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1. I NTRODUCTION

J. Baker and et al. in [4] introduced the following: iff satisfies the inequality|E1(f) −
E2(f)| ≤ ε, then eitherf is bounded orE1(f) = E2(f). This is frequently referred to as
superstability.

The superstability of the cosine functional equation (also called the
d’Alembert equation)

(C) f(x + y) + f(x− y) = 2f(x)f(y)

is studied by J. Baker [3], R. Badora and R. Ger ([1], [2]), and P. Gǎvruta [6], and the supersta-
bility of the sine functional equation

(S) f(x)f(y) = f
(x + y

2

)2 − f
(x− y

2

)2

is by P.W. Cholewa [5], Badora and Ger [2], and Kim ([11], [12]), respectively.
The cosine functional equation (C) is generalized to the following functional equations

f(x + y) + f(x− y) = 2f(x)g(y),(Cfg)

f(x + y) + f(x− y) = 2g(x)f(y),(Cgf )

and

f(x + y) + f(x− y) = 2g(x)g(y)(Cgg)

and their stabilities are explored by Kannappan and Kim ([9], [10], [13]). The equation (Cfg),
introduced by Wilson, is sometimes referred to as the Wilson equation. This work is the im-
proved result of author’s paper [10].

The hyperbolic trigonometric functions and some exponential functions satisfy the above
mentioned equations, and, thus, they can be called the hyperbolic cosine, trigonometric and
exponential functional equations, respectively.

For example,

cosh(x + y) + cosh(x− y) = 2 cosh(x) cosh(y)

sinh(x + y) + sinh(x− y) = 2 sinh(x) cosh(y)

sinh2
(

x+y
2

)
− sinh2

(
x−y

2

)
= sinh(x) sinh(y)

cax+y + cax−y = 2 cax

2
(ay + a−y) = 2cex ay+a−y

2

ex+y + ex−y = 2 ex

2
(ey + e−y) = 2ex cosh(y)

(n(x + y) + c) + (n(x− y) + c) = 2(nx + c) : Jensen equation, forf(x) = nx + c,

where a and c are constants.
We will consider the Pexider type (hyperbolic) trigonometric functional equation as follows:

f(x + y) + f(x + σy) = λg(x)h(y).(C̃gh)

In this paper, let(G, +) be an Abelian group,C the field of complex numbers, andR the
field of real numbers, and letσ be an endomorphism ofG with σ(σ(x)) = x for all x ∈ G
with notationσ(x) = σx. The propertiesg(x) = g(σx) andg(x) = −g(σx) with respect toσ
will be represented as the even and odd function properties for convenience, respectively. In all
equations, if “−x" is replaced by “σx", for example, the equation(C) becomes(C̃) :
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f(x + y) + f(x + σy) = λf(x)f(y)(C̃)

f
(x + y

2

)2 − f
(x + σy

2

)2
= f(x)f(y).(S̃)

Whenever we deal with (S), we need to assume additionally that(G, +) is a uniquely 2-
divisible group. We will write then “under 2-divisibility” for short. We may assume thatf, g,
andh are non-zero functions, thatε is a nonnegative real constant, and thatϕ : G → R is a
mapping.

Given mappingsf, g, andh : G → C, we will denote their difference by an operatorDC̃gh :
G×G → C as

DC̃gh(x, y) := f(x + y) + f(x + σy)− λg(x)h(y).

Our goal is to investigate the stability problem for the Pexider type (hyperbolic) trigonometric
functional equation (̃Cgh) under conditions :|DC̃gh(x, y)| ≤ ϕ(x), ϕ(y), andmin{ϕ(x),ϕ(y)}.
Then we extend the obtained results to the Banach algebra. As a consequence, we obtain the
superstability of the cosine, sine, and the Wilson functional equations that is examined by Baker,
Badora, Ger, Ǧavruta, Kannappan, Kim, etc ([1], [2], [3], [6], [7], [9], [10], [13]).

2. STABILITY ON THE EQUATION (C̃gh)

In this section, we talk about the stability of the equation (C̃gh) related to the d’Alembert type
equation (̃C), the Wilson type equations (̃Cfg) and (̃Cgf ), and the sine type functional equation
(S̃).

Theorem 2.1.Suppose thatf, g, andh : G → C satisfy the inequality

(2.1) |f(x + y) + f(x + σy)− λg(x)h(y)| ≤ ϕ(x) ∀ x, y ∈ G.

