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ABSTRACT. In this paper a unified approach to the derivation of families of one dimensional
hyperbolic differential equations and boundary conditions describing the longitudinal vibration
of elastic bars is outlined. The longitudinal and lateral displacements are expressed in the form
of a power series expansion in the lateral coordinate. Equations of motion and boundary condi-
tions are derived using Hamilton’s variational principle. Most of the well known models in this
field fall withing the frames of the proposed theory, including the classical model, and the more
elaborated models proposed by by Rayleigh, Love, Bishop, Mindlin, Herrmann and McNiven.
The exact solution is presented for the Mindlin-Herrmann case in terms of Green functions. Fi-
nally, deductions regarding the accuracy of the models are made by comparison with the exact
Pochhammer-Chree solution for an isotropic cylinder.
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1. I NTRODUCTION

Longitudinal vibrations of elastic bars are normally considered in mathematical physics in
terms of a classical model described by the wave equation, according to the assumption that the
bar is a thin and relatively long structure. More general theories have been formulated by taking
into consideration the effects of the lateral motion by which the cross sections of a long and
relatively thick bar are extended or contracted. A mathematical formulation of these models
includes derivatives of order greater than two in the equation of motion. Rayleigh [15, pp.251–
252], and later Love [13, pp.408–409], proposed the simplest generalization of the classical
model by including the effects of the inertia of the lateral motion of the parts of the rod not
situated on the axis. Bishop developed the next generalization of the theory [2]. In addition to
the effects of the lateral motions, Bishop also took into account the contribution of shear effects
to strain energy. The Rayleigh-Bishop model is described by a fourth-order partial differential
equation (not containing the fourth time derivative). Both the Rayleigh-Love and Rayleigh-
Bishop theories consider lateral displacement as being proportional to the longitudinal strain
(via Poisson’s ratio). The Rayleigh-Bishop model was generalized by Mindlin and Herrmann
in 1950 [11, pp.510–521] and later by Mindlin and McNiven in 1960 [14]. They considered
the lateral displacement proportional to an independent function of time and longitudinal co-
ordinate. The Mindlin-Herrmann model is formulated as a system of two second order partial
differential equations, which can be replaced by a single fourth order equation, resolved with
respect to the highest order time derivate. In the Mindlin-McNiven model, the number of modes
is not restricted. As an example, the authors considered three independent modes of displace-
ment, two longitudinal modes and one lateral mode. The model is formulated as a system of
three partial differential equations of second order, which can be replaced by a single equation
of order six.

The present paper shows how to produce a whole set of hyperbolic equations and associated
boundary conditions which naturally generalize the above-mentioned models. All the above-
mentioned equations can be considered in the frames of the general theory of hyperbolic equa-
tions [10] and [4]. The Green functions for all these models can be constructed [5], [6] and
[9].

All the equations considered are hyperbolic, the Mindlin-Herrmann equation being strictly
hyperbolic [10], and the Rayleigh-Bishop equation strictly pseudo-hyperbolic [8]. The equa-
tions of higher order are not strictly hyperbolic since there are multiple roots among the roots of
the highest order symbols. For the class of strictly hyperbolic operators, the theory of solvabil-
ity of the Cauchy or mixed problem has been developed by many authors. A detailed survey of
such problems can be found in the book of Gindikin and Volevich [10]. The Rayleigh-Bishop
problem represents a special example of equations in which the highest time derivative is not
involved in the equation. There are many non-stationary problems in mathematical physics that
can be reduced to partial differential equations that are not resolved with respect to the highest
derivatives. A detailed survey of such unresolved partial differential equations has been devel-
oped in the monograph of Demidenko and Uspenkii [3]. Conditions for the existence of energy
estimates and a proof of the solvability of the Cauchy problem for Rayleigh-Bishop type equa-
tions can be found in a paper by Fedotov and Volevich [8]. A study of hyperbolic equations with
multiple roots of the main part of symbols poses many difficulties and there are no complete
results to date similar to strictly hyperbolic theory.

Nevertheless, in certain cases, the solution of the problems of hyperbolic equations can be
obtained using the methods developed in [4], [6] and [9]. This method consists of the application
of two orthogonality conditions of the system of eigenfunctions of the corresponding Sturm-
Liouville problems to obtain a simple form of the Lagrangian that allows one to derive an exact
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(analytical) solution in the form of Green functions. The two orthogonality conditions arise
naturally from the Lagrangian. The physical meaning of the first orthogonality consists of the
orthogonality of eigen-velocities involved in the form of kinetic energy. The physical meaning
of the second orthogonality consists of the orthogonality of two eigenfunctions involved in the
expression of strain energy. This method is briefly exposed in this article by presenting the
solution for a mixed Mindlin-Herrman problem.

2. DERIVATION OF THE SYSTEM OF EQUATIONS OF M OTION

Consider a short, cylindrical bar with radiusR and lengthl which experiences longitudinal
vibration along thex-axis and lateral shear vibrations, transverse to thex-axis in the direction
of the r-axis and in the tangential direction. Consider an axisymmetric problem and suppose
that the axial and lateral wave displacements can be written with respect tor in the form

u(x, r, t) = u0(x, t) + r2u2(x, t) + · · ·+ r2mu2m(x, t)(2.1)

and

w(x, r, t) = ru1(x, t) + r3u3(x, t) + · · ·+ r2n+1u2n+1(x, t)(2.2)

respectively. The displacements in the tangential direction are assumed to be negligible. That
is, no torsional vibrations are present andv(x, r, ϕ, t) = 0. The longitudinal and lateral dis-
placements defined in (2.1) and (2.2) are similar to those proposed by Mindlin and McNiven
[14]. Mindlin and McNiven, however, represented the expansion ofu andw in terms of Jacobi
polynomials.

