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1. INTRODUCTION

The following two results were presented(in [2] ahd [6].
We recall that a locally convex spages calledadmissible in the Loynes sen&the follow-
ing conditions are satisfied:
e 7/ is complete;
e there is a closed convex cone4n denoted” . , that defines an order relation @h(that
is 21 < 29 if 29 — 21 € Z+),
e thereisaninvolutioni¥, 7 5 z — z* € Z (thatisz** = z, (az)* = @z*, (z1+22)" =
21 + 23), such that € Z, impliesz* = z;
¢ the topology ofZ is compatible with the order (that is, there exists a basis of convex
solid neighborhoods of the origin);
e any monotonously decreasing sequencg ins convergent.

We say that a set' € 7 is calledsolidif 0 < 2/ < 2" andz” € C impliesz’ € C.

Let Z be an admissible space in the Loynes sense. A linear topological Bpaaslledpre-
LoynesZ—space if it satisfies the following propertie¥. is endowed with &—valuedinner
product(gramian), i.e. there exists an applicatithx H > (h,k) — [h, k] € Z having the
properties]h, h] > 0; [h, h| = 0impliesh = 0; [h1+ha, h] = [h1, h|+|he, h]; [Ah, k] = A[h, k];

[h, k]* = [k, h]; forall h, k, hy, ho € HandX € C.

The topology ofH is the weakest locally convex topology @t for which the application
H > h — [h, h] € Zis continuous. Moreover, iff is a complete space with this topology, then
'H is called LoynesZ—space

Let Z an admissible space in the Loynes sense,/See [6]abd a LoynesZ-space. As in
Hilbert spaces, seel[3], we can show also that in pseudo-Hilbert spaces for any two operators
T,U € B*(H), seel[2], we have

|TU = UT|| < 2min{||T'[[, ||U]|} mind[|T" = U}, [|T" + U[[}.
In addition, if N is a gramian normal operator B () then
INN* = N*N|| < 2[[N|[min{[|N — N*[|, [|[N + N*[|}.
If we have three operator$;, T, T3 € B*(H) then
[T Ts — T | < 2(||Th || min{||T3(], || T2/} T2 — T3]
[ Ta|[ min{ [T [, [|T5|[}[T5 = Tal] + [| T3] ming || To[|, [ T3]} T2 — Thl]).-
Indeed,
HT1T2T3 — T3T2T1|| = HTI(T2T3 — T3T2) —+ (T1T3 — T3T1)T2 + T3(T1T2 — T2T1)||
<||GITTs — Tl + (| TR T — T3] + (T[T T — ToTh|

and now we use the first inequality above.

2. THE RESULTS

The following result is a generalization of Theorem 1 of Dragomir (5ée [4]), for gramian
normal commuting operators on pseudo-Hilbert spaces.
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Proposition 2.1. Let’ H be a LoynesZ-space andVy, My, € B*(H), k € {1,...,n}, n > 2
be gramian normal operators which commute, I8 N; = N;N;, M;M; = M;M;, N;M; =
M;N;, (V)i,5 € {1,...,n} with the property thad ~;_, N, M), = 0.

Then

M\H

max {[N]} < 5 ZlNk %Zle

.....

if the maximum exists.
Moreover, the constar%t can not be replaced by a smaller constant in previous inequality.

Now putting in PrOpOSitiO@Wp_ka instead ofN;, and, /p;. M}, instead of\/;, we have

Theorem 2.2. Let'H be a LoynesZ-space andV, M € B*(H), k € {1,...,n}, n > 2 be
gramian normal operators which commute, and> 0, k € {1,...,n}, > ;_, pr = 1 with the
property thaty ", piNp M), = 0.

Then

max {pl\N]\/[|} <= Zpk|Nk % Zpk|Mk %,

i€{l,....,n}

if the maximum exists.
Moreover, the constar%t can not be replaced by a smaller constant in previous inequality.

If we take in Theorerh 2|2}/, = I, k € {1, ..., n} the above inequality becomes:

1
(N < - N2z,
s, < 505

when)"? | pp N = 0. Becaused ,_, pi(Ny — Ejzlijj) = 0when) ) _, px = 1 we can
replace abovév; with N; — 2?21 p,; N, obtaining the below inequality.
The equality in the next corollary follows from

INe =Y piN P = (N; = piN)) (N — Y _pN
j=1 j=1 g=1

= NP+ piNGP = NE Y piN; = > piN; Ny
j=1 j=1 j=1
by summing aftek from 1 to n, last equality multiplied by,

Corollary 2.3. If Ny, k € {1,...,n} are n gramian normal commutative operatorsn(H)
andp, >0, k € {1,....,n} with>",_, p, = 1, then we have that

max {p,|N ZpJN|}< Zpk|Nk ZpJN| )z

1€{1,..
1 1
= §(Zpk|Nk\2 - |ijNj\2)2,
k=1 j=1

if the maximum exists.

