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1. I NTRODUCTION

Theq−analog(0 < q < 1) of the derivative, denoted byDq is defined (see [7]) by

Dqf(x) =
f(x)− f(qx)

(1− q)x
, x 6= 0.(1.1)

If f ′(0) exists, thenDqf(0) = f ′(0). As q → 1, theq−derivative reduces to the usual derivative.

Theq−analog of integration may be given (see [8]) by∫ 1

0

f(x)dqx = (1− q)
∞∑
i=0

f(qi)qi,(1.2)

which reduces to
∫ 1

0
f(x)dx asq → 1.

Theq−Jackson integral from0 to a ∈ < can be defined (see [2, 3]) by∫ a

0

f(x)dqx = a(1− q)
∞∑
i=0

f(aqi)qi(1.3)

provided the sum converges absolutely. Theq−Jackson integral on a general interval[a, b] may
be defined (see [2, 3]) by∫ b

a

f(x)dqx =

∫ b

0

f(x)dqx−
∫ a

0

f(x)dqx(1.4)

Theq−Jackson integral andq−derivative are related by the "fundamental theorem of quantum
calculus" which can be stated (see [3, p. 73]) as follows: IfF is an antiq−derivative of the
functionf , namelyDqF = f, continuous atx = a, then∫ b

a

f(x)dqx = F (b)− F (a).(1.5)

For any functionf one has

Dq

(∫ x

a

f(t)dqt

)
= f(x).(1.6)

Theq−analog of Leibniz’s rule is also valid

Dq(f(x)g(x)) = f(x)Dqg(x) + g(qx)Dqf(x).(1.7)

For b > 0 anda = bqn with n ∈ N, denote

[a, b]q = {bqk : 0 ≤ k ≤ n} and (a, b]q = [aq−1, b]q.(1.8)

In [6], the following results were proved:

Theorem 1.1. If f(x) is a non-negative and increasing function on[a, b]q and satisfies

(α− 1)fα−2(qx)Dqf(x) ≥ β(β − 1)fβ−1(x)(x− a)β−2(1.9)

for α ≥ 1 andβ ≥ 1, then ∫ b

a

fα(x)dqx ≥
(∫ b

a

f(x)dqx

)β

.(1.10)
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Theorem 1.2. If f(x) is a non-negative and increasing function on[bqn+m, b]q for m, n ∈ N
and satisfies

(α− 1)Dqf(x) ≥ β(β − 1)fβ−α+1(qmx)(x− a)β−2(1.11)

for α ≥ 1 andβ ≥ 1, then∫ b

a

fα(x)dqx ≥
(∫ b

a

f(qmx)dqx

)β

.(1.12)

Theorem 1.3. If f(x) is a non-negative function on[0, b]q and satisfies∫ b

0

fβ(t)dqt ≥
∫ b

0

tβdqt(1.13)

for x ∈ [0, b]q andβ > 0, then the inequality∫ b

0

fα+β(x)dqx ≥
∫ b

0

xαfβ(x)dqx.(1.14)

holds for allα andβ.

2. RESULTS.

We are assuming thatα > 0 is fixed, and start by giving an alternative proof for the following
lemma.

Lemma 2.1. [1] Letp ≥ 1 andg(x) be a non-negative, non-decreasing function on[a, b]q. Then

pgp−1(qx)Dqg(x) ≤ Dq(g
p(x)) ≤ pgp−1(x)Dqg(x), x ∈ (a, b]q.(2.1)

Proof. Sincep ≥ 1, then it is sufficient to prove the inequality forp integer, as any non integer
lies between two integers and has the same property. We have

Dqg
p(x) =

gp(x)− gp(qx)

x(1− q)
=

gp(x)− gp(qx)

g(x)− g(qx)
× g(x)− g(qx)

x(1− q)

= Dqg(x)

p∑
j=1

gj−1(x)gp−j(qx) ≤ pgp−1(x)Dqg(x),

asg is non-decreasing. Also, we have

Dqg
p(x) ≥ pgp−1(qx)Dqg(x).

The result of Lemma 2.1 can be obtained also by using the following proposition.

Proposition 2.2. If a > b > 0, p > 1, then

pbp−1 <
ap − bp

a− b
< pap−1.

