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1. INTRODUCTION

The main goal of this paper is to discuss one class of vector optimization problems in Banach
spaces in the case when the objective vector-valued mapping possesses a weakened property of
lower semicontinuity. The classical setting of vector optimization problems usually consists in
the investigation of “optimal” elements of a non-empty subset of a partially ordered objective
space, where by “optimal” elements one mainly means the minimal elements or several variants
of this concept, for example, strongly minimal, properly minimal and weakly minimal elements.
Therefore, an important aspect in vector optimization is to find conditions which guarantee
existence of the so-called efficient solutions, which are defined as inverse images of the minimal
elements of the image set. The following result is well-known: if the image of admissible
solutions in an objective Banach space is compact then the set of efficient solutions is non-
empty. Since the compactness is a very restrictive assumption, at least in an infinite-dimensional
setting, many authors have tried to weaken it. The typical way to do it is to endow the objective
mapping with some lower semicontinuity properties. In the vector-valued case there are several
possible ways to extend the “scalar” notion of lower semicontinuity (see, for example, [2, 3, 4,
6. 7,113,116, 20]). We could mention the lower semicontinuity, quasi lower semicontinuity, and
order lower semicontinuity. However, the above properties for the objective functions may fail
at an efficient solution, even for simple vector optimization problems with non-empty solution
sets. This is an atypical situation for the scalar case

(1.1) I(z*)=inf{I(z) : z € X},

where each solution z* is always a point of lower semicontinuity of the cost functional / : X —
R.

The next problem, which motivated our efforts in this field, concerns the following observa-
tion: if the scalar problem (I.I]) has a non-empty set of solutions, then

inf{I(x) : € X} =min{/(z) : * € X} = min|[closure{I(z) : z € X}].
However, in the case of vector optimization, the typical situation is:
Min(S) # 0, Min [closure(S)] # @, and Min(S) N Min [closure(S)] = 0,

where by Min(S) we symbolically denote the family of all minimal elements of a subset S.

Thus our prime interest in this paper is to consider vector optimization problems in a new
setting, which involves topological properties of the objective space, and discuss the problem of
their scalarization. We deal with the case when objective mappings take values in a real Banach
space Y partially ordered by a pointed cone A with possibly empty interior. In contrast to the
classical setting of the vector optimization problem

Minimize f(x) with respect to the cone A subjectto z € X,y C X, f: X =Y,
we study the problem in the following formulation
(1.2) Find Inf)", f(2)

and associate this problem with the quaternary (X4, f, A, 7), where the essential counterpart is
the choice of the topology 7 on the objective space Y.

We also extend the concept of lower semicontinuity to vector-valued mappings, which is
compatible with optimization problems in the form (1.2)), and discuss the existence of the so-
called (A, 7)-efficient solutions to the problem (1.2). In particular, we show that the extended
concept of lower semicontinuity does not fail at (A, 7)-efficient solutions, however the topo-
logical properties of the spaces (X, o) and (Y, 7), where this problem is considered, play an
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essential role. In view of this, our main intension deals with the scalarization of vector opti-
mization problems with the so-called (A, o x 7)-lower semicontinuous mappings, using
the “simplest” method of the “weighted sum”. We show that in this case one of the fundamen-
tal requirements on the scalarizing vector optimization problems (according to Sawaragi et al.
[18]]): solutions to the scalarized optimization problem must also be minimal solutions to the
original vector optimization problem, may not hold. Moreover, we show that for (A, o x 7)-
lower semicontinuous mappings f : X,q — Y a situation is possible, when none of the scalar
functions, obtained by “weighted sum”approach, is sequentially lower semicontinuous. For
this reason, we extend the notion of (A, 7)-efficient solutions to the so-called generalized solu-
tions of the vector optimization problem. We study their main properties and derive sufficient
conditions when the generalized solutions can be obtained via the scalarization process of (1.2).

2. NOTATION AND PRELIMINARIES

Let X and Y be two real Banach spaces. We suppose that these spaces are endowed with
some topologies 0 = o(X) and 7 = 7(Y), respectively. For a subset A C Y we denote by
int, A and cl. A its interior and closure with respect to the 7-topology, respectively. We will
omit this index if no confusion may occur. Let A be a 7-closed convex pointed cone in Y. No
assumption is imposed on the topological interior of A. Throughout this paper, we suppose
that Y is partially ordered with the ordering cone A. We denote with <, a partial ordering
introduced by the cone A, that is, for any elements y, z € Y, we will write y <, z whenever
zey+Aandy < zfory,z € Y,if z—y € A\ {0y }. We say that a sequence {yx},-, C Y
is decreasing and we use the notation y; \, whenever, for all k£ € N, we have y;.1 <j yx. We
also say that a sequence {y},-, C Y is bounded below if there exists an element y* € Y such
that y* <, y, forall £ € N.

For the investigation of “optimal” elements of a non-empty subset .S of the partially ordered
space Y one is mainly interested in minimal or maximal elements of S.

Definition 2.1. (see [11]) An element y* € S C Y is said to be minimal of the set S, if there is
noy € S such that y <, y*, that is

SNy —A)={y"}.
Definition 2.2. (see [11]) An element y* € S C Y is said to be weakly minimal of the set S, if
S0 (y* — cor(A)) = 0.
where by cor (A) we denote the algebraic interior of A, that is,
cor (A):=={z €V |VzeVthereisan a > 0with Z+ az € A forall a € [0,q]}.

Let Miny (S) denote the family of all minimal elements of S. We say that an element y* is
the ideal minimal point (or a strongly minimal element) of the set S, if y* € S and y* <, y for
every y € S.

Let us introduce two singular elements —oo, and +o00, in Y. We assume that these elements
satisfy the following conditions:

1) —oop 2y = 4oon, VY €Y; 2) 4 00p + (—oon) = Oy
Let Y'* denote a semi-extended Banach space: Y* =Y U {+00, } assuming that
| + coally = 400 and y + A(+o00p) = 4+ocoVy €Y and VA > 0.

The following concept is a crucial point in this paper.
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Definition 2.3. We say that a set E is the efficient infimum of a set S C Y with respect to the T
topology of Y (or shortly (A, T)-infimum) if E is the collection of all minimal elements of cl. S
in the case when this set is non-empty, and E is equal to {—oop } otherwise.

Hereinafter we denote the (A, 7)-infimum for S by Inf*" S. Thus, in view of the definition
given above, we have

AT L MiIlA<C17- S), MinA(ClT S) 7é @
Inf™r 5= { —004, Ming (cl, S) = 0.

The following example shows the significance of this definition and compares it with the
notion of minimal elements.