If h fails to be bounded, then
(i) g satisfies (̃S) under 2-divisibility and one of the casesg(0) = 0 or f(σx) = −f(x),
(ii) In addition, if h satisfies (̃C), theng andh are solutions of the Wilson equationg(x +

y) + g(x + σy) = λg(x)h(y).

Proof. Let h be unbounded solution of the inequality (2.1). Then, there exists a sequence{yn}
in G such that0 6= |h(yn)| → ∞ asn →∞.

Taking y = yn in the inequality (2.1), dividing both sides by|λh(yn)|, and passing to the
limit asn →∞ we obtain that

(2.2) g(x) = lim
n→∞

f(x + yn) + f(x + σyn)

λh(yn)
, x ∈ G.

Using (2.1), we have∣∣f (x + (y + yn)) + f (x− (y + yn))− λg(x)h(y + yn)

f (x + (y + σyn)) + f (x− (y + σyn))− λg(x)h(y + σyn)
∣∣ ≤ 2ϕ(x)
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so that ∣∣∣∣f ((x + y) + yn) + f ((x + y) + σyn)

λh(yn)

+
f ((x + σy) + yn) + f ((x + σy) + σyn)

λh(yn)
− λg(x) · h(y + yn) + h(y + σyn)

λh(yn)

∣∣∣∣
≤ 2ϕ(x)

|λ||h(yn)|
(2.3)

for all x, y ∈ G.
We conclude that, for everyy ∈ G, there exists a limit function

k1(y) := lim
n→∞

h(y + yn) + h(y + σyn)

λh(yn)
,

where the functionk1 : G → C satisfies the equation

(2.4) g(x + y) + g(x + σy) = λg(x)k1(y) ∀x, y ∈ G.

Applying the caseg(0) = 0 in (2.4), it implies thatg is an odd w.r.t. forσ. Keeping this in
mind, by means of (2.4), we infer the equality

g(x + y)2 − g(x + σy)2 = λg(x)k1(y)[g(x + y)− g(x + σy)]

= g(x)
[
g(x + 2y)− g(x− 2y)

]
= g(x)

[
g(2y + x) + g(2y − x)

]
= λg(x)g(2y)k1(x).(2.5)

Puttingy = x in (2.4) we get the equation

g(2x) = λg(x)k1(x), x ∈ G.

This, in return, leads to the equation

(2.6) g(x + y)2 − g(x + σy)2 = g(2x)g(2y)

valid for all x, y ∈ G which g, in the light of the unique 2-divisibility ofG, states nothing else
but (S̃).

Next, in particular casef(σx) = −f(x), it is enough to show thatg(0) = 0. Suppose that
this is not the case.

Puttingx = 0 in (2.1), due tog(0) 6= 0 andf(σx) = −f(x), we obtain the inequality

|h(y)| ≤ ϕ(0)

|λ||g(0)|
, y ∈ G.

This inequality means thath is globally bounded – a contradiction. Thus the claimedg(0) =
0 holds.

(ii) In the caseh satisfies (̃C), the limit k1 states nothing else buth, so (2.4) validatesg(x +
y) + g(x + σy) = λg(x)h(y).

Replacingh by f , g by f , andh by g in Theorem 2.1, we obtain the following corollaries.

Corollary 2.1. Suppose thatf andg : G → C satisfy the inequality

|f(x + y) + f(x + σy)− λg(x)f(y)| ≤ ϕ(x) ∀ x, y ∈ G.

Then eitherf is bounded org satisfies (̃C).
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Proof. Replacingh by f in Theorem 2.1, the limit equation (2.2) transfer to

(2.7) g(x) = lim
n→∞

f(x + yn) + f(x + σyn)

λf(yn)
.

An obvious slight change in the steps of the proof applied after (2.2) of Theorem 2.1, with (2.4)
and an application ofk1, gives us the required result.

Corollary 2.2. Suppose thatf andh : G → C satisfy the inequality

|f(x + y) + f(x + σy)− λf(x)h(y)| ≤ ϕ(x) ∀ x, y ∈ G.

If h fails to be bounded, then
(i) f satisfies (̃S) under 2-divisibility and one of the casesf(0) = 0 or f(σx) = −f(x),
(ii) In addition, if h satisfies (̃C), thenf andh are solutions off(x + y) + f(x + σy) =

λf(x)h(y).

Corollary 2.3. Suppose thatf andg : G → C satisfy the inequality

|f(x + y) + f(x + σy)− λg(x)g(y)| ≤ ϕ(x) ∀ x, y ∈ G.

Then eitherg is bounded org satisfies (̃S) under 2-divisibility and one of the casesg(0) = 0 or
f(σx) = −f(x).

