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2 GWANG Hul KiM AND YOUNG WHAN LEE

1. INTRODUCTION

J. Baker and et al. ir_[4] introduced the following: ffsatisfies the inequality®; (f) —
Es(f)| < ¢, then eitherf is bounded orF, (f) = E,(f). This is frequently referred to as
superstability.

The superstability of the cosine functional equation (also called the

d’Alembert equation)

(©) fl@+y)+ fle—y)=2f(2)f(y)

is studied by J. Baker [3], R. Badora and R. GEr ([1], [2]), andd@r@Gta [6], and the supersta-
bility of the sine functional equation

() @) = 1S = (Y

is by P.W. Cholewd 5], Badora and Gér [2], and Kim ([11],/[12]), respectively.
The cosine functional equation](C) is generalized to the following functional equations

(Crq) flz+y)+ flz—y) =2f(x)g(y),
(Cyp) flx+y)+ flz—y) =29(x)f(y),
and

(Cyy) flx+y)+ flz—y) =29(x)g(y)

and their stabilities are explored by Kannappan and Kirn ([9], [10], [13]). The equdigi, (
introduced by Wilson, is sometimes referred to as the Wilson equation. This work is the im-
proved result of author’s paper [10].

The hyperbolic trigonometric functions and some exponential functions satisfy the above
mentioned equations, and, thus, they can be called the hyperbolic cosine, trigonometric and
exponential functional equations, respectively.

For example,

cosh(x + y) + cosh(z — y) = 2 cosh(z) cosh(y)

sinh(x + y) + sinh(x — y) = 2sinh(x) cosh(y)
sinh® (£3%) — sinh® (25%) = sinh(x) sinh(y)

ca™ + ca®V = 2% (a¥ 4+ a7V) = 2ce” S
€TV + "V =25 (e¥ + e7Y) = 2¢” cosh(y)

(n(x +y)+c)+ (n(r —y) + ¢) = 2(nx + ¢) : Jensen equation, fgi(z) = nx + ¢,
where a and c are constants.
We will consider the Pexider type (hyperbolic) trigonometric functional equation as follows:

(Cyn) flx+y) + flx+oy) = Ag(x)h(y).

In this paper, le{G, +) be an Abelian groupC the field of complex numbers, ari®l the
field of real numbers, and let be an endomorphism @ with o(o(z)) = xz forall z € G
with notationo(x) = ox. The propertieg(z) = g(ox) andg(x) = —g(oz) with respect tar
will be represented as the even and odd function properties for convenience, respectively. In all
equations, if “-x" is replaced by 52", for example, the equatiofC') becomeg () :
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(©) f@+y) + fla+oy) = M(2)f(y)
(3) FESE? = 15 = f@)f ().

2
Whenever we deal witH [S), we need to assume additionally(tat-) is a uniquely 2-
divisible group. We will write then “under 2-divisibility” for short. We may assume that,
andh are non-zero functions, thatis a nonnegative real constant, and that G — R is a
mapping. -
Given mappings, g, andh : G — C, we will denote their difference by an operator’y, :
GxG—Cas

DCyi(x,y) = f(z +y) + fz+oy) — Ag(x)h(y).

Our goal is to investigate the stability problem for the Pexider type (hyperbolic) trigonometric

functional equatio@ under conditions {DCy,(x, y)| < ¢(z), ¢(y), andmin{y(x),¢(y)}.

Then we extend the obtained results to the Banach algebra. As a consequence, we obtain the
superstability of the cosine, sine, and the Wilson functional equations that is examined by Baker,
Badora, Ger, @vruta, Kannappan, Kim, etc¢ ([1],/[2]./[3]./[6]..[7].][9]..[10], [13]).

2. STABILITY ON THE EQUATION 1b

In this section, we talk about the stability of the equat related to the d’Alembert type
equation , the Wilson type equationg’,) and (), and the sine type functional equation

(15).

Theorem 2.1. Suppose that, g, andh : G — C satisfy the inequality

(2.1) [f(x+y) + f(x+oy) = Ag(@)h(y)| < p(x) Vaz,yeG.