Example 2.4. Let Y = R? and let A = R?. be the natural ordering cone of positive elements in
R2. Suppose that the set S C Y is given as S = U}_, X;, where

X12{26R2 sz 21, 29 > 3, 21+22§5},
Xo={2€R’: 21 >2, 2>2, 21 +2 <5},
ng{zéRQ 2 >3, 29 >4, z1+22§5},
Xa=A{(2:3),(3:2)}
(see Fig. [I). It is essential that the set S is not closed. Then the set Miny(S) of all minimal

Figure 1: The set S in Example[2.4]

elements of S is given as
Miny () = {(2;3), (3;2)},
whereas the (A, T)-infimum of the S reads as

Inf*7(5) = {(1:3), (2:2), (3: 1)} -
Here, for the simplicity, we take T as the strong topology of R?. Consequently, in contrast to the
scalar case where the inclusion Miny (S) C Inf™" S is always true, we have:

Inf47(S) # 0, Miny(S) # 0, and Inf*7(S) N Miny(S) = 0.

Let X,4 be a non-empty subset of the Banach space X, and f : X,4 — Y be some mapping.

Note that the mapping f : X,; — Y can be associated with its natural extension f : X — Y*
to the whole space X, where

o ={ 10, T
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Following [21]] a mapping f : X,; — Y* is said to be bounded below if there exists an
element z € Y such that z <, f(x) forall x € X4.

Definition 2.5. A subset A of Y is said to be the efficient infimum of a mapping
f : Xad —Y
with respect to the T-topology of Y and is denoted by Infi\gXad (x), if A is the (A, 7)-infimum
of the image f(Xaq) of Xaq in'Y, that is,
I f(z) = Inf"" {f(z) : Vo € Xua}.
Remark 2.6. It is clear now that if a € Inffz’gxad f(x) then
cl, {f(z) : Ve € Xoa} N(a—A) = {a}
provided Miny [cl, {f(x) : Va € Xuq}] # 0.

Let {yx},—, beasequencein Y. Let L"{y;} denote the set of all its cluster points with respect
to the 7-topology of Y, that is, y € L™{yy} if there is a subsequence {y, },~, C {vx},—, such
that y,, — yinY asi — oo. If this set is lower unbounded, i.e., Inf*™ L7{y;,} = —oco,, we
assume that { —oop } € L7{y;}. If Sup™” L™{y,} = 4004, we assume that {+oo,} € L7{y;}.

Let zp € X, 4 be a fixed element. In what follows for an arbitrary mapping f : X,;s — Y we
make use of the following sets:

@.1) L (fae) = | L{f(z)},
{z1} e €Mo (z0)
(2.2) LOXT(f, o) = L7 (f, m0) NInfhly  f(2),

where I, (x) is the set of all sequences {xk}zozl C X such that z; — x, with respect to
the o-topology of X. To illustrate the characteristic features of the set L7 7( f, (), we give the
following example.

Example 2.7. Let X,q = [1;3], Y = R? and let A = R2 be the ordering cone of positive
elements. We define a vector-valued mapping [ : X.q — Y as follows:

Figure 2: Hllustration of the set LSS (f, xo)

min

5. e AL,

2, e=t

(2.3) f(z) = {

(see Fig.[2). Then
L77(f,z0) = {f(x0)} Vo € (1;3],

=[]} e - )
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Therefore, LIXT(f, xo) = () in the case when o € (1; 3], and

1 2
LIXT(f, 1) = ; :
- {[3- )
Remark 2.8. It is easy to see that the set LS 7 (f, xo) can be alternatively defined as

2.4) "
Loxr(F.20) = {y" € L7 (fim) if Flan) S o', fl@) £ y" Yk €N, Va5 a0}

Now we are able to introduce the notion of the lower limit for the vector-valued mappings.

Definition 2.9. We say that a subset A C Y U {+too,} is the A-lower sequential limit of the
mapping [ : X.q — Y at the point xy € X4 with respect to the product topology o X T of
X x Y, and we use the notation A = lim inf;\’z f(x), if

— X0
Lr0n>l<1;r , X0 ), L;Trz- y L ®7
2.5) lminf T f(x) = M(f 0) : (f,m0) #
2% a0 Inf™" L7*7(f, m0), Loy (fs @0) = 0.

Remark 2.10. Note that in the scalar case (f : X,q — R) the sets
Inf;\’eTXad f(z) and Infd™ L7 (f, zo)

are singletons. Therefore, if LOX7(f, xy) # () then we have

LZXT(f,20) = L7*7(f,20) N Infly  f(2)
= Inf™" L7 (f,z0) NInfaly  f(z) = Inf™" L7*7(f, ).
Hence the choice rules in ([2.5) coincide and we come to the classical definition of the lower
limit.
To illustrate the crucial role of the conditions
L?nfr;r(fa CCO) 7é @ and L;Trr(ﬁ ZL'()) = @
in Definition (2.9), we give the following example.

Example 2.11. Under assumptions of Example we consider the mapping f : Xog — Y
defined as follows (see Fig.[3)):

Figure 3: Illustration of Definition[2.9)in Example[2.11]

), e AL

[ﬂ, r=1.

(2.6) flz) = {
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Let us define the A-lower sequential limit of f : X.q — Y at two points: firstly at xo = 1, and
then at xo # 1. Then direct calculations show that

netz, 10 ={ [} = { ][]}

L7(f,xo) = {[9510}} Vo € (1;3].

Hence, since

Lo (f,wo) := Ity f(@) VL7 (f,20) = 0 for every x € (1;3],

min z€Xaq

liminf;\’gzo f(z) = Inf*" { [fflo} } = { [Jio] } :

At the same time, in the case when xo = 1, we have

Loir (f 1) = Infyly | f(@) NL77(f,1) = { m } |

As a result, we conclude:

3. THE SETTING OF VECTOR OPTIMIZATION PROBLEMS

it follows that

1

s AT T OXT —
hmmfz$1 flx) =Ly (f, 1) = { 1

Let X4 be a non-empty o-closed subset of the reflexive Banach space X. Let Y be a partially
ordered Banach space with a 7-closed pointed ordering cone A C Y. Let f : X,y — Y be a
given mapping. Then the typical vector optimization problem can be stated in general manner
as follows:

3.1)

Minimize f(x) with respect to the cone A
subjectto x € X,q4.

Usually this problem is associated with the triplet (X4, f, A), where the set X, is called the
set of admissible solutions to the problem (3.1I)). The problem consists in determining mini-
mal (or weakly minimal) solutions ™" € X,,; which are defined as the inverse image of the
minimal (or weakly minimal) elements of the image set f(X,4) in the sense of Definition
(or Definition respectively). Let Min(X 4, f, A) and WMin(X,q4, f, A) denote the sets of
minimal and weakly minimal solutions to the problem (3.1)), respectively. It is clear that the
notions “minimal”’and “weakly minimal”are closely related, moreover, the following inclusion
is obvious Min(X,4, f, A) € WMin(X,q, f, A). However, the concept of weak minimality is
rather of theoretical interest, and it is not an appropriate notion for applied problems.