Corollary 2.4. Suppose thatf : G → C satisfies the inequality

|f(x + y) + f(x + σy)− λf(x)f(y)| ≤ ϕ(x) ∀ x, y ∈ G.

Then eitherf is bounded orf satisfies (̃C).

Remark 2.1. In Theorem 2.1 and Corollaries 2.1∼ 2.4,
(i) Applyingσ(y) = −y, or λ = 2, respectively, we can obtain same number of corollaries.
(ii) Applying σ(y) = −y and λ = 2, we can obtain same number of corollaries. Some of

which can be found in the papers ([6], [9], [10]).
(iii) In all of the Theorem 2.1, Corollaries 2.1∼ 2.4, in all of the results obtained from (i)

and (ii), applyingϕ(x) = ε, we obtain twenty corollaries, respectively. Some of which can be
found in the papers ([1], [2], [3], [6], [7], [9], [10]).

Theorem 2.2.Suppose thatf, g andh : G → C satisfy the inequality

(2.8) |f(x + y) + f(x + σy)− λg(x)h(y)| ≤ ϕ(y) ∀ x, y ∈ G.

If g fails to be bounded, then
(i) h satisfies (̃S) under 2-divisibility and one of the casesh(0) = 0 or f(σx) = −f(x),
(ii) In addition, if g satisfies (̃C), thenh andg are solutions of the Wilson equationh(x +

y) + h(x + σy) = λh(x)g(y).

Proof. Let g be unbounded solution of the inequality (2.8). Then, there exists a sequence{xn}
in G such that0 6= |g(xn)| → ∞ asn →∞.

Taking x = xn in the inequality (2.8), dividing both sides by|λg(xn)|, and passing to the
limit asn →∞ we obtain that

(2.9) h(y) = lim
n→∞

f(xn + y) + f(xn + σy)

λg(xn)
, x ∈ G.

In (2.8), replacingx by xn + y, replacingy by x, and also replacingx by xn + σy, replacing
y by x, respectively.
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Due to similar reasoning as in the proof applied in Theorem 2.1, we conclude that, for every
y ∈ G, there exists a limit function

k2(x) := lim
n→∞

[g(xn + y) + g(xn + σy)]

λg(xn)
,

where the functionk2 : G → C satisfies the equation

(2.10) h(x + y) + h(x + σy) = λh(x)k2(y) ∀x, y ∈ G.

The next of the proof runs along a similar step as Theorem 2.1,h satisfies (S).

Corollary 2.5. Suppose thatf andg : G → C satisfy the inequality

|f(x + y) + f(x + σy)− λg(x)f(y)| ≤ ϕ(y) ∀ x, y ∈ G.

If g fails to be bounded, then
(i) f satisfies (̃S) under 2-divisibility and one of the casesf(0) = 0 or f(σx) = −f(x),
(ii) In addition, if g satisfies (̃C), thenf satisfies (̃C).

Corollary 2.6. Suppose thatf andh : G → C satisfy the inequality

|f(x + y) + f(x + σy)− λf(x)h(y)| ≤ ϕ(y) ∀ x, y ∈ G.

Then eitherf is bounded orh satisfies (̃C).

Corollary 2.7. Suppose thatf andg : G → C satisfy the inequality

|f(x + y) + f(x + σy)− λg(x)g(y)| ≤ ϕ(y) ∀ x, y ∈ G.

Then eitherg is bounded org satisfies (̃S) under 2-divisibility and one of the casesg(0) = 0
or f(σx) = −f(x).

Corollary 2.8. ( [1], [7]) Suppose thatf : G → C satisfies the inequality

|f(x + y) + f(x + σy)− λf(x)f(y)| ≤ ϕ(y) ∀ x, y ∈ G.

Then eitherf is bounded orf satisfies (̃C).

Remark 2.2. By same application as Remark 2.1 for Theorem 2.2 and Corollaries 2.5∼ 2.8,
we obtain same number of corollaries.

Theorem 2.3.Suppose thatf, g andh : G → C satisfy the inequality

(2.11) |f(x + y) + f(x + σy)− λg(x)h(y)| ≤ min{ϕ(x), ϕ(y)} ∀ x, y ∈ G.

Then,
(a) If g fails to be bounded, then

(i) h satisfies (̃S) under 2-divisibility and one of the casesh(0) = 0 or f(σx) = −f(x),
(ii) In addition, if h satisfies (̃C), thenh and g are solutions of the Wilson equation

h(x + y) + h(x + σy) = λh(x)g(y).
(b) If h fails to be bounded, then

(i) g satisfies (̃S) under 2-divisibility and one of the casesg(0) = 0 or f(σx) = −f(x),
(ii) In addition, if h satisfies (̃C), theng and h are solutions of the Wilson equation

g(x + y) + g(x + σy) = λg(x)h(y).