The representation (2.1)–(2.2) was first introduced in 1958 by Zachmanoglou and Volterra
to represent longitudinal and lateral displacements in their four mode theory [12, pp.106–107].
According to the choice ofm andn in (2.1)–(2.2), different models of longitudinal vibration
of elastic bars can be obtained, including the well known models such as those of Rayleigh-
Love, Rayleigh-Bishop, Mindlin-Herrmann and a three mode model analogous to the Mindlin-
McNiven "second order approximation".

The term multimodal theory has been introduced to describe theories in which the longi-
tudinal and lateral displacements in (2.1)–(2.2) are described by more than one independent
function, where the number of modes is equal to the number of independent functions used.
Theories in which the longitudinal and lateral displacements are described by a single function
have been given the term unimode theory. The terms plane cross sectional and non-plane cross
sectional theories will also be used in this article. A plane cross sectional theory is based on the
assumption that each pointx on the neutral longitudinal axis represents a plane cross section of
the bar (orthogonal to thex-axis) and that, during deformation, the plane cross sections remain
plane. This assumption was first made during the derivation of the classical wave equation,
which is the simplest of the plane cross sectional models discussed. In a non-plane cross sec-
tional theory, each pointx can no longer be assumed to represent a plane cross section of the
bar. For example, if the lowest axial shear mode is defined by the termr2u2(x, t), then a point
x, located on thex-axis, no longer represents the longitudinal displacement of a plane cross
section, but rather that of a circular paraboloid section. This concept was first introduced by
Mindlin and McNiven [14].
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The geometrical characteristics of deformation of the bar are defined by the following linear
elastic strain tensor field:

(2.3)
εxx = ∂xu εrr = ∂rw εϕϕ =

∂ϕv

r
+
w

r
=
w

r

εxr = ∂ru+ ∂xw εϕx =
∂ϕu

r
+ ∂xv = 0 εϕr = ∂rv −

v

r
+
∂ϕw

r
= 0

The compact notation∂α = ∂
∂α

is used. Due to axial symmetry, it follows thatεϕr = εϕx = 0.
The stress tensor due to the isotropic properties of the bar is calculated from Hook’s Law as
follows:

(2.4)

σxx = (λ+ 2µ)εxx + λ(εrr + εϕϕ) σxr = µεxr

σrr = (λ+ 2µ)εrr + λ(εxx + εϕϕ) σϕx = µεϕx = 0

σϕϕ = (λ+ 2µ)εϕϕ + λ(εxx + εrr) σϕr = µεϕr = 0

λ andµ are Lame’s constants, defined as

µ =
E

2(1 + η)
and λ =

Eη

(1 + η)(1− 2η)

whereη andE are the Poisson ratio and Young modulus of elasticity respectively.
The equations of motion (and boundary conditions) can be derived using Hamilton’s varia-

tional principle. The Lagrangian is defined asL = T − P , where

(2.5) T =
ρ

2

∫ l

0

∫
s

(
u̇2 + ẇ2

)
dsdx

is the kinetic energy of the system, representing the energy yielded (supplied) by the displace-
ment of the disturbances (vibrations),

(2.6) P =
1

2

∫ l

0

∫
s

(σxxεxx + σrrεrr + σϕϕεϕϕ + σxrεxr) dsdx

is the strain energy of the system, representing the potential energy stored in the bar by elastic
straining, andS =

∫
s
ds =

∫ 2π

0

∫ R

0
rdrdϕ = πR2 andρ are the cross sectional area and mass

density of the bar respectively. Substituting (2.5) and (2.6) into the Lagrangian yields

L = T − P = L
(
uj, u̇j, u

′
j

)
=

∫ l

0

Λ
(
uj, u̇j, u

′
j

)
dx

whereΛ is known as the Lagrangian density andj depends on the choice ofn andm in (2.1)–
(2.2). The upper dot and prime denote the derivative with respect to timet and axial coordinate
x respectively. Hamilton’s principle shows that the Lagrangian densityΛ satisfies a system of
Euler-Lagrange equations of motion (typically) of the form

(2.7)

∂

∂t

(
∂Λ

∂u̇0

)
+

∂

∂x

(
∂Λ

∂u′0

)
= 0

∂

∂t

(
∂Λ

∂u̇j

)
+

∂

∂x

(
∂Λ

∂u′j

)
− ∂Λ

∂uj

= 0 j = 1, 2, . . . , q − 1

whereq is the number of independent modes (functions) chosen to represent longitudinal and
lateral displacement in (2.1) and (2.2).

The Sturm-Liouville problem corresponding to the boundary value problem (2.7) (with as-
sociated boundary conditions) can be found using the method of separation of variables, by
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assuming that the independent functions can be expressed in the form of generalized Fourier
series’:

(2.8) uj(x, t) =
∞∑

n=1

yjn(x)Φ(t), j = 0, 1, 2, . . . , q − 1

where the set of functions{yjn(x)} are the eigenfunctions corresponding to a particular eigen-
valueωn andq is the number of independent functions. It is possible to prove that the eigen-
functions satisfy the two orthogonality conditions

(2.9) (yn, ym)1 = ‖yn‖2
1δnm and (yn, ym)2 = ‖yn‖2

2δnm

whereδnm is the Kronecker-Delta function.The two orthogonality conditions (2.9) can be used
to find the exact solution of the problem, based on the methods developed in [4], [6] and [9].
This method consists of substituting the generalized Fourier series (2.8) into the Lagrangian of
the system and using both orthogonality conditions to obtain an ordinary differential equation
of order two in the unknown functionΦ(t). Once the solution forΦ(t) is obtained, it is possible
to build the Green functions, and hence the exact solution, of the problem. This method has
been outlined in section 3 for the Mindlin-Herrmann case (system of two second order partial
differential equations).