Proof. Let

f(a) = p(a− b)ap−1 − ap + bp.

By keepingb fixed and letting a vary, we have

f ′(a) = p2ap−1 − p(p− 1)bap−2 − pap−1 = 0,
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whenevera = b.

f ′′(a) = p2(p− 1)ap−2 − bp(p− 1)(p− 2)ap−3 − p(p− 1)ap−2.

f ′′(a) = p(p− 1)ap−2 > 0,

whenevera = b.
Thereforef(a) attains its minimum whena = b which is 0. That isf(a) ≥ 0. The left inequal-
ity follows the same steps by keepinga fixed andb variable, and therefore is omitted. The proof
of the first part of the Lemma follows by applying the proposition witha = g(x), b = g(qx) in
the following step:

Dqg
px =

gp(x)− gp(qx)

g(x)− g(qx)
Dqg(x).

It may be mentioned that in Theorem 1.1,β should be greater or equal2, otherwise the step
in line 4 page 119 is not true in general.

The following is a good generalization of Theorem 1.1:

Theorem 2.3. If f(x) is a non-negative increasing function on[a, b]q and satisfies

(γ − α)fγ−α+1(qx)Dqf(x)− β(β − 1)fα(β−1)(x)(x− a)β−2 ≥ 0(2.2)

for 1 ≤ α < γ, β ≥ 2, then∫ b

a

fγ(x)dqx ≥
(∫ b

a

fα(x)dqx

)β

.(2.3)

Proof. Let

F (x) =

∫ x

a

fγ(t)dqt−
(∫ x

a

fα(t)dqt

)β

, x ∈ [a, b]q,

g(x) =

∫ x

a

fα(t)dqt.

By virtue of Lemma 2.1, we have

DqF (x) = fγ(x)−Dqg
β(x)

≥ fγ(x)− βgβ−1(x)fα(x)

= fα(x)(fγ−α(x)− βgβ−1(x)) = fα(x)h(x).

Dqh(x) ≥ (γ − α)fγ−α−1(qx)Dqf(x)− β(β − 1)gβ−2(x)fα(x).

As gβ−2(x) =
(∫ x

a
fα(t)dt

)β−2 ≤ fα(β−2)(x)(x− a)β−2, then

Dqh(x) ≥ (γ − α)fγ−α−1(qx)Dqf(x)− β(β − 1)fα(β−1)(x)(x− a)β−2 ≥ 0.

This shows thath(x) is non-decreasing, and henceh(x) ≥ h(a) ≥ 0. ThereforeF (x) is non-
decreasing and soF (x) ≥ F (a) = 0. This completes the proof.

The following Lemmas are needed for the coming results.
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Lemma 2.4. Letf, g ≥ 0, g is non-decreasing withg(a) = 0. Then either of the two conditions

∫ b

x

fα(t)dqt ≥
∫ b

x

gα(t)dqt, ∀x ∈ [a, b]q,(2.4)

∫ x

a

fα(t)dqt ≤
∫ x

a

gα(t)dqt, and

∫ b

a

fα(t)dqt =

∫ b

a

gα(t)dqt, ∀x ∈ [a, b]q,(2.5)

implies

∫ b

a

fα(t)gβ(t)dqt ≥
∫ b

a

gα+β(t)dqt, ∀β > 0.(2.6)

Proof. We define

f(g(x))− f(g(qx))

g(x)− g(qx)
= Dq(f, g).

Since

Dqf ◦ g(x) =
f(g(x))− f(g(qx))

x− qx

=
f(g(x))− f(g(qx))

g(x)− g(qx)
× g(x)− g(qx)

x− qx
= Dq(f, g)Dqg,

then

f ◦ g(x) =

∫
Dq(f, g)Dqgdqx.(2.7)

Suppose (2.4) is satisfied and defineh(x) = xβ, thengβ(x) = h(g(x)), and we have

∫ b

a

fα(x)gβ(x)dqx =

∫ b

a

fα(x)h(g(x))dqx =

∫ b

a

fα(x)

∫ x

a

Dq(h, g)Dqg(u)dqudqx

=

∫ b

a

Dq(h, g)Dqg(u)

∫ b

u

fα(x)dqxdqu

≥
∫ b

a

Dq(h, g)Dqg(u)