In contrast to (3.1)) we will consider the vector optimization problems in the following form:

(3.2) Find Inf",  f(x),

Z‘GXad

where the operator Inf;\gxad is defined in Definition Note that in this case the optimization
problem (3.2)) can be associated with the quaternary

(33) <Xad7f7Aa7—> )

which indicates that the essential component of this setting is the choice of the 7-topology on
the objective space Y.
We introduce now the following concept.
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Definition 3.1. An element °// € X, is said to be a (A, T)-efficient solution to the problem
if 217 realizes the (A, T)-infimum of the mapping f : X,q — Y, that is,

fahy e fYT flz) = Inf™ {f(z) 1 2 € Xug}.

r€Xaq

We denote by Eff,(X,q4; f; A) the set of all (A, 7)-efficient solutions to the vector problem

(32, ie.
(3.4) Eff(Xoq; f; A) = {weff € Xoag ¢ f(a)) € Infﬁ&adfm}.

Remark 3.2. It is clear that vector optimizations problems (3.1) and are identical in
the case when' Y = R and A = R, and they lead to the classical setting of a scalar con-
strained minimization problem. However, in general, there is a principal difference between
the mentioned settings of vector optimizations problems. Let ©* € X4 be a (A, T)-efficient
solution to the problem (3.2)). Then f(x*) € Miny (cl. f(Xaa)). Since f(x*) € f(Xqa) it fol-
lows that f(z*) € Miny f(X,q). Therefore, x* is a minimal solution to the problem (3.1)), i.e.
x* € Min(X,q, f, A). However, as follows from Example given below, the converse state-
ment is not true in general. Note that this situation is atypical for the scalar case when we
always have the implication

if f(z*)= xlél)l(n f(z), then z* € Xyqand f(z*) = inf f(z).

2€Xaq

On the other hand, as follows from Definition the problem (3.2)), and hence the set of
its solutions, essentially depend on the properties of the T-topology of the objective space Y .
Thereby, the problems (3.1) and (3.2) are essentially different.

Taking into account the motivation of Remark [3.2] we come to the following obvious result:

Proposition 3.3. Let X and Y be two Banach spaces, let X ,q be a non-empty subset of X, and
let f : X,q — Y be an objective mapping. Assume that the space Y is partially ordered by a
T-closed pointed cone A C Y. Then the solution sets to the problems (3.1) and (3.2)) satisfy the
relation

Eff - (Xaa; f; A) € Min(Xoq, f, A).

The sets Eff,(X,q; f; A) and Min(X,q4, f, A) do not coincide in general. To illustrate this
fact, we give the following example.

Example 3.4. ( see [12]) Let X =Y = R? and let A = R be the ordering cone of positive
elements. We suppose that a vector-valued mapping f : X — Y and a set of admissible
solutions X, are such that f(z) = x and X,q = U}_, X;, where

Xlz{z€R2 c > 1, 29> 3, zl+22§5},
Xo={z€R*: 21>2, 2>2, 21+ 2 <5},
X3:{26R2 2 >3, 2 >4, zl+z2§5},
X4 ={(23),(32),3;1)}
(see Fig. ). Then straightforward calculations show that

o= ([ [ o= {[]. ([}
i< ([} snenn= (] 0
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Figure 4: The image of the set X ,q in Example[3.4)]

The aim of this section is to obtain an existence theorem of the (A, 7)-efficient solutions for
a vector optimization problem @, that is, to find sufficient conditions which guarantee the
relation Eff, (X,q; f; A) # 0. Let f : X — Y* denote the natural extension of f : X,y — Y to
the whole X. We begin with the following concept of lower semicontinuity for vector-valued
mappings.

Definition 3.5. We say that a mapping f : X, — Y is (A0 X 7)-lower semicontinuous
((A, 0 x T)-Isc) at the point xy € Xoq if

fzo) € liminf™7  F(x).
T —r X0
A mapping fis (A,o x 7)-Isc if f is (A, 0 X T)-Isc at each point of X 44.
The main motivation to introduce this concept is the following observation.

Proposition 3.6. Let X be a Banach space, and let Y be a partially ordered Banach space with
an ordering T-closed pointed cone \. Moreover, let X ,q be a non-empty subset of X and let
f: Xaa — Y be a given mapping. If 2° € X4 is any (A, 7)-efficient solution to the problem
, then the mapping f : Xoq — Y is (A, 0 X T)-Isc at this point for any Hausdorff topology
oonX.

Proof. Let 2° € Bff /(X,q; f; A). Then f(2°) € Inf>", f(z). On the other hand f(z°) €

r€Xaq
LZxT(f,z°) for any Hausdorff topology o on X. Hence f(z°) € LIX7(f,2°). As a result, by
Definition , we have f(2°) € lim inf;\g _o J (). This concludes the proof.

Before proceeding further, we note that the concept of (A, o X 7)-lower semicontinuity for
the vector-valued mappings, given above, is more general than well known extensions of the
“scalar” notion of lower semicontinuity to the vector-valued case (see, for example, [2, 3, 4,
6l 7, [13,116]). We recall now a few main definitions of lower semicontinuity of vector-valued

mappings with respect to the product topology o x 7 on X X Y, introduced in [6} 7, 10, [19].

Definition 3.7. (see [7]) A mapping f : X — Y is said to be sequentially lower semicontin-
uous (s-Isc) at 2° € X, if for any y € Y satisfying y <x f(2°) and for any sequence {xy};,
of X o-convergent to 1°, there exists a sequence {yy},-, C Y T-converging to y in'Y and
satisfying condition y, <a f(xy), for any k € N.

Definition 3.8. (see [6]) A mapping f : X — Y* is said to be quasi lower semicontinuous

(q-lsc) at 2° € X, if for each b € Y such that b % f(2°), there exists a neighborhood O of 1°
in the o-topology of X such that b #, f(z) for each x in O.

AJMAA, Vol. 7, No. 2, Art. 2, pp. 1-24, 2010 AJMAA
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A mapping f is s-Isc (resp., g-Isc) if f is s-Isc (resp., g-Isc) at each point of X. It is clear
that the s-Isc-property of f at x implies its g-Isc at this point. To characterize the properties of
(A, o x 7)-lower semicontinuity more precisely, we give the following result.

Proposition 3.9. (see [12]]) If a mapping f : X,q — Y is q-lower semicontinuous at 2° € X4
with respect to the o X T-topology on X X Y, then f is (A, o X T)-lower semicontinuous at this
point.

As a consequence of this result and the properties of quasi-lower semicontinuity, we have: if
f is s-Isc then f is (A, o x 7)-Isc. However, in general, (A, o x 7)-Is continuity of the vector-
valued mappings does not imply their ¢-Isc property. Indeed, let us consider the following
example.