If £ fails to be bounded, then
(i) g satisfies E) under 2-divisibility and one of the casg)) = 0 or f(ox) = —f(x),
(ii) In addition, if . satisfies (), theng and k are solutions of the Wilson equatigific +
y) +9(x + oy) = Ag(z)h(y).

Proof. Let 1 be unbounded solution of the inequality (2.1). Then, there exists a seq{igrjce
in G such thabt # |h(y,)| — oo asn — .

Takingy = v, in the inequality [(2.]1), dividing both sides b¥A(y,)|, and passing to the
limit asn — oo we obtain that

(2.2) g(x) = lim f@+yn) + @+ oyn)

, T eG.

Using (2.1), we have

1f @+ (y+y)+ f @ — (Y +un) — Ag(@)h(y + yn)
f@+ y+oy))+ f(@—(y+oy) — Ag@)h(y + oy,)| < 2¢(x)
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so that

fllz+y) +yn) + f((z+y) +oyn)

Ah(yn)
f(x+oy) +yn) + [ ((x+0y) +0y,) h(y + yn) + hy + oyn)
+ (o) ~Mle) Ni5n)
2¢()

@3 = Rihw]
forall z,y € G.

We conclude that, for every € G, there exists a limit function
h(y + yn) + h(y + o)

= i
ki(y) = lim i) :
where the functiork; : G — C satisfies the equation
(2.4) g(x +y) +g(x +oy) = Ag(z)k1(y) Vao,y€G.

Applying the casegy(0) = 0 in (2.4), it implies thaty is an odd w.r.t. forr. Keeping this in
mind, by means of (2]4), we infer the equality
g(x +y)* — gla + 09)2 — Ag( Y (y)[g(z +y) — gla + oy)]
() [g(z + 2y) — g(z — 2y)]
9(2)[9(2y + ) + 92y — 2)]
(2.5) = A9(96)9(2y)/<51( ).
Puttingy = z in (2.4) we get the equation
g(2x) = Ag(x)k1(x), =z €G.

This, in return, leads to the equation

(2.6) g(x +y)* = gl +oy)* = g(22)g(2y)
valid for all z, y € G which g, in the light of the unique 2-divisibility of7, states nothing else
but .

Next, in particular cas¢(cx) = — f(z), it is enough to show that(0) = 0. Suppose that
this is not the case.
Puttingz = 0 in (2.1), due tay(0) # 0 and f(cz) = — f(z), we obtain the inequality

¢(0)
h(y)l < :
ML= gto)
This inequality means thatis globally bounded — a contradiction. Thus the claiméd) =
0 holds.
(i) In the casen satisfies, the limit k; states nothing else bat so ) validateg(z +

y) + 9z +oy) = Ag(z)h(y).
Replacingh by f, g by f, andh by g in Theoren 2.1, we obtain the following corollaries.

yeG

Corollary 2.1. Suppose that andg : G — C satisfy the inequality

[fx+y)+ fle+oy) = Ag(@)f(y)| < p(z) Vayed.
Then eitherf is bounded oy satisfies@.
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Proof. Replacing: by f in Theorenj 2.]1, the limit equatiop (2.2) transfer to

o f@t )+ @t o)

An obvious slight change in the steps of the proof applied dftef (2.2) of Théorém 2.1], wjth (2.4)
and an application of;, gives us the required resuj.

Corollary 2.2. Suppose thaf andh : G — C satisfy the inequality

[f(x+y) + f(x+oy) = Af(2)h(y)| < ¢(z) Va,yed.
If A fails to be bounded, then
ONi satisfies under 2-divisibility and one of the cas¢f)) = 0 or f(ox) = —f(x),
(i) In addition, if h satisfies, thenf and h are solutions off (x + y) + f(z + oy) =
Af(@)h(y).
Corollary 2.3. Suppose thaf andg : G — C satisfy the inequality

[f(x+y)+ f(@+oy) = Ag(a)g(y)| < p(x) Vayedl.
Then eithel is bounded oy satisfies under 2-divisibility and one of the casgd) = 0 or
flow) = —f(x).
Corollary 2.4. Suppose thaf : G — C satisfies the inequality

[ +y) + [z +oy) =M (@) ()] <pl)  Vayed.
Then eitherf is bounded orf satisfies@.