Corollary 2.9. Suppose thatf andg : G → C satisfy the inequality

|f(x + y) + f(x + σy)− λg(x)f(y)| ≤ min{ϕ(x), ϕ(y)} ∀ x, y ∈ G.

Then,
(a) If g fails to be bounded, then
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(i) f satisfies (̃S) under 2-divisibility and one of the casesf(0) = 0 or f(σx) = −f(x),
(ii) In addition, if f satisfies (̃C), thenf and g are solutions of the Wilson equation

f(x + y) + f(x + σy) = λf(x)g(y).
(b) If f fails to be bounded, then

(i) g satisfies (̃S) under 2-divisibility and one of the casesg(0) = 0 or f(σx) = −f(x),
(ii) In addition, if f satisfies (̃C), theng and f are solutions of the Wilson equation

g(x + y) + g(x + σy) = λg(x)f(y).

Corollary 2.10. Suppose thatf andh : G → C satisfy the inequality

|f(x + y) + f(x + σy)− λf(x)h(y)| ≤ min{ϕ(x), ϕ(y)} ∀ x, y ∈ G.

Then,
(a) If f fails to be bounded, then

(i) h satisfies (̃S) under 2-divisibility and one of the casesh(0) = 0 or f(σx) = −f(x),
(ii) In addition, if h satisfies (̃C), thenh and f are solutions of the Wilson equation

h(x + y) + h(x + σy) = λh(x)f(y).
(b) If h fails to be bounded, then

(i) f satisfies (̃S) under 2-divisibility and one of the casesf(0) = 0 or f(σx) = −f(x),
(ii) In addition, if h satisfies (̃C), thenf and h are solutions of the Wilson equation

f(x + y) + f(x + σy) = λf(x)h(y).

Corollary 2.11. Suppose thatf andg : G → C satisfy the inequality

|f(x + y) + f(x + σy)− λg(x)g(y)| ≤ min{ϕ(x), ϕ(y)} ∀ x, y ∈ G.

Then eitherg is bounded org satisfies (̃C).

Corollary 2.12. Suppose thatf : G → C satisfies the inequality

(2.12) |f(x + y) + f(x + σy)− λf(x)f(y)| ≤ ε ∀ x, y ∈ G.

Then eitherf is bounded orf satisfies (̃C).

Remark 2.3. By same application as Remark 2.2 for Theorem 2.3 and Corollaries 2.9∼ 2.12,
we obtain same number of corollaries.

3. EXTENSION TO THE BANACH ALGEBRA

All of the results obtained in sections 2 can be extended to the Banach algebra. For simplicity,
we will present only some of them, and the application to other corollaries will be omitted.

Theorem 3.1. Let (E, ‖ · ‖) be a semisimple commutative Banach algebra. Assume thatf, g
andh : G → E satisfy the inequality

(3.1) ‖f(x + y) + f(x + σy)− λg(x)h(y)‖ ≤ ϕ(x) ∀ x, y ∈ G.

For an arbitrary linear multiplicative functionalx∗ ∈ E∗,
if the superpositionx∗ ◦ h fails to be bounded, then

(i) g satisfies (S) under 2-divisibility and one of the casesg(0) = 0 or f(−x) = −f(x),
(ii) if, additionally, x∗ ◦ h satisfies (C), theng andh are solutions of the Wilson equation

g(x + y) + g(x + σy) = λg(x)h(y).
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Proof. (i) Fix arbitrarily a linear multiplicative functionalx∗ ∈ E∗, we have‖x∗‖ = 1 as
known. In (3.1), we have

ϕ(x) ≥ ‖f(x + y) + f(x + σy)− λg(x)h(y)‖
= sup
‖y∗‖=1

∣∣y∗(f(x + y) + f(x + σy)− λg(x)h(y)
)∣∣

≥
∣∣x∗(f(x + y)

)
− x∗

(
f(x + σy)

)
− 2x∗

(
g(x)

)
x∗

(
h(y)

)∣∣.
In the above inequality, we know that the superpositionsx∗ ◦ f , x∗ ◦ g, andx∗ ◦ h yield

solutions of inequality (2.1) in Theorem 2.1.
Assume that the superpositionx∗◦h is unbounded, then Theorem 2.1 forces the superposition

x∗ ◦ g solves (S). These statements mean, keeping the linear multiplicativity ofx∗ in mind, that
the differenceDSg(x, y) := g(x)g(y) − g

(
x+y

2

)2
+ g

(
x+σy

2

)2
for all x, y ∈ G falls into the

kernel ofx∗.
Sincex∗ is arbitrary, we deduce that

DSg(x, y) ∈
⋂
{ker x∗ : x∗ ∈ E∗}

for all x, y ∈ G.
Since the Banach algebraE has been assumed to be semisimple, the last term of the above

formula coincides with the singleton{0}, i.e.