Proposition 2.4. If we considerH a Hilbert space andVy,, M, € B(H) as in Propositiorn 2]1,
the same inequality will be satisfied.

As an analogue of Theorem 3 froin [4], we have also for gramian normal commuting opera-
tors:
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Theorem 2.5.Let H be a LoynesZ-space andVy, M € B*(H), k € {1,...,n}, n > 2 be
gramian normal operators which commute, i1.&;N; = N;N;, M;M; = M;M;, N;M; =
M;N;, (V) i,j € {1,...,n} with the property thatzzzl_ NyM, = 0andp, > 0, k €
{1,2,...,n} with >_7_, p,, = 1. Then we have the inequality:

SN MUY S pi MY D INGP <Y T INGP D M.
j=1 k=1 j=1 k=1 k=1 k=1
Proof. Using the proof of the Propositign 2.1, we obtain that

0 < INMP< QO INGE = INPYQ M = M)
k=1 k=1

n

= D OINPY M A INPIMGE = (NPT M R = NP M
k=1

k=1 k=1 k=1
This implies:

NP Y 1M+ M2 Y INKP <) INGP Y M
k=1 k=1 k=1 k=1

(V) i € {1,2,...,n}. If we multiply by p;, > 0 the last inequality and then sum ovieri €
{1,2,...,n} we obtain the first inequalitya

Corollary 2.6. Taking into account the conditions from the previous theorem we will have:
n n ) n n ) 1 n n
O pilNiP Y IMP)E o mlM P YD INGP)E < SO NP Y M),
j=1 k=1 j=1 k=1 k=1 k=1

Moreover, the constarﬁt can not be replaced by a smaller constant in previous inequality.

Proof. Using the inequality from the previous theorem and the following,
n n ) n n i
200 piINGPD D IMP)Y O o MR ING[)?
j=1 k=1 j=1 k=1

< D OINGPY D IMAP A pi MY NG
j=1 k=1 j=1 k=1
we will obtain the inequality of the above corollany.

Remark 2.1. Moreover, the constan%t can not be replaced by a smaller constant in previous
inequality.

In order to prove the sharpness of the constant we assume that tiere issuch that

O piN P D IM)2 (O oMY T ING)2 < DO NG M),
j=1 k=1 j=1 k=1 1 k=1

k=

Indeed if we taker = 2, Ny = N, No = —M, My =M, My =N, p1 =p, ppo =1 —p,
then the inequality becomes:

(PINP + (1 = p)| MP) (M + [N (N + [ M) (p| M + (1 — p)|N|?))2
< D(INJ? + [ M[*)2.
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Now if we takep = I then we have

1

SUMPP + NF)* < DONJ* + M),
ie.D> 1.

Corollary 2.7. Let M, € B*(H), k € {1,...,n}, n > 2 be gramian normal operators which
commute angy,, k € {1,...,n} a sequence with the propery;_, p, = 1. Then:

- / - ’ 1 - / - / 1
(Z | M), — Zlel %) (ij|Mj - Zlel BE
k=1 =1 j=1 =1

L i P2 N~y N 2y

< GBS g =S

2 (Zj:l p?)? k=1 =1
Proof. Asin Corollary@, seé[4], itis obvious that if we replace in Corol]Zkebyka and
M by M, —>"" piM, fork € {1, ...,n}, becaus® "  N;M, =>""  p;(M,—>" ", pM,) =
0, we deduce the desired resuit.
Theorem 2.8. Let’H be a LoynesZ-space andV, M € B*(H), k € {1,...,n}, n > 2 be
gramian normal operators which commute, i1.&;N; = N;N;, M;M; = M;M;, N;M; =
M;N;, (V) i,5 € {1,...,n} with the property that

k=1

k=1
Then we have the inequalities:

max {pi NilIMl} O pel Ne) 2 ol Mif?)
k=1 k=1

i€{1,...,n}

(2.1)

IN

aXn}[pi’NiP D DRl M+ pi Ml Y pil Ni[?]
k=1 k=1

1 n n
< 3 Zpk’NkP Zpk|Mk|2>
k=1 k=1

if the respective maximum exists in each case.