2.1. Particular cases.

2.1.1. The classical theory.The classical theory is the simplest of the models discussed in this
article. The longitudinal displacement is represented by

u(x, t) = u0(x, t)

and lateral displacements are assumed to be absent (w = 0). Since, for the classical theory,
η = 0 (a fortiori λ = 0) andE = 2µ, it follows that the Lagrangian density of the system is
given by

(2.10) Λ(u̇0, u
′
0) =

1

2

(
ρSu̇2

0 − ESu′0
2
)

which satisfies the Euler-Lagrange partial differential equation

(2.11)
∂

∂t

(
∂Λ

∂u̇0

)
+

∂

∂x

(
∂Λ

∂u′0

)
= 0

Substituting (2.10) into (2.11) leads to the familiar classical wave equation

(2.12) S
[
ρ∂2

t − E∂2
x

]
u0 = 0

which can be written in compact form as

(2.13) SA1u0 = 0

whereA1 = ρ∂2
t − E∂2

x is a hyperbolic wave operator. The associated natural (free ends)
u′0(x, t)|x=0,l or essential (fixed ends)u0(x, t)|x=0,l boundary conditions are derived directly
from Hamilton’s principle.

It is possible to prove that the set of eigenfunctions{y0n(x)} of the corresponding Sturm-
Liouville problem satisfy the two orthogonality conditions given by (2.9), where

(2.14) (yn, ym)1 =

∫ l

0

y0ny0mdx and (yn, ym)2 =

∫ l

0

y′0ny
′
0mdx
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2.1.2. The Rayleigh-Love model.In the Rayleigh-Love model, the longitudinal and lateral dis-
placements are represented by

u(x, t) = u0(x, t)(2.15)

w(x, r, t) = −rηu′0(x, t)(2.16)

That is, the lateral displacement of a particle distantr from thex axis is assumed to be propor-
tional to the longitudinal strain. The Rayleigh-Love model is a unimode plane cross sectional
model, since both the longitudinal and lateral displacements are defined in terms of a single
mode of displacement,u0, and the term−rηu′0(x, t) implies that all plane cross sections remain
plane during lateral deformation (lateral deformation occurs in plane).

An additional assumption made by Rayleigh and Love is that only the inertial effect of the
lateral displacements are taken into account and the effect of stiffness on shear stress is negli-
gible. That is,εxr = ∂xw 6= 0 andσxr ≈ 0. Under these assumptions, substituting (2.15) and
(2.16) into (2.5) and (2.6) and using the relationλ + 2µ − 2λη = E results in the following
Lagrangian density of the system

(2.17) Λ(u̇0, u
′
0, u̇

′
0) =

1

2

[
ρSu̇2

0 + ρη2I2 (u̇′0)
2 − SEu′0

2
]

whereI2 =
∫

s
r2ds = π

2
R4 is the polar moment of inertia of the cross section. The Lagrangian

density satisfies the Euler-Lagrange partial differential equation

(2.18)
∂

∂t

(
∂Λ

∂u̇0

)
+

∂

∂x

(
∂Λ

∂u′0

)
− ∂2

∂x∂t

(
∂Λ

∂u̇′0

)
= 0

Substituting (2.17) into (2.18) leads to the Rayleigh-Love equation of motion [?]

(2.19) S
(
ρ∂2

t − E∂2
x

)
u0 − η2I2∂

2
x

(
ρ∂2

t

)
u0 = 0

or, in compact mode

(2.20)
[
SA1 − η2I2∂

2
x

(
ρ∂2

t

)]
u0 = 0

A combination of the natural

(2.21)
[
SEu′0(x, t) + ρη2I2ü

′
0(x, t)

]∣∣
x=0,l

= 0

or essential

(2.22) u0(x, t)|x=0,l = 0

boundary conditions can be used at the end pointsx = 0 andx = l.
It is possible to prove that the set of eigenfunctions{y0n(x)} of the corresponding Sturm-

Liouville problem satisfy the two orthogonality conditions given by (2.9), where

(2.23) (yn, ym)1 =

∫ l

0

(
Sy0ny0m + η2I2y

′
0ny

′
0m

)
dx and (yn, ym)2 =

∫ l

0

y′0ny
′
0mdx

2.1.3. The Rayleigh-Bishop model.As in the case of the Rayleigh-Love model, the longitudinal
and lateral displacements for the Rayleigh-Bishop model are defined by (2.15) and (2.16). It is
clear that the Rayleigh-Bishop model is a unimode, plane cross sectional theory, for the same
reasons as discussed above for the Rayleigh-Love case.

