The Australian Journal of Mathematical
Analysis and Applications

http://ajmaa.org

Volume 7, Issue 2, Article 13, pp. 1-10, 2011

ON THE DEGREE OF APPROXIMATION OF CONTINUOUS FUNCTIONS THAT
PERTAINS TO THE SEQUENCE-TO-SEQUENCE TRANSFORMATION

XHEVAT Z. KRASNIQI
Received 2 September, 2009; accepted 16 August, 2010; published 19 April, 2011.
UNIVERSITY OF PRISHTINA, DEPARTMENT OFMATHEMATICS AND COMPUTERSCIENCES 5 MOTHER

TERESAAVENUE, PRISHTINE, 10000, REPUBLIC OFKOSOVO
xhekiOO@hotmail.com
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2 XHEVAT Z. KRASNIQI

1. INTRODUCTION

Let f(x) be a2x- periodic continuous function. Le&t,(f; ) denote the:-th partial sum of
its Fourier series at and letw(0) = w(4, f) denote the modulus of continuity ¢t

Let A := (a,x) (k,n = 0,1,...) be a lower triangular infinite matrix of real numbers and
let the A-transform of{.S,,(f; )} be given by

Toa(f) =Thu(f;x) = Zan’kSk(f;x) (n=0,1,...).
k=0

The deviatiorl;, 4(f) — f was estimated by P. Chandra [1] and [2] for monotonic sequences
{an}. Later on, these results are generalized by L. Leindler [3] who considered the sequences
of Rest Bounded Variation and of Head Bounded Variation.

We point out that throughout of this paper we write= O(v) if there exists a positive
constant’ such that, < C'v, and|| - || denotes the supnorm.

Now, let us recall Chandra’s theorems.

Theorem 1.1.Let{a, } satisfy the following conditions:

(1.1) ane >0 and ) ank=1,
k=0
1.2) ng < apr1 (k=0,1,....n—1;n=0,1,...).
Supposev(t) is such that
(1.3) / 2(t)dt = O (H(u))  (u— +0),
whereH (u) > 0 and
t

(1.4) / H(u)du = O (LH()) (£ — +0).

0
Then

[T0.a(f) = fll = O (annH (ann)) -
Theorem 1.2.Let (1.1), [2.2) and (1]3) hold. Then
[T0.a(f) = Fll = O (w(m/n)) + O (annH(w/n)).
If, in addition,w(t) satisfies[(1.]4) then
[Tn.a(f) = Fll = O (annH(w/n)).
Theorem 1.3.Let us assume thdt (1.1) and
(1.5) Ang > Anpr1 (k=0,1,....n—1;n=0,1,...)
hold. Then
n k+1
[Tna(f) = fll = O (w(ﬂ/n) + Y K w(r/k) Y an,r)> :
r=0

k=1

Theorem 1.4.Let (1.1), [(1.8),[(1.4) and (1.5) hold. Then
HTn,A(f) - fH =0 (an,OH(an,O)) :
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L. Leindler [3] defined two classes of sequences, above-mentioned, as follows:
A sequence: := {c¢,} of nonnegative numbers tending to zero is called of Rest Bounded
Variation, or brieflyc € RBV'S, if it has the property

)
Z |Cn - Cn—l—l‘ S K(C)Cm
n=m

for all natural numbers:, whereK (c) is a constant depending only en
A sequence := {c,} of nonnegative numbers will be called of Head Bounded Variation, or
brieflyc € HBV' S, if it has the property
m—1
Z ’Cn - Cn—l—l‘ S K(C)Cm
n=0
for all natural numbersn, or only for allm < N if the sequence has only finite nonzero
terms, and the last nonzero terntjs.
Assuming that for alh and0 < m <n

o0
(1.6) Z |t — angr1| < Kapm
k=m
and
m—1
1.7) Z ang — 1| < Kapm
k=0

hold, whereK is an absolute constant, L. Leindler proved the following:

Theorem 1.5. The statements of Theorems [.1] 1.2, 1.3arld 1.4 hold[wiih (1.7) in pléace|of (1.2),
and with [1.6) in place of (1]5), respectively; naturally maintaining all the other assumptions.