Remark 2.1. In Theoreni 2J1 and Corollarigés 2:[2.4,

(i) Applyingo (y) = —y, or A = 2, respectively, we can obtain same number of corollaries.

(il) Applying o(y) = —y and A = 2, we can obtain same number of corollaries. Some of
which can be found in the paper§q], [9], [10]).

(iii) In all of the Theorenj 2]1, Corollaries 2.4 [2.4, in all of the results obtained from (i)
and (i), applyingy(z) = ¢, we obtain twenty corollaries, respectively. Some of which can be
found in the papers[d], [2], [3], [6], [Z], [9], [10]).

Theorem 2.2. Suppose that, g andh : G — C satisfy the inequality

(2.8) [f(z+y)+ flz+oy) = Ag(x)h(y)| < ely) Vaz,yed.
If ¢ fails to be bounded, then
(i) h satisfies under 2-divisibility and one of the casg8)) = 0 or f(oz) = —f(x),

(i) In addition, if g satisfies, thenh and g are solutions of the Wilson equatidrx +
y) + h(x + oy) = M(x)g(y).

Proof. Let g be unbounded solution of the inequality (2.8). Then, there exists a seq{ignce
in G such thab # |g(x,)| — oo asn — oo.

Takingz = z, in the inequality[(2.8), dividing both sides B¥g(z,)|, and passing to the
limit asn — oo we obtain that

rzed.

— lim f(xn +y) + f(2n + oy)
(2.9) h(y) = lim (o) :

In (2.8), replacinge by z,, + y, replacingy by x, and also replacing by x,, + oy, replacing
y by x, respectively.
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Due to similar reasoning as in the proof applied in Thedrerh 2.1, we conclude that, for every
y € G, there exists a limit function

[9(xn +y) + g(zn + oY)

= i
where the functiork, : G — C satisfies the equation
(2.10) h(z +y) + h(z + oy) = Ah(2)ke(y) Va,y € G.

The next of the proof runs along a similar step as Thegrefwisafisfies|(5)n
Corollary 2.5. Suppose thaf andg : G — C satisfy the inequality

[f(x+y)+ f@+oy) —Ag@)f(W) < ely) Vzyel.
If ¢ fails to be bounded, then
() f satisfies under 2-divisibility and one of the cas¢f)) = 0 or f(ox) = — f(x),
(ii) In addition, if ¢ satisfies|C), then satisfies|C).

Corollary 2.6. Suppose thaf andh : G — C satisfy the inequality

[f(@+y)+ flz+oy) = Af(0)hy)] < ely) Vaoyed.
Then eitherf is bounded or. satisfies@.

Corollary 2.7. Suppose thaf andg : G — C satisfy the inequality

[f(@+y)+ f(@+oy) — Ag(@)g(y)] < ely) Va,yed.
Then eithery is bounded oy satisfies under 2-divisibility and one of the casef)) = 0
or flox) = —f(x).
Corollary 2.8. ([1], [7]) Suppose that : G — C satisfies the inequality
f@+y)+ flatoy) =A@ fW) <ely)  Vazyel
Then eitherf is bounded orf satisfies@.

Remark 2.2. By same application as Remark[2.1 for Theofem 2.2 and Corollari¢s- 2,
we obtain same number of corollaries.

