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2 BING HE AND BICHENG YANG

1. INTRODUCTION

If an,b, >0,0< > a2 <ooandd < > b2 < oo, then(see[1])

n=1 n=1

[e’e] [e'e} 1/2
(1.1) szﬂ {ZaiZbﬁ},

n=1 m=1

where the constant factar is the best possible. Inequality (IL.1) is well known as Hilbert’s
inequality. Soon after, inequality (1.1) had been generalized by Hardy-Riesz as(see [1]): If
p by > 0,p> 1,54+ 2 =1,0< 37 ah <ocand0 < 327 b% < oo, then

n=1"n

- p ¢ oo 1/q
1.2) sz+n s1n7r/p){zap} {Z;b%} ’

n=1 m=1
where the constant fact%w is the best possible. Inequality (1L.2) is named of Hardy-
Hilbert’s inequality (seel]1]). It is important in analysis and its applications. It was studied
extensively and refinements, generalizations and numerous variants appeared in the literature
(seel[1]-[6]). Under the same condition pf (1.2), we obtained the Hardy-Hilbert's type inequal-
ity (see[1], Th. 341, Th. 342)

1/p ¢ 1/q

n=1 m=1

/p ( 1/q
(1.4) Zzlog 77_1/7;1 amby < T csc? {Zap} {sz} ,

n=1 m=1
where the constant factopg and? csc? 2 are both the best possible.
In 2008, Yang (se€ [7]) gave a bilateral inequality as foIIowsp If> 1, 1 }] = 1,0 <
A < 2.a,b,c > 0,a+bc > 0, a,b, > 0, such thatd < >°° 2)1ap<ooO<
Yo ni1=2)-1p¢ < oo, then

ambn
H =
Z Z * amax{m?, n’\} + bm* + cn?

o0 Ur ¢ 1/q
(1.5) < Ci(a,b,c) {Z np(l_é)_laﬁ} {Z nq(l_é)_lbfl} :
n=1

n=1
where the constant facte¥, (a, b, ¢) is the best possible. In addition, for< p < 1, Yang got
the reverse inequality as follows

ambn
H =
Z Z amax{m?, n)‘} + bm* + en?

o /P ¢ 1/q
(1.6) > @(a,b,c){2[1—9A<a7b,c,n>]np<1—3>—1az} {an“—é)—lbz} ,
n=1 n=1
whered,(a,b,c,m) = gr5g 01/m —+—u""?du = O(—7) € (0,1), and the constant

factor C\(a, b, c) is the best possible. By the way, in recent years, the reverse form of the
Hardy- Hllberts inequality has been studied by Zhong(sée [8]), Zhad(see [9]) and so on.
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The main purpose of this article is to attempt investigation for the bilateral form of the
Hilbert’s type inequality concerning series with the mixed homogeneous kernel of 0-degree.

2. SOME LEMMAS

Polygamma function is a special function mostly commonly dengtgd) or /™ (=), which
is given by the(n + 1)st derivative of the logarithm of the gamma functibfz) (I'(z) :=
f0°° e *r*~1dz). This is equivalent to theth normal derivative of the logarithmic derivative of
I'(z) and, in the former case, to th¢h normal derivative of the digamma functign(z) which
is given by the logarithmic derivative of the gamma functiai), i.e. vy(z) = L InT(z) =

T2 Hence[10] (see alsb [11])

n+1 dn
Furthermore, polygamma functlon may also defined as[12]

dn+1 1 t"e —zt
(2.2) v, (2) = g Inl'(z) =(-1) /0 T —dt, Rz >0,n=1,2,3,-

Letz = e ¢, then forn = 1, we have

* te# Y tng
(2.3) wl(z)—/o T -dt —/0 1 dz,
Lemma 2.1. Leta € R and A > |al, define the weight functiop, (o, =) and i, (a, y) as
00 : A «a

~ min{x, y})* In(z/y T
(24) (,0)\(&,1’) = /0 ( {iL'/\ i)y/\ ( / ) ' y1+adyax € (0,00),