Let B := (b,x) (k,n=0,1,...) be another lower triangular infinite matrix of real numbers,
and let theB-transform of{.S,,(f; =)} be given by

Tnp(f) = Tnp(f;z): ankSkfx (n=0,1,...).

Wishing to generalize the Theor1.5, we defineAkteansform of theB-transform (sequence-
to-sequence transformation) of the sequef€d f; =)}, as in [4], by

Thas(f) = Thas(f;7) = Zanp »e(fix) ZZanpkak (f;z) (n=0,1,...).

p=0 k=0

So, the object of this paper is to prove the analogous theorems of LeindlerGsing f)
instead’, 4(f). Before doing this we need some lemmas given in next section.

2. HELPFUL LEMMAS
The following lemmas are necessary for the proof of main results.
Lemma 2.1. [1] If (T.3) and [1.4) hold then

T/n
/0 w(t)dt =0 (n"H(m/n)) .
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Lemma 2.2. [2] If (T.3) and [1.4) hold then
/07" t7wt)dt =0 (rH(r)) (r — +0).

Lemma 2.3. [3] If for a fixedn the sequencéa,, .} € RBV'S, then, uniformly ir0 < ¢ <,

- 1
Z Qn,J; SIN (k + 5) t=0(A,.),
k=0

m

whereA,, ,, = Z a,, and denotes the integer part df.

r=0
If {a,r} € HBV S then

n

Zan,ksin (k + %) t=0 (a?”> .

k=0

Lemma 2.4. If for a fixedp, (p = 0,1,...,n), the sequencéb, .} € RBV'S, then, uniformly
in0<t<m,

(2.1) i zp: A pbp 1 SIN (k + %) t=0 (i an,pAp’T> ,

p:0 k=0 p:O

whereA,,,,, := > b, andr denotes the integer part df.
r=0
If {b,,} € HBV S then
n P n
: 1 D0 An.plpp
2.2 b kE+-=)t= = ).
(2.2) pz:;kz:;aw p7k81n( —I—2> O( ;

Proof. Follows analogously as the proof of Lemina|2.3 with slight changes, so we omit de-
tails. n

3. MAIN RESULTS
To prove our results we shall use the same technique as L. Leindler used for his results [3].

Theorem 3.1.Let{a,,}, {b,+} satisfy the following conditions:

n p
(3.1) Gnp >0, byx >0 and > > anbyi =1,
p=0 k=0
m—1
(3.2) > bk = bpira| < Kby, 0<m < p, Vp.
k=0

Supposev(t) is such that
(3.3) / 20(t)dt = O (H(u))  (u— +0),
whereH (u) > 0 and

(3.4) /Ot H(u)du= O (tH(t)) (t — +0).
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Then
| Tna6(f) = fll = (Zanp op X H (Zanp pp>) ,

Proof. PuttingV,(¢) := 1 {f(z +t) + f(z — t) — 2f(z)} we write

- 1 n p
Tn,AB(f;x)—f(x)=%/0 U, () (ZSm;) ZZG”P ksm(k:—i— )tdt

p=0 k=0
2 T ¢ -1 n p 1
HTn,AB - fH = 0O (—) / w(t) (QSin 5) A, k51n ( 5) t
T/ Jo p=0 k=0

2 ZZ:O an,pbp,p ™
i 0 Z;:o an,pbp.p

By the well-known inequalitgin # > 26 for 0 < 6 < %, (3.1) and Lemmf 2|2 we get

and

dt

ZE:O an,pbp,p n n
(3.6) F =0(1) / tw(t)dt =0 (Z U phpp X H (Z an,,,bp,p>> .
0

p=0 p=0

Now using [2.2) and (3]3), under conditi¢h, .} € HBV'S, we have

F,=0 (Z an,pbp,p> / tw(t)dt = O (Z Un.pbpp X H (Z a"’pbp’p>> .
o bp P

p=0 p=0 n,pOp, p=0 p=0
Substituting estimates fdr; and F; into relation (3.5) we obtain the proof of theorém|3s1.
Theorem 3.2. Let (3.1), [3.2) and (3]3) hold. Then

(3.7) [ Tn,a8(f) = fIl = O (w(m/n)) + O (Z U, pbp.p X H(W/ﬂ)) :

p=0

If, in addition,w(t) satisfies[(3.4) then

(3.8) | Twas(f) — fll = (Zanppp 7r/n)>.

