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1. I NTRODUCTION

The following two results were presented in [2] and [6].
We recall that a locally convex spaceZ is calledadmissible in the Loynes senseif the follow-

ing conditions are satisfied:

• Z is complete;
• there is a closed convex cone inZ, denotedZ+, that defines an order relation onZ (that

is z1 ≤ z2 if z2 − z1 ∈ Z+);
• there is an involution inZ, Z 3 z → z∗ ∈ Z (that isz∗∗ = z, (αz)∗ = αz∗, (z1 +z2)

∗ =
z∗1 + z∗2), such thatz ∈ Z+ impliesz∗ = z;

• the topology ofZ is compatible with the order (that is, there exists a basis of convex
solid neighborhoods of the origin);

• any monotonously decreasing sequence inZ+ is convergent.

We say that a setC ∈ Z is calledsolid if 0 ≤ z′ ≤ z′′ andz′′ ∈ C impliesz′ ∈ C.
Let Z be an admissible space in the Loynes sense. A linear topological spaceH is calledpre-

LoynesZ–space if it satisfies the following properties:H is endowed with aZ–valuedinner
product (gramian), i.e. there exists an applicationH × H 3 (h, k) → [h, k] ∈ Z having the
properties:[h, h] ≥ 0; [h, h] = 0 impliesh = 0; [h1+h2, h] = [h1, h]+[h2, h]; [λh, k] = λ[h, k];
[h, k]∗ = [k, h]; for all h, k, h1, h2 ∈ H andλ ∈ C.

The topology ofH is the weakest locally convex topology onH for which the application
H 3 h → [h, h] ∈ Z is continuous. Moreover, ifH is a complete space with this topology, then
H is called LoynesZ–space.

Let Z an admissible space in the Loynes sense, see [6] andH be a LoynesZ-space. As in
Hilbert spaces, see [3], we can show also that in pseudo-Hilbert spaces for any two operators
T, U ∈ B∗(H), see [2], we have

||TU − UT || ≤ 2 min{||T ||, ||U ||}min{||T − U ||, ||T + U ||}.

In addition, ifN is a gramian normal operator inB∗(H) then

||NN∗ −N∗N || ≤ 2||N ||min{||N −N∗||, ||N + N∗||}.

If we have three operators,T1, T2, T3 ∈ B∗(H) then

||T1T2T3 − T3T2T1|| ≤ 2(||T1||min{||T3||, ||T2||}||T2 − T3||

+||T2||min{||T1||, ||T3||}||T3 − T1||+ ||T3||min{||T2||, ||T1||}||T2 − T1||).
Indeed,

||T1T2T3 − T3T2T1|| = ||T1(T2T3 − T3T2) + (T1T3 − T3T1)T2 + T3(T1T2 − T2T1)||

≤ ||T1||||T2T3 − T3T2||+ ||T2||||T1T3 − T3T1||+ ||T3||||T1T2 − T2T1||
and now we use the first inequality above.

2. THE RESULTS

The following result is a generalization of Theorem 1 of Dragomir (see [4]), for gramian
normal commuting operators on pseudo-Hilbert spaces.
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Proposition 2.1. LetH be a LoynesZ-space andNk, Mk ∈ B∗(H), k ∈ {1, ..., n}, n ≥ 2
be gramian normal operators which commute, i.e.NiNj = NjNi, MiMj = MjMi, NiMj =
MjNi, (∀) i, j ∈ {1, ..., n} with the property that

∑n
k=1 NkMk = 0.

Then

max
i∈{1,...,n}

{|NiMi|} ≤
1

2
(

n∑
k=1

|Nk|2)
1
2 (

n∑
k=1

|Mk|2)
1
2

if the maximum exists.
Moreover, the constant1

2
can not be replaced by a smaller constant in previous inequality.