∫ b

u

gα(x)dqxdqu

=

∫ b

a

gα(x)

∫ x

a

Dq(h, g)Dqg(u)dqudqx

=

∫ b

a

gα+β(x)dqx.
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Now let (2.5) be satisfied, then we have∫ b

a

fα(x)gβ(x)dqx =

∫ b

a

fα(x)

∫ x

a

Dq(h, g)Dqg(u)dqudqx

=

∫ b

a

fα(x)

(∫ b

a

Dq(h, g)Dqg(u)dqu−
∫ b

x

Dq(h, g)Dqg(u)dqu

)
dqx

= gβ(b)

∫ b

a

fα(x)dqx−
∫ b

a

Dq(h, g)Dqg(u)

∫ u

a

fα(x)dqxdqu

≥ gβ(b)

∫ b

a

fα(x)dqx−
∫ b

a

Dq(h, g)Dqg(u)

∫ u

a

gα(x)dqxdqu

= gβ(b)

∫ b

a

fα(x)dqx−
∫ b

a

Dq(h, g)Dqg(u)

×
(∫ b

a

gα(x)dqx−
∫ b

u

gα(x)dqx

)
dqu

=

∫ b

a

Dq(h, g)Dqg(u)

∫ b

u

gα(x)dqxdqu

=

∫ b

a

gα(x)

∫ x

a

Dq(h, g)Dqg(u)dqudxx

=

∫ b

a

gα+β(x)dqx.

Lemma 2.5. Letf, g ≥ 0, g is non-decreasing withg(a) = 0. Then either of the two conditions∫ b

x

fα(t)dqt ≤
∫ b

x

gα(t)dqt, ∀x ∈ [a, b]q,(2.8)

∫ x

a

fα(t)dqt ≥
∫ x

a

gα(t)dqt and

∫ b

a

fα(t)dqt =

∫ b

a

gα(t)dqt, ∀x ∈ [a, b]q,(2.9)

implies ∫ b

a

fα(t)gβ(t)dq(t) ≤
∫ b

a

gα+β(t)dqt, ∀β > 0.(2.10)

Proof. The proof is similar to that given in Lemma 2.4.

The following are the main results:

Theorem 2.6. Supposef, g ≥ 0, g is non-decreasing,g(a) = 0. If either of the two conditions
(2.4)or (2.5) is satisfied, then∫ b

a

fα+β(x)dqx ≥
∫ b

a

fα(x)gβ(x)dqx, ∀β > 0.(2.11)

∫ b

a

fα+β(x)dqx ≥
∫ b

a

gα+β(x)dqx, ∀β > 0.(2.12)
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In (2.11) if we are replacingα byγ, providedγ + β ≥ α, ∀γ, β > 0, then (2.11) remains true.
If g is non-increasing and (2.4), (2.5) reverses, then (2.11), (2.12) reverses.

Proof. By the AG inequality,

α

α + β
fα+β(x) +

β

α + β
gα+β(x) ≥ fα(x)gβ(x),

or

fα+β(x) ≥ (1 + β/α)fα(x)gβ(x)− (β/α)gα+β(x).

Integrating the above inequality and hence making use of Lemma 2.4 gives∫ b

a

fα+β(x)dqx ≥ (1 + β/α)

∫ b

a

fα(x)gβ(x)dqx− (β/α)

∫ b

a

gα+β(x)dqx

≥ (1 + β/α)

∫ b

a

fα(x)gβ(x)dqx− (β/α)

∫ b

a

fα(x)gβ(x)dqx

=

∫ b

a

fα(x)gβ(x)dqx.(2.13)

By replacingβ by β + γ − α > 0 in (2.12), we obtain∫ b

a

fγ+β(x)dqx ≥
∫ b

a

gγ+β(x)dqx.

By the AG inequality,

fγ+β(x) ≥ (1 + β/γ)fγ(x)gβ(x)− (β/γ)gγ+β(x).

Integrating, we get∫ b

a

fγ+β(x)dqx ≥ (1 + β/γ)

∫ b

a

fγ(x)gβ(x)dqx− (β/γ)

∫ b

a

gγ+β(x)dqx

≥ (1 + β/γ)

∫ b

a

fγ(x)gβ(x)dqx− (β/γ)

∫ b

a

fγ+β(x)dqx

which implies ∫ b

a

fγ+β(x)dqx ≥
∫ b

a

fγ(x)gβ(x)dqx.