Theorem 2.3. Suppose thaf, g andh : G — C satisfy the inequality

(2.11) |f(@+y) + f(@+0y) — Ag(z)h(y)| < min{p(z), o(y)} Vz,yel.
Then,
(a) If ¢ fails to be bounded, then
(i) h satisfies under 2-divisibility and one of the caskf)) = 0 or f(ox) = —f(z),
(i) In addition, if A satisfies@, thenh and g are solutions of the Wilson equation
h(z+y)+ h(z + oy) = M(x)g(y).
(b) If h fails to be bounded, then
() g satisfies under 2-divisibility and one of the casef)) = 0 or f(ox) = — f(z),
(i) In addition, if h satisfies@), theng and h are solutions of the Wilson equation
9(@ +y) + g(x + oy) = Ag(z)h(y).
Corollary 2.9. Suppose thaf andg : G — C satisfy the inequality

|f(x+y) + flz+oy) = Ag(z)f(y)| < min{p(x),0(y)} Vz,yeG.

Then,
(a) If ¢ fails to be bounded, then
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a) f satisfies under 2-divisibility and one of the cas¢gg)) = 0 or f(ox) = —f(z),
(if) In addition, if f satisfies @ then f and g are solutions of the Wilson equation

fle+y)+ flx+oy) =Af(x)g(y).
(b) If f fails to be bounded, then

g satisfies under 2-divisibility and one of the casef)) = 0 or f(ox) = — f(z),
(i) In addition, if f satisfies , theng and f are solutions of the Wilson equation
9(@ +y) + gz + oy) = Ag(z) f(y).

Corollary 2.10. Suppose thaf andh : G — C satisfy the inequality

|f(x+y) + fl@+oy) = Af(2)h(y)] < min{p(z), p(y)} Vaz,y€G.

Then,
(a) If f fails to be bounded, then
@) A satisfies under 2-divisibility and one of the casef)) = 0 or f(ox) = —f(z),
(i) In addition, if h satisfies @ thenh and f are solutions of the Wilson equation
Wz +y) + h(z + oy) = Ar(z) f(y).
(b) If h fails to be bounded, then
0 f satisfies under 2-divisibility and one of the cas¢gg)) = 0 or f(ox) = —f(z),
(if) In addition, if i satisfies @ then f and h are solutions of the Wilson equation
fla+y)+ flz+oy) = A (2)h(y).

Corollary 2.11. Suppose that andg : G — C satisfy the inequality
|f(@+y)+ f(@+0oy) = Ag(x)g(y)| < min{p(z),(y)}  Va,yel.
Then eithery is bounded oy satisfies@.
Corollary 2.12. Suppose that : G — C satisfies the inequality
(2.12) [fl@+y)+ f@+oy) = Af@)fy)|<e Vayed
Then eitherf is bounded orf satisfies.

Remark 2.3. By same application as Remark|]2.2 for Theofem 2.3 and Corollari¢s 292,
we obtain same number of corollaries.

3. EXTENSION TO THE BANACH ALGEBRA

All of the results obtained in sectiops 2 can be extended to the Banach algebra. For simplicity,
we will present only some of them, and the application to other corollaries will be omitted.

Theorem 3.1.Let (E, || - ||) be a semisimple commutative Banach algebra. Assumeftbat
andh : G — F satisfy the inequality
(3.1) 1f (2 +y) + fx +oy) = Ag(@)h(y)]| < p(z) Va,yed.

For an arbitrary linear multiplicative functionat* € E*,
if the superposition:* o h fails to be bounded, then
(i) ¢ satisfies|(S) under 2-divisibility and one of the caggs = 0 or f(—z) = —f(z),
(i) if, additionally, z* o h satisfies[(C), thep and & are solutions of the Wilson equation
9(x +y) + g(z + oy) = Ag(x)h(y).
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Proof. (i) Fix arbitrarily a linear multiplicative functionat* € E*, we have|z*|| = 1 as
known. In [3.1), we have

o(x) > | f(x+y) + flz+oy) — Ag(x)h(y)]

= s [y (f(a+y) + fla + oy) = Agla)h(v)

o (fle+y) —a* (f(x + oy)) = 22" (g(x)) 2" (h(y))]-

In the above inequality, we know that the superpositiohs f, z* o g, andz* o h yield
solutions of inequality{ (2]1) in Theorgm 2.1.