Example 3.10. Let X,y = [-3,—1], Y = R? and let A = Ri be the ordering cone of positive
elements. We define a vector-valued mapping f : Xoq — Y as follows (see Fig.[5):

(5], e # -1,
(3.5) fl@)y=1< "2
-

Let xo = —1. Then

(3.6) f(xo) =

Figure 5: The example of (A, o X T)-lsc mapping which is neither s-lsc nor q-lsc mapping

Let us take b = [1:’,)5]. Obviously b #a f(xo) and there is no neighborhood of the point x
such that b #  f(z) for all x from this neighborhood. Hence, this mapping is neither g-lsc nor
s-Isc mapping at the point xo. However, by (3.6), we have the inclusion

s eAT N
f(@o) € liminf 7 » f(z).
Hence, f isthe (A, o X T)-lower semicontinuous mapping at to = —1.
Before going on further, we prescribe some additional properties to the ordering cone A.

Definition 3.11. Let (Y, 7) be a real topological linear space with an ordering cone A. The
cone A is called Daniell, if every decreasing net (i.e. 1 < j = y; <a y;), which is lower
bounded, T-converges to its (A, T)-infimum.

A condition ensuring the Daniell property is given by the next lemma.

Lemma 3.12. Let (Y, 7) be a real topological linear space with an ordering cone A. If Y has
compact intervals [—z, z] and A is T-closed and pointed, then A is Daniell.

AJMAA, Vol. 7, No. 2, Art. 2, pp. 1-24, 2010 AJMAA
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For this result see Borwein [5]. A typical example of Daniell cone with respect to the weak
topology of LP(2) (1 < p < 4o0) is the so-called natural ordering cone in L?({2) which is
defined as

Aoy = {f € LP(Q) : f(x) > 0 almost everywhere on (2} .

Definition 3.13. We say that a non-empty subset Yy of a real topological space (Y, T) with an
ordering cone A is lower semibounded if every decreasing net {y;} C Y is bounded from below.

As a direct consequence of Definition [3.13] we have the following observation.

Remark 3.14. Let Y, be a lower semibounded subset of a partially ordered linear topological
space Y with a T-closed ordering cone A. Then, for any z € Y the section Yy = ({z} — A)NY,
of Yy is bounded from below, that is, there exists an element z* €'Y such that z* <, y for all
y € Y7. Hence, the lower semiboundedness of a subset Y, implies the lower semiboundedness
of its T-closure cl; Y.

Now we are ready to formulate the main result of this section.

Theorem 3.15. Let (X, 0) and (Y, T) be two real topological linear spaces, and let Y be par-
tially ordered with the T-closed pointed Daniell cone A. Moreover, let X ,q be a non-empty
sequentially o-compact subset of X and let f : X,q — Y be a given (A, 0 x 7)-lower semi-
continuous mapping. Then the vector optimization problem has a non-empty set of (A, T)-
efficient solutions.

Remark 3.16. Before the proof, we note that in contrast to the scalar case for vector optimiza-
tion problem with a sequentially o-compact subset of X ,q and (A, o X T)-lower semicon-
tinuous objective mapping f : X,q — Y, the image set f(X,q) can be unbounded from below.
It means that, in general, there does not exist an element y* € Y such that f(X.q) C {y*} + A.
Indeed, let us consider the following example: let X = R, X,q = [0;1], Y = R? and let
A= ]Ri be the ordering cone of positive elements. We suppose that a vector-valued mapping
f X — Y is defined as follows:

ro =

- {[G [ o[

it follows that
. . T iy _2
hmmf;\glf(:z:) = {[ 0 1}

Hence this mapping is (A, o X T)-lower semicontinuous on X 4. However the image set f(X,q)
is unbounded from below (see Fig. [6)).

} if ©€[0;1), and f(1) = {_ﬂ .

Since

Proof. Since the proof of this theorem is rather technical, we divide it into several steps.

Step 1. First we show that the image set f(X,4) is lower semibounded in the sense of Defi-
nition m Indeed, let us assume the converse. Then, there exists a sequence {xk},iil C Xud
such that the corresponding image sequence {y, = f(zx)},; C [(Xqq) is decreasing (i.e.,
Yr+1 <a Yr ¥k € N) and unbounded from below in Y. Hence —oo, € L7 {yx}, where L™ {yx }
denotes the set of all its cluster points with respect to the 7-topology of Y. By the initial assump-
tions, the family {z;},-, C X,q is sequentially o-compact, so we may suppose that z 5 g
in X, where z* is some element of X,,4. Since the sequence { f(x))},-, is unbounded from
below, we have {—ocop} € L7 (f,2*). Hence, by Definition 2.9}

liminfi\gx* f(z) ={—o0op}.
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Figure 6: The example of (A, o X T)-lsc mapping with lower unbounded image

On the other hand, taking into account the (A, o X 7)-lower semicontinuity property of f, we
obtain

f(z") € lim inf;\gm* f(x)
which contradicts the previous conclusion. This proves Step 1.

Step 2. Let us prove that the set Infi\gxad (x) is non-empty. We show that there exists at
least one decreasing sequence {y},-; C f(Xaq) such that

ye =yt enfd f(x) = InfA {f(z) : Vo e X}

r€Xaq

Let y be an arbitrary element of cl,. f(X,4). To begin with, we show that for any neighbourhood
of zero V; in (Y, 7) there exists an element y” € cl, f(X,4) such that

(3.7) yY <ay and ({y¥} — A\{Oy}) N (clr f(Xaa) \ (V- + {¥¥'})) = 0.

Having assumed the converse, we suppose the existence of a sequence {y;},—, C cl; f(Xua)
such that

v € f(Xaa) i € oy = ANA{Oy ) 0 (clr f(Xaa) \ (V5 +{me})) VE €N

Since yr+1 € {yr} — A\ {0y}, this sequence is decreasing. Taking into account Remark [3.14]
the set cl, f(X,q) is lower semibounded. Therefore, there exists an element y* € Y such that
y* <a y for all k£ € N. Hence, by Daniell property, this sequence 7-converges to its (A, 7)-

infimum: y, — ¥y € Y. However this contradicts the condition 1 € cl. f(Xua)\ (Vs +{w})
V k € N. Thus the choice by the rule is possible for any neighbourhood V.

Let {V;},-, be a neighbourhood system of zero in (Y, 7) such that V,; C V) for every
k € N, and for any neighbourhood V(0y ) in (Y, 7) there is an integer k* € N such that Vi« C
V(0y). Then, using the choice rule (3.7), we can construct a sequence {u oy C clr f(Xaa),
where u, is an arbitrary element of f(X,4), as follows

(38) Uk41 SA UL and ({uk} - A \ {Oy}) N (CIT f(Xad) \ (Vk -+ {uk})) = @ VEk > 1.
Since ug41 € {ug} — A it follows that
U1 € clr f(Xqaa) and wpiq & clr f(Xaq) \ (Ve + {ur}).