Now putting in Proposition 2.1,
√

pkNk instead ofNk and
√

pkMk instead ofMk we have

Theorem 2.2. LetH be a LoynesZ-space andNk, Mk ∈ B∗(H), k ∈ {1, ..., n}, n ≥ 2 be
gramian normal operators which commute, andpk ≥ 0, k ∈ {1, ..., n},

∑n
k=1 pk = 1 with the

property that
∑n

k=1 pkNkMk = 0.
Then

max
i∈{1,...,n}

{pi|NiMi|} ≤
1

2
(

n∑
k=1

pk|Nk|2)
1
2 (

n∑
k=1

pk|Mk|2)
1
2 ,

if the maximum exists.
Moreover, the constant1

2
can not be replaced by a smaller constant in previous inequality.

If we take in Theorem 2.2,Mk = I, k ∈ {1, ..., n} the above inequality becomes:

max
i∈{1,...,n}

{pi|Ni|} ≤
1

2
(

n∑
k=1

pk|Nk|2)
1
2 ,

when
∑n

k=1 pkNk = 0. Because
∑n

k=1 pk(Nk −
∑n

j=1 pjNj) = 0 when
∑n

k=1 pk = 1 we can
replace aboveNi with Ni −

∑n
j=1 pjNj obtaining the below inequality.

The equality in the next corollary follows from

|Nk −
n∑

j=1

pjNj|2 = (N∗
k −

n∑
j=1

pjN
∗
j )(Nk −

n∑
j=1

pjNj)

= |Nk|2 + |
n∑

j=1

pjNj|2 −N∗
k

n∑
j=1

pjNj −
n∑

j=1

pjN
∗
j Nk

by summing afterk from 1 to n, last equality multiplied bypk.

Corollary 2.3. If Nk, k ∈ {1, ..., n} are n gramian normal commutative operators inB∗(H)
andpk ≥ 0, k ∈ {1, ..., n} with

∑n
k=1 pk = 1, then we have that

max
i∈{1,..,n}

{pi|Ni −
n∑

j=1

pjNj|} ≤
1

2
(

n∑
k=1

pk|Nk −
n∑

j=1

pjNj|2)
1
2

=
1

2
(

n∑
k=1

pk|Nk|2 − |
n∑

j=1

pjNj|2)
1
2 ,

if the maximum exists.

Proposition 2.4. If we considerH a Hilbert space andNk, Mk ∈ B(H) as in Proposition 2.1,
the same inequality will be satisfied.

As an analogue of Theorem 3 from [4], we have also for gramian normal commuting opera-
tors:
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Theorem 2.5. LetH be a LoynesZ-space andNk, Mk ∈ B∗(H), k ∈ {1, ..., n}, n ≥ 2 be
gramian normal operators which commute, i.e.NiNj = NjNi, MiMj = MjMi, NiMj =
MjNi, (∀) i, j ∈ {1, ..., n} with the property that

∑n
k=1 NkMk = 0 and pk ≥ 0, k ∈

{1, 2, ..., n} with
∑n

k=1 pk = 1. Then we have the inequality:
n∑

j=1

pj|Nj|2
n∑

k=1

|Mk|2 +
n∑

j=1

pj|Mj|2
n∑

k=1

|Nk|2 ≤
n∑

k=1

|Nk|2
n∑

k=1

|Mk|2.

Proof. Using the proof of the Proposition 2.1, we obtain that

0 ≤ |NiMi|2 ≤ (
n∑

k=1

|Nk|2 − |Ni|2)(
n∑

k=1

|Mk|2 − |Mi|2)

=
n∑

k=1

|Nk|2
n∑

k=1

|Mk|2 + |Ni|2|Mi|2 − |Ni|2
n∑

k=1

|Mk|2 −
n∑

k=1

|Nk|2|Mi|2.

This implies:

|Ni|2
n∑

k=1

|Mk|2 + |Mi|2
n∑

k=1

|Nk|2 ≤
n∑

k=1

|Nk|2
n∑

k=1

|Mk|2,

(∀) i ∈ {1, 2, ..., n}. If we multiply by pi ≥ 0 the last inequality and then sum overi, i ∈
{1, 2, ..., n} we obtain the first inequality.