~ © (min{z, y})* In(z @
(2.5) Yy(a,y) 3:/ ( {x)\yi)y)\ /) ' 51_adx,y € (0,00),

0

then we obtain

(2.6) Pala, ) = ¥y (a,y) = Cala),
whereC (o) = 35 [, (1— %) +¢, 1+ 9)]

Proof. Lett = y/z, in view of (2.3), then

/wmmwwmwwgw@
0

A — y)\ y1+a

/°° (min{1,¢})*Int a1y

th—1

tAlnt < Int
= / A / — -t ldt
ot , =1

t)\ a—1 1 t 1 t)\-i-a—l 1 t
= / DAt + / )\—ndt (setting t* = )

1 (a3 1lng 1 (a3 llng
= = —dr + = —dx

Z:;W4 1) e (145)] = Gale).
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Similarly, we can calculate that
Ur(a,y) = Ch().
The Lemma is proveds

Lemma 2.2. Let|a| < 1and|a| < A < 1+ |«|, definep, (o, m) and e, (o, n) as

- mln{m n} P n(m/n) me
(2.7) ; — e mEN,
= mln{m n} P n(m/n) n@
(2.8) mg — —onEN,
then
(2.9) Cx(@) ([1 = Ox(e, m)] < py(a,m) < Cx(e),
(210) ¢,\(047n) < CA<Q)7
where
1 m Ao n ¢ 1
= - 1 .
0 < 0x(a,m) C/\(Oé)/o e dt O(m/\ia)e(o, ), m — 00
Proof. On one hand, foi > 0, the functionf; (¢) := L is strictly decreasing it0, 1) and

(1,00). For|a] < 1and|a] < A < 1+ |al, the functionf,(t) := t*~*~! is monotonically
decreasing if0, 1) and the functiory;(¢) := t~*~! is monotonically decreasing i1, ). Let
t = y/m, by monotonicity and in view of (2]6), then

°° (min{m M n(m m
erlam) < Pylam) = [ EmE D) By

_ /OO (min{1,¢})*Int P
0

th—1

1 4\ (%s)
t*Int Int
= / - -t‘o‘_ldH—/ B emlqt = Oy (a).
0 1

tr—1 th—1
Similarly, we obtain
Ua(a,n) < Cy(a),

thus [2.10) is valid.

AIJMAA Vol. 7, No. 2, Art. 20, pp. 1-9, 2011 AJMAA


http://ajmaa.org

ON A HILBERT-TYPE INEQUALITY WITH THE POLYGAMMA FUNCTION 5

On the other hand, letting= y/m gives

* (min{m, y})*In(m/y) m"
or(a,m) > /1 mr — gy ’ y1+ad
_ /°° (min{l,t}))‘lnt R
1 th —1
w A maln ¢
- Py
(@) /0 » 1

= C)\(OJ)

1 m Amalp ¢
1_0)\(04)/(; t>‘—1 dt]
= Ch(a)[1l = 0x(a,m)].

Obvious,0 < 0, (a,m) == gl fym P itdt < 1. Since

e}

1 1
m Aol ¢ m
0 < / —ndt:/ P S () (— Int)dt
-1 0 k=0
_ Z/ —Int Ao
1 )\—F)\/{Z—Oé

1 Inm 1 1 1
_ : —0 ,
e QZ)\Jr/\k [m’\k A ik —a m”f] (s

Hence[(2.P) is valid. The Lemma is provar.

Lemma23.1fp>0,p# 1, +.=1,a] <landla| <A <1+ |al, defines(c) as

(2.11) J(e) == Z Z (min{m,n})* In(m/n) T ]

m)\ _ n)\
n=1 m=1

wheree is sufficiently small and positive, then

[e.e] e}

(212)  [Cr(0)—o(1)] Y n11+€ < JE) < [Cr(a) +5(1)] S n11+€,5 o,

Proof. Let¢ = = in the following, in view of Lemma 2]3, then

JE) < in ([ (min{z,n}) Inz/n) s )

A — A
=1 * (min{t, 1) nt , 4_-
n=1 0
SO |
=[O\ +3] Y o (e 07,
n=1
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o > St ( /100 (minfe,n} In(a/n) o dx)