Hence, in view of Daniell property, {u},-, is the T-converging decreasing sequence. As a
result, there is an element

u* € Infb {uy € el f(Xaq) : Yk € N}
such that v, — wu*. Itis clear that u* € cl. f(X,4). Our aim is to prove that
u* € InfM {f(z) : Vo € Xug}.
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To do this, we assume that there exists an element
g€ Inf* {f(z) : Vo € Xoa}

such that ¢ <, u*. Since u* <, uy for all £ € N, it follows that ¢ <, uy for all K € N. Then
(3.8)) ensures that

(3.9 ({a} = AN{Ov}) N (clr f(Xaa) \ (Vi +{ur})) =0 VE €N

Hence and the fact that ¢ € cl, f(Xuq) imply ¢ € Vi + {uy} for every k € N, that is,
u, — ¢inY. Thus uv* = ¢ and this concludes Step 2.

Step 3: We show that the set Eff (X,4; f; A) is non-empty. Let £ be any element of
Infﬁ’eTXad (x). Then, by Deﬁnition there exists a sequence {y;},., C Y such that y; —
£ inY. We define a sequence {xy},-, C X,q as follows z; € f~'(y;) for all &k € N. Since
the set X, is sequentially o-compact, we may suppose that there exists o € X, 4 such that

T — xoin X. Hence & € L77(f, ), and we get

Lo (f, x0) N InfggXad f(x) # 0.

Then, due to the (A, o X 7)-lower semicontinuity of the mapping f on X4 and Definition 2.9]
we obtain

f (o) € lim inf*7 o F@) =L77(foa0) N " f(z).

Thus, on the one hand, we have f(zo) € L7*7(f, z¢), which implies the equality f(zo) = £ =
7— lim ;. On the other hand, £ € Inf;"gxad f(z). Hence, o € Eff;(X.q; f; A) and this

k—o0
concludes the proof. 1

4. VECTOR OPTIMIZATION PROBLEMS FOR (A, o X T)-LOWER SEMICONTINUOUS
OBJECTIVE MAPPINGS AND THEIR SCALARIZATION

Typically, scalarization means the replacement of a vector optimization problem by a suitable
scalar optimization problem that is an optimization problem with a real-valued objective func-
tional. It is a fundamental principle in vector optimization that optimal (minimal) elements of
a subset of a partially ordered linear space can be characterized as optimal solutions of certain
scalar optimization problems. For the problem (3.1]), a wide family of scalar problems is known,
which fully describe the set of all minimal elements Min (X4, f, A) under suitable assumptions
(see, for instance, [9, [11} (14} [15] and the references therein). However, our prime interest is to
describe the set Eff (X,q4; f; A) of (A, 7)-efficient solutions to the vector problem (see
(3.4)), which involves some topological properties of the objective mapping f and the space
Y. In order to do it, we will consider the problem of scalar representation of vector optimiza-
tion problem with a (A, 0 x 7)-lower semicontinuous mapping f : X,; — Y, using the
“simplest” method of the “weighted sum”.

To begin with, we introduce some additional suppositions. Hereinafter we assume that X is
reflexive and the objective space Y is dual to some separable Banach space V' (thatis Y = V'*).
As usual we suppose that these spaces are endowed with some topologies 0 = o(X) and
7 = 7(Y), respectively. By default o is always associated with the weak topology of X,
whereas 7 is associated with the weak-* topology of Y. Suppose that the space V is partially
ordered with a nontrivial pointed ordering cone K C V for which A is the dual cone, that is,

@.1) A=K = {er (Y, Ny > 0 forall )\EK}.

Definition 4.1. We say that A\ € V is a quasi-interior point of the cone K if A € K and
(0, Ny, > 0 forallb € A\ {0}.
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We denote by K* the set of all quasi-interior points of /. Note that, in general, we have the
inclusion cor (K) C K*, where cor K is an algebraical interior of the cone K (for more details
we refer to [[L1]]).

In what follows, we associate with the vector optimization problem (3.2)) the following scalar
minimization problem

4.2) I(@) = (f(x), Ay, — inf subjectto v € X,g C X

where A is an element of the cone K.
The main property of this problem can be characterized as follows.

Theorem 4.2. Let X andY = V* be two real Banach spaces, let Y be endowed with the weak-
x topology T, and let Y be partially ordered with the cone N = K*, where K is an ordering
cone in'V with a non-empty quasi-interior K*. Let also X,q be a non-empty subset of X, and
let f : Xoq — Y be a given mapping. Assume that there are elements 2° € X,q and A € K*
such that x° € Argmin (f(z), Ay Then 2% is a (A, 7)-efficient solution to problem .

r€Xaq
Proof. By the initial assumptions, we have
4.3) (%) = fi(z) = (f(2°) = f(2), )\>Y;V <0, Vze Xu.

Let z be any element of the set cl, f(X,4). Then there exists a sequence {xk};‘;l C X,q such
that f(z;) — zinY as k — oo. Hence, in view of li we get

(4.4) (f(2°) = fl@r), A)yy <0, VEEN.
Passing to the limit in (4.4)) as £ — co, we obtain
(4.5) (f(a®) = 2,X),,, <0, Vzed, f(Xau)

Let us assume that 2° ¢ Eff.(X,q; f; A). Then there exists an element i € cl, f(X,q) such
that h <, f(z°). So, f(z°) — h € A\ {0y }. Hence, by Deﬁnition (f(2°) = 2, Ay >0,
and we come to a contradiction with (4.5). So, 2° € Eff (X4 f; A) and this concludes the
proof. 1

As an evident consequence of this result, we have the following conclusion.

Corollary 4.3. Under suppositions of Theorem we have
(4.6) | Argmin (f(2), M)y, € Bff-(Xaa; f; A).

e Kt r€Xad

Remark 4.4. Note that Theorem generally fails when \ € K\ K*. Indeed, letV =Y = R?,
Xoa = [1,2], and let A = R be the ordering cone of positive elements (then K = A). We define
the objective mapping f : X.q — Y as follows:

f(z) = [ﬂ if v€(1,2], and f(x) = lﬂ at the point x = 1
(see Fig.[7). Straightforward calculations show that
lim inf" | f(x) = H ,
and hence Eff . (X,q; f; A) = 0. However; if we take A = [}] € K \ K*, then
(F(@) N ey = o and hence Argmin (£(z), Ny = {1} € B, (Xuas f; M)

z€[1,2]
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Figure 7: The example of the problem for which Eff . (X,q; f; A) =0

