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2 S. M. KHAIRNAR AND M. MORE

1. INTRODUCTION

Let A denote the class of functions of the form
(1.1) f(z) = z+Zakzk
k=2

which are analytic in the unitdisét = {z € C : |z| < 1} and normalised ag(0) = f'(z)—1 =
0. If fandg are analytic iM\, we say thaf is subordinate tg, written asf < gor f(z) < g(z),
if there exists a Schwarz functiom in A such thatf(z) = g(w(z)). For a functionf(z)
belonging taA we say thaff (=) is a-spirallike function of complex ordetin A, if and only, if

(1.2) Re {di:a (4?3) } -

for some reab, |a| < 7/2,d # 0 complex.

We denote bys*(n) andC(n) the subclass afl consisting of all analytic functions which are
starlike and convex, respectively of ordef0 < »n < 1)in A.

Forf e Aif

(1.3)

or (0 )| < e

where0 < n < 1and0 < § < 1, thenf is said to be strongly starlike of ordgrand typen in
A, denoted byS5*(3,n). Similarly if f € A satisfies

zf”(z) )
org (155 =
for0 <n < 1land0 < g <1, thenf is said to be strongly convex of ordgrand typey in A,
denoted bYC(3, n). Itis very natural thaf € AisinC(3,n), if and only, if zf’ is in S*(3, n).
Also note thatS*(1,n) = S*(n) andC(1,n) = C(n). The classes*(3,0) andC(3,0) are
studied extensively by Mocanu [12] and Nunokawa [16].
Denote byD” : A — A the operator defined by

(1.5) D () =

(1.4)

<§5@6A)

z
The operatorD” f is called the Ruscheweyh derivative pfof order \. It is obvious that
Df = f, D'f = zf" and

2(2* 71 f(2)

D*f(z) = - , (e € Ng =NuU {0}).
Noor [15] has introduced an integral operafpr. .A — A, anologous td)* f as follows.
Let f.(z) = =11 € No andfé’l)(z) be defined such that
(1) = =

(L6) 522+ 70 =
then

1) p (=1)
@D L= DO = (| e (A,

We notice thatly f(z) = zf'(z) andI, f(z) = f(z). The operator,, is called the Noor integral
of n-th order of f (cf. [3], [8]), which is very important operator used in defining several
subclasses of analytic functions.
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For real or complex numbers b, ¢ different from0, —1, —2, - - -, the hypergeometric series
is defined by
— (@)r(D)k

1.8 Fi(a,b;c;z) = z

( ) 2 1( ) kz:; (C)k’(]-)k
where(a);, is the Pochhamer symbol defined in terms of Gamma function by

(@) = P(ﬁ(—i_)k) =ala+1)---(a+k—1)fork=1,2,3,---
a

and(a), = 1. We notice that the serief (1.8) converges absolutely for @l A so that it
represents an analytic function ik. In particular z oF1(1,a;¢;2) = ¢(a,c; z) which is the
incomplete beta function. Alsg(a, 1; z) = =5z, whereg(2, 1; z) is Koebe function.

N. Shukla and P. Shukla [11] studied the mapping propertigfs @inction defined by
(1.9) fula,b,0)(z) = (1 — p)z o F1(a, b, ¢; 2) + pz(z o Fi(a, b, c; z) (v > 0).
We define a functiorif,,)= on the lines of Noor[15] by
(110) f,u(a; b7 C)(Z) * (fu(CL?ba C)(’Z))(il) =
and introduce the linear operator

(1.11) Iﬁ(a, b,e)f(2) = ((fula,b,e)(2)) " * f(2).