Corollary 2.6. Taking into account the conditions from the previous theorem we will have:

(
n∑

j=1

pj|Nj|2
n∑

k=1

|Mk|2)
1
2 (

n∑
j=1

pj|Mj|2
n∑

k=1

|Nk|2)
1
2 ≤ 1

2
(

n∑
k=1

|Nk|2
n∑

k=1

|Mk|2).

Moreover, the constant1
2

can not be replaced by a smaller constant in previous inequality.

Proof. Using the inequality from the previous theorem and the following,

2(
n∑

j=1

pj|Nj|2
n∑

k=1

|Mk|2)
1
2 (

n∑
j=1

pj|Mj|2
n∑

k=1

|Nk|2)
1
2

≤
n∑

j=1

pj|Nj|2
n∑

k=1

|Mk|2 +
n∑

j=1

pj|Mj|2
n∑

k=1

|Nk|2

we will obtain the inequality of the above corollary.

Remark 2.1. Moreover, the constant1
2

can not be replaced by a smaller constant in previous
inequality.

In order to prove the sharpness of the constant we assume that there isD > 0 such that

(
n∑

j=1

pj|Nj|2
n∑

k=1

|Mk|2)
1
2 (

n∑
j=1

pj|Mj|2
n∑

k=1

|Nk|2)
1
2 ≤ D(

n∑
k=1

|Nk|2
n∑

k=1

|Mk|2).

Indeed if we taken = 2, N1 = N, N2 = −M, M1 = M, M2 = N, p1 = p, p2 = 1 − p,
then the inequality becomes:

((p|N |2 + (1− p)|M |2)(|M |2 + |N |2))
1
2 ((|N |2 + |M |2)(p|M |2 + (1− p)|N |2))

1
2

≤ D(|N |2 + |M |2)2.
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Now if we takep = 1
2

then we have

1

2
(|M |2 + |N |2)2 ≤ D(|N |2 + |M |2)2,

i.e. D ≥ 1
2
.

Corollary 2.7. Let M
′

k ∈ B∗(H), k ∈ {1, ..., n}, n ≥ 2 be gramian normal operators which
commute andpk, k ∈ {1, ..., n} a sequence with the property

∑n
k=1 pk = 1. Then:

(
n∑

k=1

|M ′

k −
n∑

l=1

plM
′

l |2)
1
2 (

n∑
j=1

pj|M
′

j −
n∑

l=1

plM
′

l |2)
1
2

≤ 1

2

(
∑n

k=1 p2
k)

1
2

(
∑n

j=1 p3
j)

1
2

n∑
k=1

|M ′

k −
n∑

l=1

plM
′

l |2.

Proof. As in Corollary 3.1, see [4], it is obvious that if we replace in Corollary 2.6Nk bypkI and
Mk byM

′

k−
∑n

l=1 plM
′

l for k ∈ {1, ..., n}, because
∑n

i=1 NiMi =
∑n

i=1 pi(M
′
i−

∑n
l=1 plM

′

l ) =
0, we deduce the desired result.

Theorem 2.8. LetH be a LoynesZ-space andNk, Mk ∈ B∗(H), k ∈ {1, ..., n}, n ≥ 2 be
gramian normal operators which commute, i.e.NiNj = NjNi, MiMj = MjMi, NiMj =
MjNi, (∀) i, j ∈ {1, ..., n} with the property that

n∑
k=1

pkNkMk = 0 and pk ≥ 0, k ∈ {1, 2, ..., n} with
n∑

k=1

pk = 1.

Then we have the inequalities:

max
i∈{1,...,n}

{pi|Ni||Mi|}(
n∑

k=1

pk|Nk|2)
1
2 (

n∑
k=1

pk|Mk|2)
1
2

≤ 1

2
max

i∈{1,...,n}
[pi|Ni|2

n∑
k=1

pk|Mk|2 + pi|Mi|2
n∑

k=1

pk|Nk|2](2.1)

≤ 1

2

n∑
k=1

pk|Nk|2
n∑

k=1

pk|Mk|2,

if the respective maximum exists in each case.