In contrast to Rayleigh and Love, the effect of stiffness on shear stress was not neglected by
Bishop. That is,εxr = ∂xw = −ηru′′0 andσxr = −µηru′′0 6= 0. In this case, an additional term
enters the potential energy function (2.6) and the resulting Lagrangian density of the system

(2.24) Λ(u̇0, u
′
0, u̇

′
0, u

′′
0) =

1

2

[
ρSu̇2

0 + ρη2I2 (u̇′′0)
2 − SEu′0

2 − η2I2µu
′′
0
2
]
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which satisfies the Euler-Lagrange partial differential equation

(2.25)
∂

∂t

(
∂Λ

∂u̇0

)
+

∂

∂x

(
∂Λ

∂u′0

)
− ∂2

∂x∂t

(
∂Λ

∂u̇′0

)
− ∂2

∂x2

(
∂Λ

∂u′′0

)
= 0

yields the Rayleigh-Bishop equation of motion [9]

(2.26) S
(
ρ∂2

t − E∂2
x

)
u0 − η2I2∂

2
x

(
ρ∂2

t − µ∂2
x

)
u0 = 0

or, in compact mode

(2.27)
[
SA1 − η2I2∂

2
xA22

]
u0 = 0

whereA1 andA22 = ρ∂2
t − µ∂2

x are wave operators. A combination of the natural

(2.28)

[
SEu′0(x, t) + ρη2I2ü

′
0(x, t)− η2I2µu

′′′
0 (x, t)

]∣∣
x=0,l

= 0, and

u′′0(x, t)|x=0,l = 0

or the essential

(2.29) u0(x, t)|x=0,l = 0, and u′0(x, t)|x=0,l = 0

boundary conditions can be used at the end pointsx = 0 andx = l.
It is possible to prove that the set of eigenfunctions{y0n(x)} of the corresponding Sturm-

Liouville problem satisfy the two orthogonality conditions given by (2.9), where

(2.30)
(yn, ym)1 =

∫ l

0

(
Sy0ny0m + η2I2y

′
0ny

′
0m

)
dx

(yn, ym)2 =

∫ l

0

(
SEy′0ny

′
0m + η2I2µy

′′
0ny

′′
0m

)
dx

2.1.4. A two mode (Mindlin-Herrmann) model.In the Mindlin-Herrmann model, the longitu-
dinal and lateral wave displacements are defined as

u(x, t) = u0(x, t)(2.31)

w(x, r, t) = ru1(x, t)(2.32)

The Mindlin-Herrmann model is the first (and the simplest) of the multimode theories intro-
duced, since two independent modes of displacement,u0(x, t) andu1(x, t), have been con-
sidered. The Mindlin-Herrmann model is also a plane cross sectional theory, since the term
ru1(x, t) in (2.32) implies that all plane cross sections remain plane during deformation.

It should be noted that both the Rayleigh-Love and Rayleigh-Bishop models are special cases
of the Mindlin-Herrmann model, where the number of independent displacement modes has
been reduced from two to one by making the assumption thatσrr = 0 throughout the entire
thickness of the bar. That is, the lateral displacements are assumed to be proportional to the
longitudinal strain. The Mindlin-Herrmann model can be reduced to either Rayleigh-Love or
Rayleigh-Bishop by introducing this assumption in the form of the constraintu1 + ηu′0 = 0
(constrained extremum). The Rayleigh-Love model makes the additional assumption that (im-
plicitly) σxr = 0 throughout the entire thickness of the bar. These assumptions are in agreement
with the classical boundary conditions for three or two dimensional axisymmetric models on
the free cylindrical outer surface of the bar,σrr|r=R = 0 andσxr|r=R = 0.

Substituting (2.31) and (2.32) into (2.5) and (2.6) yields the Lagrangian density of the system

Λ = Λ(u̇0, u̇1, u
′
0, u

′
1, u1)

=
1

2

[
Su̇2

0 + I2u̇
2
1 − S(λ+ 2µ)u′0

2 − 4Sλu′0u1 − 4S(λ+ µ)u2
1 − I2µu

′
1
2
](2.33)
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which satisfies the system of Euler-Lagrange partial differential equations

(2.34)

∂

∂t

(
∂Λ

∂u̇0

)
+

∂

∂x

(
∂Λ

∂u′0

)
= 0

∂

∂t

(
∂Λ

∂u̇1

)
+

∂

∂x

(
∂Λ

∂u′1

)
− ∂Λ

∂u1

= 0

Substituting (2.33) into (2.34) leads to the system of equations of motion

(2.35)
ρS∂2

t u0 − S(λ+ 2µ)∂2
xu0 − 2Sλ∂xu1 = 0

2Sλ∂xu0 + ρI2∂
2
t − I2µ∂

2
xu1 + 4S(λ+ µ)u1 = 0

Consider the following substitutions

ρ∂2
t − (λ+ 2µ)∂2

x , A11

−2Sλ∂x , −a12

2Sλ∂x , a21

ρ∂2
t − µ∂2

x , A22

The operatorsA11 andA22 are wave operators anda12 anda21 are first-order differential opera-
tors. Now the system (2.35) can be written in compact form:

(2.36)
SA11u0 − a12u1 = 0

a21u0 + (I2A22 + b22)u1 = 0

whereb22 = 4S(λ+ µ). After elimination of one unknown functionu0 (u1), it follows that the
other functionu1 (u0) satisfies the following equation of order four

(2.37)
[
SA11 (I2A22 + b22) + a2

12

]
uj = 0, j = 0, 1.