Proof. As in the proof of Theorern 3.1 we can write

||Tn,AB—f||=0(§)/Ww<>(2sm§) > n( r)e
A

Using the well-known inequalitiesin § > 26 for 0 < 6 < 3, |sint| < t and [3.1) we have

dt
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SN by (k+ %) dt = O(n) /0 ﬂ/nw(t)dt = O (w(r/n)).

p=0 k=0

From [2.2) and[(3]3) fof{, we get

(3.11) Hy, =0 (Zn: anvpbp7p> /7r t2w(t)dt = O (i U pbpp X H(W/n)) :

Inserting estimate$ (3.]L0) arjd (3.11)[to [3.9) we prpvg (3.7).
Now we pass to the proof df (3.8). Sin¢k, .} € HBV S then, fork < p we get that

p—1
|bp7k - bp,p| < Z |bp7l - bp,l+1| < K(C)bp,p < Kbpm = prc < (K + 1)bp,p'
1=k

Using the last estimate we have

n

nop
1= Z Z anpbpr < (K+1)Y (p+1Danpby,

p=0 k=0 p=0

< 2AK 41 anyby,

p=0

1 n
(3.12) = oo @ (Z an,pbp,p> :
p=0
By Lemmd 2.1,[(3.12) and (3.].0) we obtain

w/n n
(3.13) H, = O(n)/o w(t)dt = O(n)O (n*H(r/n)) = O (Z A pbpp ¥ H(ﬂ/n)> :

p=0

Thus [3.11) and (3.13) imply (3.8). This completes the proof of Theprejm3.2.
Theorem 3.3.Let us assume thdt (3.1) and

Z |bp,k: - bp,k+1| S Kbp,my 0 S m S D, Vp

k=m

hold. Then

ITan(f) — fl = O (w@r/n) 3N (D, pr,r) -

p=0 =1 r=0

Proof. We start from|(3.9). FoH; we use the estimatg (3]10) :

(3.14) Hy =0 (w(m/n)).
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Applying Lemmg 2.4 with[(2]1) we have

H, = O Z/ tw(t )anpApTdt>

p=0
n n—1

= 0) > / anpAp;dt)
=0 =1 l+1)
n n—1 +1

= 0> > 1w/l aanbpr>.
p=0 I=1

This with (3.14) and[(3]9) complete the proof of our theorgm.
Theorem 3.4.Let (3.1), [(3.8),[(3}4) hold, an{b, .} € RBVS. Then

(315) ||Tn7AB( f” (Z anp 0 X H (Z Q. p pO)) .

Proof. Since{b, .} € RBV S, then forp > 0 we have

<Z|b 1= byl <Z!b 1= bpiri] < K(c)byo < Kby,

l=p
therefore[(2.]1) takes the following form

(3.16) ZZanppksun(k—i— -0 2= Oanp po)I

p=0 k=0

Now from (3.5)we can write

2 anpbp()
T — £ = O (—) / ‘ / L4 L,
T p Oa”PbPO

For Ly, similar with (3.6), we have

Zp:() an,pbp,0 n
(317) L1 = 0(1)/ t (Z anp ,0 X H <Z anp pO)) .
0 p=0

0
For L., applying [3.16) and (3] 3), we obtain

(3.18)
(Z A p0> / t2w(t)dt = O (Z A pbpo X H (Z ampbp,())) :
Z 0 n.pbp,0 p=0 p=0
The estimates (3.17) and (3]18) prove (3.15).

Remark 3.1. If we puta,. o = a1 = -+ = apn—1 = 0 @anda,, = 1in our theorems we obtain
Leindler’s results[[B]. In other words theorém|1.5 holds.

If apo=an1=+=ann1=0,a,,=1and

pi/P, i 0<k<n
bn,k =
0, if k> n,
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where{p, } is a nonnegative sequence afd:= > _, px, po > 0, then the matrix is a Riesz
matrix, and we writeR,,( f; z) for T,, 45(f; ).
If an,O = an,l —_ = a/n/nf]_ - O, an,n - 1 and

pn—k/Pn, if OSk‘Sn
bn,k =
0, if k>n,

then the matrix is a Norlund one, and we wriXe ( f; x) for T,, ap(f; x).
The following are corollaries of the main results.