Proof. Using the inequality

|NiMi|2 ≤ (
n∑

k=1

|Nk|2 − |Ni|2)(
n∑

k=1

|Mk|2 − |Mi|2), i ∈ {1, ..., n},

from the proof of Proposition 2.1, with
√

piNi instead ofNi and
√

piMi instead ofMi we obtain

p2
i |NiMi|2 ≤ (

n∑
k=1

pk|Nk|2 − pi|Ni|2)(
n∑

k=1

pk|Mk|2 − pi|Mi|2)

=
n∑

k=1

pk|Nk|2
n∑

k=1

pk|Mk|2 + p2
i |Ni|2|Mi|2 − pi|Ni|2

n∑
k=1

pk|Mk|2 − pi|Mi|2
n∑

k=1

pk|Nk|2.

This means that

pi|Ni|2
n∑

k=1

pk|Mk|2 + pi|Mi|2
n∑

k=1

pk|Nk|2 ≤
n∑

k=1

pk|Nk|2
n∑

k=1

pk|Mk|2,
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for eachi ∈ {1, ..., n}.
Using the hypothesis that the maximum exists and taking in the above inequality the maxi-

mum overi ∈ {1, ..., n} we obtain the second part of the inequality (2.1).
For the first part, we will use the inequality,

pi|Ni|2
n∑

k=1

pk|Nk|2 + pi|Mi|2
n∑

k=1

pk|Nk|2 ≥ 2pi|Ni||Mi|(
n∑

k=1

pk|Nk|2)
1
2 (

n∑
k=1

pk|Mk|2)
1
2

for eachi ∈ {1, ..., n}.
This concludes the proof.

3. OTHER RESULTS

Corollary 3.1. If n ∈ N , n ≥ 2, A1, A2, ..., An ∈ B∗(H), whereH is a LoynesZ- space, are n
gramian self-adjoint commutative operators anda1, a2, ..., an ∈ R−{0}witha1+a2+...+an 6=
0 then,

A2
1

a1

+
A2

2

a2

+ ... +
A2

n

an

− (A1 + A2 + ... + An)2

a1 + a2 + ... + an

=
1

a1 + a2 + ... + an

∑
1≤i<j≤n

(aiAj − ajAi)
2

aiaj

(3.1)

.

Corollary 3.2. (i) If n ∈ N , n ≥ 2, A1, A2, ..., An ∈ B∗(H), whereH is a LoynesZ- space,
are n gramian self-adjoint commutative operators anda1, a2, ..., an ∈ R − {0} with a1 + a2 +
... + an 6= 0 then,

A2
1

a1

+
A2

2

a2

+ ... +
A2

n

an

≥ 1

a1 + a2 + ... + an

∑
1≤i<j≤n

(aiAj − ajAi)
2

aiaj

(ii) Under the above conditions, we have,

A2
1

a1

+
A2

2

a2

+ ... +
A2

n

an

≥ (A1 + A2 + ... + An)2

a1 + a2 + ... + an

.

Using Corollary 3.1 we can deduce an analogue of Theorem 5 from [7] for operators on
LoynesZ- spaces.

Theorem 3.3. If n ∈ N n ≥ 2, Ai ∈ B∗(H), i = 1, n aren gramian self-adjoint commutative
anda1, a2, ..., an ∈ (0,∞), then

A2
1

a1

+
A2

2

a2

+ ... +
A2

n

an

− (A1 + A2 + ... + An)2

a1 + a2 + ... + an

≥ Ak,l +
1

a1 + a2 + ... + an

∑
1≤i<j≤n, i,j 6=k,l

(aiAj − ajAi)
2

aiaj

,

where

Ak,l = max
1≤i<j≤n

(aiAj − ajAi)
2

aiaj(ai + aj)
=

(akAl − alAk)
2

akal(ak + al)
, 1 ≤ k < l ≤ n,

if they exist.
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Proof. The proof is as in [7]. Using the inequality

