement in the
proof thatM and the line segmenttx̂ + (1 − t)x are disjoint is no longer necessarily true if
x̂ ∈M.

For h ≥ 0, letDMh,g(x̂)=PM(x̂) ∩ GMh,g(x̂), where GMh,g(x̂)={x ∈ M : ‖gx − x̂‖q ≤
(2h + 1)dist(x̂,M)}.

Theorem 3.4. LetM be subset of aq-normed spaceX andf, g : X → X be mappings such
that x̂ ∈ F(f, g) for somex̂ ∈ X andf(∂M∩M) ⊂ M. Suppose thatg is continuous on
DMh,g(x̂), DMh,g(u) ∩ F(g) is nonempty closedp-starshaped,g(DMh,g(x̂)) = DMh,g(x̂) and
f is g-continuous. If the pair(f, g) satisfies

(a) ‖gfx− fx‖q ≤ h‖gx− x‖q for all x ∈ DMh,g(x̂) andh ≥ 0

(b) for all x ∈ DMh,g(x̂) ∪ {x̂},

(3.5) ‖fx− fy‖q ≤


‖gx− gx̂‖q if y = x̂,

max{‖gx− gy‖q, dist(gx, [p, fx]), dist(gy, [p, fy]),

dist(gx, [p, fy]), dist(gy, [p, fx])}, if y ∈ DMh,g(x̂),

thenPM(x̂) ∩ F(f, g) 6= ∅, provided one of the following conditions is satisfied;

(i) cl(f(DMh,g(x̂))) is compact,

(ii) X is complete,wcl(f(DMh,g(x̂))) is weakly compact,g is weakly continuous andg− f
is demiclosed at0,

Proof. Let x ∈ DMh,g(x̂). Then, along in the line of the proof of Theorem 3.3,fx ∈ PM(x̂).
From inequality in(a) and (3.5), it follow that,

‖gfx− x̂‖q = ‖gfx− fx + fx− x̂‖q

≤ ‖gfx− fx‖q + ‖fx− x̂‖q

≤ h‖gx− x‖q + ‖fx− x̂‖q

= h‖gx− x̂ + x̂− x‖q + ‖fx− x̂‖q

≤ h(‖gx− u‖q + ‖x− x̂‖q) + ‖fx− x̂‖q

≤ h(dist(x̂,M) + dist(x̂,M)) + dist(x̂,M)

≤ (2h + 1)dist(x̂,M).

Thusfx ∈ GMh,g(x̂). Consequently,f(DMh,g(x̂)) ⊂ DMh,g(x̂)=g(DMh,g(x̂)). Inequality in
(a) also implies that(f, g) is a Banach operator pair. Now by Theorem 3.1 ((i) and (ii)) we
obtain,PM(x̂) ∩ F(f, g) 6= ∅ in each of the cases(i) and(ii).
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Remark 3. If we takeCMg(x̂) = {x ∈ M : gx ∈ PM(x̂)}. Theng(PM(x̂)) ⊂ PM(x̂) implies
PM(u) ⊂ CMg(x̂) ⊂ GMh,g(x̂) and henceDMh,g(x̂) = PM(x̂). Consequently, Theorem 3.4
remains valid whenDMh,g(x̂) = PM(x̂) and the pair(f, g) is Banach operator onPM(x̂)
instead of satisfying(a), which in turn extends many results (see[1, 10, 11, 13, 16, 19, 21]).

Remark 4. Theorem 3.1 - Theorem 3.4 generalize Theorems 3.2-Theorem 4.2 in[3] in the sense
that the more generalized relatively nonexpansive mappings inq-normed space have been used
in place of relatively nonexpansive.

Acknowledgement 1.My deep sense of gratitude to the Professor Sever S. Dragormir and
referee for accepting the paper.
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