Forp = 0 in (1.10) we obtain the operator introduced by K. I. Noori [15].
For A > —1 we have

z

DR (n>0,A>—1),

o0

(A+1) 1
(1.12) ﬁ - Z R (e ),
Using (1.8) and[(1.12) iq (1.10), we get
o (i) (@ () N A+1 Dk ki1
(1.13) ; ENON % (fu(a,b,c) ,;
Thus(f,)=Y has the form
(fu(a, b, ¢) i A+ Delo)s (2 € A).

o Mk+1 k( )k
Equation[(1.1]1) implies
Ij(a, A+ 1 a)f(2) = f(2), Iy(a,1,a)f(2) = zf'(2).
It can be easily shown that
(1.14) 2(I)(a,b,¢)f(2)) = A+ DI a,b,c) f(z) — A (a,b,c) f(z).

For\ > —1andyu > 0 denoteKlj(a,b, c,d,a, 7y, 3,n, A, B) the class of functiong € A
satisfying the condition
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0<~v<1;0<p<1;2€ A)forsomeg € Sﬁ(a, b,c,n, A, B), which is defined by

z([ﬁ‘(a, b,c)g(z)) B 14+ Az
Xa, b, 0)g(z) " 11 B

1
A _ .
Su(aubvc7777AaB>_ {gEA 1_77 <

0<n<1;-1<B<A<LIL;z€A).

Notice thatK}(a,1,a,1,0,v,1,1,1,—1) and K3 (a, A + 1,a,1,0,v,1,1,1, —1) are respec-
tively the classes of quasi-convex and close-to-convex functions of grdad typen intro-
duced by Noor and Alkhorasani [14] and studied by Silverman [21].

FurtherKy(a, A + 1,a,1,0,0,3,0,1, —1) is the class of strongly close-to-convex functions of
orders as studied by Pommerenke [18]. For starlike functi¢n), K (a, A\+1, a,d, o, 7,1,0,1, —1)
is the class ofv-spirallike functions of orded.

Forq(z) = 1+ c12 + 2% + - - - which is analytic inA satisfies condition

1+ Az
q@)<1+35(26A%

if and only, if
()_1—AB<A—B
)= | S 1B

andRe ¢(z) > 52 (B = —1,z € A). This result is due to Silverman and Silvia[22].

(B# —1,z€ A),

2. MAIN RESULTS
We will require the following Lemmas in proving our main results.

Lemma 2.1.[5] Leth be convex univalent i with 2(0) = 1 andRe(Bh(z) +7) > 0 (8,7 €
C). If p is analytic inA with p(0) = 1, then

zp'(2)
2)+———<h(z) (z € A
p(2) 3002 + 7 (2) ( )
implies
p(z) < h(z) (z € A).
Lemma 2.2. [11] Let 4 be convex univalent i andw be analytic inA with Re w(z) > 0. If
p is analytic inA andp(0) = h(0), then
p(z) + w(2)ap/(2) < h(:) (= € A)
implies
p(z) < h(z) (z € A).
Lemma 2.3. [16] Let p be analytic inA with p(0) = 1 andp(z) # 0in A. Suppose that there
exists a point, € A such that

(2.1) larg p(2)| < ge for | 2| < |z|
and
N

(2.2) larg p(z0)| = 50 (0 <0 <1).
Then we have

Zop,(zo) .
2. =
(2.3) 0(z0) 1k6
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where

1 1 s
(2.4) k> 5(3 + g) when argp(zy) = 59,

1 1 T
(2.5) k< —3 (s + g) when argp(z) = —59,
where
(2.6) p(20)Y? = +is (s > 0).

Using Lemma[(2]1), we obtain the following proposition.

Proposition 2.1. Let h(z) be convex univalent il with 2(0) = 1 andRe h(z) > 0. If a
functionf € A satisfies the condition

1 (Z(fj“(aa b,c)f(2))

—77) <h(z)(0<n<1l;z€A),

1 - Iﬁ\—’_l(aa b,C)f(Z)
then
1 (z(Ip(a,b,e)f(2)) .
= ( I/;\(a,b,c)f(z) —77> <h(z) (0<n<1;z€A).
Proof. Let
1 2(I)(a,b,¢) f(2))
(2.7) P2 =1 ( Nab.0f(2) —77)

wherep is analytic function withp(0) = 1. Using equation[(1.14) we have

2(L;(a,b,c) f(2))
Ia,b,c)f(2)