A2

a
+

B2

b
≥ (A + B)2

a + b
,

and Corollary 3.1, we have

A2
1

a1

+
A2

2

a2

+ ... +
A2

n

an

− (A1 + A2 + ... + An)2

a1 + a2 + ... + an

=
1

a1 + a2 + ... + an

∑
1≤i<j≤n

(aiAj − ajAi)
2

aiaj

=
1

a1 + a2 + ... + an

(
(akAl − alAk)

2

akal

+
n∑

m=1, m 6=k,l

(
(amAl − alAm)2

amal

+
(amAk − akAm)2

amak

)) +
1

a1 + a2 + ... + an

∑
1≤i<j≤n, i,j 6=k,l

(aiAj − ajAi)
2

aiaj

=
1

a1 + a2 + ... + an

(
(akAl − alAk)

2

akal

+
n∑

m=1, m 6=k,l

(
(akAl − alak

am
Am)2

ala
2
k

am

+
(alak

am
Am − alAk)

2

aka2
l

am

)) +
1

a1 + a2 + ... + an

∑
1≤i<j≤n, i,j 6=k,l

(aiAj − ajAi)
2

aiaj

≥ 1

a1 + a2 + ... + an

(
(akAl − alAk)

2

akal

+
n∑

m=1, m 6=k,l

am(akAl − alAk)
2

akal(ak + al)
)

+
1

a1 + a2 + ... + an

∑
1≤i<j≤n, i,j 6=k,l

(aiAj − ajAi)
2

aiaj

=
(akAl − alAk)

2

akal(ak + al)
) +

1

a1 + a2 + ... + an

∑
1≤i<j≤n, i,j 6=k,l

(aiAj − ajAi)
2

aiaj

.

Theorem 3.4. If n ∈ N n ≥ 2, Ai ∈ B∗(H), i = 1, n, gramian self-adjoint operators which
commute as pairs anda1, a2, ..., an ∈ (0,∞), then

1

a1 + a2 + ... + an

∑
1≤i<j≤n, i,j 6=k,l

(aiAj + ajAi)
2

aiaj

≥ (A1 + A2 + ... + An)2

a1 + a2 + ... + an

+
n∑

k=1

A2
k

ak

−2[
A2

k

ak

+
A2

l

al

+
ak + al∑n

i=1 ai

n∑
r=1,r 6=k,l

A2
r

ar

+
1∑n

i=1 ai

n−1∑
t=2,t6=k,l

A2
t ] + Ak,l,

where

Ak,l = max
1≤i<j≤n

(aiAj − ajAi)
2

aiaj(ai + aj)
=

(akAl − alAk)
2

akal(ak + al)
, 1 ≤ k < l ≤ n,

if they exist.
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Proof. We use the inequality from Theorem 3.3,
n∑

k=1

A2
k

ak

− (
∑n

k=1 Ak)
2∑n

k=1 ak

≥ Ak,l +
1∑n

k=1 ak

∑
1≤i<j≤n, i,j 6=k,l

(aiAj − ajAi)
2

aiaj

= Ak,l +
2∑n

k=1 ak

∑
1≤i<j≤n, i,j 6=k,l

(aiAj)
2 + (ajAi)

2

aiaj

− 1∑n
k=1 ak

∑
1≤i<j≤n, i,j 6=k,l

(aiAj + ajAi)
2

aiaj

= Ak,l +
2∑n

k=1 ak

(
∑

1≤i<j≤n

(aiAj)
2 + (ajAi)

2

aiaj

− (akAl)
2 + (alAk)

2

akal

−
n∑

m=1, m 6=k,l

(
(amAl)

2 + (alAm)2

amal

+
(amAk)

2 + (akAm)2

amak

))