Before proceeding further, we note that the objective mapping in Theorem 4.2 does not pos-
sess the (A, o x 7)-lower semicontinuity property, in general. So the question is about the
solvability of the associated scalar minimization problems with A € K*. Following the
direct method in the Calculus of Variations (see, for instance, [1]]), the constrained minimization
problem (4.2)) has a non-empty set of solutions, provided X, is a o-compact subset and

f)\() = <f()> /\>y;v i Xaa — R

is a proper lower o-semicontinuous function. However, the characteristic feature of vector
optimization problems is the fact that with any (A, o x 7)-lower semicontinuous mapping
f : Xaq — Y, which is neither lower semicontinuous nor quasi-lower semicontinuous on X,
there can be always associated a scalar minimization problem (4.2)) for which the corresponding
cost functional f) : X,; — R is not lower o-semicontinuous on X,,4. Indeed, let 7 be the weak-
* topology on Y, and let 2° be a point of X,; where the quasi-lower semicontinuity of f fails.
Then there exists at least one element a* € cl, (f(X,4)) such that

4.7 a* € lim inf;}’;xo f(z), f(2°) € lim infi\gxo f(z), and a* # f(z°).
Let {zy},-, C X,q be a sequence such that x;, % 2%in X and f(2;) = a*inY. Since
a* #a f(2°), it follows that a* — f(2°) & A and hence there exists a vector \* € K such that

<a* — f(2%), )\*>Y;V < 0.
As aresult, we have

liminf fy- (k) = Jim (f(@r), Ny = (@ XNy < (F@"), Ny = fa(2).

Thus, the lower o-semicontinuity property for fy« fails at 2°. Moreover, as the following exam-
ple shows, for (A, o x 7)-lower semicontinuous mappings f : X,q; — Y a situation is possible
when none of the scalar functions f\(z) = (f(x), \)., is lower o-semicontinuous for any

A\ e Kt

Example 4.5. Ler X4 = [1,2] C R, and let A = R be the ordering cone of positive elements

inY = R2 Itis clear that in this case V =Y and K = A. Let us consider the mapping
f: X,q — R? defined by (see Fig.
= [ O Frel N0+ /k keny,
€Tr) =
(0], fe=1+1/k keN.

1+k

Straightforward calculations show that

e 1 Can 0 1+1/k
hmmfﬁglf(ﬂ?)Z{H}v hmmfﬁmm/mﬂx):{[1+k]’{ 1 H
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Figure 8: The vector-valued mapping in Example[4.3]

Since

f(1) € lim inf;\gl f(z) and f(1+41/k) € lim inf;\g(lﬂ/k) f(x),

it means that the mapping [ : X.q — R?is (A, 0 X 7)-lower semicontinuous at these points and
in fact on the whole domain X,4. Let A = [i;] be any vector with non-negative components,
i.e. A\ € K. Then the scalar function f\, associated with the vector-valued mapping f by the
scheme of the “weighted sum”, can be represented in the form

@8 )= Ny ={ S0 TIZITIL vken vee X

To be sure that the lower o-semicontinuity property for this function at the points , = 1+ 1/k
is valid, we have to choose the parameters \1 and )\ so that the inequality

4.9) Ao(1+k) <M1+ 1/k)+ A

holds true for every k € N.
However, taking into account the non-negativeness of \; and passing in ({.9) to the limit as
k — oo, we obtain Ay = 0. As a result, we have

Nz, i 1+1/k,
(4.10) fA(:p):{ (1)73 gﬁililﬂ VkeN, Va € X

Nevertheless, as follows from (#.10), the inequality f)(1) < liminfy_,. fr(xy) while holding
for \y = 0, does not hold for any \y > 0. Thus, there is a unique scalar function in the
collection satisfying the lower semicontinuity property in the domain X,q = [1,2]. This
function is fy(x) = 0.

This example motivates the introduction of the following notion.
Definition 4.6. Let f : X,q — Y be a given mapping. The cone
(4.11) Kf§ = {N€ K : f\ islower o-semicontinuous on X,q}
is called the cone of o-semicontinuity for the mapping f.

As a result, Theorem can be sharped as follows.

Theorem 4.7. Let X be a reflexive Banach space, let V' be a separable Banach space, and let
Y = V* be endowed with the weak-x topology T and partially ordered with a pointed Daniell
cone N = K*, where K is a weakly closed ordering cone in V. Let also X .q be a non-empty
bounded weakly closed subset of X, and let f : X,q — Y be a (\, o X T)-lower semicontinuous
mapping, where o is the weak topology of X. Assume that K7 \ Oy # (0. Then

(4.12) Argmin (f(2), \)y,, NEff, (Xag; f; A) #0 VA€ K7\ Oy,

Z‘GXad
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Proof. As follows from Theorem [3.15] under the above assumptions, we have
Bff, (Xo0; f3 A) £ 0.

Let A\ be any element of K J‘Z \ Oy. Then, by the direct method in the Calculus of Variations, we
obtain

Argmin (f(x), \)y,, # 0.

r€X g

If A € K* then relation (4.12) is obvious by Theorem So, we suppose that A € K9 \
(K* U0y ). Assume that
Argmin (f(2), \)y., € Eff-(Xaa; f; A).
J?EXad

Then, there exists an element 2* € X, such that

(4.13) z* € Argmin (f(z), \)y.y,
r€Xqq
(4.14) " & Eff, (X [ A).

Hence, by (4.14)), there exists an element
y" € Miny (cl; f(Xaa)) C cl- f(Xaq) suchthat y* < f(2").
However, in view of (4.13)) and (4.1), this leads us to the equality

4.15) fa(@®) = (f(z7), >‘>Y;V =(y", /\>Y;V'
Let {x)},-, be a sequence in X4 such that
(4.16) flzy) = y* as k — oo.

Since the set X, is sequentially weakly compact, we may suppose that there exists g € X4
such that 2, =+ 1z in X. On the other hand, y* € Miny (cl,f(X,.q)). Hence, y* €
Inf;\’gxad () by Definition As a result, we have z, € Eff,(X.q; f; A). Taking into
account the lower o-semicontinuity of the functional f) : X,; — R, we get

(F(0), Ny < liminf (F(a) Ny ™ EF (57 Ny

Then, combining this with (4.15), we obtain (f(z0), A)y.;r < (f(2), A)y.p» Le.
zo € Argmin (f(z), \)y.y -

J?EXad

Thus, we have shown that there exists at least one element xq € X,; which is a joint point of
the sets Argmin (f(x), )y, and Eff - (Xoq; f; A), respectively. This completes the proof. 1

xeXari

As an evident consequence of this theorem, we have the following conclusion:

Corollary 4.8. Assume that in addition to the conditions of Theorem4.7|there exists an element
A €KY \ Oy such that the infimum in the scalar problem

(4.17) Minimize fx(x) = (f(z), \)y.y subjectto x € Xog
is attained at a unique point t* € X,q. Then z* € Eff .(Xoq; f; A).

Note that, we do not give the conditions which would guarantee the fulfilment of the relation
K7 \ Oy # (). However, as a hypothesis, we can make the following conjecture:

If the image set f(X,q) is boundedin (Y, || - ||) and K has a non-empty quasi-interior (K* #
(), then under conditions of Theorem the cone K7 contains at least one nontrivial element.