Since, by definition,

E =
µ(3λ+ 2µ)

λ+ µ

equation (2.37) can be written in the form

(2.38) (I2A11A22 + b22A1)uj = 0, j = 0, 1

whereA11, A22 andA1 are wave operators. A combination of the natural

(2.39) [(λ+ 2µ)u′0 + 2λu1]|x=0,l = 0, and u′1|x=0,l = 0

or essential

(2.40) u0|x=0,l = 0, and u1|x=0,l = 0

boundary conditions can be used at the end pointsx = 0 andx = l.
It is possible to prove that the set of eigenfunctions{y0n(x)} and{y1n(x)} of the correspond-

ing Sturm-Liouville problem satisfy the two orthogonality conditions given by (2.9), where

(yn, ym)1 =

∫ l

0

(Sy0ny0m + I2y1ny1m) dx

(yn, ym)2 =

∫ l

0

[4S(λ+ µ)y1ny1m + 2Sλ (y′0ny1m + y′0my1n) + S(λ+ 2µ)y′0ny
′
0m+

+I2µy
′
1ny

′
1m] dx

(2.41)
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2.1.5. A three mode model.Consider the case where the longitudinal and lateral displacements
are defined by three modes of displacement as follows

u(x, r, t) = u0(x, t) + r2u2(x, t)(2.42)

w(x, r, t) = ru1(x, t)(2.43)

The longitudinal and lateral displacements defined in (2.42) and (2.43) are similar to those
proposed by Mindlin and McNiven as a "second order approximation" of their general theory.
The resulting Lagrangian density of this system

Λ = Λ(u̇0, u̇1, u̇2, u
′
0, u

′
1, u

′
2, u1, u2)

=
1

2

[
Sρu̇2

0 + 2I2ρu̇0u̇2 + I2ρu̇
2
1 + I4ρu̇

2
2 − S(λ+ 2µ)u′0

2 − µI2u
′
1
2−

− I4(λ+ 2µ)u′2
2 − 4Sλu′0u1 − 4I2µu

′
1u2 − 2I2(λ+ 2µ)u′0u

′
2−

−4I2λu1u
′
2 − 4S(λ+ µ)u2

1 − 4I2u
2
2

]
(2.44)

satisfies the following system of Euler-Lagrange partial differential equations

(2.45)

∂

∂t

(
∂Λ

∂u̇0

)
+

∂

∂x

(
∂Λ

∂u′0

)
= 0

∂

∂t

(
∂Λ

∂u̇1

)
+

∂

∂x

(
∂Λ

∂u′1

)
− ∂Λ

∂u1

= 0

∂

∂t

(
∂Λ

∂u̇2

)
+

∂

∂x

(
∂Λ

∂u′2

)
− ∂Λ

∂u2

= 0

Substituting (2.44) into (2.45) yields the system of equations of motion

S
[
ρ∂2

t − (λ+ 2µ)∂2
x

]
u0 − 2Sλ∂xu1 + I2

[
ρ∂2

t − (λ+ 2µ)∂2
x

]
u2 = 0

2Sλ∂xu0

[
S

(
ρ∂2

t − µ∂2
x

)
+ 4S(λ+ µ)

]
u1 + 2I2(λ− µ)∂xu2 = 0

I2
[
ρ∂2

t − (λ+ 2µ)∂2
x

]
u0 − 2I2(λ− µ)∂xu1 + I4

[
ρ∂2

t − (λ+ 2µ)∂2
x

]
u2+

+ 4I2µu2 = 0

(2.46)

The system (2.46) can be written in matrix form as

(2.47)

SA11 −a12 I2A11

a12 I2A22 + b22 a23

I2A11 −a23 I4A11 + b33

 u0

u1

u2

 =

0
0
0


wherea23 = 2I2(λ − µ)∂x andb33 = 4I2µ. It is easy to prove that, after excluding two of the
unknown functions from (2.47), the third unknown function satisfies the following equation of
order six

(2.48)
(
A22A

2
11 + A11W1 +W2

)
uj = 0, j = 0, 1, 2

where

W1 =
16

5R2

[
ρ(5λ+ 8µ)∂2

t − µ(5λ+ 10µ)∂2
x

]
W2 =

768µ

5R4

[
ρ(λ+ µ)∂2

t − µ(3λ+ 2µ)∂2
x

]
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A combination of the natural

(2.49)

[S(λ+ 2µ)u′0 + 2Sλu1 + I2(λ+ 2µ)u′2]|x=0,l = 0, and

[I2µu
′
1 + 2I2µ)u2]|x=0,l = 0, and

[I2(λ+ 2µ)u′0 + 2I2λu1 + I4(λ+ 2µ)u′2]|x=0,l = 0

or essential

(2.50) u0|x=0,l = 0, and u1|x=0,l = 0, and u2|x=0,l = 0

boundary conditions can be used at the end pointsx = 0 andx = l.
It is possible to prove that the set of eigenfunctions{y0n(x)}, {y1n(x)} and{y2n(x)} of the

corresponding Sturm-Liouville problem satisfy the two orthogonality conditions given by (2.9),
where

(yn, ym)1 =

∫ l

0

[Sy0ny0m + I2 (y0ny2m + y0my2n) + I4y2ny2m + I2y1ny1m] dx

(yn, ym)2 =

∫ l

0

[4S(λ+ µ)y1ny1m + 2Sλ (y′0ny1m + y′0my1n) + S(λ+ 2µ)y′0ny
′
0m+

+ I2(λ+ 2µ) (y′ony
′
2m + y′0my

′
2n) + I4(λ+ 2µ)y′2ny

′
2m+

+ 2I2µ (y′1ny2m + y′1my2n) + 2I2λ (y1ny
′
2m + y1my

′
2n) +

+I2µy
′
1ny

′
1m + 4I2µy2ny2m] dx

(2.51)

2.1.6. A four mode model.Consider a model where the longitudinal and lateral displacements
are defined by four modes of displacement as

u(x, r, t) = u0(x, t) + r2u2(x, t)(2.52)

w(x, r, t) = ru1(x, t) + r3u3(x, t)(2.53)