Similarly, (2.12) follows from (2.13) and the proof is complete.

The reverse follows from the coming result.

Theorem 2.7. Supposef, g ≥ 0, g is non-decreasing,g(a) = 0. If either (2.4) or (2.5), withα
replaced by−α is satisfied, then∫ b

a

fβ−α(x)dqx ≤
∫ b

a

f−α(x)gβ(x)dqx, ∀β > α > 0.(2.14)

∫ b

a

fβ−α(x)dqx ≥
∫ b

a

gβ−α(x)dqx, ∀β > α > 0.(2.15)
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Proof. From Lemma 2.4, we have∫ b

a

f−α(t)gβ(t)dqt ≥
∫ b

a

gβ−α(t)dqt, ∀β > 0.(2.16)

Now, by making use of the AG inequality, withβ > α > 0, we have

β

β − α
fβ−α(x)− α

β − α
gβ−α(x) ≤ f−α(x)gβ(x),

that is

fβ−α(x) ≤ (1− α/β)f−α(x)gβ(x) + (α/β)gβ−α(x).

By integrating the above inequality, and then making use of (2.16), we obtain∫ b

a

fβ−α(x)dqx ≤
∫ b

a

f−α(x)gβ(x)dqx, 0 < α < β.

Theorem 2.8. Supposef, g ≥ 0, g is non-decreasing,g(a) = 0. If either (2.8) or (2.9), withα
replaced by−α is satisfied, then∫ b

a

fβ−α(x)dqx ≤
∫ b

a

gβ−α(x)dqx.(2.17)

Proof. From Lemma 2.5, we have∫ b

a

f−α(x)gβ(x)dqx ≤
∫ b

a

gβ−α(x)dqx, 0 < α < β.(2.18)

By using the AG inequality with0 < α < β, we have

fβ−α(x) ≤ (1− α/β)f−α(x)gβ(x) + (α/β)gβ−α(x).

Integrating the above inequality and then making use of (2.7), we obtain∫ b

a

fβ−α(x)dqx ≤ (1− α/β)

∫ b

a

f−α(x)gβ(x)dqx + (α/β)

∫ b

a

gβ−α(x)dqx

≤ (1− α/β)

∫ b

a

gβ−α(x)dqx + (α/β)

∫ b

a

gβ−α(x)dqx

=

∫ b

a

gβ−α(x)dqx.

The coming result gives an analogous result to Theorem 2.6.

Theorem 2.9.Supposef, g ≥ 0, g is non-decreasing. If∫ b

x

f(t)dqt ≥
∫ b

x

g(t)dqt, ∀x ∈ [a, b],(2.19)

then ∫ b

a

fα+β(x)dqx ≥
∫ b

a

fα(x)gβ(x)dqx, ∀α, β ≥ 0, α + β ≥ 1.(2.20)
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Proof. On puttingα = 1 in (2.4), we obtain via Lemma 2.4∫ b

x

f(t)dqt ≥
∫ b

x

g(t)dqt =⇒
∫ b

a

f(t)gβ(t)dqt ≥
∫ b

a

g1+β(t)dqt, ∀β > 0

=⇒
∫ b

a

f(t)gα−1(t)dt ≥
∫ b

a

gα(t)dt, ∀β > 0, α ≥ 1.

Therefore, by the AG inequality, forα ≥ 1, we have∫ b

a

fα(x)dqx ≥ α

∫ b

a

f(x)gα−1(x)dqx− (α− 1)

∫ b

a

gα(x)dqx

≥
∫ b

a

gα(x)dqx− (α− 1)

∫ b

a

gα(x)dqx =

∫ b

a

gα(x)dqx.

Again by the AG inequality forα + β ≥ 1,∫ b

a

fα+β(x)dqx =
α

α + β

∫ b

a

fα+β(x)dqx +
β

α + β

∫ b

a

fα+β(x)dqx

≥ α

α + β

∫ b

a

fα+β(x)dqx +
β

α + β

∫ b

a

gα+β(x)dqx

≥
∫ b

a

fα(x)gβ(x)dqx.
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