Corollary 3.5. Letw(t) satisfy [3.8) and (3]4), and I¢p, } € HBV'S. Then
|2 (f) = fIl = O ((pn/ Po)H (pn/ Pr)) -
Corollary 3.6. Letw(t) satisfy [3.B) and (3]4), and I¢p,} € RBV'S. Then
HNn(f) - f” =0 ((pn/Pn)H<pn/Pn)) .
4. FURTHER GENERALIZATIONS
Let A, := (aSL) , Ay = (a,(j{ki)) oA, = (a,(;)_l,ky> (k,,n=0,1,...)bev (v € N)
lower triangular infinite matrices of real numbers and let us definedths; - - - A, -transform
of {S.(f;2)} by
Toayasen, (f) = Thaiasen,(f;T)
n ok ku—1
Y Y @ a L S (fia) (k=01

k1=0 k=0  k,=0

Let us assume thita,ﬂf’) hy } satisfies condltlon. 6) anl 7). The following analogous
statement with Lem 4 holds:

Lemma 4.1. If for a fixedk,_1, (k,—1 = 0,1,...,n), the sequenc%a,i’:)fhku} € RBV S, then,
uniformly in0 < t <,

n k‘l kufl 1
2 v .
5% S el ol sn (b g ) o -

k1=0 k=0 ky,=0

n
(v-1)
=0 E E E , anklakl ko "aku,z,ky,lAku_l,r )

k1=0 ko=0 ky,—1=0
N, -
whereAy, , . :==» a;  andr denotes the integer part df.
If {a;”{lk} € HBV S then

k'ul

n ) 1
ZZ Z al) aly al) s1n(k;y+§)t:
0 ke
(2 (v)
(Zkl Lo 0T a0 Thody U kz"'akul,kyl>

t

Proof. The proof of this lemma is a direct consequence of Leinmag.3.
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Now we shall present some theorems, that generalize the results of section 3, in which is used
Tn7A1A2~~~AV(f) insteadTn,AB(f).

Theorem 4.2. Let( 7(13@1> , <a,(f;)7k2> RN <@1(ci),1,k,> satisfy the following conditions:
(4.1)

n
(1) (2) (V) () _
Ay ey 2 O’akh/w 2 O < O, > 0 and Z Z Z a” klakl ke " Mk gk T 1’
k1=0 ko=0 k=0

m—1
(4.2) Sla) o —al ol < Kal L 0<m <k, Vh,o
k,=0

Supposev(t) is such that

(4.3) /7r t2w(t)dt = O (H(uw)) (u— +0),
whereH (u) > 0 and

(4.4) / Hu)du = O (tH(1)) (£ — +0).
Then

1 v
Tosnsn(F) — fll = 0 (zz S )

k1=0 k2=0 ky=0

3530 S bl o))
k1=0 k2=0 ky=0
Theorem 4.3.Let (4.1), [4.2) and (4]3) hold. Then
1T, 41454, (f) = fIl = O (w(m/n))
ku 1

+0 (i Z Z 7(112;1%1 ko a/(fl:) Lh—1 X H(”/”)) :

k1=0 k2=0 k,=0
If, in addition,w(t) satisfies[(4.}4) then

1Tt mzn, (F) = fI| = O (ZZ Z a,i?lk,le(w/n)).

k1=0 k2=0 ky=0

Theorem 4.4.Let us assume thdt (4.1) and

(4.5) Z o =l el < Kap 0<m < by, Vhy_1.

ky_ 1,m?
k,=m

hold. Then
HTn A1As-- ( ) f” -
ky—2 ky—2—1 I+1

=0 ZZ > Z Oal, a1/ el
r=0

k1=0 ko=0 ky,_1=0 1[=0
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Theorem 4.5.Let (4.1),[(4.8),[(4}4) and (4. 5) hold. Then
1Tyt (F) = £l = (Z > Zanklam a)

k1=0 k2=0 k=0

xH(zz a0 4, <>))

k1=0 k2=0 k,=0

Remark 4.1. To prove the Theorenjs 4[2-4.5, we follow the line of the proofs of Theorems
[3.1{3.4, that is why we shall omit them.

Remark 4.2. We notice that putting = 2 in the Theorems 4]2-4.5 we obtain the results of the
section 3.
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