In a similar fashion as was described for the three mode model above, the system of equations
resulting from (2.52) and (2.53) may be written in matrix form as

(2.54)


SA11 −a12 I2A11 −a14

a12 I2A22 + b22 a23 I4A22 + b24
I2A11 −a23 I4A11 + b33 −a34

a14 I4A22 + b24 a34 I6A22 + c44



u0

u1

u2

u3

 =


0
0
0
0


wherea14 = 4I2λ∂x, a23 = 2I2(λ − µ)∂x, a34 = 2I4(2λ − µ)∂x, I6 =

∫
s
r6ds = pi

4
R8 and

b22, b33, b44 andb24 are numbers depending onλ, µ, I2, I4 andI6. Hence, the corresponding
equation of order eight has the highest term of the formA2

11A
2
22. A combination of the natural

(2.55)

[S(λ+ 2µ)u′0 + 2Sλu1 + I2(λ+ 2µ)u′2 + 4I2λu3]|x=0,l = 0, and

[I2µu
′
1 + 2I2µ)u2 + I4µu

′
3]|x=0,l = 0, and

[I2(λ+ 2µ)u′0 + 2I2λu1 + I4(λ+ 2µ)u′2 + 4I4λu3]|x=0,l = 0, and

[I4µu
′
1 + 2I4µu2 + I6µu

′
3]|x=0,l = 0

or essential

(2.56) u0|x=0,l = 0, and u1|x=0,l = 0, and u2|x=0,l = 0, and u3|x=0,l = 0

boundary conditions can be used at the end pointsx = 0 andx = l.
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It is possible to prove that the set of eigenfunctions{y0n(x)}, {y1n(x)}, {y2n(x)} and{y3n(x)}
of the corresponding Sturm-Liouville problem satisfy the two orthogonality conditions given by
(2.9), where

(yn, ym)1 =

∫ l

0

[Sy0ny0m + I2 (y0ny2m + y0my2n) + I4y2ny2m + I2y1ny1m+

+I4 (y1ny3m + y1my3n) + I6y3ny3m] dx

and

(yn, ym)2 =

∫ l

0

[4S(λ+ µ)y1ny1m + 2Sλ (y′0ny1m + y′0my1n) + S(λ+ 2µ)y′0ny
′
0m+

+ I2(λ+ 2µ) (y′ony
′
2m + y′0my

′
2n) + I4(λ+ 2µ)y′2ny

′
2m+

+ 2I2µ (y′1ny2m + y′1my2n) + 2I2λ (y1ny
′
2m + y1my

′
2n) +

+ I2µy
′
1ny

′
1m + 4I2µy2ny2m + 4I2λ (y′0ny3m + y′0my3n) +

+ 8I2(λ+ µ) (y1ny3m + y1my3n) + 4I4(4λ+ 5µ)y3ny3m+

+ I4µ (y′1ny
′
3m + y′1my

′
3n) + 4I4λ (y′2ny3m + y′2my3n) +

+2I4µ (y2ny
′
3m + y2my

′
3n) + I6µy

′
3ny

′
3m] dx

3. EXACT SOLUTION OF THE M INDLIN -HERRMANN PROBLEM

In what follows, the solution of one of the models considered in this article, namely that of
the mixed two mode (Mindlin-Herrmann) problem (2.36), (2.39), with initial conditions given
by

(3.1)
u0(x, t)|t=0 = g(x), u̇0(x, t)|t=0 = h(x)

u1(x, t)|t=0 = φ(x), u̇1(x, t)|t=0 = ψ(x)

is presented. Note that the boundary conditions (2.39) represent a bar with both ends free (nat-
ural boundary conditions). Applying the method of eigenfunction orthogonalities for vibration
problems [4] to problem (2.36), (2.39), (3.1), two types of orthogonality conditions are proven
for the eigenfunctions. Assume the solution of the system (2.36) is of the form

(3.2) u0(x, t) = y0(x)e
iωt u1(x, t) = y1(x)e

iωt

wherei2 = −1. After substituting (3.2) into (2.36) and the boundary conditions (2.39) the
following Surm-Liouville problem is obtained

(3.3)
SÃ11y0 − ã12y1 = 0

ã21y0 +
(
I2Ã22 + b22

)
y1 = 0

where

Ã11 = −ω2ρ− (λ+ 2µ)
d2

dx2

Ã22 = −ω2ρ− µ
d2

dx2

ã12 = 2Sλ
d

dx

with the corresponding boundary conditions. Let{y0n} and{y1n} be the eigenfunctions of the
Sturm-Liouville problem (3.3), which satisfy the two orthogonality conditions given by (2.41).
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The solution of the problem (2.36), (2.39), (3.1) can therefore be written as

u0(x, t) = S

∫ l

0

[
g(ξ)

∂G1(x, ξ, t)

∂t
+ h(ξ)G1(x, ξ, t)

]
dξ+

+ I2

∫ l

0

[
φ(ξ)

∂G2(x, ξ, t)

∂t
+ ψ(ξ)G2(x, ξ, t)

]
dξ

(3.4)

and

u0(x, t) = S

∫ l

0

[
g(ξ)

∂G3(x, ξ, t)

∂t
+ h(ξ)G3(x, ξ, t)

]
dξ+

+ I2

∫ l

0

[
φ(ξ)

∂G3(x, ξ, t)

∂t
+ ψ(ξ)G3(x, ξ, t)

]
dξ

(3.5)

where

(3.6)