Proof. Using the inequality

n n

INMGP < O ING = INPYO D IM? = M), i € {1,...,n},
k=1 k=1
from the proof of Propositi.l, witlyp; IV; instead ofV; and, /p; M; instead of); we obtain

PANMP < (3 pulNel2 = i Nil2) (O el Mi? — pal Mif2)
k=1 k=1

= PN ol Mi? + pEINGPIMG = pil Ni Y pel Mi* = pil Mil* > pil Ny,
k=1 k=1 k=1 k=1
This means that

il Ni|? Zpk|Mk|2 + pil M;? ZPk|Nk|2 < Zpk:|Nk|2 ZPHMMZ,

k=1 k=1 k=1 k=1
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for eachi € {1,...,n}.

Using the hypothesis that the maximum exists and taking in the above inequality the maxi-
mum overi € {1, ...,n} we obtain the second part of the inequalty [2.1).

For the first part, we will use the inequality,

1 1
il Nil? ZPk|Nk|2+Pz|M| Zpk|Nk|2 > 2pi | Ni|| M |( Zpk:|Nk )2( Zpk:|Mk )2
k=1 k=1 k=1
for eachi € {1,...,n}.
This concludes the prook

3. OTHER RESULTS

Corollary 3.1. If n € N,n > 2, Ay, Ao, ..., A, € B*(H), whereH is a LoynesZ- space, are n
gramian self-adjoint commutative operators andas, ..., a, € R—{0} witha;+as+...4a, #
0 then,

A2 A2 A2 (A + A+ .+ A)?
— 4+ — 4+ .+ — =
ap a2 any, ay +as+ ... +ay
1 A — a;A;)?
(31) — Z (CL J CL] )
al—l—ag—l—...—i-anl a;a

<i<j<n v

Corollary 3.2. (i) If n € N,n > 2, Ay, As, ..., A, € B*(H), where'H is a LoynesZ- space,
are n gramian self-adjoint commutative operators angas, ..., a, € R — {0} with a; + as +
..+ a, # 0then,

A2 A2 A2 1 (ZZ'A' - G'Ai 2
i F. Yy sl
aq a9 Qn, ay +as + ... +ay, |<ici<n a;a;
(i) Under the above conditions, we have,
A2 A2 A? A+ Ay + ...+ A,
R )
a az Qn, a; +ag+ ... +ay

Using Corollary 3.l we can deduce an analogue of Theorem 5 from [7] for operators on
LoynesZ- spaces.

Theorem 3.3.1f n € N n > 2, A; € B*(H), i = 1,n aren gramian self-adjoint commutative
anday, as, ..., a, € (0,00), then
A2 A2 A2 (Al + A+ .+ A2
AAh, A At )
a1 a2 Qy, ay + ag + ... +ay
A — A2
Z AkJ I 1 Z (GZA] CL]Al) ’
ay +as + ... + apy |<iciom it a;
where
A —a;A;)? A — aq;Ag)?
A, = max (:d; —q; ):<akl a k),1§k<l§n,
T Ki<i<n aa4(a; + ay) aray(ax + a;)
if they exist.
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Proof. The proof is as in([7]. Using the inequality
2 2 2
A* N B* S (A+ B)

a b~ a+b
and Corollary 3.]1, we have

& A Mttt A

a;a;

e +— —
a a2 any, ay +as+ ... +ay
_ 1 Z (@:id; — a;A)°
N a1+a2—|—...—|—an1

<i<j<n
_ 1 <(akAl - CLzAk)2

ay + as + ... + ap apay

mAp — apA,,)? 1
(am Ay, — arpAp) N

A Qf; ay + as + ... + ap,

4 Z ((CLmAl — alAm)

amag

m=1, m#k,l

+

Z (a;A; — a;Ay)?

a;a;
1<i<j<n, i,j#k,l v

_ 1 (A — aAg)? n - ((akAl — kA

> >
ay +ag + ... + ay, aQa; S

aja?
am

+(a,jfnk Ay — ajAy)? N 1

Z (a:A; —a;A;)?

a;a;

2
ara; a a a
am B L PR Y

1 (akAl — alAk)2 + i am(akAl — alAk)2
“ay+as+ ...+ a, aiay et k] akal(ak + CLZ)

i 1 Z (CLZ'A]‘ — ain)Q

a+as+ ...+ ay, I<i<j<mijthi a;a;

arA; — aAg)? 1 a; A; — a;A;)?