AJMAA, Vol. 7, No. 2, Art. 2, pp. 1-24, 2010 AJMAA


http://ajmaa.org

18 PETER I. KOGUT AND ROSANNA MANZO AND IGOR V. NECHAY

To motivate this hypothesis, we note that if a uniformly bounded mapping f : X,y — Y is
quasi-lower semicontinuous on X,, then f is lower semicontinuous (see [8]]). In this case the
functions fi(x) = (f(x), A}y, are lower o-semicontinuous on X, for every A € K. Hence
KY \ Oy # 0. Let 2° be a point of X,; where the quasi-lower semicontinuity of f fails. Then
there exists at least one element a* € cl, (f(X,q)) with properties (4.7). Let A* be an element
of K such that

* * )k * s . AT
(4.18) (f(2°), A >Y;V <{(a", XNy Va'e€ liminf > | f(z).
The existence of \* immediately follows from the fact that
f(2%) #4 a* forall a* € lim infi\’;> o f(z).
Let {x)},-; C X be a sequence such that x, I g0
to the set

in X. Since each of elements a* belongs

Lo (f, :L’O) - U L’T{f(xk)}

{1} e €My (20)

of 7-cluster points of the sequences {f(xk)} , it follows from (4.18]) that

<f(x0), )\*>Y;V < liminf (f(xy), /\*>Y;V .

k—o0

Thus, the function fy+ is sequentially lower o-semicontinuous at the point z°.

5. THE ILL-POSED VECTOR OPTIMIZATION PROBLEMS AND THEIR GENERALIZED
SOLUTIONS

Let A be an arbitrary element of the cone /. Denote by
Sol(Xuq; f2) = Argmin fi(x)

r€Xaq

the solution set to the scalar problem (4.17). We recall that the problem is said to be well-
posed in the generalized sense when every minimizing sequence {z},-, C X,q (i.e. such that
fn(zk) — infiex,, fr(x)) has a subsequence o-converging to some element of Sol(Xuq; f).
We recall also a generalization of the above mentioned notion. The problem (4.17)) is said to be
well-set when every minimizing sequence contained in X4 \ Sol(X,q4; f) has a o-cluster point
in Sol(X,q; fr). However, as follows from the arguments of this section (see also Example
given below), the problem (4.17) can be neither well-posed nor well-set, in general. The main
reason is the (A, o x 7)-lower semicontinuity property of the objective mapping f which is the
weakened property of lower semicontinuity for vector-valued mappings in Banach spaces.

Example 5.1. Let X,y = {x € X : ||z|| < 1} be a unit closed ball in a reflexive Banach space
X. Let Y = R? be the objective space partially ordered with the cone A = R% of positive
elements in R We suppose that X and Y are endowed with the strong topologies o and T,
respectively. Let the objective mapping [ : X,q — R? be defined as

e
ﬂ@‘[uww

where S = {x € X : ||z|| = 1} is the unit sphere in X. Since

Nin (1 (X)) = M (%) = { [ ]}

| iz e X\ (05 USY. @) = 3] o5, 00 =[],

1
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it follows that

liminfigox f(z) = { E} } ,

and hence f is (A,o x T)-lower semicontinuous on X,q4. Then, by Theorem the corre-
xe

sponding vector optimization problem (X ,q4, f, A, T) is solvable and, moreover, = Ox isits
unique (A, T)-efficient solution.
Let us consider the following scalar problem
(5.1) Minimize fy(x) = (f(x), )2 subjectto x € X4,
associated with the vector problem (X .4, f, A, T), where
1 2 llzll, if llzll < Land = # Ox,
=] p@ =@ =g 2 raes
1, lf Tr = OX

Through direct verification we can show that Sol(X.q; fn) = {Ox}. However, this scalar

problem is neither well-posed nor well-set with respect to the strong topology of X, because all
minimizing sequences for containing in X,q \ Sol(X,q; fr) have o-cluster points on the
unit sphere S = {x € X : ||z|]| = 1}.

In many applications it has a sense to weaken the requirement on efficient solutions to the
vector optimization problem (X4, f, A, 7). In particular, we may let the objective mapping
to attain its efficient infimum on the set X,; with some error. On the other hand, the set of
(A, 7)-efficient solutions to such problem can possibly be empty, i.e., the efficient infimum of
the objective mapping is often unattainable on the given set X,;. Nevertheless, the absence
of its infimum does not mean that the vector optimization problem makes no sense, since its
efficient infimum exists and hence can be approached with some accuracy.

Definition 5.2. We say that a sequence {x,},. , C X4 is minimizing to the vector optimization
problem (X ,q, f, A, 7), if f(zx) = €inY, where € is an element of Inf" f(x).

r€Xqq

Definition 5.3. We say that the vector optimization problem (X .4, f, A, T) is well-posed in the
Tikhonov sense with respect to the o-topology of X, if it is solvable and every minimizing
sequence {xy},. | C Xoq has a subsequence o-converging to some element of Eff -(Xoq; f; A).
In this case a minimizing sequence is called a Tikhonov minimizing sequence. We also say that
the vector optimization problem (X,q, f, A\, T) is well-set in the Tikhonov sense with respect
to the o-topology of X, if it is solvable and every minimizing sequence contained in X,q \
Eff,(Xaq; f; A) has a o-cluster point in Eff - (X.q; f; A).

Note that having a Tikhonov minimizing sequence, we can guarantee both the proximity of
the corresponding values of the objective mapping to its efficient infimum and the proximity of
the approximation itself to one of the (A, 7)-efficient solutions of the problem. Nevertheless it
should be stressed that even in simple applied problems the construction of Tikhonov minimiz-
ing sequences and corresponding Tikhonov approximate solutions usually turns out to be a very
complicated and sometimes unsolvable problem. In view of this, it is reasonable to weaken the
requirements on approximate solutions to the vector optimization problem (X4, f, A, 7).

Definition 5.4. We say that an element x* € X4 is the (o, T)-generalized solution to vector
optimization problem , if there exist a sequence {xy},., C Xuq and an element § €

Inf;\’gxad (z) such that v, > x*in X and f(x) = inY.

Thus, a vector optimization problem may have an approximate solution even in the absence of
its solvability. It is clear that any Tikhonov approximate solution to the problem (X4, f, A, 7)
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is also a (o, 7)-generalized solution. However, even if a (A, 7)-efficient solution is available
(x¢7 € Eff .(Xaq; f; A)), we cannot guarantee the proximity of an (o, 7)-generalized solution
x* to Eff .(Xuq; f; A) in the o-topology of X.

