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1. INTRODUCTION

Theg—analog(0 < ¢ < 1) of the derivative, denoted b, is defined (se€ [7]) by

f(z) — flgz)
(1—q)x

If /(0) exists, therD, f(0) = f'(0). Asq — 1, theg—derivative reduces to the usual derivative.

(1.1) D,f(z) = x4 0.

The g—analog of integration may be given (seé [8]) by
1 [e’¢)
(1.2) | t@ag =003 fa)a
0 i=0

which reduces t(fo1 f(z)dz asq — 1.

The g—Jackson integral frorfi to a € R can be defined (seel[2, 3]) by
L.3) | f@de=at =03 flag)a
0 i=0

provided the sum converges absolutely. Fhelackson integral on a general interjalb] may
be defined (seé[2) 3]) by

(1.4) / b fla)d,x = /0 b fla)dga — /O " f@)dye

Theg—Jackson integral angl-derivative are related by the "fundamental theorem of quantum
calculus" which can be stated (séé [3, p. 73]) as followst' is an antig—derivative of the
function f, namelyD F' = f, continuous at = a, then

b
(1.5) / f(x)dyx = F(b) — F(a).
For any functionf one has
(1.6) p, ([ stat) = 1)
Theg—analog of Leibniz’s rule is also valid
(1.7) Dqo(f(2)g(x)) = f(2)Deg() + g(qx) Do f(2).
Forb > 0 anda = bg™ with n € N, denote
(1.8) [a,b], = {bg" : 0 <k <n} and (a,bl, = [ag ", b],

In [6], the following results were proved:

Theorem 1.1.1f f(z) is a non-negative and increasing function [anb|, and satisfies

(1.9) (o = 1) f**(qu) Dy f(x) > BB — 1) f7 () (x — a)*~
foraa > 1andg > 1, then

(1.10) /ab Fo(x)dga > (/abf(x)dqx>ﬁ.
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Theorem 1.2.1f f(z) is a non-negative and increasing function pp"*™, b, for m,n € N
and satisfies

(1.11) (a =)Dy f(x) = BB = 1) [ ") (2 — a)?
fora > 1andg > 1, then

b b 5
(1.12) / fA(x)dgx > (/ f(qu)dqx) :
Theorem 1.3.1f f(x) is a non-negative function df, b|, and satisfies

b b
(1.13) / fAt)d,t > / t9d,t
0 0
for x € [0, 4], and 5 > 0, then the inequality
b b

(1.14) / o8 (z)dyx 2/ x5 (2)d, .

0 0

holds for alloe and 5.

2. RESULTS.

We are assuming that > 0 is fixed, and start by giving an alternative proof for the following
lemma.

Lemma 2.1.[1] Letp > 1 andg(z) be a non-negative, non-decreasing functiorja],. Then
(2.1) pg" M (gr)Dyg(x) < Dy(g”(x)) < pg?~" (x) Dyg(z), € (a, b,
Proof. Sincep > 1, then it is sufficient to prove the inequality fprinteger, as any non integer
lies between two integers and has the same property. We have
9'(z) — g"(az) _ ¢"(2) — g°(gx)  g(x) — 9(qz)

z(1—q) 9(x) — g(qz) z(1—q)

Dyg*(z) =

= Dygla) Y g ()9 (ax) < pg’ (@) Dygla),

asg is non-decreasing. Also, we have
Dyg(x) > pg"~"(gz) Dyg ().
|
The result of Lemmp 2|1 can be obtained also by using the following proposition.

Proposition 2.2.1f a > b > 0,p > 1, then

pbP1 < < paP~t.

a—>b
Proof. Let

f(a) =pla —b)a"' — aP? + b,
By keepingp fixed and letting a vary, we have
f'(a) = p*a”™" = p(p — Nba’ ™ — pa”~! =0,
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wheneveil = b.

f"(@) = p*(p = 1)a"2 = bp(p — (p — 2)a"~> — p(p — 1)a" >,
f"(a) = p(p = 1)a"? > 0,
whenever = b.
Thereforef () attains its minimum when = b which is 0. Thatisf(a) > 0. The left inequal-
ity follows the same steps by keepindixed andb variable, and therefore is omitted. The proof
of the first part of the Lemma follows by applying the proposition with: g(x),b = g(gz) in
the following step:

g7 (z) — g¥(qz)
g(r) — g(qx)

D,¢’x = D,g(x).