− 1∑n
k=1 ak

∑
1≤i<j≤n, i,j 6=k,l

(aiAj + ajAi)
2

aiaj

= Ak,l +
2∑n

k=1 ak

(
n∑

j=2

A2
j

aj

j−1∑
i=1

ai +
n∑

j=2

aj

j−1∑
i=1

A2
i

ai

)− 2∑n
i=1 ai

(akAl)
2 + (alAk)

2

akal

− 2∑n
i=1 ai

((
A2

l

al

+
A2

k

ak

) ·
n∑

m=1, m 6=k,l

am + (al + ak) ·
∑

m=1, m 6=k,l

A2
m

am

)

− 1∑n
k=1 ak

∑
1≤i<j≤n, i,j 6=k,l

(aiAj + ajAi)
2

aiaj

.

By elementary calculus, the last term of previous inequality becomes

Ak,l −
1∑n

k=1 ak

∑
1≤i<j≤n, i,j 6=k,l

(aiAj + ajAi)
2

aiaj

+
2∑n

i=1 ai

(a1

n∑
i=2,i6=k,l

A2
i

ai

+a2

n∑
i=3,i6=k,l

A2
i

ai

+ ... + ak−1

n∑
i=k+1,i6=l

A2
i

ai

− ak

k−1∑
i=1

A2
i

ai

+ ak+1

n∑
i=k+2,i6=l

A2
i

ai

+ ...

+al−1

n∑
i=l+1

A2
i

ai

− al

l−1∑
i=1

A2
i

ai

+ ... + an−1
A2

n

an

+ a2
A2

1

a1

+ a3(
A2

1

a1

+
A2

2

a2

) + ... + an

n−1∑
i=1,i6=k,l

A2
i

ai

)

= Ak,l −
1∑n

k=1 ak

∑
1≤i<j≤n, i,j 6=k,l

(aiAj + ajAi)
2

aiaj

+
2∑n

i=1 ai

(
n−1∑

t=1,t6=k,l

at

n∑
r=t+1,r 6=k,l

A2
r

ar

−ak

k−1∑
i=1

A2
i

ai

− al

l−1∑
i=1

A2
i

ai

+
n∑

p=2

ap

p−1∑
r=1,r 6=k,l

A2
r

ar

)

= Ak,l −
1∑n

k=1 ak

∑
1≤i<j≤n, i,j 6=k,l

(aiAj + ajAi)
2

aiaj

+
2∑n

i=1 ai

(
n−1∑

t=1,t6=k,l

at

n∑
r=t+1,r 6=k,l

A2
r

ar
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+
n∑

t=2,t6=k,l

at

t−1∑
r=1,r 6=k,l

A2
r

ar

).

Because,
n−1∑

t=1,t6=k,l

at

n∑
r=t+1,r 6=k,l

A2
r

ar

+
n∑

t=2,t6=k,l

at

t−1∑
r=1,r 6=k,l

A2
r

ar

=
n−1∑

t=2,t6=k,l

at

n∑
r=t+1,r 6=k,l

A2
r

ar

+
n−1∑

t=2,t6=k,l

at

t−1∑
r=1,r 6=k,l

A2
r

ar

+ a1

n∑
r=2,r 6=k,l

A2
r

ar

+ an

n−1∑
r=2,r 6=k,l

A2
r

ar

=
n∑

t=1,t6=k,l

at

n∑
r=1,r 6=k,l

A2
r

ar

−
n−1∑

t=2,t6=k,l

A2
t =

n∑
t=1

at

n∑
r=1,r 6=k,l

A2
r

ar

− (ak + al)
n∑

r=1,r 6=k,l

A2
r

ar

−
n−1∑

t=2,t6=k,l

A2
t ,

we obtain the desired inequality.

Consequence 1.If n ∈ N n ≥ 2, H being now a Hilbert space,Ai ∈ B(H), i = 1, n
gramian self-adjoint operators which commute as pairs anda1, a2, ..., an ∈ (0,∞), then the
same inequality as in Theorem 3.3 is satisfied.
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