DSg(x, y) = 0 ∀ x, y ∈ G,

as claimed.
(ii) Under the assumption that the superpositionx∗ ◦ h satisfies (C), we know from Theorem

2.1 that the superpositionsx∗ ◦ g andx∗ ◦ h are solutions of the equation

x∗
(
g(x + y)

)
− x∗

(
g(x− y)

)
= 2x∗

(
g(x)

)
x∗

(
h(y)

)
.

Namely,

g(x + y)− g(x + σy)− λg(x)h(y) ∈
⋂
{ker x∗ : x∗ ∈ E∗}.

The other argument is similar.

Corollary 3.1. Let (E, ‖ · ‖) be a semisimple commutative Banach algebra. Assume thatf and
g : G → E satisfy the inequality

‖f(x + y) + f(x + σy)− λg(x)f(y)‖ ≤ ϕ(x) ∀ x, y ∈ G.

For an arbitrary linear multiplicative functionalx∗ ∈ E∗,
if the superpositionx∗ ◦ f fails to be bounded, then

(i) g satisfies (S) under 2-divisibility and one of the casesg(0) = 0 or f(−x) = −f(x),
(ii) if, additionally, x∗ ◦ h satisfies (C), theng andf are solutions of the Wilson equation

g(x + y) + g(x + σy) = λg(x)f(y).

Corollary 3.2. Let (E, ‖ · ‖) be a semisimple commutative Banach algebra. Assume thatf and
h : G → E satisfy the inequality

‖f(x + y) + f(x + σy)− λf(x)h(y)‖ ≤ ϕ(x) ∀ x, y ∈ G.

For an arbitrary linear multiplicative functionalx∗ ∈ E∗,
if the superpositionx∗ ◦ h fails to be bounded, then

(i) f satisfies (S) under 2-divisibility and one of the casesf(0) = 0 or f(−x) = −f(x),
(ii) if, additionally, x∗ ◦ h satisfies (C), thenf andh are solutions of the Wilson equation

f(x + y) + f(x + σy) = λf(x)h(y).
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Corollary 3.3. Let (E, ‖ · ‖) be a semisimple commutative Banach algebra. Assume thatf and
g : G → E satisfy the inequality

(3.2) ‖f(x + y) + f(x + σy)− λg(x)g(y)‖ ≤ ϕ(x) ∀ x, y ∈ G.

For an arbitrary linear multiplicative functionalx∗ ∈ E∗,
if the superpositionx∗ ◦ h fails to be bounded, then

(i) g satisfies (S) under 2-divisibility and one of the casesg(0) = 0 or f(−x) = −f(x),
(ii) if, additionally, x∗ ◦ g satisfies (C), theng satisfies the cosine type equationg(x + y) +

g(x + σy) = λg(x)g(y).

Corollary 3.4. Let (E, ‖ · ‖) be a semisimple commutative Banach algebra. Assume thatf :
G → E satisfies the inequality

(3.3) ‖f(x + y) + f(x + σy)− λf(x)f(y)‖ ≤ ϕ(x) ∀ x, y ∈ G.

For an arbitrary linear multiplicative functionalx∗ ∈ E∗,
if the superpositionx∗ ◦ f fails to be bounded, thenf satisfies the cosine type equation

f(x + y) + f(x + σy) = λf(x)f(y).

Remark 3.1. (i) As Theorems 2.2, 2.3 and Corollaries 2.5∼ 2.12, if we replaceϕ(y), or
min{ϕ(x), ϕ(y)} for ϕ(x) in the stability inequality(3.1), then we can obtain the same number
of results.

(ii) The same applications(σ(y) = −y, λ = 2, σ(y) = −y andλ = 2, andϕ(x) = ε) as
above remarks applied in theorems and corollaries give us the same number of corollaries. As
a consequence, this paper inclosed about one hundred eighty results.

(iii) If we consider the Kannappan’s conditionf(x + y + z) = f(x + z + y) (see[8]), then
our results on the group will be held on the semigroup.
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