Assume that the superpositieio i is unbounded, then Theorém 2.1 forces the superposition
z* o g solves|(§). These statements mean, keeping the linear multiplicativityinofmind, that
the differenceDS,(z,y) := g(z)g(y) — g(x—;ry)2 + g(%)2 for all z,y € G falls into the
kernel ofz*.

Sincez* is arbitrary, we deduce that

DSy(z,y) € ﬂ{kerx* cxt e BT}

>

forall z,y € G.
Since the Banach algebra has been assumed to be semisimple, the last term of the above
formula coincides with the singletof®}, i.e.
DSy(z,y) =0 Vaz,yed,

as claimed.
(i) Under the assumption that the superpositior h satisfies|[(C), we know from Theorem
[2.7 that the superpositions o g andz* o h are solutions of the equation

*(g(z +y) — 2" (g9(x —y)) = 22" (g(x))z* (h(y)).
Namely,

9(x +y) — g(x + oy) — Ag(x)h(y) € [ |{kerz" : 2" € E"}.
The other argument is similay.

Corollary 3.1. Let(E, || - ||) be a semisimple commutative Banach algebra. Assumg¢ tuad
g : G — E satisfy the inequality

[f(@+y)+ flz+oy) = Ag(@) fy)l <plz) Vaz,yed.

For an arbitrary linear multiplicative functionat* € E*,
if the superposition:* o f fails to be bounded, then
(i) ¢ satisfies|(S) under 2-divisibility and one of the caggs = 0 or f(—z) = —f(z),
(i) if, additionally, z* o h satisfies[(C), thep and f are solutions of the Wilson equation
9(@ +y) + g(z + oy) = Ag(z) f(y).

Corollary 3.2. Let(E, | - ||) be a semisimple commutative Banach algebra. Assum¢ tuadi
h : G — E satisfy the inequality

[f(x+y)+ flz+oy) = Af(@)h(y)] < plz) Vaz,yed.

For an arbitrary linear multiplicative functionat* € E*,
if the superposition:* o h fails to be bounded, then
(i) f satisfies|(S) under 2-divisibility and one of the cag@® = 0 or f(—z) = — f(x),
(i) if, additionally, z* o h satisfies[(C), therf and & are solutions of the Wilson equation
flx+y)+ flz+oy) = A (2)h(y).
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Corollary 3.3. Let(E, || - ||) be a semisimple commutative Banach algebra. Assum¢ tad
g : G — E satisfy the inequality

(3.2) [f(z+y)+ flz+oy) = Ag(x)g(y)|| < p(z) Vz,yel

For an arbitrary linear multiplicative functionat* € E*,
if the superposition:* o h fails to be bounded, then
(i) ¢ satisfies|(S) under 2-divisibility and one of the caggs = 0 or f(—z) = —f(z),
(ii) if, additionally, z* o ¢ satisfies|[(C), thep satisfies the cosine type equatigi + y) +
9(x +oy) = Ag(x)g(y)-

Corollary 3.4. Let (E, || - ||) be a semisimple commutative Banach algebra. Assumefthat
G — F satisfies the inequality
(3.3) 1f(z+y)+ fletoy) = A(@)fW < e(z) Va,yel.

For an arbitrary linear multiplicative functionat* € E*,
if the superpositionz* o f fails to be bounded, theyi satisfies the cosine type equation

fx+y)+ flz+oy) = Af(2)f(y).

Remark 3.1. (i) As Theorem$ 2|4, 2.3 and Corollaries [2:5[2.12, if we replacep(y), or
min{p(z), p(y)} for ¢(z) in the stability inequality3.1), then we can obtain the same number

of results.
(i) The same application&r(y) = —y, A = 2,0(y) = —y andX = 2, andp(z) = ¢) as
above remarks applied in theorems and corollaries give us the same number of corollaries. As
a consequence, this paper inclosed about one hundred eighty results.
(iii) If we consider the Kannappan’s conditiof{z + y + z) = f(z + 2 + y) (see[8]), then
our results on the group will be held on the semigroup.
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