_ ( k<41l 1 k‘) ) + Z ( j j ) .
aga(ay + a;) a; +as+...+a, i a;a;

Theorem 3.4.1f n € N n > 2, A; € B*(H), i = 1,n, gramian self-adjoint operators which
commute as pairs ang, as, ..., a,, € (0, 00), then

1 Z (aiAj -+ CLin)2
Ut G2t F Ay O @il

2 n 2
. (A + Ay + ..+ Ay) +Zﬂ
ay + as + ... + an, — ay

k=1
AL A g ta A2 1 S
At S 2wty 2 Al A
k l i=17 g et =17 9 £k

where

Ap; = max (a:4; — ain)Q = (axs — arAy)” 1<k<li<n

Toa<i<i<n aia5(a; + aj) aray(ap +a) T T o

if they exist.
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Proof. We use the inequality from Theorém 3.3,

i A —(ZZTTI A” > Api+ —nl Z (oc = 0, 4,)
1 Yk Zk:1 (73 Zk:1 ak \<icim itk a;a;

2 a;A;)? + (a;A;)?
:Ak,l+n— Z ( ]) : ( J )
2 k=1 0k 1<i<j<n, i,j#k,l aid;

_; Z (CLiAj -+ CLin)Q
D ko1 @

a;a;
R 1<ici<n, itk i

= Ag, + #( Z (aidj)? + (a;4;)* B (arpA;)? + (a1Ag)?

Y ey Ok e a;a; ara
— i ((amAl>2 + (alAm)2 ‘l‘ (amAk)Q + (akAm)Q»
m=1, m#k,l amai Am A

(CLiAj + CLjAZ‘)Q

o S

Zk:1 ay, |<iciom it a;a;
1 i1
A - Aj2 = = : _12 _ 2 (CLkAl)Q + ((llAk>2
— k,l—i—z a Zaz+ a] ) Zn '
k=1 k j=2 R j= - Y i=1 i aray
2 A2 A2 i A2
> a ((a a ) Z m + (ar + ag) a—m)
=1 " l k m=1, m#k,l m=1, m#£k,l m
1 (a;4; + a;A;)?

n
a a;a;
2 ket 1<i<j<n, i,j#k,l B

By elementary calculus, the last term of previous inequality becomes

1 aiA-+a-Ai2 2 “ AZQ
Ay — = Z (a4, ¢ )+Zn '(al Z —

’ a a;a; . a a
D et W 1<i<j<n, i,j#k,l v =17 gtk
n A2 n A2 k—1 A2 n A2
—{—CLg ?+...+ak_1 ?—ak ?+ak+1 CL_+ ..
i=3,itkl " i=k+1,i#4l ¢ i=1 " i=k+2,iAl
n -1 n—1
A? A? A2 A2 A2 42 A?
+a_y E — —a Y — 4.t an 1——|—a2——|—a3(——|— —)+..+a E —)
= i — a1 a1 ag = a;
i=l+1 1 i=1,i#£k,l
n
k=1"k 1 <icicn, i j#kl i% 2im1 Z t=1tkl  r=t+lrtkl T
k—1 -1 n p—1
A7 A} A
—ay, — —q — + ap —)
a; a; a,

e Ry n—1 n 2
= Ap; — n; Z (@i, + a;4,) + Zn2 ( Z a; Z é

a . a; a
Zkzl ki<i<i<n, itk =17y 4tk ] r=t4+10#£kL
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n t—1
+ a
Sy 4
t=2t#k,l  r=1,r#k,|l
Because,

n—1 n n t—1 n—1 n
A2 A2 A2
2w D LrE D w ), r= ) -
a
=1 t=2,t#k,l r

a a
t=1t£k,] r=t+lr#kl | t=2ttk,l rkl =t+1r#£kl
n—1 t—1 A2 n A2 n—1 A2 n n

+Zat2ﬁ+a12f+an2ﬁ=2at2 -

t=2,t£kl  r=1r#kl r=2r#kl r=2r#£kl t=1,t#£kl  r=1r£kl
n—1 n A2 n—1
2 T 2
> A Zat > ——awaz D D) D
t=2,t£k,l t=1  r=1r#k]l Gr r=1,r#£kl t=2 £k,

we obtain the desired inequality.

Consequence 1lf n € N n > 2, H being now a Hilbert spaceA € B(H), i = 1,n
gramian self-adjoint operators which commute as pairs andi,, ... € (0,00), then the
same inequality as in Theordm [3.3 is satisfied.
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