(1 =mp(2) +n) I (a,b,0) f(2) = 2(Ii(a,b,¢) f(2))'

(I =mn)p(z) +n=

(2.8) (1= mp(2) + M (a,b,0) f(2) = (1 + NI (a,b,0)f(2) = A (a,b,0) ()
Taking logarithmic derivatives on both sides [of {2.8) and multiplying bye have
z2p' (2 1 (I (a,b,¢) f(2))
S R G R i “n). (zea)
Atn+ @ =nplz) 1-n\ I}*(a,bc)f(2)

By applying Lemma[(2]1) we haye< h, consequently
1 [z, bc)f(2))
1_77 I;i\(aa b,C)f(Z)

Forh(z) = {52 (-1 < B < A < 1) in Proposition|2]L), we have the following corollarys

- n) < h(2), (2 € A).

Corollary 2.1. The inclusion relatiorﬂj“(a, b,c,n, A, B) C Sj(a, b,c,n, A, B), forany A >
—Lp>0and0<n<l,b=AX+1l,c=a,A=pu=0.

Also, if we haveh(z) = (}j_z)’g (0<p<1)in Proposition), we get the following well
known inclusion relation.

Corollary 2.2. C(5,n7) C S*(5,n).
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Proposition 2.2. Let h(z) be convex univalent i\ with 2(0) = 1 and Re h(z) > 0. If
f(z) € A satisfies the condition
1 (z(I)(a,b.c)f(2))
L—n \ Li(a,bc)f(2)

—n) <h(z) (0<n<1,z€A),

then

1 (2D)a,b,c)F(2))
1_77 I;?(aa b,C)F(Z)
whereF is the integral operator defined by

_rtl /Zt’"_lf(t)dt (r> —1).
0

—77) <h(z)(0<n<1z€A),

(2.9) F(z)

ZT’
Proof. From relation[(2.9), we have
(2.10) z([;‘(a, b,c)F(2)) = (r+ 1)[2(@, b,c)f(z) — r[l;\(a, b,c)F(z).

Let
() = 1 Z(I}i‘(a,b,c)F(z))’_
PO=10\ Danorz )

wherep is analytic withp(0) = 1. By (2.10) we obtain
Iy(a,b,c)f(2)
I}a,b,0)F(z)
Differentiating logarithmically both sides df (2]11) we get
2p' (2 1 2(I(a,b,e) f(2))
p(z) + V'(2) _ 2 —n].

r+n+ (1 =mplz)  1=n\ Li(abc)f(2)

Finally by Lemmal((Z.]L), we have

1 <z(1;(a, b,c)F(2))

(2.11) r+n+(1—=npz)=(r+1)

=7 INab, ) F () —77) < h(z) (z € A).

m
Takingh(z) = 15 (-1 < B < A < 1) in Proposition[(2.R), the following result can be
derived.

Corollary 2.3. If f(z) € Sﬁ(a, b,c,n, A, B), thenF(z) € Sﬁ(a,b, c,n, A, B) whereF' is the
operator defined by (2.9).

Notice that, fora(z) = (12)” (0 < 5 < 1) in Proposition ) and in view of Corollary

(2.2), all functions belonging to the class&%(5,7) andC(8,7), respectively, preserve the
angles under the integral operator defined in|(2.9).

Theorem2.1l.letfe Aand0 <3< 1,0<y< 1. If

eic z(Iyt(a,b,c) f(2)) ™
I\ M1 (a b “) <37
cosa I (a,b,c)g(z)
for somey € S)*'(a,b, ¢, n, A, B), then
< =0

b 2(DNa,bo)f(2)
g dcosa I;}(a,b,c)g(z) i
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wheref (0 < § < 1) is the solution of the equation:

2 -1 0 sin g(l—tl) B
(212) 0= 9 + 4 tan (W‘F’U‘F)\‘FOCOS g(1t1)> for B 7é 1
0 for B= -1
and
2 in- (1-n)(A-B)
2.13 == 1 '
@29 Tt ((1—77)(1—AB)+(77+A)(1—BZ)
Proof. Let
1 el z(I)(a,b,c)f(2))
p(z) = A -7
1—v \dcosa I}(a,b,c)g(2)

Simplifing using [(T.14), we get
eia
(L =7)p(2) + MM b.)g(z) = ———— ((1+ NI (@b, ) f(2) = Ma,b e ) f(2)
Differentiating above relation and multiplying ky we obtain

(1 —7)2p'(2)I)(a,b,0)g(2) + (1 = 7)p(2) +7)2(I)(a, b, c)g(z))"

- dc;:a (L + 221y (a,b,0) f(2)) = Aa(L(a, b,e) f(2)) -

Notice that from Corollary| (2|1} € S} (a,b, ¢, n, A, B) implies
g€ S[}(a, b,c,n, A, B). Let

L (e
T Rab e )

(2.14)

Using (1.14) again, we get
I3 (a,b,c)g(2)

(2.15) (1=n)g(z)+n+A=(A+1) L[LA(a b9
Relations|(2.14) and (2.1L5) together imply
(2)+ 2p'(2) B ele 1 z];‘Jrl (a,b,0)f(2) B
PO =@ +n+a deosa(l—7) \ Db aglz) )

With arguments similar to the proof of Propositipn (2.1) we obtain the first part of the result.
By using the result of Silverman and Silvia [22], we have

1—-AB A-B

(2.16) q(z) — T | <13 (B# —1,z€ A)
and
(2.17) Re q(z) > L-4 (B=-1,z€A).

Relation [(2.1B) and (2.17) together imply
(1=n)q(z) +n+ = pe's?
where

(1—n)(1-4)
1-B

(I—n)(1+ A)
A A
Tt <p< o+
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—t, < ¢ < t; for B # —1 whent, is given by [(2.1B) and

1—-m(1-A
( 77)2( )—|—77+)\<p<oo,—l<q§<1f0rB:—1.
Notice thatp(z) is analytic inA with p(0) = 1 andRe p(z) > 0in A in view of the assumption

If there exists a point, € A such that condition$ (2.1) ar{d (.2) are satisfied, then by Lemma

(2.3) we obtain[(2]3) by the restrictiorjs (2.4), (2.5) gnd](2.6).

Firstly suppose thai(z,)"/? = is (s > 0). For the cas& # —1, we obtain

zop'(%0) )

GW(M%%%G—UMWQ+U+A
= arg p(zo) + arg(1 + Z'Qk(peige)’l)

T Oksin Z(1 — 0)
= vt <p+9kcosg(1—9))

> 0 -1 Osing(1—t)

>3 + tan (1_n)(1+A)+7]+>\+QCOSE(1_t)
1+B ? 1

> 15

-2

whered andt; are given by[(2.7]2) andl (2.]L3), respectively. Likewise for the dase —1, we

have
207 (20) T
< ——@.
ot (p<20> T e T A) =75

This is a contradiction to the assumption of our theorem. Now, supposethat/? =
—is (s > 0). For the casé&? # —1, applying the same method as before, we obtain

zp'(20)
GW(M%%%Q—UM@®+U+A>
e Ty tanl Osin 5(1 — ;)
- 2 U=DCEA) o+ A+ 0 cos T(1 — 1)
m
= _55,

whered andt; are given by[(2.1]2) andl (2.]L3), respectively. Similarly for the dase —1, we

have
200’ (20) ) T
arg | p(z0) + < ——40.
( (1 —=n)q(z0) + 1+ A
These are contradictions to the assumption.
Consequently, the proof of the theorem is complete. [ |
Next we note some interesting results that can be derived from Theprgm (2.1).