It may be mentioned that in Theorém[1dshould be greater or equal otherwise the step
in line 4 page 119 is not true in general.

The following is a good generalization of Theorpm|1.1:

Theorem 2.3.If f(z) is a non-negative increasing function gn b, and satisfies

(2.2) (v = a) 7 gz) Dy f(x) = B(B = 1) f*P V(@) (x —a)’* > 0
forl <a<~,06>2 then

(2.3) /ab Fla)dx > (/b f"‘(w)dq:p)ﬁ.

Proof. Let
Flz) :/:]”(t)dqt— (/ fa(t)dqt)ﬁ, v €la b,

oa) = [ Fowi
By virtue of Lemmad 2.]1, we have
D,F(z) = ['(z) = Dyg’(x)
> (@) = Bg" (2) f*(x)
= [H@)(f77(2) = Bg" (@) = [ (2)h(w).
Dyh(z) > (v = a) 777 (q2) Do f (x) — B(B — 1)g"*(2) f*(x).
As g% ~2(z) = ([7 f(ydt)” " < 20D (z)(z — a)*2, then
Dyh(w) > (v = a) f7~*Hqz) Dy f () = B(6 — 1) f*P D (@)(z — a)’* > 0.

This shows that(x) is non-decreasing, and henkér) > h(a) > 0. ThereforeF'(z) is non-
decreasing and sb(x) > F'(a) = 0. This completes the proo#

The following Lemmas are needed for the coming results.

AJMAA Vol. 7, No. 2, Art. 6, pp. 1-9, 2011 AJMAA


http://ajmaa.org

SEVERAL ¢g—INTEGRAL INEQUALITIES 5

Lemma 2.4.Let f,g > 0, g is non-decreasing with(a) = 0. Then either of the two conditions

b b
(2.4) /f"‘(t)dth/ g*(t)dst, Vx € la,b],,

T T b b
(2.5) fa(t)dqtg/ g (t)d,t, and /f“(t)dqt:/ g (t)d,t, Yz € la,b],,
implies

26) [ rawoaz [ ewa o

Proof. We define

g9(x) — glqz) olf>9)
Since
Dofogls) = f (g(:v)ai - gxg(qx))
_ fl(@) = flglgz))  g(x) —glqr)
T @ gln)  a—ge DOP
then
2.7) fog) = [ Dylf.9)Dugd,

Suppose (2]4) is satisfied and defirfe) = 2”, theng?(x) = h(g(x)), and we have

/abfa(x)gﬁ(x)dqx - /bfo‘a:h (2) dx:/bfax /xDq(h,g)Dqg(u)dqudqw
:/Dhg Jalu /f 2)dgedgu
z/Dhg e / °(2)dyd,u
_ / () / Dy(h, 9)Dog(u)d,ud,z

b
= /ga+’g(x)dqx.
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Now let (2.5) be satisfied, then we have

[ rwe@ar = [ 1w [ pnopgwdua
:/abfa (/D (h, g)Dyg(u /D hg)Dqg()du>d
_ gﬁ(b)/Gfa(:v /D (h, ) Dyg(u /fa \d,wd,u
> 0 [ s [ Do) [ @
- oo | ' o)y - / Dy(h,9) D,g(w)
(/ab g% (x)dgx — /ub g“(m)dqm) dyu
_ / " Dol ) Dug 1) / " (@) dondy
= [[5w [ Dt vt

b
= / gt (x)d,.

Lemma 2.5. Let f, g > 0, g is non-decreasing with(a) = 0. Then either of the two conditions

(2.8) / Pyt < / "Wyt Ve € [a.bl

X

2.9) / " Feydt > / (Dt and / Fet)dyt = / "0t Vo e [wbl,

implies

b b
(2.10) [ rogwan < [ wn v
Proof. The proof is similar to that given in Lemma 2.4.

|

The following are the main results:

Theorem 2.6. Suppose, g > 0, g is non-decreasing;(a) = 0. If either of the two conditions
(2.4)or (2.9) is satisfied, then

b b
(2.11) | @iz [ @, o

b b
(2.12) / o8 (z)d,x > / ¢t (2)d,x, VB> 0.
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In (2.17) if we are replacing by v, providedy + 3 > «, Vv, 5 > 0, then [2.11) remains true.
If ¢ is non-increasing and (2.4), (3.5) reverses, tfjen (2.11), [2.12) reverses.