G1(x, ξ, t) =
∞∑

n=1

[
y0n(x)y0n(ξ) sinωnt

ωn‖yn‖2
1

]
G2(x, ξ, t) =

∞∑
n=1

[
y0n(x)y1n(ξ) sinωnt

ωn‖yn‖2
1

]

G3(x, ξ, t) =
∞∑

n=1

[
y1n(x)y0n(ξ) sinωnt

ωn‖yn‖2
1

]
G4(x, ξ, t) =

∞∑
n=1

[
y1n(x)y1n(ξ) sinωnt

ωn‖yn‖2
1

]
are the Green functions, and

ωn =
‖yn‖2√
ρ‖yn‖1

, n = 1, 2, . . .

are the eigenvalues (eigenfrequencies) of the problem. The solution of all other problems pre-
sented in this article can be obtained in a similar manner. The solution of the three mode
problem, for example, can be obtained with six Green functions.

4. PREDICTING THE ACCURACY OF THE APPROXIMATE THEORIES

Two forms of graphical display are typically used to analyze the factors governing wave
propagation for mathematical models describing the vibration of continuous systems. These
are the frequency spectrum and phase velocity dispersion curves, and are obtained from the
so-called frequency equation [11, pp. 54], [1, pp. 217–218], which shows the relationship
between frequencyω, wave numberk and phase velocityc for any particular model. In the "k−
ω" plane the frequency equation for each model yields a number of continuous curves, called
branches. The number of branches corresponds to the number of independent functions chosen
to representu andw in (2.1) (2.2). Each branch shows the relationship between frequencyω
and wave numberk for a particular mode of propagation. The collection of branches plotted in
the "k − ω" plane is called the frequency spectrum of the system. Dispersion curves represent
phase velocityc versus wave numberk and can be obtained from the frequency equation by
using the relationω = ck.

The different approximate models of longitudinal vibrations of rods can be analyzed and
deductions can be made regarding their accuracy by plotting their frequency spectra (or dis-
persion curves) and comparing them with the frequency spectrum (or dispersion curves) of the
exact Pochhammer-Chree frequency equation for (the longitudinal modes of vibration of) an
axisymmetric problem of a cylindrical rod with free outer surface [7].

In order to find the frequency equation, it is assumed that each independent function can
be represented asuj(x, t) = Uje

i(kx−ωt), wherej = 0, 1, 2, . . . , q − 1 andq is the number of
independent functions chosen in (2.1)–(2.2). These representations foruj(x, t) are substituted
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into the equation(s) of motion, yielding the frequency equation. The frequency equation thus
obtained for the classical model is given by

−ω2 + c20k
2 = 0

which gives a single straight line with gradient equal toc0 =
√

E
ρ

, the speed of propagation

of waves in a rod described by the classical wave equation. The frequency equations for the
Rayleigh-Love and Rayleigh-Bishop models are given by

−Sω2 + Sc20k
2 − η2I2ω

2k2 = 0

and
−Sω2 + Sc20k

2 − η2I2ω
2k2 + η2I2k

4c22 = 0

respectively, wherec2 =
√

µ
ρ

is the speed of propagation of shear waves in an infinite rod.

Since the classical, Rayleigh-Love and Rayleigh-Bishop models are unimodal theories, their
frequency equations yield a single branch in the "k − ω" domain. The Rayleigh-Love and
Rayleigh-Bishop models, however, do not yield straight lines as in the classical model. That
is, the Rayleigh-Love and Rayleigh-Bishop models represent dispersive systems (the phase
velocity c depends on the wave numberk). For multimodal theories, the substitution results
in a system of equations with unknownsUj. The frequency equation can be found by equating
the determinant of the coefficient matrix to zero. The frequency equation for the two mode
(Mindlin-Herrmann) model, for example, can be thus obtained as

I2ω
4 − I2ω

2k2
(
c21 + c22

)
− 4S

(
ω2 − c20k

2
) (
c21 − c22

)
+ I2k

4c21c
2
2 = 0

wherec1 =
√

λ+2µ
ρ

is the speed of propagation of pressure (dilatational) waves in an infinite

rod. The well known Pochhammer-Chree frequency equation is given by [11, pp. 464-473], [1,
pp. 242–246]

2α

R

(
β2 + k2

)
J1(αR)J1(βR)−

(
β2 − k2

)
J0(αR)J1(βR)− 4k2αβJ1(αR)J1(βR) = 0

whereJn(x) is the Bessel function of the first kind of ordern,

α2 =
ω2

c21
− k2, β2 =

ω2

c22
− k2

andR is the outer radius of the cylinder. The Pochhammer-Chree frequency equation yields
infinitely many branches in the "k − ω" and "k − c" planes.

The figures that follow in this section have been generated for a cylindrical rod made from an
Aluminum alloy with modulus of elasticityE = 70 GPa , mass densityρ = 2700 kg.m−3 and
Poisson ratioη = 0.33. It is not necessary to define the radiusR of the cylinder, since all fre-
quency spectra and dispersion curves have been generated using the normalized, dimensionless
parameters

Ω =
ωR

πc2
, ξ =

kR

π
, c̄ =

c

c0
that are independent of the choice ofR.

Figure 1 shows the frequency spectra for the classical, Rayleigh-Love and Rayleigh-Bishop
models, as well as the first branch of the two mode model and the first branch of the exact
Pochhammer-Chree equation. All the models, including the classical model, approximately de-
scribe the first branch of the exact solution in a restricted "k − ω" domain. The Rayleigh-Love
approximation is initially more accurate than the Rayleigh-Bishop and two mode (Mindlin-
Herrmann) approximations, but the values fall away rapidly for values ofξ greater that 2
(approximately), due to the limit point in the frequency spectrum. The Rayleigh-Bishop and
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Figure 1: Frequency spectrum of the classical, Rayleigh-Love, Rayleigh-Bishop, two mode (first branch) and exact
(first branch) theories.