— A — A
B i 1 > (min{t,1})* Int o124
- o nlte 1 tH—1
=1 * (min{t, 1) Int ,_4_-
YT Tedt
~ ; nite (/0 tr—1
S L Aa-1-%
1 n p]
5! ( / A dt)
| (1 et It
[OA(O[)+O( )];n1+5 ; (n/o t)\_l ) (5—>0 )
Since
o) 1 Ata—1-%2 o) 1 00
1 n t p 1 t 1 n £
0 < > (—/ Tﬁdt) = (—/ prest=g Z(t’\)k(—lnt)dt)
=1 \""Jo =1 \""Jo k=0
> —Int A Nkda—=2 - ( 1 )
dert e | = O —=)-
- ST ) - S0 (e
In view of the above inequalities, we obtain
J(e) > Z nl+£ - Z 0 (nA+a+1>
n=1
0o 00 00 -1
1 1
- Z nlite (Cx(@) + ol Z 0 nA+a+17 Z nlte
n=1 n=1 n=1
=) e (i) —o(1)] (e — 07).

1

3
Il

The Lemma is proveds

3. MAIN RESULTS

Theorem 3.1.1f p > 1,5 + ¢ = 1, ]a| < L]a| < XA < 1+ |al, a,,b, > 0 such that
0 < > nPl=a)=lgP < oo andO < Yo% palFe)=1pe < oo, then we obtain the following
inequallty
= (min{m, n})* In(m/n)
[=3 ) s b

n=1 m=1

p (oo 1/q
(3.1) < Oy(a {anl a)— 1ap} {Zn q(1+a) lth} :

n=1
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where the constant factafy(a) = 3z [, (1 — §) + ¢, (1+ $)] is the best possible. In par-
ticular, for o = 0, (3.J)reduces to

=\ <= (min A n | & R Vi
(3.2) Z Z ( {77;;;1}_) nl)\ (m/n) b, < w {an—laﬁ} {an—lbg} ,

n=1 m=1 n=1 n=1

Proof. By Holder’s inequality with weight[13], we obtain

2 = (min{m,nH)* In(m/n
ZZ( {m,n})* In(m/n)

mbn
n=1 m=1 m)\ - n)\
& & (min{m, n}) n(m/n) [m-e)/e nma)/pb
B Zl 1 mA — nA n(1+a)/p m m(l—a)/q n

mA — nA nlta

2 o= (min{m,n})* In(m/n) mI-)@-1 1/p
S~ $™ (in{m.n}) /) . }

VAN
——
]

3
ﬂ‘

oo 0 1/‘1
(min{m, n})* In(m/n) nU+o)a=1)
{33l

n=1 m=1
= {ng)\am)mp(l )= } {ZwAanana 1bq} :
m=1
In view of (2.9) and[(2.1)0), we have (3.1).
Suppose that is positive and sufficiently small, let,, = m®™ =2, b, =n 7174 (m,n €

N), then by (2.9)
ZZ rmn{m n} ln(m/n) cm® T e = J(e),

n=1 m=1
Assuming that there exists a positive numbewith 0 < £ < C,(«), such that[(3]1) is still
valid by changing”, («) to k, then, in particular, by (2.12), we have

(Crla) —o(1] Y 1z < J(e)

00 Up ¢ s 1/q ©
{3 {3l i3l
n=1 n=1 n=1

It follows thatC)\ (a) —o(1) < k, s0C\(«) < k(e — 07). Hence the constant factbr= C(«)

in (3.1) is the best possible. In particular, for= 0, we getC,(0) = &v,(1) = % thus [3:2)
is valid. This completes the prodi.