Proof. By the AG inequality,

B

atf
f*()+a+6

— 9" (@) 2 f7()g" a),

or

FP (@) = (1+ B/a) f*(2)g” () — (B/a)g" P (2).

Integrating the above inequality and hence making use of Lgmma 2.4 gives
b b
[ @ = s [ el @ - @) [ o
> 1+ﬁ/a/f“ (@)dy — ﬁ/a/f“ (2)dya

(2.13) = / fx) g (x)d,x
By replacing3 by 3 + v — « > 0 in (2.12), we obtain

b b
[ rr@ae= [ 5
By the AG inequality,

FH0(x) = (L+ 8/9) 7 (@)g" () — (8/7)g" ().

Integrating, we get

}ﬁbf7+ﬁ<x>d .

which implies

v

1) [ PP @ - 6 [ @
> 1+6/7/f7 (z)d,o — ﬁ/y/fw

b b
/ P ) dg > / F(2)g (0)dya

Similarly, (2.12) follows from[(2.13) and the proof is complete.
I

The reverse follows from the coming result.

Theorem 2.7. Suppose', g > 0, g is non-decreasingg(a) = 0. If either (2.4) or [2.5), withy
replaced by—« is satisfied, then

(2.14) /f/M o < /f x)d,r, VB >a>0.

(2.15) / P > / g7 Y (x)dgx, VB >a>0.
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Proof. From Lemma 24, we have

b
(2.16) / =« t)yd,t > / g"(t)d,t, VB> 0.
Now, by making use of the AG inequality, with> « > 0, we have

5 () < @)’ ),

(0%
16}
3—a’

that is
@) < (1= a/B) f(x)g" (2) + (a/B)g" ().
By integrating the above inequality, and then making usg of[2.16), we obtain
b b
/ A (z)dx < / f2)g" (x)dr, 0<a<p.
|

Theorem 2.8. Supposef, g > 0, ¢ is non-decreasingy(a) = 0. If either (2.8) or [2.9), withy
replaced by—« is satisfied, then

b b
(2.17) / fP(z)d,x < / g7 Y (z)d,.
Proof. From Lemma 2.5, we have
b
(2.18) / =« x)dgr < / ¢"(x)dw, 0<a<p.

By using the AG inequality witlh < o« < 3, we have

frm@) < (1= a/B) f(2)g" () + (a/B)g" ().
Integrating the above inequality and then making us¢ of (2.7), we obtain

b b
[ rewie < a-ap / Fo @) @ g+ 0)9) [ g )y
@i (@)8) [ g

AN
—
|
o
-
=
s\

1
The coming result gives an analogous result to Thegrem 2.6.

Theorem 2.9. Supposef, g > 0, g is non-decreasing. If

(2.19) /b f(t)d,t > /bg(t)dqt, YV € [a,b],

then

b b
(2.20) / o8 (x)d,x > / ()¢’ (x)dyr, Va,3>0,a+3>1.
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Proof. On puttinga = 1 in (2.4), we obtain via Lemma 3.4

/wa(t)dqtz/ t)d,t = /f dt>/abgl+5(t)dqt, ¥ >0

— /f(t)gal(t)dtZ/bg“(t)dt, VB >0, > 1.

Therefore, by the AG inequality, far > 1, we have

/abfo‘(m)dqx > /f a1 dx—(oz—l)/g()dx

b
> / *(@)dgz — (o~ 1) / 5@ = [ g @)y
Again by the AG inequality forv + 3 > 1,

/abfa+ﬁ(x)dqx = (Hﬁ/ forB () d:c+—/ [P ()
OH_ﬁ/faJrﬁ d:c—l——/ a+ﬁ
> / 1 (@)g (@)dya
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