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1. INTRODUCTION
Recently, L. Bougoffa [1] stated the following result :
Theorem 1.1.Letp > 1 and letfy, fo, ..., fu, n € Z,, be nonnegative integrable functions.
DefineFy(z) = %ffk(t)dt, k=1,2,..,n. Then
0

(1.1) / (}i[l Fk(x)) % dr < (]%)pf (% ; fk(x)>p dz.

0

We note that this result follows directly by using the classical Hardy inequality ($ee [4] or
some of the books [6]. [7].[8] and [10])

e}

(1.2) / é/xf(t) dt pdxg (}%)p]ofp(x)dx

0 0

and the Arithmetic-Geometric Mean inequality
r@) <13 A - 1] S | at
k=1 n k=1 n =

2. MAIN RESULTS

First we generalize the Bougoffa result in the following way:

Theorem 2.1.Letp > 0, p # 1l andn € Z,. Let{ay},-, be a positive sequence such

> o, = Land{fy},-, be a sequence of integrable functions and let
k=1

0

Then the inequality

0 p o0 p
o] 1 ag P [e'¢)
(2.1) / H {—Fk(x)} dr < ( p ) / Zakfk(x) dx
ot LY p =1 k=1
0 0
holds if and only ijp > 1 and the constan(}%)p is sharp.

Remark 2.1.If p > 1, o4 = 1, k = 1,2,...,n, o = 0, k > n + 1, we obtain the Bougoffa
inequality {I.1) and the constant [n (].1) is in fact sharp.

Proof. Letp > 1. According to the more general Arithmetic-Geometric Mean inequality

H g (z) < Z gk (),
k=1 k=1
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we have that

(22) <HF,§%<$>> < (Zaka(:c)) - / (Zakfk@)) dt

By using Hardy’s |nequallt2) with the functloE o fir(t) and ) the inequalit.l)
f(t

is proved. The constant in the inequality is sharp since by applying it ith = ,
k=1,2,..,itreduces to[(1]2) and it is known that the constant in this inequality is sharp.

Now, IetO < p < 1. Then [2.2) still holds. But theri (4.1) cannot hold in general since by
applying it with fi.(z) = f(x), k = 1,2, ..., it reduces to the inequality

7 %/mf(t)dt pdmg (%)p%p(x)dx

but it is well known that this is not true. In fact, it just holds in the reversed direction. The
proof is completen

Remark 2.2. Forp < 0 it is known that [(1.R) still holds but now (2.2) holds in the reversed
direction so our proof above does not work so we leave it as an open question whether (2.1)
holds in this case or not.

p

By using the technique above and other results from the rich theory of Hardy type inequalities
(see e.g. the books|[3],/[4].][7].[8] and [10]) we can now give the similar results in most cases.
Here we only give the following multidimensional weighted version of the result above. In
what follows we use bold letters to denote the n-tuples of real numbers esq; ..., z,,) or
t = (t1,...,t,). In particular, we sex = (z; ..., z,,) € R" andt = (¢, ..., t,) € R".

Theorem 2.2.Letp > 0,p # 1, m # 1 andn € Z.. Let{a;},-, be a positive sequence such
> ap, = Land{fi},—, be a sequence of integrable functions[Brb], 0 < b < oo, and let

:/.../fk(t)dtl...dtn, k=1,2,...
0 0
Then the inequality

b1 bn o p
/.../a:l_m...a:;m (HFIS"“(X)> dxy...dz,

0 0

(2.3) g( 1|) / /H{l——} o <§akfk(x)>px§’m...xg—mdxl...dxn

holds if and only ifp > 1 and the constanf-2-)™ is sharp.

Proof. We just use Theorem 3.1 inl[9] instead of the classical Hardy’s inequiality (1.2) and the
proof is similar to the proof of Theorein 2.1. We omit the detajls.

Remark 2.3. Letm =p > 1,b, = by = ... = b, = cc. Then [2.B) also follows from a result
of Pachpatte [11]. If alsa = 1, then the result in Theorem 2.2 coincides with that in Theorem
2.1.
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Remark 2.4. It is well known that Hardy’s inequality (1.2) implies its discrete analogue

(2.4) Z (l Z ak) < (%) Z o,
=1 \"" =1 pP= k=1

which holds forp > 1 and also fop < 0.
Alimiting case of [2.4) is the famous Carleman inequality from 1922 (See [2] ):

(2.5) Z Yarag.ay < ezak.

Just use the Arithmetic- Geometrlc inequality in the left hand side of (2.4) and repldne
ak in ( .) and we find that

(e 9]

P \'v
v a1as...a S (F) ;O&k.

p
Letp — oo SO that(p%1 — e and ) follows.
In a similar way we see that Polya-Knopp’s inequality

k=1

o0 1 €T
/exp —/lnf )dt d:c<e/f
0 0

follows by just using a continuous version of the Arlthmetlc-Geometric inequality, namely

(2.6) exp l/mf /f

0
Hardy’s inequality[(1.R) and letting — oo.
Many other proofs and historical remarks concerning the inequalitigls (2.5) ahd (2.6) can be
found in the paper [5] but the proofs presented above seems to be most natural and elementary
ones. We remark that the constari$ sharp in both of the inequalitigs (2.5) apd {2.6) .

Remark 2.5. By just using [(2.4) and the technique above we can also state and prove a dis-
crete version of Theorem 1.1 and also obtain similar results by using other discrete Hardy type
inequalities e.g. a discrete version of Theofem 2.1.
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