Mindlin-Herrmann approximations are reasonably accurate over a larger "k − ω domain, but
the branches asymptotically tend towards the shear wave solution, while the exact solution
tends to the (Rayleigh) surface waves mode. The shear wave mode is given by the straight
line ω(k) = c2k and the surface waves mode is given by the straight lineω(k) = cRk, where
cR ≈ 0.9320c2 is the speed of propagation of surfaces waves in the rod. The factor0.9320 is
dependent on the Poisson rationη = 0.33. The phenomenon described above is illustrated in
figure 2, which shows the phase velocity dispersion curves for the first branches of the exact
solution and the Mindlin-Herrmann model, as well as the Rayleigh-Love and Rayleigh-Bishop
models.

Frequency spectra for a selection of multimode theories are presented in figures 3 through 6.
The exact Pochhammer-Chree frequency spectrum is shown by dashed lines on all the frequency
spectrum plots shown for the multimode models. Figures 3 and 4 show the frequency spectrum
of the two mode model described in section 2.1.4 and the three mode model described in section
2.1.5 respectively.

Figure 5 shows the frequency spectrum of the four mode model described in section 2.1.6.
The frequency spectrum of a five mode model with three longitudinal and two lateral displace-
ment modes is shown in figure 6.

It is apparent that the branches of the multimode theories approach those of the exact solution
with increasing number modes. That is, the greater the amount of independent functions chosen
to represent longitudinal and lateral displacements, the broader is the "k − ω" domain in which
the effect of longitudinal vibrations of rods could be analyzed. However, it should be noted
that, regardless of the number of independent functions chosen, the first few branches of the
approximate theories will tend towards the shear wave solutionω(k) = c2k, while the remaining
branches will tend towards the pressure wave solutionω(k) = c1k ask →∞. The first branches
will not tend towards the surface wave mode, as is the case with the exact Pochhammer-Chree
frequency equation, regardless of the number of independent function used. This is because
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Figure 2: Dispersion curves for the classical, Rayleigh-Love, Rayleigh-Bishop, two mode (first branch) and exact
(first branch) theories.
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Figure 3: Frequency spectrum of a two mode model
(solid line), exact solution (dashed line)
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Figure 4: Frequency spectrum of a three mode model
(solid line), exact solution (dashed line)

all the approximate theories discussed in this article are one dimensional theories, and can
therefore not predict the effect of vibrations on the outer cylindrical surface of the rod. The
approximate theories are therefore limited in their application to analysis of waves with long
wavelength (smallk). Furthermore, each model is limited to analysis of frequencies below that
of the lowest frequency of the lowest mode omitted from the model. If frequencies higher than
this were to be introduced, then the effects of the omitted modes could not be taken into account
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Figure 5: Frequency spectrum of a four mode model
(solid line), exact solution (dashed line)
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Figure 6: Frequency spectrum of a five mode model
(solid line), exact solution (dashed line)

and the dynamics predicted for the system would be inaccurate. This "coupling" effect of the
displacement modes is evident from coupled systems of equations of motion for the multimode
models.
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Figure 7: First branches of the two, three, four mode models, and the exact solution.

The nature of the first (lowest) branches of the multimode models with increasing number
of modes is of particular interest in the design of low frequency ultrasonic transducers and
waveguides, where low frequency, long wavelength waves are typically considered. Figure 7
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shows the first branches of the spectral curves for the two mode, three mode and four mode
models, together with the first branch of the exact Pochhammer-Chree solution. It is clear from
this figure that the first branch of the approximate multimode theories approach that of the exact
solution with increasing number of modes. The first branch of the five mode model has been
omitted from figure 7, since it is too close to the first branch of the four mode model for them
to be easily distinguished from one another in the selected region forξ.

5. CONCLUSION

In this article, a generalized theory for the derivation of approximate models describing the
longitudinal vibration of elastic bars has been presented. The models outlined in this article
represent a family of one dimensional hyperbolic differential equations, since allun = un(x, t).
An infinite number of these approximate models have been introduced and the general proce-
dure for derivation of the equations of motion and boundary conditions for all the models has
been exposed.

The approximate models have been categorized as unimode or multimode, and plane cross
sectional or non-plane cross sectional models, based on the representation for longitudinal and
lateral displacements (2.1)–(2.2). The classical, Rayleigh-Love and Rayleigh-Bishop models
are all unimode, plane cross sectional models. Both the Mindlin-Herrmann and the three mode
models are multimode models. The Mindlin-Herrmann model is a plane cross sectional model,
whereas the three mode model is a non-plane cross sectional model. All models subsequent
to the three mode model (four mode, five mode, etc.) are also multimode, non-plane cross
sectional models.

The orthogonality conditions have been given for all models discussed, which substantially
simplify construction of the solution in terms of Green functions. The solution procedure was
presented for the Mindlin-Herrmann model, using the Fourier method. The method of two
eigenfunction orthogonalities (presented here) can be used to obtain the solution for all models
considered in this article.

Finally, it has been shown that the accuracy of the approximate models discussed in this
article approach that of the exact theory with an increasing number of modes, based on a com-
parison of the frequency spectra with that of the exact Pochhammer-Chree frequency equation
for an infinite isotropic cylinder with free outer surface.
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