Theorem 3.2.1f 0 < p < 1, 1+; =1Lla| < Lo <A<1+]al,A> —~1,a,b, >0

such thatd < >°°° nP1-2~1gP < coand0 < >°°7  ntI+o)=1p < oo, then we obtain the
following inverse inequality

mlnmn)‘lnmn
_ 3oy Gwinmnl ng),

b
XA mn

n=1 m=1

00 1/17 00 1/‘1
(3.3) > @(a){Z[l—exa,n)]np““)1a¢;} {an“*a“bz} ,

n=1 n=1
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where0 < 0 (a,m) := &7 fo g intqr = O(—kr) € (0,1)(m — oo) and the constant

factor Cy(a, A) = 55 [¢, (1— %) + ¢, (1+ ¢)] is the best possible. In particular, for = 0,
(3.3)reduces to

2 (min{m,n})*In(m/n)
>0 S b
n=1m=1 m n
2 s /P ¢ « 1/q
(3.4) > W{Z[l—&,\(o,n)]np_lafb} {an—lbg} :
n=1 n=1

Proof. By the reverse Holder’s inequality with weight[13], in view pf (2.7) and](2.8), we obtain
B i A (1-a)/q (14a)/p
I - Z (min{m,n})* In(m/n) lm ] {n ]

m* — nA n+a)/p =™ m(l—a)/qb"

2 o= (min{m,n})* In(m/n) mI-)@-1 1/p
S~ 5 Gninfim. 1)) laGm/ ) " }

vV
—_—~——
]

:

m* — n? n(l+a)
oo o0 . 1/‘1
(min{m,n})* In(m/n) n0ro)@=1
= { Z (,0)\(&, m)mp(l—a)—lafn} {Z 1/])\(05’ n)nq(1+a)—1b%} .
m=1 n=1
By (2.9) and[(2.1)0), in view of < 0, we have[(3.B3). _
Suppose that is positive and small enough, 18}, = m* "7, b, = n """« (m,n € N),

then by [Z-11)

Z Z mm{m n} In(m/n) cm® e = J(e).

A
A—n
n=1 m=1

Assuming that there exists a positive numbewith £ > C)(«), such that[(3]3) is still correct
by changing’(«) to k, then, in particular, by (2.12), we have

(Cal@) +501) S nig > J(e)

n=1

It follows that

w01 (3520) S o (k) i)
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and thenC'y(«) > k(e — 07). Thus the constant factér= C)(«) in (3.3) is the best possible.
The theorem is proveds

REFERENCES

[1] G. H. HARDY, J. E. LITTLEWOOD AND G. POLYA Inequalities,Cambridge University Press,

[2]

[3]

(1934).

D. S. MITRINOVIC, J. E. PECARIC AND A. M. FINK,Inequalities Involving Functions and
Their Integrals and DerivativeKluwer Academic, Boston, (1991).

M. GAO, On Hilbert’s inequality and its applicationd. Math. Anal. Appl.212(1997), pp. 316-
323.

[4] J. KUANG, On new extensions of Hilbert's integral inequalityath. Anal. Appl.235(1999), pp.

[5]

[6]
[7]

608-614.

B. G. PACHPATTE, Inequalities similar to the integral analogue of Hilbert's inequdlaynkang
J. Math, 30(1999), pp. 139-146.

B. YANG, The Norm of Operator and Hilbert-type Inequaliti€cience Press, Beijing, (2009).

B. YANG, On a relation between Hilbert's inequality and a Hilbert-type inequalipplied Math-
ematics Letters21(2008), (5), pp. 483-488.

[8] W.ZHONG, A reverse Hilbert's type integral inequalitpternational Journal of Pure and Applied

[9]

[10]
[11]
[12]

[13]

Mathematics36 (2007), (3), pp. 353-360.

C. ZHAO AND L. DEBNATH, Some new inverse type Hilbert integral inequaliti@surnal of
Mathematical Analysis and Applicatiorz622001, (1), pp. 411-418.

E. D. RAINVILLE, Special FunctionsChelsea Publishing Co., Bronx, N,Y., (1971).
Z. WANG AND D. GUO, Introduction to Special Functiongcience Press, Beijing, (1979).

Milton Abramowitz and Irene A. Stegurjandbook of Mathematical Function§1964) Dover
Publications, New York.

J. KUANG, Applied InequalitiesShangdong Science Press, Jinan, (2004).

AJMAA Vol. 7, No. 2, Art. 20, pp. 1-9, 2011 AJMAA


http://ajmaa.org

	1. Introduction 
	2. Some Lemmas
	3. Main Results
	References