Corollary 2.4. The inclusion relation
A+1 A
Ky, (a’7b7c7d7a7/8)77’A7B)CK‘U,(a/7b’C7d7a7/87/r]7A7B)’

holds forA > —1,u > 0,Rea > 0,d € C\ {0},0 < < 1,0<n<1,0<~vy<1,and
—-1<B<A<LL
Taking\ =0, = 0,b = 1,¢ = a in Theorem([(2]1), we obtain the following result.
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Corollary 2.5. Letf € A. If
mg( e (=f'(2) _7)

deosa ¢'(2)

<gﬁ(0§7<1,0<ﬁ§1),

for someg € Si(a,1,a,n, A, B), then

ur ela Zf/(Z) B

I\ dcosa g(2) 7
wheref (0 < 6 < 1) is the solution of equatiof (2.[12).
Remark 2.1. For d = 1, @ = 0 we obtain the corresponding result of Cho and H8h Further,
if we takeg = 1, A = 1 and B = —1 along withd = 1 anda = 0 in Corollary (2.5) we notice

that every quasi-convex function of ordeand types is close-to-convex of order and typef
which is exactly the result obtained by Nd@A8].

Takingp =X =~v=0,b=1,c=0a,B — A (A < 1) andg(z) = z in Theorem|(2]1) we
obtain the following result.

Corollary 2.6. Letf € Aand0 <6 < 1. If

org (o6 + 2

dcos «

7

<

NN

<

NN

0,

then

eia , T
—6

g (dcosaf <Z))’ =3
whered (0 < § < 1) is the solution of the equation

2

§=0+ =tan"'6.

s
Note that takingy = 0, d = 1 in Corollary (2.6) we obtain the result by Cho and Ki8j.
Theorem22.letf e Aand0 <0 < 1,0 <~y < 1. If

2(I3(a,b,c)f(2)) T
“7”9( X(a, b, 0)g(2) _7>‘<§5

for somey € S3(a,b,¢,n, A, B), then
o (R0 OFGED)
I3(a,b,c)F(g(2))
whereF is as defined by (2.9) artd(0 < # < 1) is the solution of the equation given by (3.12).
Proof. Let

T
< —0
2

p(2)

L[ e AR oF(E))
1 -~y \dcosa I}(a,b c)F(g(2)) T

Sinceg € S)(a,b,c,n, A, B), Proposition|(2.2) implies that
F(g(2)) € Sp(a,b,c,n, A, B). Proposition|(2.2) implies that (¢(z)) € S)(a,b,¢,n, A, B). In
view of (2.10) we have

(1 =7)p(2) + 1) I(a b, o) F(g(z)) =

- [(r+1)2(L3(a,b,0) f(2)) — r2(1i(a,b,0)F(f(2)))]

dcosa
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Simplifying further we obtain

(1 =)2p'(2) + (1 = 7)p(2) + (1 = n)g(z) + 7 +n)
el 2(I)(a,b,¢) f(2))

dcosa” TV Db, OF (9(=))
where
P <z<1:<a,b, OF(9()) n)
1—n\ I)a,bc)F(g(2))

Consequently, we have

1 e z(I(a,b,c)f(2)) B zp'(2)
( —7>—p@%%u_n

1 -~y \dcosa I}(a,b,c)g(z) Jq(z) +n+1
Now following arguments similar to the proof of Theorem {2.1) the required result follows.
Theorem|(2.R) yields immediately the following result. |

Corollary 2.7. If f(z) € K, (a,b,c,d,o,v, 3,1, A, B), then
F(f(2)) € K)(a,b,¢c,d,a, 8,7, A, B), whereF is the integral operator defined bly (2.9).

Remark 2.2. If we choosey = 0,A = 1,b = 1,c =aanduy = 0,b = A+ 1,¢ = a with
d=1,a=0,=1A=1andB = —1in Corollary (2.7), respectively, then we obtain the
corresponding results of Noor and Alkhorasg§i]. Moreover, taking: = 0,0 = A+ 1,¢ =
a,vy=0,A=1,B=—1andé = 1in Corollary (2.7), we get the classical result by Bernardi
[1], which inturn implies the result by Libef#].
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