We denote by GenEff,, . (X,q4; f; A) the set of all (o, 7)-generalized solutions to the problem
(Xaa, fy A, 7). Tt is clear that

Eff, (Xaa; f; A) C GenEff, (Xag; f3 A).
Moreover, as evident consequence of Theorem [3.15] we have the following obvious result:

Proposition 5.5. Under suppositions of Theorem the vector optimization problem
(Xaa, f, \, T) is well-set in the Tikhonov sense with respect to the topology of X, and in addition

GenEff, - (Xoa; f; A) = Eff(Xag; [ A).
However, as the next example indicates, the inverse inclusion
GenEff, (Xag; f; A) C Eff(Xag; f; A)
does not generally hold.

Example 5.6. Let X,y = {z € X : ||z|| < 1} be a unit ball in a Banach space X, let Y = R*
be partially ordered with the cone A = Ri of positive elements in R2. Let the mapping f :
Xoa — R? be defined by

s = [, 00 | e e X\ tox st @) = || iree s, sox) = 7]

where S = {x € X : ||z|| = 1} is the unit sphere in X. We endow the spaces X and Y with

z 2
2 .
1 /o
1 2 Z

Figure 9: The set f(Xq) to Example

the weak (o) and the strong (T) topologies, respectively. Since

a5~ {3 ) st - { [

it follows that Min(X,q4, f,A) = {Ox} U S whereas Eff .(X,q4; f; A) = 0. However, the set
of (o, 7)-generalized solutions to the problem (X4, f, A, T) is non-empty. Indeed, let us fix a
sequence {xy} o, C Xqq such that

2o — Ox in X and flay) — {m}

Then, following Deﬁnition we have 0x € GenEft, (X.q; f; A) and, in fact,
GenEHU,T(Xad; f; A) = {OX} .
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Having taken \* = [(ﬂ , we consider the following scalar problem associated with the vector
problem (X ,q, f, A, T):

L+ el if fl2l] < Land x # O,

(52) @)= (f(2), Nga = Lo i flzfl =1,
2, lf xr = OX

Straightforward calculations show that

Argmin fy(z) = {zx € Xu : ||z]| = 1}.
r€Xaaq
As a result, we have
GenEff, - (Xaa; f; A) N Argmin f(z) = 0.
z€Xqq

Thus, any solution of the scalar problem is neither a (\, 7)-efficient solution nor a gener-
alized one to the vector problem (X4, f, A, 7). Thus, in view of Definition (Xaa, [\, 7)
can be characterized as the ill-posed vector optimization problem.

To obtain the sufficient conditions which would guarantee that the set of (o, 7)-generalized
solutions to the problem (=, I, A, 7) is non-empty, we use the scalarization of this problem in

the form (@.2).

Let sc, fy : Xua — R denote the lower o-semicontinuous envelope of the functional f(z) =
(f(x), A)y., withsome A € K, thatis, sc f) is the greatest lower o-semicontinuous functional
majorized by f) on X, 4. Then, following the direct method in the Calculus of Variations, we
get:

Proposition 5.7. Let X4 be a sequentially closed subset of a linear topological space (X, o).
Assume that for a fixed \ € K the functional sc;, fx : X,q — R is countably o-coercive, i.e. the
o-closure of the set {x € X,q : sc, fr(x) <t} is countably o-compact for every t € R. Then
every minimizing sequence for inf,cx_, sc, fr(x) has a o-cluster point which is a minimum
point of sc; fx on Xaq, i.e., Sol(X,q; sc; fr) # 0.

Remark 5.8. It is clear that this proposition remains valid if instead of the countable o-
coerciveness of sc fx on X,q we assume the sequential o-compactness of the set X .

Now we are able to prove the main result of this paper.

Theorem 5.9. Let X be a reflexive Banach space, o be the weak topology on X, V be a separa-
ble Banach space, and the Banach space Y = V* be endowed with the weak-+* topology T and
partially ordered with a pointed cone A = K*, where K is a convex pointed cone in V with non-
empty algebraic interior cor (K). Let also X ,q be a non-empty sequential o-compact subset of
X, andlet f : Xoq — Y be a given mapping (not necessary (A, o x 7)-lower semicontinuous
on Xuq). Then the following inclusion is valid:

(5.3) U Argminsc, fi(x) C GenEff, . (Xaa; f; A).

AeKE r€Xad

Proof. To begin with, we note that the convexity of the pointed cone K and condition cor (K) #
() imply the inclusion cor (K) C K* (see [11]]). Hence the quasi interior K* of K is non-empty.
Let \ be any element of K*. Then, by Proposition there exists at least one element z* € X4
such that

(5.4) x* € Argminsc, fi(x).

r€Xaq
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Since sc, fi(z) is the lower o-semicontinuous envelope of the functional
f/\(l’) = <f(l’), A>y;v )
it follows that there exists a sequence {xk};il C X,q such that z;, = z* and

. B . by condition (3.4) B
(55 Tm (flon) Ny =56 @7 < s o) < (F@) Ny o € Xas
Since K* U Oy is a nontrivial convex cone in V' with non-empty algebraical interior, it follows
that it is a reproducing cone in V/, that is, [K*U0y]| — [K* UOy] = V (see [L1]). Then,
following Peressini [[17] and Borwein [5], we have that in the dual space Y = V* the ordering
cone A = K* is normal with respect to the norm topology of Y, that is,

(5.6) y<az = |yl <=l

Now, turning back to the formula (5.5), we get: there exist an integer k € N and an element
y € Y such that

<f(xk>7 )\>Y;V < <f/(]\, )\>Y;V Vi > /k\}

Since A € K¥, this implies f(x;) < 7 for all k& > k. Using the normality property of the
cone A for the norm topology of Y, we come to the conclusion: there exists a constant ¢ > 0
such that || f(zy)|ly < C for all k > k. Hence, without loss of generality, we may suppose
that the sequence { f(zy)},-, is bounded in Y. So, by Banach-Alaoglu Theorem, there exist
an element 7 € Y and a subsequence of {f(zj)},—, (still denoted by subscript k) such that
flzr) & ninY as k — oo.

For now we assume that

5.7 " & GenEff, - (Xaa; f; A).

Then, as follows from Definition , n ¢ Infﬁgxad f(z). Hence, there can be found an element

£ € Infd” (x) such that £ <, 7. Therefore, n — & € A\ {0y}, and using the fact that

z€Xqq
A\ € K*, we just come to the inequality

(5.8) (M, Ay > (§; )y whichis equivalent to  lim (f (1), A)y.r > (§, Ay -

k—o0
On the other hand, for the element £ € Inffv\gxad
such that f(v;) — £ inY. Since the set X, is sequentially o-compact, we may suppose that
v — v* € Xqq. Then, by inequality |i we deduce
(5.9) Tim (f(20), Ny < (@), Ny, ViEN.
Passing to the limit in (5.9) as i — oo, we get
kh_{ilo (f(zx), /\>}qv < (¢, )‘>y;v :

However, this contradicts (5.8)) and hence (5.7). Thus, z* is the (o, 7)-generalized solution to
vector optimization problem (X4, f, A, 7). i

(z) there exists a sequence {vy},o; C Xaa
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